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ADVERTISEMENT. 


npHE  present  volume  contains  69  papers  numbered  417  to  485  published 
-*-  for  the  most  part  in  the  years  1866  to  1872;  they  include  a  series 
of  astronomical  papers  published  in  the  Memoirs  and  Monthly  Notices  of 
the    Royal    Astronomical    Society. 

The  Portrait  in  Volume  VI.  is  from  the  Painting  in  Oil  by  Mr  Lowes 
Dickenson  in  the  year  1874,  presented  by  the  Subscribers  to  Trinity  College, 
Cambridge,  and  now  in  the  Hall  of  the  College :  the  portrait  in  the 
present  volume  is  a  photograph  of  a  pencil  sketch  by  Mr  Lowes  Dickenson 
in   the  year    1893. 
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ON   THE   LOCUS   OF    THE    FOCI    OF  THE    CONICS    WHICH   PASS 
THROUGH    FOUR    GIVEN    POINTS. 


[From  the  Philosophical  Magazine,  vol,  xxxii.  (1866),  pp.  362—365.] 

The  curve  which  is  the  locus  of  the  foci  of  the  conica  which  pass  through  four 
given  points  is,  eis  appears  from  a  general  theorem  of  M.  Chaslcs,  a  scxtic  curve 
having  a  double  point  at  each  of  the  circular  points  at  infinity ;  and  Professor 
Sylvester,  in  his  "  Supplemental  Note  on  the  Analogues  in  Space  to  the  Cartesian  Ovals 
in  piano "  (Phil.  Mag.,  May  1866),  has  further  remarked  that  the  lines  (eight  in  all) 
joining  the  circular  points  at  infinity  with  any  one  of  the  four  points  are  all  of  them 
double  tangents  of  the  curve ;  whence  each  of  these  points  is  a  focus  (more  accurately 
a  quadruple  focus)  of  the  curve.  It  is  to  be  added  that,  besides  the  circular  points 
at  infinity,  the  curve  has  6  double  points  (3  of  these  are  the  centres  of  the  quadrangles 
formed  by  the  4  points),  in  all  8  double  points;  the  class  is  therefore  =14.  Hence 
also  the  number  of  tangents  to  the  curve  from  a  circular  point  at  infinity  is  =  10 ; 
viz.  these  are  the  4  double  tangents  each  reckoned  twice,  and  2  single  tangents ;  and 
the  theoretical  number  of  foci  is  =  100 ;    viz.  we   have 


16x4  =  64 


16  quadruple  foci,  or  intersections  of  a  double  ) 
tangent  by  a  double  tangent     .         .         ) 
16  double   foci,  or  intersections  of  a   double  1  9  _  ^9 

tangent  by  a  single  tangent       .  .  j 

4  single  foci,  or  intersections  of  a  single  tan-)  1—4 

gent  by  a  single  tangent  .         .         .         )  

100 

To   verify   the   foregoing   results,  consider   any  two   given   points  /,  J,  and   the  series 
of    conies   which   pass   through    four   given   points   A,  B,  G,  D;    we    have   thus   a   curve 
C.    VII.  1 
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the  locus  of  the  intersections  of  tlie  tangents  from  /  and  the  tangents  from  J  to  any 
conic  of  the  series ;  which  curve,  if  /,  J  are  the  circular  points  at  infinity,  is  the 
required  curve  of  foci.  Taking  £/  +  X,F  =  0  for  the  equation  of  a  conic  of  the  series, 
the  pair  of  tangents  from  /  is  given  by  an  equation  of  the  form 

(X,  !)■(*,  1/,  2)'-0, 

and  the  pair  of  taiigents  from  J  by  an  equation  of  the  like  form 

(X,  1)'(^,  J,  »)'  =  0! 

and  by  eliminating  \  from  these  equations,  we  obtain  the  equation  of  the  required 
curve.  This  in  the  first  instance  presents  itself  as  an  equation  of  the  eighth  order ; 
but  it  is  to  be  observed  that  in  the  series  of  conies  there  are  two  conies  each  of  them 
touching  the  line  IJ,  and  that,  considering  the  tangents  drawn  to  either  of  these 
conies,  the  line  IJ  presents  itself  as  pai-t  of  the  locus;  that  is,  the  line  IJ  twice 
repeated  is  part  of  the  locus ;  and  the  residual  curve  is  thus  of  the  order  8  —  2,  =  6 ; 
that  is,  the  required  curve  is  of  the  order  6.  The  consideration  of  the  same  two 
conies  shows  that  each  of  the  points^  7,  J  is  a  double  point  on  the  curve.  Moreover, 
by  taking  for  the  conic  any  one  of  the  line-pairs  through  the  four  points,  it  appears 
that  each  of  the  points  (.AB.GB),  {AG.BD),  (AD.BC)  is  a  double  point  on  the  curve: 
this  establishes  the  existence  of  five  double  points.  The  two  conies  of  the  series  which 
touch  the  line  lA  are  a  single  conic  taken  twice,  and  the  consideration  of  this  conic 
shows  that  the  line  TA  is  a  double  tangent  to  the  curve;  similarly  each  of  the 
eight  lines  I{A,  B,  C,  D)  and  J(A,  B,  C,  B)  is  a  double  tangent  to  the  curve. 
Instead  of  seeking  to  establish  directly  the  existence  of  the  remaining  three  double 
points,  the  easier  course  is  to  show  that,  besides  the  four  double  tangents  from  /,  the 
number  of  tangents  from  I  to  the  curve  is  =  2 ;  for,  this  being  so,  the  total  number 
of  tangents  from  I  to  the  curve  will  be  (2  x  1  + 2=)  10 ;  that  is,  /  being  a  double 
point,  the  class  of  the  curve  is  =14;  and  assuming  that  the  depression  (6x5  — 14=)  16 
in  the  class  of  the  curve  is  caused  by  double  points,  the  number  of  double  points 
will  be  =8.  But  observing  that  in  the  series  of  conies  there  is  one  conic  which 
passes  through  J,  so  that  the  tangents  from  J  to  this  conic  are  the  tangent  at  J 
twice  repeated,  then  it  is  easy  to  see  that  the  tangents  from  I  to  this  conic,  at  the 
points  where  they  meet  the  tangent  at  J,  touch  the  required  curve,  and  that  these 
two  tangents  are  in  fact  (besides  the  double  tangents)  the  only  tangents  from  /  to 
the  curve ;   that  is,  the  number  of  tangents  from  /  to  the  curve  is  =  2. 

Considering  /,  J  as  the  cii'culai'  points  at  infinity,  and  writing  A,  B,  C,  D  to 
denote  the  squared  distances  of  a  point  P  from  the  four  points  A,  B,  0,  D  respectively, 
then,  as  remarked  by  Professor  Sylvester,  the  equation 

X  VZ  +  y.^  V:B  +  r  VC  +  fl- V^^  0 

(where  X,  fi,  v,  tt  are  constants)  is  in  general  a  curve  of  the  order  8  ;  but  the  ratios 
\  :  jj.  :  V  :  TT   may  be   so  determined   that   the   order   of  the   curve  in   question  shall  be 
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=  6 ;  the  resulting  curve  of  the  order  6  ia  (not  one  of  a  group  of  curves,  but  the 
very  curve)  the  locus  of  the  foci  of  the  conies  through  the  four  points.  And  the 
determination  of  the  ratios  X  :  ^  :  !■  :  tt  is  in  fact  quite  simple ;   for  writing 

=  p-^  —  2  {ax  +  a^y)  +  &c. 

(if  p=  =  a,=  +  3/^). 
and  therefore 

P 

with  similar  values  for  Vfi,  Vf/,  'JD,  it  is  easy  to  see  that,  considering  \,  /i,  i^,  ■tt  as 
standing  for  ±\,  ±  fi,  ±  v,  +  tt  respectively,  the  conditions  for  the  reduction  to  the 
order  f)  are 

\     +^i      +v     +w     =0, 

Xa  +  fi,b  +^0  +7rd  =  0, 

Xui  +  ftb,  +  vc,  +  irdi  =  0, 
and  hence  that  the  required  equation  of  the  curve  of  foci  is 


2{.  1,     1.     1    V(«.-tO^+(y-«,r}=0, 
■  6,     c,     d    \ 
i  ^i>     Ci,     d,  I 
or,  as  this  may  also  he  written, 

2  ±  (S,      G,     D)  V2  =  0, 
where  (5,  C,  D),  &c.  are  the  areas  of  the  triangles  B,  0,  D,  &c. 

I  remark,  in  conclusion,  that  the  number  of  conditions  to  be  satisfied  in  order  that 
a  curve  may  have  for  double  points  two  given  points  /,  J,  may  have  besides  six  double 
points,  and  may  have  for  double  tangents  eight  given  lines,  is  (3  +  3  +  6  +  lG=)28: 
the  number  of  constants  contained  in  the  general  equation  of  the  order  6  is  =  27. 
The  conditions  that  a  cui've  of  the  order  6  shall  have  for  double  points  two  given 
points  /,  J,  shall  besides  have  six  double  points,  and  shall  have  for  double  tangents 
four  given  lines  through  1  and  four  given  lines  through  /,  are  more  than  sufficient 
for  the  determination  of  the  sextic  curve  ;  and  the  existence  of  a  sextic  curve  satisfying 
these  conditions  is  therefore  a  theorem. 

In  the  case  where  the  points  /,  J  lie  on  a  conic  of  the  series,  the  consideration 
of  this  conic  shows  that  the  curve  has  a  ninth  double  point,  the  pole  of  the  line 
IJ  in  regard  to  the  conic  in  question :  in  this  case  the  sextic  curve,  as  is  known, 
breaks  up  into  two  cubic  curves.  [It  need  not  do  so,  for  a  proper  sextic  curve  may 
have  nine  (or  indeed  ten)  double  points.] 

1—2 
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P.S.  In  general  the  curve  X  \/A  +  n  VS  +  v  VC  +  tt  V/)  =  0  has  (exclusively  of 
multiple  points  at  infinity)  six  double  points ;  viz.  these  are  situate  at  the  intersections 
of  the  pairs  of  circles, 

(\V]l+/:tV£  =  0,     <'VC  + 73-^5  =  0), 

(XV1+ 1-^0  =  0,     /iVfi  +  'n-V^D^O), 

{X  ^A  +  ttVC  =  0,     f^-^/B+v  \'0=  0). 

In  the  case  of  the  curve  of  foci,  the  first,  second,  and  third  pairs  of  circles  intersect 
respectively  in  the  points  {AB .CD),  {AG .BD),  (jli) . iJC),  which,  as  mentioned  ahove, 
are  double  points  on  the  curve;  and  they  besides  intersect  in  three  other  points, 
which  are  the  other  three  double  points  mentioned  above. 

Professor  Sylvester  reminds  me  that  he  mentioned  to  me  in  convei-sation  that  he 
had  himself  obtained  the  foregoing  equation  2  ±  {B,  0,  D)  ^A  =  0,  for  the  locus  of  the 
foci  of  tlie  conies  which  pass  through  the  four  points  A,  B,  G,  D. 

Cambridge,  October  10,  186G. 
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A    REMARK    ON    DIFFERENTIAL    EQUATIONS. 


[From  the  Philosophical  Magazine,  vol.  xxxii.  (18GG),  pp.  379—381.] 

Consider  a  differential  equation  /(xy  y,  p)  =  0,  of  the  first  order,  but  of  the  c 
tt,  where  /  is  a  rational  and  integral  function  of  (x,  y,  p)  not  rationally  ( 
into  factors :  the  integral  equation  contains  an  arbitrary  constant  c,  and  represents 
therefore  a  system  of  curves,  for  any  one  of  which  curves  the  differential  equation  is 
satisfied :  the  differential  equation  is  assumed  to  be  such  that  the  curves  are  algebraical 
curves.  The  curves  in  question  may  be  considered  as  undecomposable  curves ;  in  fact,  if 
the  curve  U^V^W  ...^<i  {composed  of  the  undecomposable  curves  V  =  0,  V  —  0,  W"  =  0,..) 
satisfies  the  differential  equation,  then  either  the  curves  U  =  0,  F=0,  W=0,..  each 
satisfy  the  differential  equation,  and  instead  of  the  curve  U'^V^W^...  =0  we  have 
thus  the  undecomposable  curves  U  =  0,  V=0,  W  =  0,..  each  satisfying  the  differential 
equation ;  or  if  any  of  these  curves,  for  instance  W=0,  &c.,  do  not  satisfy  the  differential 
equation,  then  ITt,  &c.  are  mere  extraneous  factors  which  may  and  ought  to  be  rejected, 
and  instead  of  the  original  curve  U'^V^W'*...  =0,  we  have  the  undecomposable  curves 
U=0,  F=0  satisfying  the  differential  equation.  Assuming,  as  above,  the  existence  of 
an   algebraical   solution,  this   may  always   be  expressed  in  the  form  <fi  (x,  y,  c)  =  0,  where 


^egral  function  of  {x,  y,  c),  of  the 
s  appears  by  the  consideration  that  for  given  values  {x^,  y„) 
equation  and  the  integral  equation  must  each  of  them  give 
ues   of  p.     It   is  to  be  observed  that  <^  regarded  as  a  function 


<^  is    a    rational    and    inl 

arbitrary   constant   c :    th; 

of  (x,  y)   the   differential 

the   same    number   of  val 

of  {x,  y,  c)   cannot   be    rationally   decomposable   into   factors ;   for   if    the    equation   were 

0  =  *'^...=O,  $,  ^,  &c.  being  each  of  them  rational  and  integral  functions  of  (x,  y,  c), 

then    the    differential    equation    would    be    satisfied    by   at    least    one    of    the    equations 

■J>  =  0,   ^  =  0,...    that   is,  by    an    equation    of   a   degree    less    than    n    in    the    arbitrary 

constant   c. 
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But  the  equation  0  (x,  y,  c)  —  0  is  not  of  necessity  the  equation  of  an  uudecom- 
posablo  curve,  and  the  undeeomposafele  curve  which  constitutes  the  proper  solution  of 
the  differential  equation  cannot  always  be  represented  by  an  equation  of  the  form  in 
question.  For  although  <f>  regarded  as  a  function  of  (te,  y,  c)  is  not  rationally  decom- 
posable into  factors,  yet  it  may  very  well  happen  that  <f>  regarded  as  a  function  of 
Qe,  y)  is  rationally  decomposable  into  factors  (geometrically  the  sections  by  the  planes 
B  =  c  of  the  undecomposable  surface  i^  {x,  y,  z)  =  0  may  each  of  them  be  composed  of 
two  or  more  distinct  cui'ves);  and  assuming  that  the  function  0  is  thus  decomposed 
into  its  prime  factors,  then  each  factor  equated  to  0  gives  an  undecomposable  curve 
satisfying  the  differential  equation,  and  constituting  the  proper  solution  thereof. 

It  may  be  observed  that,  by  the  foregoing  process  of  decomposition,  we  sometimes 
reduce  the  original  equation  0  (x,  y,  c)  =  0  into  a  like  equation  0i  {x,  y,  c^  =  0  of  a 
more  simple  form.  Thus,  for  instance,  if  we  have  0  {x,  y,  g)=  lP~c  =  0,  IT  being  a 
rational  and  integral  function  of  (x,  y),  then  instead  of  0  =  [T^  -  c  =  0  we  have  the 
equations  U+'^c  —  O,  17— v'c^O,  each  of  which  is  an  equation  of  the  form  [T— c,  =  0, 
or  we  pass  from  the  original  equation  <p{x,  y,  c)~U^—c  =  0  to  the  simplified  equation 

.P,(x,   y,c,)=U-C,^0. 

Again,  to  take  a  somewhat  more  complicated  instance,  if  the  given  integral  equation  be 

<}>{x,  y,  c)=U'-i-c''V'+(c  +  iyW'-2cU'V'-2{c  +  l)U-'W'-2cic+l)VHV-'  =  0. 

then    the   equation    (7+ FVc+ Tf^Vc +  1  =0,    writing    therein   v'c=    r^~T'   ^'^'^    therefore 

Vc  +  i  =  -',-'    -  ,  becomes 

[/■(c,^-l)  +  F.2c.+  r(Ci=+l)  =  0; 
80  that  we  pass  from  the  original  equation  <f>  (w,  y,  c)  =  0  to  the  simplified  equation 
4>i{x,  y,  cO=  U{c,'~l)+V.2c,+  ]f(ci'  +  l)=0. 

But  observe  that  the  possibility  of  the  rationalization  depends  on  the  lorni  of  the 
radicals  Vc  and  Vc  +  i;  if  we  had  had  Vc  and  Vc-+i  (or  u  and  Vc'+l),  the  rationali- 
zation could  not  have  been  effected. 


Returning  to  the  case  of  an  integral  equation  0  (x,  y,  c)  —  0,  where  <f>  ] 
a  function  of  (x,  y)  is  decomposable  into  factors,  then  equating  to  zero  any  one  of  the 
prime  factors  of  ^,  we  obtain  an  integral  equation  -^(a:,  y,  c„  Ca,  .-.Ci)  =  0,  where 
C|,  C3...Ci;  are  irrational  functions  (not  of  necessity  representable  by  radicals,  and  without 
any  superior  limit  to  the  number  of  these  functions)  of  c:  here  ^  regarded  as  a 
function  of  (x,  y)  is  of  course  undecomposable,  and  the  equation  ■^(if,  y,  Ci,  c^,  .-■  Ci,)  =  0 
belongs  to  the  undecomposable  curve  which  is  the  proper  solution  of  the  differential 
equation.  The  result  may  be  stated  under  a  quasi-geometrical  form ;  viz.  regarding 
c,,    c.,,...cic  as    the   coordinates   of    a    point    in   i-dimensional    space,   then    as    these   are 
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functions  of  the  single  parameter  c,  the  point  to  which  they  belong  is  an  arbitrary 
point  on  a  certain  curve  or  (&— l)fo!d  locus  G  in  the  A;-dimensional  space.  And  thia 
curve  must  be  such  that  to  given  values  of  {x,  y)  there  shall  correspond  n  points  ou  the 
curve  ;  that  is,  treating  {x,  y)  as  constants,  the  surface  or  onefold  locus  i^(«,  y,  Ci,  C2...Ci:)=0, 
and  the  curve  or  (i-l)fold  locus  G,  shall' meet  in  n  points.  The  conclusion  stated 
in  the  foregoing  quasi -geometrical  form  is,  that  the  solution  of  the  differential  equation 
may  be  exhibited  in  the  form  ■^{x,  y,  c,,  c^  ...Cjc)=0;  viz.  i^  is  a  rational  and  integral 
function  of  (x,  y,  Ci,  c^.-.c^,  where  (ci,  Ca-.-c*)  are  the  coordinates  of  an  arbitrary  or 
variable  point  on  a  curve  or  {h  —  l)foM  locus  (J  in  a  ^-dimensional  space,  which  curve 
meets  the  surface  or  onefold  locus  -^{x,  y,  c,,  Gj.,.Ci)  in  n  points,  and  where  i/c 
regarded  as  a  fanction  of  {x,  y)  is  not  rationally  decomposable  into  factors. 

Cambridge.  October  13,  1866. 
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A    THEOREM    ON    DIFFERENTIAL    OPERATORS. 

[From  a  j^"'}'^'''  ^  Prof.  Sylvesteb,  "Note  on  the  Test  Operators  which  occur  in  the 
Calculus  of  Invariants,  d:c.,"  Philosophical  Magazine,  vol.  xxxir.  (1866),  pp.  461. — 472, 
see  p.  471.] 

The  paper  concludes  with  an  Observation  from  Professor  Cayley  as  follows : 
"In  the  case  of  two  variables,  if 


then  in  the  notation  of  matr 

,d'. 


A^  \:-'h'.Mti] 


I   A]- 


whence  also 


which  accoi'ds  with  your  theorem. 

E, * E,*  -  E,*  E,*  =  E,E,*  +  Sff,.." 

I    have   taken   the   liberty  of  writing   in    the   above  -^~ ,    -,-    for  S^,  hy,  and  P  for  S 

in  the  original.  It  will  be  useful  to  bear  in  mind  that  in  any  operator  such  as 
£^i»  or  £^2*,  the  asterisk  forms  an  integral  part  of  the  symbol.  Thus  Ei*E^*,  if  we 
choose,  may  be  written  under  the  form  of  A'l*  multiplied  by  E^*,  i.e.  {E,*)x(E3*), 
where  the  cros.s  is  the  sign  of  ordinary  algebraical  multiplication. 
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ON    RICCATI'S    EQUATION. 

[From  the  Philosophiaal  Magazine,  vol.  xxxvi.  (1868),  pp.  348—351.] 

The    fallowing   is,   it    appears    to    me,    the    proper    form    in    which    to    present    the 
solution  of  Eiccati's  equation. 

The  equation  may  be  written 

which  is  integrable  by  algebraic  and  exponential  functions  if  (2i+l)g  =  +  l,  i  being  zero, 
or  a  positive  integer.     To  effect  the  integration,  writing  V^-jZ.>  '^^  have 


The  peculiar  advantage  of  this  well-known  transformation  has  not  (so  fai'  as  I  am  aware) 
been  explicitly  stated ;  it  puts  in  evidence  the  form  under  which  the  sought-for  function 
y  contains  the  constant  of  integration.  In  fact  if  u  =  P,u  =  Q  be  two  particular  solutions 
of  the  equation  in  w,  then  the  general  solution  is  u  =  GP  +  DQ;  and  denoting  by 
P*.  Q'  the  derived  functions,  the  value  of  y  is 

CP'  +  DQ- 

y~  GP  +Dq- 

showing  the  form  under  which  the  constant  of  integration  C  4-  Z)  is  contained  in  y. 
To  complete  the  solution,  assume 
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»e  find 

da?  dx 

considering  first  the  particular  integi-al  of  the  form 

z  =  A-^Bx'i  +  Ca^  +  Da?''  +  &c., 
we  find  that  the  equation  will  be  satisfied  if 

{  q~\)A+  q{  q-l)B  =  0, 
(Sq-l)S  +2y(25-l)C=0, 
(5^-1)0  +mZq-l)D  =  0, 
(7q~l)D  +  'iq{iq-l)E^0, 


&c. 


If  ^  =  1,  this  is 


q{q~l)' 

(g -!)(%-!) 
-^q{q-l)2q(2q-iy 

_  iq-l)m-l)  joq-l) 
q(q~l)2q{2q-l)-iq(Sq-l)' 

&C., 

where  it  is  to  be  noticed  that  the  series  may  be  considered  to  stop  so  soon  as  there 
is  in  the  numerator  a  factor  =  0.  For  instance,  if  05  - 1  =  0,  then  if  the  particular 
integi-al  had  been  assumed  to  be  3  =  A+  Bx''  +  Cx^^,  the  only  conditions  to  be  satisfied 
by  the  coefficients  are  the  first  and  second  equations  giving  the  foregoing  values  of 
A,  B,  G.  It  is  immaterial  that  the  analytical  expressions  of  F  and  the  subsequent 
coefficients  contain  in  the  denominators  the  evanescent  factor  oq  —  ^  ;  the  coefficients 
after  Q  do  not  ever  come  into  consideration. 

Thus    if    (2i  +  l)q  =  +  \,    the    series    terminates,    and    we     have    for    u    the    finite 
particular  solution 

V        5(^-1)  7(S-1)23(%-1)  ' 

and  it  is  easy  to  see  that  we  may  herein  change  the  sign  of  «*,  thereby  obtaining 
another  finite  particular  solution. 


«=e=  1- 


g-l    _^,      (}-l)(3}-l) 
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Reverting  to  the  equation  in  z,  we  have  nest  a  particular  solution  of  the  forin 


giving 

between  the  coefficient 

5  tie  relation 

(  q  +  V)A+(  5  +  1)    qB, 

-0, 

(35+l)-B+(25  +  l)2}C, 

-», 

(5}  + 1)  0  +  (3«  +  1)  3?  -0 : 

=  0, 

If  A. 

- 1,  we  iiave 

A 
B 

a 

=     1, 

(«+l) 
(3+1)?' 

(}  +  l)(3<,+  l) 
■^(}  +  I)5C2,  +  l)25' 

=  0, 

D 

(}  +  l)(3,  +  l)(55- 

H) 

&c., 

where,  as  in  the  former  case,  the  aeries  is  considered  to  terminate  as  soon  as  there 
is  an  evanescent  factor  in  the  numerator,  without  any  regard  to  the  subsequent 
coefficients  which  contain  in  the  denominators  the  same  evanescent  factor.  [In  particular, 
5  =  —  1,  we  have  the  solution  z  =  a;.] 

Hence    if   wc   have   (2i  +  l)5  =  -l,   the   series   terminates,   and   we   have   for   a   the 
finite  particular  solution, 

„_p_,/,         9+'     J  I       (g+l)(3g  +  l)  ^\\" 

"--P"n^-<?  +  l)?''+(S+l)?(25  +  l)2«  I         • 

from  which,  changing  the  sign  of  afl,  we  deduce  the  other  finite  particular  solution, 

.-0^r/'l+     «  +  l  fe  +  l)(3;  +  l)  i^\-7,- 

«-«-nl  +  (,+-l),="  +  (,+  l),(2,  +  l)2,'^  +*«■]"       ■ 

Hence,  in  the  equation 


where  q(2i+l)^±l,  wc  have  (writing  Z)=l) 

_  CP'+Q' 
^      C"P  +  Q' 


Hosted  by 


Google 


12  ON   aiCOATl's    EQUATION.                                                            [420 

where    C  is   the    constant    of  integration,   P,   Q  are   finite    series   as   ahove,   and   P',   Q 

are   the   derived   functions   of  P   and   Q.     Writing   successively  i  =  Q,  i=\,  i  =  2,  &c.,  we 
may  tabulate  the  solutions 


-\-y-  =  ar^,      P  =  xe  ",  Q  =  xe'°  , 

Q  =  (l  +  a^^)e-=^^ 

^  +  j,2  =  iB - ^   p  =  a: (n- a«- *) e-a^^"^ ,     q^x{i-^ar'') e^^~^, 

'^  +  f  =  x-K    P^(l-ry^i+3A^i)e^^\     Q  =  (l  +  5^^  +  ?^^*)e-5.^, 
&c. 
It   is   hardly  necessary  to   make   the   final   step   of  calculating   P'   and   Q'   and   sub- 
stituting in  7/;   but,  as  an  example,  take  the  above  equation  -r-  +  y'^  =  x~':    we  have 


0(1-  3a;')  e^^'  +  (1  +  ^b')  e"^ 


which    is   readily   identified   with    the    solution,   p.    98    of    Boole's   Differential   Equations 
(Cambridge,  1859). 


Cambridge,  September  29,  1868. 
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421. 

NOTE    ON    THE    SOLVIBILITY    OF    EQUATIONS     BY    MEANS    OF 
RADICALS. 

[From  the  Philosophical  Magazine,  vol.  xxxvi,  (1868),  pp.  386,  387.] 

In  regard  to  the  theorem  that  the  general  quintic  equation  of  the  n%h  oixJer  is 
not  solvible  by  radicals,  I  believe  that  the  proofs  which  have  been  given  depend,  or 
at  any  rate  that  a  proof  may  be  given  that  shall  depend,  on  the  following  two 
lemmas : 

I.  A  one-valued  (or  symmetrical)  function  of  n  letters  is  a  perfect  ith  power, 
only  when  the  ^th  root  is  a  one-valued  function  of  the  n  letters. 

There  is  an  exception  in  the  case  fc  =  2,  whatever  be  the  value  of  n:  viz.  the 
product  of  the  squares  of  the  differences  is  a  one-valued  function,  a  perfect  square; 
hut  its  square  root,  or  the  product  of  the  simple  differences,  is  a  two-valued  function. 
It  is  in  virtue  of  this  exception  that  a  quadric  equation  is  solvible  by  radicals ;  we 
have  the  one-valued  function  {cOi  —  3:^\  the  square  of  a  two-valued  function  cr^—x^,  and 
thence  the  two  roots  are  each  expressible  in  the  form 


II.  A  two-valued  function  of  n  letters  is  a  perfect  kt\i  power,  only  when  the 
^th  root  is  a  two-valued  function  of  the  n  letters. 

There  is  an  exception  in  the  case  &  =  3,  when  /i  =  3  or  4 :  viz.  for  » =  3  we  have 
{Xi-\- tacCi+ ai^a^y  (w  an  imaginary  cube  root  of  unity)  a  two-valued  function,  and  a 
perfect  cube ;  whereas  its  cube  root  is  the  six-valued  function  «,  -I-  wx.^  +  w^^a.  And 
similarly  for  n  =  4  we  have,  for  instance, 

[x^x.,  +  x^Xt  -t-  u  {x^x^  +  x.^i)  -I-  w*  {x^x, -f  flJiJCj)!' 
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and    a    perfect    cube,    whereas    its    cube    root    is    a    six- valued 
.s   in    virtue   of   this   exception   that   a    cubic   or   a   qiiartic   equation 
But    I    assume    that    for    n>4>    the    lemma    is    true    without 


a    two -valued    functi 
function.     And  it 
is    solvible    by   rad: 
exception. 

The  course  of  demonstration  would  be  something  aa  follows:  Imagine,  if  possible, 
the  root  of  an  equation  expressed,  by  means  of  radicals,  in  terms  of  the  coefficients ; 
the  expression  cannot  contain  any  radical  such  as  ^X,  p>%  where  X  is  a  one-valued 
(or  rational)  function  of  the  coefficients,  not  a  perfect  pth  power,  for  the  reason  that, 
expressing  the  coefficients  in  terms  of  the  roots,  such  function  ^X  is  not  a  I'ational 
function  of  the  roots;  if  it  were  so,  by  lemma  I.  it  would  be  a  one-valued  (that  is, 
a  symmetrical)  function  of  the  roots;  consequently  a  rational  function  of  the  coefficients, 
or  X  expressed  in  terms  of  the  coefficients,  would  be  a  perfect  pth  power. 

The  expression  may  however  contain  a  radical  vX,  X  a  one-valued  (or  rational) 
function  of  the  coefficients,  not  a  perfect  square :  viz.  X  may  be  any  square  function 
multiphed  into  that  function  of  the  coefficients  which  is  equal  to  the  product  of  the 
squared  differences  of  the  roots,  or,  say,  multiplied  into  the  discriminant;  that  is,  we 
may  have  X  =  Q=V,   or  VX  =  QVv. 

We  have  next  to  consider  whether  the  expression  can  contain  any  radical  \/X, 
where  X,  not  being  a  rational  function  of  the  coefficients,  is  a  function  expressible  by 
radicals.  But  the  foregoing  reasoning  shows  that  if  this  be  so,  X  cannot  contain  any 
radical  other  than  the  radical  VQ^V  or  Q  v"  V,  aa  above ;  that  is,  X  must  be 
^PH-QVv,  where  P  and  Q  are  rational  functions  of  the  coefficients,  and  where  we 
may  assume  that  P-l-^VV  is  not  a  perfect  pth  power  of  a  function  of  the  like  form 
i"  -j-  QV  V .  But  then,  expressing  the  coefficients  in  terms  of  the  roots,  we  have 
P  +  Q  V  V ,  a  (rational)  two-valued  function  of  the  roots ;  and  there  is  no  radical 
v^P-t-^VV,  which  is  a  rational  function  of  the  roots;  for  by  lemma  II.,  if  such 
radical  existed  we  should  have  vPh-QVv  a  (rational)  two-valued  function  of  the 
roots;  that  is,  it  would  be  =P'  +  Q'v'V,  P'  and  Q'  one-valued  (symmetrical)  functions 
of  the  roots,  consequently  rational  functions  of  the  coefficients;  or  P+Qv'V  would 
be  a  perfect  pth  power  (P'  +  Q'-i/^y. 

The  conclusion  is  that  for  )t  > 4  there  is  not  (besides  the  function  P+  Q\'V} 
any  function  of  the  coefficients,  expressible  by  means  of  radicals,  which,  when  the 
coefficients  are  expressed  in  terms  of  the  roots,  will  be  a  rational  function  of  the 
roots,  and  consequently  there  is  no  possibility  of  expressing  the  roots  in  terms  of  the 
coefficients  by  means  of  radicals. 


Cambridge,  October  1,  18G8. 
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ON    THE    GEODESIC    LINES    ON    AN    OBLATE    SPHEROID. 


[From  the  Philosophical  Magazine,  vol.  XL.  (1870),  pp.  329—340,] 


The  theory  of  the  geodesic  lines  on  an  oblate  spheroid  of  any  exeentricity  what- 
ever was  investigated  by  Legendre  (^) ;  and  the  general  course  of  them  is  well  known, 
viz.  each  geodesic  line  undulates  between  two  parallels  equidistant  from  the  equator 
(being  thus  either  a  closed  curve,  or  a  curve  of  indefinite  length,  according  to  the 
distance  between  the  two  parallels):  at  a  point  of  contact  with  the  parallel  the  curve 
is,  of  course,  at   right   angles   to   the   meridian ;   say  this  is    V,  a  vertex  of  the  geodesic 


line,  and  let  the  meridian  through  V  meet  the  equator  in  A  ;  the  geodesic  line  proceeds 
from  V  to  meet  the  equator  in  a  point  JV",  the  node,  where  AN  is  at  most  =90"; 
and  the  undulations  are  obtained  by  the  repetition  of  this  portion  VN  of  the  geodesic 
line  alternately  on  each  side  of  the  equator  and  of  the  meridian. 


'    iUm.    de    I'Imt.    1806;   see   also   the   Exer.    de    Calciil   hiUgral, 
Foactioni  Elliplirjuei,  t.  i.  (1825|,  p.  360. 


■   (1811),   p. 
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I  consider  in  the  present  paper  the  series  of  geodesic  lines  which  cut  at  right 
angles  a  given  meridian  AC,  or,  say,  a  series  of  geodesic  normals.  It  may  be  remarked 
that  as  V  passes  from  the  position  A  on  the  equator  to  the  poie  C,  the  angular 
distance    AN    increases    from    a    certain   determinate    value    (equal,   as    will    appear,   to 

if  G,   A    are   the   polar   and   equatorial   axes   respectively)   up   to    the   value   90" ; 

that,   attending   only   to    their    course    after    they   first   meet    the 


[-90°, 


A  "- 

and    it   thus 

equator,  the  geodesic    noimals   have   an   envelope   resembling  in   its    general    appearance 

the   evolute   of  an   ellipse  (see   fig.  1   and  also  fig.  2),  the  centre  hereof  being  the  point 


B  at  the  distance  BA  =90'-,  and  the  axes  coinciding  in  direction  with  the  equator 
BA  and  meridian  BC :  this  is  in  fact  a  real  geodesic  evolute  of  the  meridian  CA. 
The   point   a  is,   it   is    clear,   the   intersection   of  the    equator   by   the   geodesic    line    for 

which  V  is   consecutive  to   the   point   A  (so   that    zBOA  =  (l—  ^jgO");   and  the  point 

7  is  the  intersection  of  the  meridian  CB  by  the  geodesic  line  for  which  V  is  con- 
secutive to  the  point  C ;  and  its  position  will  be  in  this  way  presently  determined. 
I  was  anxious,  with  a  view  to  the  construction  of  a  drawing  and  a  model,  to  obtain 
some   numerical   results   in    relation   to    a    spheroid    of    considerable    exeentricity,   and    I 

selected  that  for  which  t  =  ^  (polar  axis  =  J  equatorial). 

Before   proceeding   further,  I   remai-k   that  Legendre's   expression  "reduced   latitude" 
is   iised   in   what   is   not,  I   think,  the   ordinary   sense ;    and   I   propose  to   substitute  the 


term  "  parametric  latitude  "  r 


.  3,  referring  the  point  P  on  the  ellipse  by 
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of  the  ordinate  MPQ  to  a  point  Q  on  the  circle,  radius  OK{=OA,  fig.  1),  and  drawing 
the  normal  PT,  then  we  have  for  the  point  P  the  three  latitudes, 

\   =/.PTK,     normal  latitude, 

X"  =  Z  POK,    central  latitude, 

X'  =^QOK,    parametric  latitude; 

viz.  V  in  the  parameter  most  convenient  for  the  expression  of  the  values  of  the 
coordinates  x,  y  (ai^^lcosX',  i/=CsinX')  of  a  point  P  on  the  ellipse.  The  relations 
between  the  three  latitudes  arc 

..     G  ,      O 

tan  A   =  — -  tan  X  =  --;-  tan  X, 

A  A^  ' 

Ko  that  X",  X',  X  are  in  the  order  of  increasing  magnitude.  I  use  in  like  manner 
I,  V,  I"  in  regard  to  the  vertex  V.  The  course  of  a  geodesic  line  is  determined  by  the 
equation 

cos  X'  sin  a  =  const., 

where  X'  is  the  reduced  latitude  of  any  point  P  on  the  geodesic  line,  and  a  is  at 
this  point  the  azimuth  of  the  geodesic  line,  or  its  inclination  to  the  meridian.  Hence, 
if  I'  be  the  pai'ametric  latitude  of  the  vertex   V,  the  equation  is 

cos  X'  sin  a  =  cos  V 

(whence  also,  when  X'  =  0,  ix.  =  W-l';  that  is,  the  geodesic  line  cuts  the  equator  at 
an  angle  =  I',  the  parametric  latitude  of  the  vertex).  The  equation  in  question, 
cos  X'  sin  a=cos  V,  leads  at  once  to  Legendre's  other  equations :  viz.  taking,  as  above.  A,  0  for 

the  equatorial   and  polar  semiaxes  respectively,  and  S  for   the   excentricity,  £  =  a/1  — -j^; 

and  to  determine  the  position  of  F  on  the  meridian,  using  (instead  of  the  parametric 
latitude  X')  the  angle  ^  determined  by  the  equation 

cos  0  =     .  —p-  , 
sm  ( 

and  writing,  moreover,  s  to  denote  the  geodesic  distance  VP,  and  A  to  denote  tlie 
longitude  of  P  measured  from  the  meridian  GA  which  passes  through  the  vertex  V, 
these  are 

ds  =  d<f)  'JC'  +  A^i^  sin=  I'  oos?  0, 

.cos  i'  d6  ^(P  +  A:'h'  sin^  U  cm-  0 
A  \—  sin^  I'  cos^  0  ' 

which   differential   expressions   arc   to  be  integrated   from  <^  =  0 ;  and  the  equations  then 

determine  X',  s,  and  A,  all  in  terms  of  the  angle  i^, — that  is,  virtually  s  and  A,  the 
length  and  longitude,  in  terms  of  the  parametric  latitude  \'. 

C.    VIL  3 
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Writing,  with  Legendre, 

&^  =  1  —  c^,     =  77;— — .  „;     .      „  ,     =  1  —  S^  sin^  /  : 


=  tau=  I',     M=  f-.        „=  -,  -     ,, 
bA  cos  (      J.  cos  i 


then  the  formulje  become 


, .  __  ,j<j</i  Vl  —c'  sin-  ^ 
1  +  11  sin'  (f> 

Hence   integrating   Irom    0  =  0,   and   using   the   notations   F,    E,   H   of  elliptic   functioi 
we   have 


viz.  these  belong  to  any  point  P  whatever  on  the  geodesic  line,  parametric  latitude 
of  vertex  =  I' ;  and  if  we  write  herein  4>  =  90°,  then  they  will  refer  to  the  node  N, 
or  point  of  intersection  with  the  equator. 

The   position   of  the   point  a  is  at   once   obtained   by  writing   I'  =  0:    viz.   this  gives 
c  =  0,    b=l,    M  =  ^,    n  =  0:     the    differential    expressions    are    ds  =  Cdd>,    dA=jd<ti.     Or 

integrating  from  0  =  0  to  0  =  ^7r,  we  have  s  =  A.  -j.^tt,   A  =  -j.^7r,  agreeing  with  each 

Dv,  what  is  the  same  thing,  ^aOB^^Trd  ~ -r). 


A  =  const.,  =  ^TT,  since  the  geodesic  line  here  coincides  with  the  meridian  CB ;  and 
moreover  s—AE{B,  (f>) ;  viz.  this  is  merely  the  expression  of  the  distance  from  0  of 
a  point  P  on  the  meridian  CB.     But  we  do  not  thus  obtain  the  position  of  the  point  7. 

To  find  it  we  must  consider  a  position  of  V  consecutive  to  C,  say,  l'  =  ^Tr  —  e,  where 
e  is  indefinitely  small ;  n  is  thus  indefinitely  large,  and  the  integral  11  (n,  c,  ij>)  is  not 
conveniently    dealt    with.     But    it    may    be    replaced    by   an    expression    depending    on 
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n  I  -    c   d>l,  where   -   is   indefinitely  smail;   viz.  (Legendre,  Fonct   Ellipt.   vol.   I.   p.   i 

\n         ^  I  n 

we  have 

n(„,  0. 4.)-F(c.  »)+lta„-   /-^4--n(g.  „.  *), 

Va  Vl  —  i^sin=(p  x"  / 

where 

We  thus  have 

H    (_  Vl  +  ji  vl— c=sin^0  \"  'I 

where,  -  being  small, 
n  ° 

n(l.c.4>)-j ^-* ■ 

(1  +  -sin^0]  Vl  —  c-sin^^ 

J      VI  —  c^sm'ip  \        «/  « 

And  expanding  also  the  tan~'  term,  we  thus  have 

M  (    „  Vjt  Vc'  +  Ji  r ,         Vl  -  c*  aiti==  <i  Vm  1 

-((?  +  .i)[(l-j)*'(c,  «  +  i£(c,  «]|, 
which,  in  the  term  in  {   \  neglecting  negative  powers  of  n,  becomes 


A  =  -  Wn.^7^+b'F(c,  4>)-E{c,  0)-cot^Vl-c^sin=^>. 

Wc   may  moreover   write  c  =  h,  h  =  -j,  0=9O"--X',  «  =  -,  Jlf=e,  and   therefore  ■ 
that  the  formula  is 

A  =  ej-.i7r  +  &=l'(c,  W--K-)-E{o,  90"  -  V)  -  tan  X' Vl  -  c^  c"^"v|  , 

=  ^^-e[tanVVl"^^"cos=V  +  S(c,  90"  -  V)  -  t^i"  (c,  90'-X')), 

where  I  retain  c,  h  as  standing  for  /J ^-  -Ji'  T  respectively. 
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Writing  hereiu  \'  =  0,  we  have 

A  -  iTT  -  e  (E,  0  -  IfF,  c), 
where  the  eoefficieat  £,  c  —  ff^F,  c  is 

consequently   positive ;    that   is.    A,   the   longitude   of   the   node,  is   less   than   90°,   as   it 

should   be.      Hence    in    order    that   A   may   be   =90°,   we   must  have    V   negative,   say, 

\'  =  —  fi,  where  fi'  is  positive ;  and,  observing  that  we  may  under  the  signs  E,  F 
write  90°  —  /*'  instead  of  90" +  m',  we  thus  have 

|7r  =  i'7r  +  6!Vl->cos^/i'tan/i'-£'(c,  90° -/*')  +  &=#  (c,  90"-/)); 
that  is,  we  must  have 

tan  /t'  Vl  -  c^  cos=>'  =  E  (c,  90° -/:.')  ~b^F(c,  90°-/); 

viz.  /J.'  is  here  the  parametric  latitude  (south)  of  the  intersection  of  the  meridian  CB 
with  the  consecutive  geodesic  line — that  is,  of  the  point  7,  As  fi  increases  from 
0  to  90°,  the  left-hand  side  increases  from  0  to  x ;  and  the  right-hand  side,  beginning 
from  a  positive  value  and  either  attaining  a  maximum  or  not,  ultimately  deoreaises 
to  0;   there  is  consequently  a  real  root,  which  is  easily  found  by  trial. 


Thus  ^  =  h  C^^VS  (angle  of  modulus  -- 
tan  |U  Vl- 1  eos^  fi'  =  E  {&< 
Using  Legendre's  Table  IX.,  we  have 


0°).  &  =  i ;    or  the  equation  is 
-/)-iF(90--/). 


^'. 

90°-/. 

E. 

F. 

E-IX 

.a„/Vi-:ico.v-. 

0' 

90° 

1-21105 

2-15631 

■6719 

■0 

10 

80 

1-12248 

1-81252 

■6693 

70 

102663 

1-49441 

■6530 

30 

60 

■91839 

1-21253 

■6153 

-3819 

40 

50 

■79638 

-96465 

■5542 

■6278 

so  that  wo  see  the  required  value  is  between  30"  and  40° ;  and  a  rough  interpolation 
gives  the  value  /i'  =  37°40'.  But  repeating  the  calculation  with  the  values  37°  and 
38°,  we  have 


/. 

90°-/.  j        ;-;. 

F. 

E-iF. 

tan/x'l-JcosV'. 

37° 
38 

53"     i     -833879 
52          ■fi21197 

1-035870 
b011849 

-57419 
-56823 

-54425 
■57108 

whence,  interpolating,  /  =  37°o5'. 
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The  semiaxea  of  the  geodesic  evolute,  oieasuved  according  to  their  longitude  and 
parametric  latitude  respectively,  are  thus  Ba,,  long,  of  a  =  45°;  B7,  param.  lat.  =37"  53'. 
But  measuring  them  according  to  their  geodesic  distance,  the  ef^iiatorial  I'adius  A  being 
taken  = 1,  we  have 

5a -iw  =-78540, 

-S7  =  (?  -  1)  [E,  -  E  (52°  o')i  =  1-21106  -  -82225  =  -38881. 

Reverting  to  the  general  formulae  for  s.  A,  but  writing  therein  A  —  \,  and  therefore 
<7=Vl  — 6"^;  writing  also  <^  =  90°  (that  is,  making  the  formulEe  to  refer  to  the  node 
iV"  of  the  geodesic  line),  we  have 

vr^a^'sin^i ''  ' 

but  for  the  calculation  of  the  stcond  of  these  formula  by  means  of  Legendre's  Tables 
it  is  neces.sary  to  express  !!,(«,  c)  in  terms  of  the  functions  E,  F. 

The  proper  formula  is  given  in  Fonoi.  Ellipt.  vol,  i.  p.  137 ;   viz.  this  is 

--*l'— ^nX".  c)  =  i7r+  — ^A(6,  0)F,c+FcF(b,  0)-F,cE{b,  0)-E  oF(b,  B). 

where  A  (6,  ^)  =  Vl  —  &^sin^^.  Q  is  an  angle  given  by  the  equation  cot^=Vm;  we 
have  n  =  tan^  V ;  consequently  6  ~  90°  —  I'.  Substituting  this  value,  except  that  for 
shortness  I  retain  E(b,  0),  F(b,  9)  in  place  of  E(b,  90° -J'),  F(b,  90"  -I'),  we  have 

A(b,  0)  =  '/T^^~cosH', 

^^l-(l-t'smH)co¥f ,  =sin^; 


tan  ^A  (b,  0)  =  cot  /  sin  ?  =  -r=^-  \ 
Vl  -  S= 


whence 

But 
Hence 


«  +  c^  =  tan^  I'  +  ^  sin'  I  =  sin'  I  sec'  /. 
{n  + 1?)  n,  in,  c)  -  c'F,  c  =  sin=  I  {sec'  I'Ti^  {n,  c)  -  B^F,  c] ; 
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and  multiplying  this  by 

Vr-"g^      _  Vl  -  8^ cos ; 
n  cos  I  '         tan^  I'  cos'  I 
the  exterior  factoi'  ia 

Vi  —  &'  cos  I  tan'  I      _    cos  ? 

and  we  have 

A  =  -3£iL  |sec=  i'n,  (n,  c)  -■  8=f ,  c}, 

which  is  the  formula  I  used  in  the  calculatious.  It  would,  however,  have  been  better 
to  reduce  a  step  further;    viz.  we  have 

secern, (7i,  c)=-^5j^|  1. 
'  ^       '     tan  i  cos  /  '   ' 

=  ^^j^^°[^-n-+-f;c[f(6,  e)-£(h,  6)'\-]j;,cF{b.  e)\+F,c, 

thence 

l'U,{n.  c)-8^i',c  =  ^^-^^'(i7r+/',c[Vr^8'eos;  +  -F(6,  0}-E(b,  $)]- E_ci'{h,  6)]; 
nallv. 

A  =  ix  +  i:c-f(i,  e)-F,cE{h,  d)-E,cF(b,  $)+ 'J'r^'coslF,c. 

It  is  easy  with  this  expression  of  A  to  obtain  the  results  already  found  for  the 
extreme  values  I'  =  0",  I'  —  90°. 

As  Legendre's  Tables  have  for  argument,  not  the  modulus  c,  but  the  angle  of  the 
modulus,  say  %  ('^^^^  ^-  sin  x  =  c  =  ^  sin  l),  it  is  convenient  to  replace  Vl  -  B"  sui=  /  by 
its  value  cos;;^;  and  the  formulEe  thus  are 

cosx 

A  =  ^-TT +F,c  [-/I  ^^' cos  I +F(b,  0)-E(h,  0)]^E,cF(b,  &), 

where  _ 

(7  =  sin  X  =  S  Bin  I,     tan  i'  =  Vl  -  &'  tan  I,     6=  QO'-  - 1' ; 

and  in  the  case  intended  to  be  numericaliy  discussed,  S  =  ^V3,  Vi-S==^.  I  take  J' 
as  the  argument,  giving  it  the  values  0^  10', ...  90°,  and  perform  the  calculation  as 
shown  in  the  Table. 


and  thence 
sec^i'II,( 
or,  finally, 
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0 
10 

30 
40 
SO 
60 
70 
80 

yo 

80 
70 
60 
50 
40 
30 
20 
10 

- 

X 

i 

1 

J 

i 

i 

*J 

^ 

1 

la  26 

36     3 
49     6 
59  13 
67  14 
73  54 
79  41 
84  58 

16-75 
30-63 
40-90 
48.07 
S2-98 
56-32 
58-43 
59-63 
60-0 

73-25 
59-37 
4<l-10 
41-83 
37-02 
33-68 
31-57 
30-38 

-47151 
■40425 
■32737 
■23589 
-19349 
•13866 
-08954 
■04387 

20548 
23814 
26478 
27626 
29935 
31479 
32540 
33169 

18686 
16632 
14167 
12163 
10645 
09557 
08850 
08146 
0831R 

1-6050 
1-6910 
1-7980 
1-8891 
1-9923 
2-0644 
21154 
2-1463 

1-5376 
1-4633 
1-3857 
1-3232 
1-2777 
1-2461 
1-2260 
1-2147 

2-08962 
1-48840 
1-16034 
■92141 
-71820 
-53083 

■17476 

1-03762 
1-03962 
■95211 
-82827 
■67903 
■51665 
■34716 
■17431 

0 

^1 

i 

i 

4 

£■ 

£" 
W 

3 

£| 

■1- 

1 

i 

i 

■7854 

45 

-7854 

10 

1-52308 

-18272 

■38830 

3-4446 

■32007 

■50693 

3-3132 

■8022 

43  58 

20569 

1-6058 

-8039 

20 

■86318 

1-93610 

•16424 

1-4596 

■17272 

-33804 

2-1779 

-8323 

48  51 

33075 

1-7012 

■8506 

30 

■53547 

I'72874 

1-98352 

-9627 

■06455 

-20622 

1-6078 

■9357 

53    3 

26333 

1^8333 

-9166 

40 

■34903 

154286 

181912 

-6594 

1-96445 

-08608 

1-3193 

I'OllO 

57  56 

39668 

1^9801 

-9900 

60 

■33266 

i-36672 

i-66607 

-4635 

i-86625 

1-96370 

-9177 

1-1166 

63  59 

32682 

3-1224 

1-0612 

60 

■15292 

T-18446 

i-49925 

-3157 

1-72496 

1-82053 

-6615 

1-2230 

70  11 

35178 

3-3479 

1-1239 

70 

-09327 

2-96974 

1-29514 

-1973 

1-54529 

1-63379 

-4303 

1^3378 

76  39 

36939 

2-3410 

1-1705 

80 

■04431 

264650 

2-97819 

■0951 

1-24243 

1-32688 

-2123 

1-4536 

83  17 

38454 

2-4210 

1-2120 

90 

1^5708 

90 

1-2111 

X.  'x°- 


1  degrees  and  decimals  of  a  degree,  to  correspond  with  Legendre's  Tables. 


where  tho  columns  marked  with  an  *  show  respectively  the  longitude  of  the  node, 
and  the  length  {or  distance  of  node  from  vertex),  for  the  geodesic  lines  belonging  to 
the  different  values  of  the  argument  I'. 
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The  remarks  which  follow  have  reference  to  the  stereographic  projection  of  the 
figure  on  the  plane  of  the  equator,  the  centre  of  projection  being  the  pole  (say  the 
South  Pole)  of  the  spheroid.  It  is  to  he  remarked  that  if  a  point  P  of  the  spheroid 
is  projected  as  above,  by  means  of  an  ordinate  into  the  point  Q  of  the  sphere  radius 
OK{==OA),  then  projecting  stereographically  as  to  the  spheroid  and  the  sphere  from 
the  south  poles  thereof  respectively,  the  points  P  and  Q  have  the  same  projection. 
And  it  is  hence  easy  to  show  that  an  azimuth  a  at  a  point  of  the  meridian 
(parametric  latitude  X',  normal  latitude  \,  and  therefore  tan  X.'  =  -^  tanXj  is  projected 
into  an  angle  (a)  such  that 


sin  X 


tan  a 


In  fact  in  fig,  3,  if  we  take  therein  OK,  00  for  the  axes  of  x,  z  respectively, 
and  the  axis  of  y  at  right  angles  to  the  plane  of  the  paper,  and  if  we  have  at  .P 
on  the  surface  of  the  spheroid  an  element  of  length  PR  at  the  inclination  a  to  the 
meridian  PK,  then  if  x,  y,  z  are  the  coordinates  of  P,  and  x-\-hx,  y-^-hy,  z+tz  those 
of  R,  we  have 

Zx—     p  cos  a  sin  \, 

Ss  =  —  p  cos  a  cos  X, 
S^  =     p  sin  a. 


Now,  if  the  meridian  and  the  points  P,  R  are  referred  by  lines  parallel  to  Oz  to  the 
surface  of  the  sphere  radius  OA,  the  only  difference  is  that  the  ordinates  z  arc 
increased  in  the  ratio  C  :  A  ;   so  that  if  the  projected  angle  be  (a),  we  have 

tan(a)=-,.J^: 

and  then  projecting  the  sphere  stereographically  from  its  south  pole,  the  angle  in  the 
projection  is  =  (a).  And  according  to  the  foregoing  remark,  the  angle  (a)  thus  obtained 
is  also  the  projection  of  a  from  the  south  pole  of  the  spheroid.     We  have  thus 


tan(a)         VSx^  +  Bz-  _      Vsin^  A.  +  cos^"  X  _     /l+cot-X       _sinX' 

tan  a " "  "7"        A^  '  /      "        A^  '     ~V  l+cot^X"     ^  sin\  ' 

a/  Saj^  +  ^  S^^  a/  Bin=  X  +  -^  cos'^ X 


which  is  the  required  relation. 
The  foregoing  equations, 
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determine  in  the  stereographic  projection  the  inclination  (a)  to  the  radius,  or  projection 
of  the  nieiidian,  of  the  geodesic  line  (parametric  latitude  of  vertex  =  V)  at  the  point 
the  parametric  latitude  of  which  is  —\'\  viz.  they  enable  the  construction  (in  the 
projection)  of  the  direction  of  the  successive  elements  of  the  geodesic  line.  There 
would  be  no  difficulty  in  performing  the  construction  geometrically;  but  it  would, 
I  think,  be  more  convenient  to  calculate  (a)  numerically  for  a  given  value  of  I'  and 
for  the  successive  values  of  V.     Observe  that  for  \'  =  0  we  have  (as  above)  90°  —  a  =  I',  and 

then     -—=---=  ^,  consequently  tan(a)  =  -jCot /':   but   we   have   also   coil' = -^^  coil, 
sm  A       tan  K      Ji  Ji.  L- 

so    that    this    equation   becomes    tan  (a)  =  cot  I,   or    we    have    90''  —  {a.)  =  l;    viz.    in    the 

projection,   the   geodesic   line   cuts   the    equator    at   an    angle   I  =  the   normal    latitude   of 

the  vertex  of  the  geodesic  line. 

The  preceding  formulse  and  results  have  enabled  me  to  construct  a  drawing,  on 
a  large  scale,  of  the  stereogi-aphic  projection  of  the  geodesic  lines  for  the  spheroid, 
polar  axis  =^  equatorial  axisi, 
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ON    THE    PLANE    REPRESENTATION    OF    A    SOLID    FIGUllE. 


[From  the  Philosophical  Magazine,  vol.  XLi.  {1871),  pp.  286— SDO.] 

We  represent  in  piano  the  position  of  a  point  P  whose  coordinates  in  space  ai-e 
(te,  y,  z)  by  drawing  these  coordinates,  on  the  same  scale  or  on  different  scales,  and 
in  given  directions  from  a  fixed  origin  in  the  plane;  Oitf  =  «,  MP'  =  y,  P'P"^z.  But 
observe  that  the  point  P"  alone  does  not  completely  represent  the  point  P ;  in  fact 
P"   represents    a   whole   series   of    points   lying   in   a   line ;    any   one   such   point    is   the 


point  whose  coordinates  are  Om,  mp',  p'P".  For  the  complete  representation  of  P  we 
require  the  two  points  P',  P" :  these  might  be  distinguished  as  the  projection  P",  and 
the  foot-point  P".  The  two  points  P',  P"  are  obviously  such  that  the  line  joining  them 
is  in  a  given  direction. 

The  preceding  is,  of  course,  the  ordinaiy  method  of  orthogonal  projection,  or 
geometrical  delineation  of  a  solid  figure :  it  may  be  used  under  various  forms ;  for 
example,  the  coordinates  x,  y,  s  may  be  taken  on  the  same  scale  and  in  directions 
inclined  to  each  other  at  angles  of  120^  (isometrical  projection) ;  or  the  coordinates  x,  y 
may   be   drawn   on   the   same   scale   and   at   their   actual   inclination,   90^,  to  each   other; 
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423] 

and  the  coordinate  z  on  the  same  or  an  altered  scale  in  any  given  direction ;  the 
points  P'  then  give  a  true  ground-plan  of  the  solid  figure,  and  the  lengths  of  the 
lines  J?'P"  give  the  altitudes  of  the  several  points  P:  this  is  also  a  method  in 
ordinary  use. 

But   it   is   to   be   obsei'ved   that   the   points    P',    P"    are    both    of    them    projections, 
and   that   the   general    theory   is   as   follows:    we   represent   the  position   of  the   point   P 


by  means  of  its  projections  P',  P",  from  two  fixed  points  fl',  fl"  respectively ;  the 
line  joining  these  points  passes,  it  is  clear,  through  a  fixed  point  H  which  is  the 
intersection  of  the  plane  of  projection  by  the  line  which  joins  the  two  points  li',  li". 

Hence  we  say  that  a  point  P  in  space  is  represented  in  piano  by  any  two  points 
P',  P"  which  are  such  that  the  line  joining  them  passes  through  a  fixed  point  U. 
And  we  have  thus  a  system  of  constructive  geometry  which  is  the  more  simple  on 
account  of  the  generality  of  its  basis,  and  which  is  at  once  applicable  to  any  of  the 
special  projections  above  referred  to.  I  establish  the  fundamental  notions  of  such  a 
geometry,  and  by  way  of  illustration  apply  it  to  the  solution  of  the  well-known  pro- 
blem of  finding  the  lines  which  meet  four  given  lines  in  space. 

A  point  P  (as  already  mentioned)  is  given  by  its  projections  P',  P",  which  are 
points  such  that  the  line  joining  them  passes  through  the  fixed  point  il. 

A  line  L  is  given  by  its  projections  L',  L",  which  are  any  two  lines  in  the  plane. 
We  speak  of  the  point  (P',  P"),  meaning  the  point  P  whose  projections  are  P*,  P"; 
and  similarly  of  the  line  {L',  L"),  meaning  the  line  whose  projections  are  L',  L". 

If  P',  P"  coincide,  then  the  point  P  is  in  the  plane  of  projection ;  and  so  if 
L',  L"  coincide,  then  the  line  L  is  in  the  plane  of  projection. 

If  through  n   we   draw   a   line   meeting  L',  L"   in   the   points  P',   P"   respectively, 

these  are  the   projections  of  a   point   P   on   the  line   L.     In   particular   the  intersection 

of  L',  L"  (considered  as  two  coincident  points)  represents  the  intersection  of  the  line 
L  with  the  plane  of  projection. 
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The  liae  through  the  points  (P',  P")  and  (Q',  Q"\  has  for  its  projections  the  lines 
P'Q'  and  P"Q". 

Two  lines  (i',  L")  and  (M',  M")  intersect  each  other  if  only  the  intersections  L'M' 
and  L"M"  are  the  projections  of  a  point  P — that  is,  if  the  line  through  the  points 
L'M'  and  L"M"  passes  through  li.  And  then  clearly  P  is  the  intersection  of  the  two 
lines. 

A  plane  II  is  conveniently  given  by  means  of  its  trace  ©  on  the  plane  of  pro- 
jection, and  of  the  projections  {P',  P")  of  a  point  on  the  plane ;  or,  say,  by  means 
of  the  trace  0,  and  of  a  point  P  on  the  plane. 

Suppose,  however,  that  a  plane  is  given  by  means  of  a  line  L  and  a  point  P 
on  the  plane.  The  trace  0  passes  through  the  point  of  intersection  of  the  line  L  with 
the  plane  of  projection — that  is,  through  the  point  of  intersection  of  the  projections 
L',  L".  To  find  another  point  on  the  trace,  we  have  only  to  imagine  on  the  line  L 
a  point  Q,  and,  joining  this  with  P,  to  suppose  the  line  PQ  produced  to  meet  the 
plane  of  projection.  The  construction  is  obvious ;  but  by  way  of  illustration  I  give  it 
in  fu!l.  Through  il  draw  a  iine  meeting  £',  L"  in  Q',  Q"  respectively  (then  these  are 
the  projections  of  a  point  Q  on  the  line  L) ;  the  lines  P'Q'  and  P"Q"  are  the  pro- 
jections of  the  line  PQ,  and  the  intersection  of  P'Q'  and  P"Q"  is  therefore  the  required 
point  on  the  trace  0. 

The  line  of  interaection  of  two  planes  pjisses  through  the  point  of  intersection  of 
their  traces  0i,  ©ai  whence,  if  the  planes  have  in  common  a  point  P,  the  line  of 
intersection  is  the  line  joining  P  with  the  intersection  of  the  traces  0,,  02, 

In  what  precedes  we  have  the  solution  of  the  following  problem: — "Given  a  point 
P,  and  two  lines  L,,  L^,  to  find  a  line  through  P  meeting  the  two  lines  L^,  L^."  The 
required  line  is  in  fact  the  line  of  intersection  of  the  planes  (P,  L,}  and  (P,  L^ ;  we 
have  seen  how  to  construct  the  traces  0,  and  0,  of  these  planes  respectively ;  and 
the  required  line  is  the  line  joining  P  with  the  intersection  of  0i  and  05. 

I  proceed  now  to  the  problem  to  find  the  two  lines,  each  of  them  meeting  four 
given  lines,  i,,  L^,  L^,  L^  (these  being,  of  course,  given  by  means  of  their  projections 
{i,',  X,")  &c.).  The  question  Is  in  effect  to  find  on  the  line  Z,  a  point  P  such  that, 
drawing  from  it  a  line  to  meet  L^,  Li,  and  also  a  line  to  meet  L..,  L^,  these  shall 
be  one  and  the  same  line. 

Now,  considering  in  the  first  instance  P  as  an  arbitrary  point  on  the  line  L^, 
the  line  from  P  to  meet  i^,  Lg  is  any  line  whatever  meeting  the  lines  Li,  L^,  L^i 
say  it  is  a  generating  line  of  the  hyperboloid  whose  directrices  are  L„  Zj,  ij,  or  of 
the  hyperboloid  L,L^L3.  Hence  projecting  from  any  point  li'  whatever,  the  generating 
lines  and  directrices  are  projected  into  tangents  of  one  and  the  same  conic.  We  know 
the  projections  L,',  Li,  i/  of  the  directrices ;  to  find  two  other  tangents  of  the  conic, 
we  take  two  arbitrary  positions  of  P  on  the  line  L^,  and  construct  as  above  the  pro- 
jections  M',  N'   of  the   lines   from   these   to   meet   the   lines   L,  L^,     The   conic   is  then 
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given  as  the  conic  touching  the  five  lines  L,',  i/,  £/,  M',  JV:  say  this  is  the'  conic 
S'.  Similarly,  instead  of  il',  considering  the  point  II",  we  have  the  lines  L,",  L/,  L," 
and  the  lines  M",  N",  which  are  the  other  projections  of  the  lines  through  the  two 
positions  of  P ;  and  touching  these  five  lines  we  have  a  conic  2",  Each  tangent  2" 
of  2',  combined  with  the  corresponding  tangent  T'  of  £",  represents  a  line  T  meeting 
Li,  is,  L,;  to  establish  the  correspondence,  observe  that,  inasmuch  as  the  line  T  meets 
il,  the  intersections  of  2",  i/  and  of  T",  L"  musfc  lie  in  a  line  with  li;  if  2"  be 
given,  the  point  {T",  i,")  is  thus  uniquely  determined,  and  therefore  also  T"  (since  i," 
is  a  tangent  of  2");  and  similarly  if  T"  be  given,  T'  ia  uniquely  determined;  the 
correspondence  2",  T"  is  thus,  as  it  should  be,  a  (1,  1)  coiTespondence. 

Considering  in  Hke  manner  the  lines  which  meet  ii,  L.,,  L,,  we  have  touching 
Lj',  i/,  Li,  M',  N'  a  conic  2';  and  touching  L",  L./',  L^",  M",  N"  a  conic  2";  each 
tangent  2"  of  2',  combined  with  the  corresponding  tangent  T"  of  2",  represents  a  line 
meeting  L,,  L.^,  L„  the  correspondence  being  a  (1,  1)  correspondence  such  as  in  the 
former  case. 

The  conies  2',  2'  both  touch  L,',  L.! ;  hence  they  have  in  common  two  tangents. 
Say  one  of  these  is  1"  =  2",  the  corresponding  tangents  T"  and  T"  will  coincide 
with  each  other  and  be  a  common  tangent  of  2",  2"  (these  conies  both  touch  L",  i,", 
and  have  thus  in  common  two  tangents).  We  have  thus  T' =  T',  and  ^''  —  T",  as  the 
projections  of  a  line  meeting  Z,,  i^,  is,  L^\  and  taking  the  other  common  tangents 
of  2',  2'  and  of  2",  2",  we  have  the  projections  of  the  other  line  meeting  ii,  i,,  ij,  i,. 

The  whole  process  is  r — Construct  M',  M"  and  N',  N"  each  of  them  the  projections 
of  a  line  through  a  point  P  of  i,,  which  meets  i.,  i^;  and  M',  M"  and  N',  N"  each 
of  them  the  projections  of  a  line  through  a  point  P  of  £,,  which  meets  i^,  i^;  we 
have  then  the  conies 

2',  2"  touching  i/,  i/,  i/,  M',  N\  and  L",  i/',  i,",  M",  N"  respectively, 

2',  2"       „        L',  i/-  i/,  M",  F',     „    A",  l:',  l:\  M",  N"  „        ; 

and  then  the  projections  of  each  of  the  required  lines  are  2"  =  2",  a  common  tangent 
of  2',  2',  and  T"  =  T",  the  corresponding  common  t-angent  of  2",  2". 

It  is  material  to  remark  how  the  construction  ig  simplified  when  there  is  given 
one  of  the  lines,  say,  M,  which  meets  i,,  i^,  L,,  L,.  Here  Jlf  is  a  common  directrix 
of  the  two  hyperboloids ;  we  may  for  the  hj^erbolas  2'  and  2"  consider,  instead  of 
il,  ij,  ia  and  two  new  generating  lines,  the  lines  A,  ia,  ij,  M,  and  a  single  new 
generating  line  JV;  and  similarly  for  the  hyperbolas  2',  2"  the  lines  Z,,  ij,  L„  M  and 
a  single  new  generating  line  N.  2',  2'  have  thus  in  common  the  three  tangents 
i,',  i/,  M',  and  therefore  only  a  single  other  common  tangent,  2"  =2";  and  similarly 
2",  2"  have  in  common  the  three  tangents  L",  L",  M",  and  therefore  only  a  single 
other  common  tangent,  T"  =  T" ;  and  we  have  thus  the  other  line  cutting  the  four 
given  lines. 
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I  take  the  opportunity  of  mentioning  the   following  theorem : 
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"  If  in  a  given  triangle  we  inscribe  a  variable  triangle  of  given  form,  the  envelope 
of  each  side  of  the  variable  triangle  is  a  conic  touching  the  two  sides  (of  the  given 
triangle)  which  contain  the  extremities  of  the  variable  side  in  question." 

We  have  thence  a  solution  of  the  problem  {Principia,  Book  I.  Sect.  V.  Lemma 
XXVII.),  in  a  given  quadrilateral  to  inscribe  a  quadrangle  of  given  form.  The  question 
in  effect  is :  in  the  triangle  ABC  to  inscribe  a  triangle  a^y  of  given  form ;  and  in 
the   triangle   ADE  a   triangle   a.'ffy    of  given  form,  in  siich  wise  that  the  sides  arf.  a'y' 


may  be  coincident.  The  envelope  of  ay  is  a  conic  touching  AD,  AE,  and  the  envelope 
of  a'7'  a  conic  also  touching  AD,  AE:  there  are  thus  two  other  common  tangents^,  either 
of  which  may  be  taken  for  the  position  of  the  side  a7=a''y';  and  the  problem  admits 
accordingly  of  two  solutions. 
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ON    THE    ATTRACTION    OF    A    TERMINATED    STRAIGHT    LINE. 

[From  the  Philosophical  Magazine,  vol.  XLi.  (1871),  pp.  358—360.] 
Write  for  shortness  (a,  h,  c ;  e)  to  denote  the  shell  included  between  the  ellipsoids 

(where  e  is  indefinitely  small) ;   then,  if  the  ellipsoids 

are  confocal,  the  attractions  of  the  shells  (o,  fc,  c ;  e)  and  {a',  h',  c' ;  e)  upon  any  exterior 
point  P  are  proportional  to  their  masses.  Hence,  considering  a  prolate  spheroid  of 
revolution,  c  =  b,  the  attractions  of  the  shell  {a,  b,  b;  e)  will  be  proportional  to  those 
of  the  shell  {-Ja"  —  h,  >Jb'  —  h,  Vft^  —  A  ;  e);  or  if,  as  usual,  6*  =  a°  (I  —  e*),  then,  if  h  increases 
and  becomes  ultimately  equal  to  b^,  to  those  of  the  shell  (ae,  0,  0 ;  e) ;  viz,  this  last 
is  the  portion  of  the  axis  of  x  included  between  the  limits  x=  —  ae,x=  +  ae;  or  say 
it  is  the  terminated  line  a'  =  +  ae ;  and  I  say  that  the  mass  is  distributed  over  this  line 
uniformly. 

sf'      11^  -\-  z^ 
To  see   that   this   is   so,  observe  in  general  that,  in  the  spheroid  —,^+r,^-  =1.  the 

volume   included  between  the  planes  ,r  =  a,  a:  =  a.  +  da,  is  =(y^  +  s')rfa,  =7r(6"' r~/X'\da; 

and  thence,  writing  a'  (1  +  e),  b'  (1  +  e)  for  a',  b',  in  the  shell  (a',  b',  b' ;  e)  the  volume 
included  between  the  planes  a:  =  a,  x  =  a  +  da  is  =7r6'^2e'da;  viz.  this  is  independent 
of  a,  and  simply  proportional  to  da.  Hence,  writing  b'  =  0,  when  the  shell  shrinks 
up  into  a  line,  the  mass  must  be  disturbed  uniformly  over  the  line.  It  follows  that 
for   a   line   of   uniform    density   the    equipotential   surfaces   are   each   of   them   a   prolate 


Hosted  by 


Google 


32  ON    THE    ATTRACTION    OF    A    TERMINATED    STRAIGHT    LINK.  [424 

spheroid  of    revolution    haviug    the    extremities    of   the    line    for   its    foci,   and    that,   if 

we   have  a  shell   bounded  by  any  such  surfece   and  the  consecutive  similar  surfitce,  mth 

its   mass  equal   to   that   of  the   line,  then   such   shell  and   the   line  will   exert   the   same 


attractions  upon  any  point  P  exterior  to  the  shell.  The  attractions  of  the  line  ai-e 
obtained  most  easily  by  means  of  its  potential ;  viz.  taking  S,  H  for  the  extremities 
of  the  line,  and,  as  above,  the  origin  at  the  middle  point,  and  the  axis  of  w  in  the 
direction  of  the  line,  and  writing  2ae  for  the  length  of  the  line,  x,  y,  z  for  the 
coordinates  of  P,  and  )■,  s  for  the  values  of  HP,  SP  (that  is,  7-  =  V  (a^  —  aef  +  y'^  + «", 
s  =  V(ic  +  aey  +  y^  +  z%  then  the  potential  is  at  once  found  to  be 


''-log^ 


and   we    can    hereby   verify   that    the    equipoteiitial    surface    is    in     fact    a    spheroid    of 
revolution  having  the  foci  S,  // ;   for,  taking  the  equation  of  such  a  spheroid  to  be 


(((  is  an  arbiti'ary  parameter,  since  only  the  ' 


,lue  of  ae  has  been  defined),  we  have 
'■  =  ((  —  ac 


and  the  quotient  is  =  — 
may  in  fact  be  written 


s  =  (1  +  e)  {x  +  a), 


L  constant  value,   ; 
\  +  e  ^x-¥  c 


it  should  ho.     The  equation    F=  const. 


viz.    this   equation,    apparently   of  the   fourth    order, 
if  =  0,  and  the  spheroid  — ,  +  -^      ^     =  1. 


up    into    the    twofold    plane 


The   foiegoing    results   in   regard    to   the   attraction    of    a    line    are    not    new.      See 
Green's   Essay   on    Electricity,   1828,   and    Collected    Works,    Cambridge,    1S71,  p.  68;   also 
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Joachimathal,  "  On  the  Attraction  of  a  Straight  Line,"  with  Sir  W.  Thomson's  Note, 
Cantb.  and  Bubl.  Math.  Jotim.,  vol,  iii.  (1848),  p.  93;  but  it  does  not  appear  to  have 
been    noticed    that    they    are,    in    feet,    included    in    the    theory    of   the    attraction    of 


The  like  considerations  show  that  the  attractions  of  the  ellipsoidal  shell  (a,  b,  c;  e) 
upon  an  exterior  point  are  equal  to  those  of  an  elliptic  disk  z  =  0,  131+  /ia_  p3  ~  ■^' 
the  mass  of  which  is  equal  to  that  of  the  shell,  and  which  has  the  density  at  the 
point  {x,  y)  proportional  to  ( 1 riT^  ~  U_   3)    ■ 

Sir  W.  Thomson  informs  me  that  the  foregoing  results  have  long  been  familiar  to 
him. 
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NOTE    ON    THE    GEODESIC    LINES    ON    AN    ELLIPSOID. 

[From  the  Philosophical  Magazine,  vol.  xli.  (1871),  pp.  534,  53.5.] 

The  general  configuration  of  the  geodesic  lines  on  an  ellipsoid  is  established  hy 
means  of  the  known  theoiem  (an  immediate  consequence  of  Jacobi's  fundamental  formulje, 
but  which  was  first  given  by  Mr  Michael  Roberts,  Gomptes  Rendus,  vol.  xxi.  p.  1470, 
Dec.  1845)  that  eveiy  geodesic  line  touches  a  curve  oi'  curvature;  that  is,  attending 
to  the  two  opposite  ovals  which  constitute  the  curve  of  curvature,  the  geodesic  line  is  in 
general  an  infinite  curve  undulating  between  these  opposite  ovals,  and  so  touching  each 
of  them  an  infinite  number  of  times  (but  possibly  in  particular  cases  it  is  a  reentrant 
curve  touching  each  oval  a  finite  number  of  times).  The  geodesic  lines  thus  divide 
themselves  into  two  kinds,  accordingly  as  they  touch  a  curve  of  curvature  of  the  one 
or  the  other  kind ;  and  there  is  besides  a  third  limiting  kind,  the  lines  wiiich  pass 
through  an  umbilicus  :  any  such  geodesic  line  passes  through  the  opposite  umbilicus, 
and  is  in  general  an  infinite  curve  passing  an  infinite  numbei'  of  times  alternately 
through  the  two  umbilici ;  but  possibly  it  is  in  particular  cases  a  reentrant  curve 
passing  a  finite  number  of  times  through  the  two  umbilici,  I  annex  a  figure  giving 
a  general  idea  of  the  configuration  of  the  geodesic  lines  drawn  in  different  directions 
from  a  given  point  P  on  the  surface  of  the  ellipsoid :  this  is  drawn  (as  it  were)  on 
the  plane  of  the  greatest  and  least  axes;  but  it  is  not  a  perspective  or  geometrical 
representation  of  any  kind,  but  a  mere  diagram  for  the  purpose  in  question.  We  have 
A,  A,  B,  0,  0  the  extremities  of  the  axes;  Ui,  U^,  Us,  U,  the  umbilici;  P  the  point 
on    the  surface;   1P2   and   1P4  the   curves   of  curvature   through   P,  viz.  these  are  ovals 
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containing  the   umbilici    JJi,   U^   and   t/",,   U,  respectively.     Then    U-J'U^   and    UJ^U^   are 
the    limiting    geodesies    passing    through    the    umbilici;    the    line     TPT'    represents    a 


geodesic  line  of  the  one  kind,  viz.  this  at  T  touches  an  oval  (curve  of  curvature)  U^U,, 
and  at  2"  the  conjugate  oval  UiUs-  Similarly  SPS'  is  a  geodesic  line  of  the  other 
kind,  viz.  this  at  S  touches  an  oval  (curve  of  curvature)  i7,  f/j,  and  at  8'  the  conjugate 
oval  UiUi;  the  dotted  figure-of-eight  curves  are  the  loci  of  the  points  of  contact 
T,  T',  S,  S'. 
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ON    A    SUPPOSED    NEW    INTEGRATION    OK    DIFFERENTIAL 
EQUATIONS    OF    THE    SECOND    ORDER. 

[From  the  Philosophical  Magazine,  vol.  XLii.  (1871),  pp.  197^ — 199.] 

This  refers  lo  a  paper,  Challis,  "  On  the  Application  of  a  new  Integration  of  Differential  Equations 
of  the  Second  Order  to  some  unsolved  Problems  in  the  Calculus  of  Vaiiations,"  Fldl.  Mag.  same  volume, 
pp.  38—40. 
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427. 


ON    GAUSS'S    PENTAGRAMTkIA    MIRIFICUM. 


[From  the  Philosophical  Magazine,  vol,  xlii.  (1871),  pp.  311,  312.] 

Take  od  a  sphere  (in  the  northern  hemisphere)  two  points,  A,  B,  whose  longitudes 
diifer  by  90",  and  refer  them  to  the  equator  by  the  meridians  AE  and  BC  respectively ; 
join  A,  B  by  an  arc  of  great  circle,  and  take  in  the  southern  hemisphere  the  pole 
D  of  this  circle  ;  and  join  £>  with  E  and  C  respectively  by  arcs  of  great  circle.  ■  We 
have  a  spherical  pentagon  ABODE,  which  is  in  fact  the  "  Pentagi-amma  mirifieum," 
considered  by  Gauss,  as  appearing  vol.  iii.  pp.  481 — 490  of  the  Collected  Works.  Among 
its  properties  we  have 

the  distance  of  any  two  non-adjacent  aummitsi 
the  inclination  of  any  two  non-adjacent  sides  J 

so  that  each  summit  is  the  pole  of  the  opposite  side,  or  the  pentagon  is  its  own 
reciprocal. 

Each  angle  is  the  supplement  of  the  opposite  side. 

If  the  squared  tangents  of  the  sides  (or  angles)  taken  in  order  are  a,  /3,  y,  S,  e,  then 

1  -I-  a  =  78,     1  -I-  ^  =  Se,     1  -I-  7  =  ea,     1  +  S  =  a^,     1  -I-  e  =  ^^7, 

equivalent  to  three  independent  equations,  so  that  any  three  of  the  qnantitiea  may  be 
expressed  in  terms  of  the  remaining  two.  (This  agrees  with  the  foregoing  construction, 
where  the  arbitrary  quantities  are  the  latitudes  of  A,  B  respectively.) 
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Projecting  from  the  centre  of  the  sphere  upon  any  plane,  we  have  a  plane 
pentagon  which  is  such  that  the  perpendiculars  let  fall  from  the  summits  upon  the 
opposite  sides  respectively  meet  in  a  point.  This  (as  easily  seen)  implies  that  the  two 
portions  into  which  each  pei'pcndieElar  is  divided  by  the  point  in  question  have  the 
same  product. 

Conversely,  starting  from  the  plane  pentagon,  and  erecting  from  the  point  of  inter- 
section a  perpendicular  to  the  plane,  the  length  of  this  perpendicular  being  equal  to 
the  square  root  of  the  product  in  question,  we  have  the  centre  of  a  sphere  such  that 
the  projection  upon  it  of  the  plane  polygon  is  the  pentagramma  mirificum. 

I  remark  as  to  the  analytical  theory,  that,  taking  the  origin  at  the  intei-section 
of  the  perpendiculars,  and  for  the  coordinates  of  the  summits  («!,  y3i), ...  (a^,  ^j)  respectively, 
then  we  have 

flia*  +  Ay8,  -  0=0,  +  ft/3,  =  a,a,  +  ^A  =  a.ri,  +  ^S^  =  a.a^  +  ^rA ,     =  -  7'. 

where  'y''  is  the  above-mentioned  product,  or  7  is  the  radius  of  the  sphei'e. 

Cambridge,  September  14,  1871. 
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NOTE  SUR  LA  CORKESPONDANCE  DE  DEUX  POINTS  SUE  UNE 
COURBE. 

[From  the  Comptes  Rendus  de  l'Acad4mie  des  Sciences  de  Paris,  torn.  lxii.  (Janvier — 
Juin,  1866),  pp.  586—590.] 

This  is  to  the  same  effect  with  the  paper  385,  "On  the  Corresponclence  of  two  Points  on  a  Carve"; 
four  examples  of  the  theory  are  given,  the  first,  seoond,  and  thiid  of  tbem  the  same  as  in  this  paper— the 
lourth  esample  is  as  follows : 

4°.  Recherche  du  nombre  des  points  sextactiques,  c'est-a-dire  des  points  qui  sont  tels 
que  par  chacun  passe  une  conique  qui  a  dans  ee  point  uu  contact  du  cinquieme  ordre 
avec  la  courbe.  li  faut  prendre  pour  les  points  P  les  intersections  avec  ia  courbe  de 
la  conique  qui  a  au  point  P'  un  contact  du  quatrieme  ordre :  les  points  unia  seront 
ceux  dont  il  s'agit.  La  courbe  0=0  est  la  conique  qui  a  au  point  P'  un  contact 
du  quatrieme  ordre.  On  a  ainsi  parmi  les  intersections  le  point  P'  5  fois ;  done  k  =  5. 
A  chaque  point  P  correspondent  2m  —  5  points  P ;  a  chaque  point  P  lOnf  —  20m  —  5  —  205 
points  P"  (j'emprunte  le  terme  —  20S  d'uue  formule  que  vient  de  donner  M.  Zeuthen) ; 
done  la  formule  donne  pour  le  nombre  des  points  unis 

10™=  -18TO-10-20S  +  10i), 
c'est-a-dire 

15m^-:i3m-:}0S. 

Mais  cette  expression  comprend  le  nombre  3m  (m  —  2)  —  6  S  des  inflexions ;  en  effet  pour 
un  point  d'inflexion  la  conique  avec  contact  du  quatrifeme  ordre  ae  r^duit  a  la  tan- 
gente  prise  deux  fois,  ee  qui  est  une  conique  avec  contact  du  cinquifeme  ordre.  Done 
enlin  le  nombre  des  points  sextactiques  sera 

m(12m-27}-  2iB, 
ou,  pour  une  courbe  sans  points  doubles 

w(12m-27), 
ce  qui  s'aeeordc  avec  la  valeur  que  j'ai  trouve'e  par  d'autres  moyens. 
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SUR   LES   CONIQUES  DETERMINEES   PAR   CINQ  CONDITIONS  DE 
CONTACT   AVEC    UNE   COUEBE   DONNEE. 


[From  the  Gomptes  Reiidus  de  I'Academie  des  Sciences  &  Ferris,  torn.  LXIII.  {JuUlet — 
D^cembre,  1866),  pp.  9—12.] 
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430. 

NOTE  SUR  QUELQUES  FORMULES  DE  M.  E.  DE  JONQUIERES, 
RELATIVES  AUX  COURBES  QUI  SATISFONT  1  DES  CON- 
DITIONS   DONNEES. 


[From  the  Comptes  Reiidus  de  VAcacUmie  des  Sciences  de  Paris,  torn,  lxiii.  (Juillet — 
Deceinhre.  1866),  pp.  666—670,] 

Le8  formules  dont  il  s'agifc  sont  publi^es  dans  les  Comptes  Rendus,  stances  du  3 
et  du  17  septembre  1866.  En  faisant  une  simple  transformation  algebrique  pour  y 
introduire  la  classe  M{=  m*  —  m)  de  la  courbe  donn^e  W^,  et  en  changeant  un  peu  la 
forme,  les  theoremes  de  M.  de  Jonquieres  peuvent  senoncer  comme  il  suit : 

1".  Le  nombre  des  contacts  des  courbes  0''  qui  ont  un  contact  de  I'ordre  n  avec 
une  courbe  fixe   U™,  et  qui  passent  en  outre  par  ^r(r  +  S)  —  n  points  donnas,  est 

=  i(n+l)  [nM  +  (2r  -  2k)  m]. 

Observation.  Enonc^  de  cette  mani^re,  le  theorfeme  s'applique  m^me  au  cas  n  =  0. 
En  effet,  pour  w  =  0,  le  nombre  donn^  par  le  th^orfeme  est  =mr,  qui  est  le  nombre 
des  contacts  de  I'ordre  0  (intersections  simples)  de  la  courbe  donn^e  If"  avee  une 
courbe  de'terminfe  de  I'ordre  r. 

2°,     Le   nombre   des  contacts  de  I'ordre  n'  (=  ou  <  n)  des  courbes  G''   qui   ont  deux 
contacts   des   ordrea  n   et   n'   respectivement   avec   une    courbe    fixe    U™,   et    qui 
en  outre  par  ^r(r+S)—n  —  n'  points  donnas  est 

=  H"  + 1)  (»'  +  l){Mf  +  (^r  -  2«)m]  [n'M+  (2r-2n')  m] 
-2(n^  +  nn'  +  n'^  +  n  +  «')  M 
+     [~4>r{n  +  n'  +  l)  +  4<  (n^  +  nn'  +  n''  +  n  +  n')]  m}. 
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Observation.  Enonce  de  cette  maniere,  le  theorem e  s' applique  meme  aux  eas 
n'  =  0,  et  n'  =  n.  En  effet,  pour  n'  —  0,  le  nombrc  donnij  par  le  theor&me  cat 
=  (rMi  — K  — 1).^  (?j+ l)[nJl/  +  (2r  — 2M)m],  ce  qui  est  %al  au  nombre  des  courbes  O^ 
qui  out  avec  la  courbe  donnde  (T™  nn  contact  de  I'ordre  n,  multipli^  par  rm  —  n  —  \, 
nombre  des  contacts  de  I'ordre  0  (intersections  simples)  de  ehacune  de  ces  courbes  avec 
la  courbe  f  ™.  Et  pour  n'  —  n,  le  nombre  des  contacts  est  le  double  du  nombre  des 
courbes  C. 

Je  remarque  que  les  deux  th^orfemes  peuvent  se  ddmoutrer  de  la  maniere  dont 
je  me  suis  servi  en  cherchant  le  nombre  des  coniques  qui  satisfont  a,  cinq  conditions 
donn^es ;  car,  en  rempla^ant  la  courbe  m,  par  I'ensemble  de  deux  courbes  m  et  m', 
on  trouve  que  pour  le  theorfeme  1°  le  nombre  cherch^  est 

ou   les   coefficients   (a,  ,3)   ne   dependent   que   dc   {r,   n);   et   puis,   en   supposant    que   ce 
th^oreme  soit  connu,  on  trouve  que  pour  le  th^or&me  2°  le  nombre  cherch^  est 

=  ^  (^  +  1)  (w' +  1)  [kM  +  (2r  -  2n)  m]  [n'Jtf  +  (2r  -  2k')  m]  +  aM  + /3m, 

ou  de  meme  les  coefficients  (a,  0)  ne  dependent  que  de  {r,  n). 

Or  voici  comment  on  pent  determiner  les  coefficients  dans  les  deux  tht^oremes : 

Pour  le  th^oreme  1°,  on  demoutre  que  pour  U™  une  droite,  le  nombre  cherche 
est  =  (n -\- \)  {r  — 11)  \  et  que  pour  U™  une  conique,  le  nombre  cherch^  se  dMuit  de 
la  en  ^erivant  2j-  au  lieu  de  r ;  c'est-a-dire,  que  pour  la  conique,  le  nombre  est 
=  (n  +  1)  ilr  -  n).     On  a  done 

^  =  («  +  l)(r-«),   =i0i  +  l)(2r-2«). 

2cL  +  W^{n  +  \){2r-n), 
et  de  la 

ce  qui  achfeve  la  demonstration. 

Pour  le  th&rfeme  2",  on  d^montre  que  pour  U"^  une  droite,  le  nombre  chercbe 
est  =(n+\){n'  +  l){r  ~n~n'){r  —  n~n'  —1),  et  que  pour  U"^  une  conique,  le  nombre 
cherch^  se  d«?duit  de  la  en  t^crivant  2r  au  lieu  de  r ;  c'est-a-dire,  pour  la  conique, 
le  nombre  est 

.(»+l)(»'  +  l)(2r-»-»')(2r-«-n'-l). 
On  a  done 

{n+\){n'  +  \){   r-n-n'){  r -n  -  n' -l)  =  (n +  l){n' +l){  r-n){  r  -  n")  +  0, 
(«  +  l)(«'+l)(2r-«-«')(2r-«-«'-l)  =  (^  +  l)(m'  +  l)(2r-«){2r-y.')  +  2a  +  2^; 
cela  donne  pour  a  et  (3  les  valeurs 

a  =|(w+1)(k'  +  1)[-2    {ri?  +  nn'  +  n'''  +  n+n')], 
^  =  \{n^l){n'+  1)  [-  4r  (m  +  «■  +  1)  +  4  (w'  +  nn'  +  n''  +  n  +  «')] ; 
et  la  demonstration  est  ainsi  achevee. 
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Je  remarque  que  sous  les  formes  iei  donti^es  les  deux  th^or^mes  s'appliquent  a 
une  courbe   U*"  avec  des  points  doubles,  mais  sans  point  de  rebroussement. 

liC  th^oreme  donb  je  me  suis  servi  pour  la  determination  des  coefficients  peut 
sMnoncer  sous  la  forme  pius  g^nerale  que  voici,  savoir; 

En  d^notant  par  <f>{r,  n,  n',...)  le  norabre  des  courbes  (A  qui  out  avec  une  droite 
donn^e  des  contacts  des  ordres  n,  n',...,  et  qui  passent  en  outre  par  Jr(r  +  3)-w  — n'... 
points  donnas,  alors  si,  au  lieu  de  la  droite  donnee,  on  a  une  conique  donn^e,  le 
nombre  des  courbes  G^  sera  =  ^  (2r,  n,  n',  . . .). 

En  effet,  I'^quation  de  la  courbe  cherchee  O'  contient  des  coefficients  indetermin^s, 
lesquels,  par  les  conditions  de  passer  par  les  points  donnas,  se  r^duisent  lin^airement 
a  n+  n'  ...  +  1  coefficients;  en  d^notant  par  {A,  B,...}  ces  coefficients,  I'^quation  de  la 
courbe  contiendra  lin^airement  (A,  B,...)  et  sera  ainsi  de  la  forme  (A,  B,  ...'^x,y,  zf  =  0. 
L'^quation  de  la  droite  denote  est  satisfaite  en  prenant  pour  («,  y,  z)  des  fonctions 
lin^aires  d^terminees  d'un  paramfetre  variable  0 ;  done,  en  coupant  la  courbe  C  par 
la  droite  donnee,  on  obtient  une  Equation  (A,  B,...'§6,  l^^O,  et  en  exprimant  que 
cette  equation  ait  n  racines  ^gales,  n'  racines  egales,  etc.,  on  obtient  entre  {A,  B,  0,...) 
des  Equations,  lesquelles,  en  ^liminant  tous  les  coefficients,  except^  deux  quelconques 
(A,  B),  conduisent  a  une  equation  finale  {A,  By  =  0,  et  le  degre  p  de  cette  Equation 
est  ee  qu'il  s'agissait  de  trouver,  le  nombre  des  courbes  C.  Si  au  lieu  d'une  droite 
donnee  on  a  une  conique  donnee,  il  n'y  a  rien  a  changer,  sinon  que  les  coordonn^es 
(«,  y,  z)  doivent  etre  rempla^^es  par  des  fonctions  quadratiques  de  6;  on  a  ainsi  une 
Equation  {A,  B,  ...\6,  1)^  =  0,  qui  conduit  i  une  Equation  finale  (A,  B)p —0,  oii  p 
est  la  meme  fonction  de  (2r,  n,  n',...)  qu'est  p  de  (r,  n,  n',...);  et  le  nombre  des 
courbes  C""  est  =p'-  Le  th^orfeme  est  done  d^montr^.  Et,  pr^cis^ment  de  la  meme 
maniere,  on  d^montre  le  th^oreme  encore  plus  general : 

En  d^notant  par  0  (r,  n,  n',...)  le  nombre  des  courbes  G''  qui  ont  avec  une  droite 
donnee  des  contacts  des  ordres  n,  «.',... ,et  qui  passent  en  outre  par  ^r{r  +  3)  —  n-n'... 
points  donnas,  alors  si,  au  lieu  de  la  droite  donne'e,  on  a  une  courbe  unicursale  donnee 
de  I'ordre  m,  le  nombre  des  courbes  (^  est  =(p(7nr,  n,  n',  ...). 

On  aurait  pu  se  servir  directement  de  cela  pour  d^montrer  les  th^oremes  1°  et  2°. 
Par  exemple,  pour  le  th^oreme  1°,  la  consideration  de  la  courbe  unicuvsaJe   TJ™  donne 

a.M-\-0m  =  a  {%n  -2.)  +  ^m  =  (n  +  l){mr  ~n); 
c'est-a-dire 

comme  auparavant. 
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SUE    LA    TRANSFORMATION    CUBIQUE    D'UNE    FONCTION 
ELLIPTIQUE. 


[From  the  Comptes  Rendus  de  I'Academie   des  Sciences  de  Paris,   torn.  lxiv.  Janvier — 
Juin,  1867,  pp.  560—563.] 

SoiT    U={a,   b,   c,   d„   e^x,    \'f  une   fonction    quartique   queleonque   de   «:    /,   /  les 
deux  invariants: 

(/  =  ae  -  16d  +  3c',    J=ace-  ad""  -  b'e  +  2bcd  -  <f), 

et  prenona  fl  = ^ pour  I'invariant  absolu  de  U.     Soient  de  mSme  U' =  {a',b',  ...'^x,iy 

et    fl'  = 


radicaux  des  deux  fonctions  elliptiques  li^es  par  la  transformation  du  troisi&me  ordre 
ou  cuinque,  on  pent  se  proposer  la  question  quelle  est  la  relation  entre  les  deux 
invariants  absolus  fi,  il'  ?  J'ai  trouv^  cette  relation  d'abord  par  des  considerations 
g^om^triques  qui  me  furent  sugg^r^es  par  une  lettre  de  M.  Sylvestre;  puis  je  I'ai  d^duite 
des  formules  pour  la  transformation  cubique  donnees  par  M.  Hermlte,  Grelle,  t.  LX,,  1862, 
p.  304),  et  enfin,  a  I'aide  d'une  consid&ation  tire'e  de  ces  formules,  j'ai  r^ussi  a 
I'obtenir  a,  moyen  des  formules  des  Fundmnenta  Nova.  Je  vais  donner  id  cette  derniere 
investigation  de  la  relation  dont  il  s'agit. 

En  supposant  que  les  fonctions  U,  U'  soient  transform  ^es  lineairement  en 
(1  —  a^){l  ~^a^),  (1— y')(l— \y)  respectivement,  pour  exprimer  la  liaison  entre  les 
modules  P,  X',  au  lieu  de  I'^quation  explicits  entre  \/k,  \/\  {Fund.  Nova,  p.  23),  je 
me  sers    des    formules,  p.    25,    lesquelles    en    y  ^ci-ivant 

a       a  +  2 
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e'est-^dire 

deviennent 

Les  transformations  lin^aires  donnent  sans  peine 

et  il   s'agit  entre    ees  Equations  d'^liminer  a,  j3,  k,  X  de  manifere  a   obteuir  une  equation 
entre  fl,  il'. 

J'^ris 


L'^qiiation  entre  a,  ,8  donne 


Ite^fi      ■   P^  +  'P  +  l (2a  +  l)-      ■ 


et  on  a  de  la 

puis,  en  faisant  attention  a  I'identite 

(2a+  1)  («  +  2)  (a -  1)'  +  27a (a  +  iy  =  2  (a'  +  4,<x  +  If, 
on  obtient  entre  a',  /3',  la  relation  tres  simple  a' +  ^'  =  1. 
L' expression  de  k?  donne 

'^-    2«+l    ' 

(«-l)(a  +  l)- 

rl 

iK(«  +  2)'+l't«"(«+2)(2'>  +  l)  +  (2='+l)"i, 
J{cP  +  4a  +  1)  (a^  +  So*  +  16^  +  Sa^  +1)), 


108a' (2"+ 1)(»+ 2)  ("- !)'(<■+ 1)" 
"  (a'  +  4a+ 1)".  (a'+  3<>"+ 16«'  +  3a'  +  1)" ' 
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Or  on  a 

i(2»+l)(a  +  2)(.-iy-(.-+4.  +  l)-     _-iif.(a  +  l). 
(a'  +  'ia  +  lf  •        (a'  +  to+l)' 

<,(2a+l)(a  +  2)(a-l)'  +  (a'  +  4a  +  1)"     _  9(a'  +  3..'  +  16a'+ 3a'  + 1) 

.       —  64a'  (a'  —  ly 
et  de   li,   en   formant   I'expression   de   la   fonction    —      ,     ^^—    >  on   la   trouve   ^gale   a 

la  vajeur  qui  vient  d'etre  donnee  pour  Xi  en  termes  de  a ;   on  a  done 


n  =- 


64a'(a'-l)' 
(8«'  +  l)' 
et  de  mfime 

6«y(;3--l)- 
"-~"78y3'  +  l)-    ■ 

Avec   la   relation   a'  +  |S'=l,  I'^limination   de   a',  ^'   entre  ces  e'quations 
pas  de  difficult^. 
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432. 

THEOREME     RELATIF    A    LA    THEORIE    DES     SUBSTITUTIONS. 

Estrait   d'une   lettre   adress^e   k   M.   J.   A.    Serret. 

[From   the   Comptes  Itendus  de   VAcademie   dss  Sciences   de  Paris,  tom.  lxvii.   {Juillet — 
Decmhre,  1868),  pp.  784,  785.] 

On  peub  ^noncer  par  rapport  aux  substitutions  un  th^orfeme  qui  comprend  les 
trois  th^or^mes  ili,  iv,  v.,  t.  ii,  pp.  260 — 263  de  votre  Cours  d'AJgehre  Sup&rieiire. 

Pour  un  nombre  quelconque  ;*  on  peut  former  avec  les  0(^)  nombres  inf^rieurs 
et  premiers  k  fi  plusieurs  systfemes  de  nombres  lesquels  sout  chacun  un  systfeme 
conjugu^  (mod.  /a);  c'est-k-dire  que  le  produit  de  deux  nombres  quelconques  d'un  tel 
systfeme  est  congru  suivant  le  module  p-,  k  un  nombre  du  systeme.  Comme  cas 
extremes,  I'unit^  est  un  tel  systeme,  et  les  0(/i)  nombres  forment  aussi  un  systeme 
conjugue. 

Pour  fi.  premier,  en  d^notant  par  a  une  racine  primitive  de  fi  et  par  f  un 
diviseur  quelconque  de  /—  1,  les  nombres  =  a/"  (mod.  /i),  a  ^tant  un  entier  quelconque, 
forment  un  systems  conjugu^.  Et  g^n^ralement  pour  un  nombre  /i  quelconque  ce 
nombre  a  des  racines  quasi- primitives  a,  ^,  7,...,  aux  exposants  A,  B,  C,...,  tels  que 
Er*=  l(mod. /:i),  0"=  1  (mod.  /J.), ...  et  ABG ...  =  tf)(n).  En  choisissant  unc  combinaison  quel- 
conque, par  exemple  a,  8  de  ces  racines,  soient  /,  g  des  diviseurs  quelconques  de  A,  B 
respective ment,  les    nombres  =  o^"  6*^  (mod.    /i)    forment    un    systeme    conjugu^,    I'ordre    du 

AB 
It  - 

Cela  etant,  on  a  ce  th^orfeme  : 

JJne  suhstitution  T  quelconque  de  I'ordre  /j.  4tant  form4e  avec  n  lettres.  Von  forme 
toutes  les  substitutions  8  telles  que  le  produit  STS~^  se  riduise  d,  une  puissance  de  T 
dont  I'exposarvt  sott  un  nombre  quelconque  appartenant  d  un  systeme  conjugv4  {mod.  fi), 
les  substitutions  S  constitueront  un  systeme  conjugue  de  I'ordre  6M,  oih  8  ddnote  I'ordre 
du  sysilme  conjugue  (mod.  ft)  et  M  le  nombre  des  substitutions  eckangeables  avec  T. 

La  demonstration  est  tout  a  fait  la  m§me  que  cells  que  voub  donnez  p.  62  pour 
votre  th^oreme  iv,  en  y  ajoutant  seulement  que  les  nombres  i,  j  qui  appartiennent 
au  systeme  conjugue  (mod.  /t)  auront  leur  produit  ij  congru  k  un  nombre  de  ce  meme 
systeme  conjugu^. 
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SUR  LES   SURFACES   TETRAEDRALES. 


[Notes  to  the  work  De  la  Gournerie,  "  Becherchea  sar  les  surfaces  regUes  t^traedrales 
synietriques"  Svo.  Paris,  1867.] 


Premier  M4moire. 

Notes  pp.  190—193. 

I^QUATIONS 

DE   CERTAINES 

1°.    L'^uation 

0~  +  lVfaf 

+  cVsV 
-2c'bf(af-bg)cif3- 

-Hi?ag(a.f-h,j),f^ 

-  Wah  (oh  -af)ifix^ 

+  2a^bh  (bg  -  ch)  s'f 

+  y^gh{bg-oh}vf^ 

+  2jr'4/(o4-o/)«.y 

+  a?  (6y  +  C*" 

-  ibgch)  /«• 

+  6"  (<?f  +  a-f 

+/"(iy  +  (?4" 

■  -  ibgch)  w>x* 

+  f(cV  +  a-f 

+  2b/(afbg  +  cHi"-  -  2chx)  '^z^v^ 

V  ^ah  (chaf+  hy  -  2bgx)  ^"^  -  ^hh  (bgch  +  a^p  ~  2afx)  s^^^ 
-  2gh  {bcgh  +  a"/'-  lafx)  luYz^  -  '2}if{ca}if  +  6^=   -  2bgx)  w'^V 
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SURFACES    DU   HUITiSmE    ORDRE. 


-\-pfk'yfi 


+  26'c/  (ch  -  a/)  af:f  -  'Ihcf^  {bg  -  ck  )  «%^ 

-  2a*c^  (bg  -  ck )  'fz"  -  2caf  {ch  -  of)  y^vf 

-2abk^(af-bg)s^^ 
+  2h-'fgiaf-hg)wV 

-  ichaf)  2*0^  +  c^  (a"/^  +  b^g^  -  iafbg)  sfy* 

-  ^chaf)  vH^  +  A=  {a-p  +  %=  -  ^fhg)  w*s* 

-  2c/  {clmf  +  by  -  2bgx)  ^vY  +  26o  (bcgh  +  a.y  =  -  2a/x)  (x*f:^ 
+  2c.9  (bgcK  +  ay=  -  2a^)  i/*icV  +  2c![  {cahf^  by  ~  2&^x)  ?/*^'*^ 

+  2ab  (ab/g  +  c'li"  -2chx)s'a?y^ 

-  yg  (abfg  +  c^h'  ~  "^ckx)  vfxy 
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{oh,  pour   abr^ger,   on   a   ^crit   x^^f+^ff^"^'  ^'^   ^   ^^^   ^^^   quantity  queleonque)   . 
celle  d'une  surface  du  huitifeme  ordre  qui  a  pour  courbes  doubles  lea  quatre  coniques 

X  =0,  +cf  -  fo=  +/w=  =  0 

y  =0,  —ex''  +az'  +  gvfi  =  0 

^  =  0,  +  6a)=  -  ay^  +hvfi  =  0 

w  =  0,  -fa?  -  gf  -hz^  =0. 


En   determinant   il,   savoir,    en    ecrivant    \  +  ^  +  i'  =  0,   a/X"  +  bg^"  +  Ci 
-Vaf 


=  0   (ce   qui 


6fl  =  42  ^ 


-{af+bgfch-2t^ 


■I  iaf+  hgf-  4  {af-  bg)  (bg  -  ck)  (cli  -  af), 


.   surface   devient  une   surface   rdglee,  savoir,  la   qmdrispinale   de   M.   de   la   Gourneri 


et,  en  particulier,  en  supposant 


1       1 


if     bg     ck 


=  0,  on  obtient 


1 


1 


et  de  \k 


h'z*w* 


of  '  bg  '  ch' 
=  (-  2  -  4  -)  -  6  {«/-  W  (6?  -  ck)  (oh  -  af), 
et  la  surface  sera  d^veloppable. 
2°.     L'equation 

0  =  +  a?y*z'  +  6V^        +  cVy'   +  f'x'w^   +   g'y^ 

+  ^bfa^z'^w^  ~  Icfxh/'vf  +  IbcX^y^z'' 

—  lagy'z^'ufi         ...  +  Icgy^ixhv''  +  2caa?y*z'' 
+  2aliz*y'uf'   -ibhs^x'vfl         ...         ■{■1aha?y^i^ 

—  Ighw^y'^z'^   —  'ihfw^z^x'  —  Ifgiv'x'y- 

(oil   fl   est   une   quantite   queleonque)   est   ceile   d'une   surface   du    liuitifeme   ordre   ayant 
pour  courbes  doubles  les  quatre  courbes  du  quatrifeme  ordre 

a;  =  0,  A^V  -  gvJ'f  +  ay^^  =  0 ; 

i/  =  0,  -hzhv^  +/w=i(^ +  feV  =  0; 

3=0,  +gy^'  —fu/'x^  +  ca?y^  =  0 ; 

w  =  0,  —  ay's'  —  hz^x^  —  ex^y^  —  0. 


En  Ecrivant 


2/"^  ^l^'^A- 
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{ce  qui  donne  quatre  systemea  de  valeurs  de  \  :  fi  :  v),  et  puis 

la   surface   devient   une   suriface  r^gl^e,  savoir,  la  quadricuspidale  de    M.  de  la  Goumerie ; 
et,  en  supposant 

(a/)'  +  (Jy)'  +  W'  =  0, 
et 

X  :  »  :  .-(«/)*  :  (Sj)*  :  (rf,)', 
ee  qui  donne 

la  surface  devient  developpable. 
Cambridge,  18  Octobre  1866. 


Deuxieme  Memoire.     Notes  pp.  279 — 283. 

Note  I.     Sue  la  decomposition  du  lieu  des  generatrices  en  surfaces 
tEtraedrales  distinctes. 

II   me  eemble   qu'uno   de   voa  conclusions  a   besoin  d'etre  modifi^e.     Ainai   la  surface 

t^traMrale   d^riv^e    de    deux    courbes    triangulaires    a   cxposant   —   (m    ^taiit    un    entier 

positif),  laquelle,  selou   un   de    vos   th^orfemes,  serait   de  I'ordre  2m\  parait  se  decomposer 
en  TO   surfaces   chaeune   de   I'ordre   2m.     II  y  a   pour  cela  une  raison  A  priori;   en  effet. 


pour  deus   triangulaires   de   la   forme   en   question,  en   employanb   votre   construction,   on 
peut    etablir    une    correapondance    non-seulement    entre    lea    deux    systfemes    de    points 

7—2 
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A,  B,...,  et  A',  B',...,  raais  aussi  entre  chaque   point  A  et  un  seul  point  correspondant 
A',  car  r^quation  de  la  premiere  courbe  ^tant  de  la  forme 

on  satisfait  k  cette  Equation  en  ^crivant 

X  :  y  :  z  =  (t(e+a)'»  :  h{d  +  &)'^  :  0(^  +  7)™, 
oil  $  est  un  pararnetre  variable.     De  meme,  I'equation  de  la  seconde  courbe  ^tant 

on  satisfait  a  cette  equation  en  ^crivant 

X  :  ^  :  w  =  a'{8'  +  a')'»  :  h' {ff  +  0~r   ■  d'iff  +  ST. 
oil  0'  est  aussi  un  paramfetre  variable. 
Pour  la  droite  OP,  on  a 

y   bCe  +  ^r' 

et  pour  la  droite  O'P' 

y     b'(e'  +  0'r' 
done,  la  condition  pour  !a  correspondance  des  droites  est 

h{e  +  0r         b'(d'  +  0T' 
ce    qui    donne    m    valeurs    diff^rentes    pour   ^   en    termes   de    0.     Mais    chacune    de   ces 
valeurs  est  de  la  forme 

ff_AJ_+B 
GO  +D' 

et,  en  ne  faisant  attention  qu'a  une  seule  valenr  de  0',  on   a  le  point 
x  :  y  :  2  ^a{0  +a)»  ■  b{0  +^f  :  c  (^  +7)™, 

qui  correspond  a  un  point  unique 

X  :  y  ■  w  =  a'(0'  +  a)«'  :  b' {0' +  0T  ■  d'($'  +  ST- 

Pour  le  cas  de  I'exposant  ^,  on  a,  de  cette  maniere,  une  surface  de  I'ordre  6. 
J'ai  v^rifi^  cela  dans  le  cas  paiticulier  de  la  surface  d^veloppable.  II  est  trfea-aingulier 
(c'est  M.  Salmon  qui  m'a  fait  cette  remarque)  qu'en  ^crivant  dans  cette  Equation 
(x^,  y,  z\  vf)  au  lieu  de  {x,  y,  z,  w),  on  obtient  I'^quation  d'une  surface  du  douzieme 
ordre,  lieu  des  centres  de  courbure  d'un  ellipaoide. 

Gamhridge,  15  Fdorier  1866. 
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Note  II.    A  l'occasion  de  l'ordre  des  suhpaces  t^tea^drai-bs. 

Je  crois  que  j'ai  neglige  de  voiis  fairs  connaitre  un  th^orfeme  assez  general  au 
sujet  do  l'ordre  de  ces  surfaces.  En  conaiderant  dans  I'espace  deux  eourbcs  (planes  ou 
k  double  courbure)  des  ordres  m,  et  m'  respectivement,  et  en  supposant  qu'il  y  ait 
entre  les  points  de  ces  deux  courbes  une  correspondance  (a,  a'),  (c'est-a-dire  qu'a  un 
point  donii^  de  la  courbe  m  correspondent  a'  points  sur  la  courbe  m',  et  k  un  point 
donn^  de  la  courbe  m'  con'espondent  a  points  sur  !a  courbe  m),  alors  la  surface 
r^gMe  que  Ton  obtient  en  unissant  par  des  droites  les  points  correspond  ants  des  courbes 
in  et  m'  sera  de  l'ordre  ma'  +  m'a. 


Cambridge,  18  Octobre,  186G. 


Note  III.     Svn  la  surface  complementaire. 

Je  puis  reconnaitre,  par  mes  propres  formules,  que,  des  pq^  surfaces  de  l'ordre 
2p^q,  il  n'y  en  a  que  pq  qui  pasaent  par  la  troiaieme  directrice.  En  etfet,  le  rapport 
anharmonique    k    est    donn^    en     termes    des    parametres    de    la    troisieme    directrice,    au 

moyen  d'une  ^uation  qui  coutient  la  quantity  irrationnelle  k'' .  En  rationalisaiit  cette 
equation,  on  obtient  pour  k  ime  Equation  de  l'ordre  pq;  a  chaque  racine  kj  corres- 
pondent   q    surfaces,    savoir    celles    qui    appartiennent    aux    q    valours     de     ki'' ;    mais 

I't^quation    irrationnelle    n'est    satisfaite    que    par   une    seule    valeur   de   ki" ,   a    savoir   la 

p 
valeur  de  k,^  denude  par  I'^quation  irrationnelle,  en  y  substituant  pour  k,  en  tant  que 
k  y  entre  rationncllement,  la  valeur  k  =  ki-  Done,  a  chaque  racine  k,  correspond  une 
seule  surface  qui  passe  par  la  troisifeme  directrice.  La  question  h,  iaquelle  donne  lieu 
cette  circoTistance  parait  trfes-int^ressante.  La  surface  detenninee  par  les  trois  directrices 
est  compos^e  de  pq  surfaces  chacune  de  l'ordre  2p'q,  et  d'une  surface  residuale  de 
l'ordre  2p'(^~ff).  Quelles  sont  la  nature  et  les  proprietes  de  cette  surface  rt^siduale  ? 
Je  serais  bien  aise  de  savoir  si  vous  avez  fait  des  recherches  a  ce  sujet. 

Cambridge,  29  Mars  1866. 
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434. 

ON    CERTAIN    SKEW    SUllFACES,    OTHERWISE    SCROLLS. 


[From  the  Transactions  of  the  Cambridge  Philosophical  Society,  vol.  xi.  Part  ii.  (1869), 
pp.  277—289.     Bead  Nov.  11,  1867.] 

The  investigations  contained  in  the  present  Memoir  were  suggested  to  me  by  the 
Memoirs  of  M.  De  la  Goumerie,  presented  by  hira  to  the  Academy  of  Sciences  in 
1865  and  1866,  published  in  extract  in  the  Gomptes  Rendus,  and  reproduced  in  his 
work  "  Recherdies  sur  les  surfaces  reglees  t4tro4drales  symdtriques,  par  Jules  De  la 
Goumerie,  avec  des  notes  par  Arthur  Cayley,"  8vo,  Paris,  1867.  Although  the  results 
or  the  greater  part  of  them,  agree  with  those  in  the  work  just  referred  to,  the  mode 
of  treatment  is  different,  and  more  general,  the  orders,  &c.  of  the  different  scrolls  being 
obtained  by  considerations  founded  on  the  theory  of  Correspondence,  and  I  have  thought 
it  not  improper  to  submit  to  geometers  in  this  altered  form  the  theory  of  the  very 
interesting  class  of  Scrolls  for  which  they  are  indebted  to  M.  De  la  Goumerie 's  researches. 

Article  Nos.  1  to  10.     Geometrical  Construction  of  a  Glass  of  Scrolls. 

1.  Consider  any  two  curves  (plane  or  of  double  curvature)  U,  U',  of  the  ordei-s 
m,  m'  respectively,  and  let  the  points  of  JJ  have  with  those  of  U'  an  (a,  a')  corre- 
spondence; viz.  let  the  points  of  the  two  curves  be  so  related  that  to  each  point  of 
U  correspond  a"  points  of  U',  and  to  each  point  of  U'  correspond  a  poiuts  of  U : 
then  the  lines  joining  the  corresponding  points  of  U,  U'  form  a  scroll  the  order  of 
which  is  =  ma'  +  m'a. 

2.  In  particular  let  U,  V  be  plane  curves  in  the  planes  II,  II'  respectively  ;  and 
let  the  correspondence  between  the  points  of  the  two  curves  be  established  as  follows; 
viz.  consider  in  the  plane  II  a  curve  Xi  of  the  class  fi,  and  in  the  plane  11'  a  curve 
il'  of  the  class  fj.' ;  and  (to  avoid  useless  generality)  let  the  tangents  of  these  two 
curves   ii,  il'   have    to    each   other  a   (1,  1)  correspondence;   that  is,  to   each   tangent  of 
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n  there  corresponds  a  single  tangent  of  il',  and  to  each  tangent  of  il'  a  single  tangent 
of  n  (this  assumes  that  the  cnrves  il,  il'  are  rational  transformations  one  of  the 
other,  and  that  they  have  consequently  the  same  Deficiency).  This  being  so,  let  the 
points  of  U  which  lie  on  any  tangent  of  il  a.nd  the  points  of  U'  which  lie  on  the 
corresponding  tangent  of  il'  be  taken  to  be  corresponding  points  of  U,  U'.  The  corre- 
spondence is  then  (fj.m',  fi'm) :  in  fact  through  a  given  point  of  U  there  pass  n  tangents 
of  il,  and  the  corresponding  ^  tangents  of  il'  meet  U'  in  ^mt'  points,  that  is,  to  a 
given  point  of  TJ  correspond  fL-m!  points  of  W ;  and  similarly  to  a  given  point  of  U' 
correspond  /i'm  points  of  U.  And  hence  the  order  of  the  scroll  formed  by  the  lines 
joining  the  corresponding  points  of  JJ,  U'  is  =(^  +  /i')mm'. 

3.  This  conclusion  may  be  otherwise  established  as  follows;  let  K,  K'  be  any  two 
corresponding  points  of  U,  U',  so  that  the  scroll  we  are  concerned  with  is  that  gene- 
rated by  the  series  of  lines  KK' ;  and  let  /  denote  the  line  of  intersection  of  the 
planes  IT,  TV.  The  line  /  meets  the  curve  Z7  in  m  points,  and  taking  one  of  these 
points  for  a  point  K  wc  may  from  this  point  draw  ft  tangents  to  the  curve  fl,  that 
is,  the  point  in  question  is  a  point  K  in  respect  of  ft  different  tangents  of  the  curve 
tl ;  to  each  of  these  tangents  there  corresponds  a  single  tangent  of  11',  and  such 
tangent  of  il'  meets  the  curve  JJ'  in  m'  points,  that  is,  to  the  point  K  in  question 
there  correspond  fim!  points  K'  and  consequently  /ajm'  lines  KK'  in  the  plane  11' ; 
hence  to  each  of  the  m  points  K  on  the  line  /  there  correspond  fi,m'  lines  KK'  in 
the  plane  11' ;  and  we  have  thus  /imm'  generating  lines  in  the  plane  11' ;  there  are 
in  like  manner  /i'mm'  generating  lines  in  the  plane  W. 

Take  K  an  arbitrary  point  on  the  curve  V ;  there  are  /tm'  corresponding  points 
K',  and  consequently  /wii'  generating  lines  through  K,  that  is,  through  each  point  of 
the  curve  JJ ;  or  the  curve  JJ  (which  is  of  the  order  m)  is  a  /iwi'-tuple  line  on  the 
scroll ;  similarly  the  curve   JJ'  (which  is  of  the  order  m')  is  a  ^'m-tuple  line  on  the  scroll. 

The  complete  section  of  the  scroll  by  the  plane  TI  consists  of  the  curve  JJ  taken 
fim'  times  (order  nmm')  and  of  the  ii.'mm'  generating  lines  in  the  plane  11 ;  that  is, 
the  order  of  the  section  is  =  (/:i-|-/i')mm';  and  we  thus  see  that  the  order  of  the 
scroti  is  =  (^  -I-  li!)  mm'.  Of  course  in  like  manner  the  complete  section  of  the  scroll 
by  the  plane  fl'  consists  of  the  curve  JJ'  taken  /i'm  times  (order  fimm)  and  of  the 
limm'  generating  lines  in  the  plane  IT',  the  order  of  the  section  being  thus  =(^+/*')mm'. 

4.  There  are  on  the  scroll  certain  singular  tangent  planes;  viz.  if  we  have  two 
corresponding  tangents  of  il,  il'  meeting  the  line  /  in  the  same  point,  then  we  have 
m  points  K  and  m'  points  K'  all  lying  in  the  plane  of  the  two  tangents ;  and  of 
course  the  mm'  lines  KK'  will  all  lie  in  the  plane  of  the  two  tangents ;  that  is,  the 
intersection  of  the  scroll  by  the  plane  in  question  wilt  be  'made  up  of  the  mm'  lines, 
and  of  a  curve  of  the  Older  (^  +  /i'  -  1)  mm  ;  and  the  plane  in  question  is  thus  a 
singular  tangent  plane. 

5.  The  number  of  these  singular  tangent  planes  is  =;>*  +  >£';  in  fact  considering 
as  corresponding  points  on  the  line  I,  the  intersection  of  this  line  by  any  tangent  of 
il   and    the    intersection    by   the    corresponding    tangent    of    il',    the    correspondence    is 
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obviously  (fi,  f/) ;  viz.  through  a  given  point  P  considered  as  belonging  to  the  first 
system  there  pass  /j.  tangents  of  fl,  and  corresponding  thereto  we  have  /j.  tangents  of 
II'  each  intersecting  J  in  a  single  point  P' ;  that  is,  to  a  given  point  P  correspond 
fi  points  P ;  and  similarly  to  a  given  point  P'  correspond  fi  points  P'.  And  this 
being  BO,  the  number  of  nnited  points,  that  is,  points  of  /  through  which  pass  corre- 
sponding tangents  of  fi,  fl',  is  =  /i  +  fi'. 

6.  In  particular  the  curves  il,  il'  may  reduce  themselves  each  to  a  point:  the 
tangents  to  the  two  curves  are  here  the  lines  passing  through  the  points  il.  il' 
respectively:  and  the  condition  for  the  (1,  1)  correspondence  of  the  two  tangents  is 
that  the  pencils  of  lines  shall  be  homographically  related ;  or,  what  is  the  same  thing, 
that  these  two  pencils  shall  determine  on  the  line  /  two  ranges  which  are  homo- 
graphically related ;    the  entire  construction  is  then  as  follows ; 

Given  in  the  plane  IT  a  curve  U  and  a  point  il,  and  in  the  plane  11'  a  curve 
U'  and  a  point  il' ;  and  taking  in  the  plane  II  a  pencil  of  lines  through  il,  and  in 
the  plane  II'  a  pencil  of  lines  through  11',  in  such  wise  that  the  two  pencils  corre- 
spond homogiuphically ;  then  if  a  line  of  the  first  pencil  meets  the  curve  (/  in  the 
m  points  K,  and  the  corresponding  line  of  the  second  pencil  meets  the  curve  U'  in 
the  m'  points  K',  the  scroll  in   question  is  that  generated  by  the  mm'  lines  KK'. 

7.  By  what  precedes,  the  scroll  is  of  the  order  2mm' ;  the  curve  U  is  a  m'-tuple 
line,  and  the  complete  section  by  the  piane  11  is  made  up  of  this  curve  taken  m' 
times  and  of  mm'  generating  lines ;  similarly  the  curve  V  is  a  m-tuple  line,  and  the 
complete  section  by  the  plane  11'  is  made  up  of  this  curve  taken  m  times  and  of 
mm'  generating  lines ;  there  are  two  singular  tangent  planes  such  that  the  section  by 
each  of  them  is  made  up  of  mm'  generating  lines  and  of  a  curve  of  the  order  vmn'; 
the  planes  in  question  are  obviously  those  through  the  lines  ilil'  and  the  coincident 
points  of  the  two  ranges  on  the  line  7,  say  the  points  A,  B  respectively. 

8.  The  foregoing  results  will  be  modified  in  special  cases.  Suppose,  for  instance, 
that  the  curve  U  passes  cd  times,  a  times,  and  /3  times  through  the  points  12,  A,  B, 
respectively,  and  that  the  curve  U'  passes  re'  times,  a  times,  and  ^'  times  through  the 
points  H',  A,  B  respectively,  Then  to  each  point  on  the  curve  U  there  correspond 
the  m'  —  w'  intersections  (other  than  the  point  II')  on  a  line  through  H',  so  that  U' 
is  a  (m' —  o)')tuple  line  on  the  surface.  The  curve  U'  meets  the  line  /  in  m'  points 
and  coiTesponding  to  each  of  them  we  have  a  line  through  H  meeting  the  curve  U 
in  (m  —  m)  points,  exclusive  of  the  point  11;  this  would  give  m' (m  —  <o)  generating 
lines  in  the  plane  II ;  but  among  the  m'  points  are  included  the  point  Aai  times, 
and  the  point  BQ'  times ;  the  (m  —  w)  points  corresponding  to  A  include  the  point 
Aa.  times,  and  we  have  thus  the  point  A  corresponding  to  itself  aa  times,  and  giving 
a  reduction  =  act'  in  the  number  in'  (m  —  w)  of  generating  lines :  similarly  the  in  —  m 
points  corresponding  to  B  include  the  point  B^  times,  and  we  have  thus  the  point 
B  corresponding  to  itself  ^0'  times  and  giving  a  reduction  =fiff  in  the  number 
m'  (m  —  o>)  of  generating  lines ;  the  number  of  generating  lines  in  the  plane  11  is  thus 
=  m'  (m  —  w)  —  aa'  —  ^/S'.     The   complete    section   by   the    plane   11    is   made   up   of    the 
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curve  U(m  —  (D'}  times  (order  m(m'  —  ea'))  and  of  the  vi  (m  —  w) ~  aa' ~ 0^'  generating 
lines ;  the  order  of  the  section,  and  consequently  also  the  order  of  the  scroll,  is  thus 
=  2»tm'  — mto'  — m'w  — aa'  — ^i8'.  It  is  cleai'  that  in  like  manner  the  curve  V  is  a 
(jft  — »u)tuple  line  on  the  surface,  and  that  the  complete  section  by  the  plane  11'  is  made 
up  of  this  curve  t-aken  (m  —  ta)  times,  order  m'(m— &>),  and  of  m  {m' —  a)  —  aa' —  ffff' 
generating  lines. 

9,  The  section  by  the  tangent  plane  through  A  is  made  up  of  (m  —  o})(m'  —  ai')  —  aa' 
generating  lines  (viz,  these  are,  the  line  flA  a'(m  —  w  —  a)  times,  the  line  il'A  a  (m'  —  to  —  a') 
times,  and  (m.  —  m  —  a)  {m' —  m' —  a')  other  generating  lines)  and  of  a  curve  of  the  order 
m«(' -  WQ)' —  ^^' :  similarly  the  section  by  the  tangent  plane  through  B  is  made  up  of 
{m  —  m)  (m' —  a>')  —  ^ff  generating  lines  (viz,  these  are,  the  line  ilB  0{m  —  a>  —  ^)  times, 
the  line  H'B  ,3(m'  — w'— ^')  times,  and  {m  — a  — ^){m' —  m  —  ^)  other  generating  lines), 
and  of  a  curve  of  the  order  ■mw,'  —  mo>'  —  aa'. 

10.  A  very  interesting  case  is  when  (i/t,  m'  being  each  even)  we  have 


Here  the  curve  U  is  &  ^»>t'-tuple  line  on  the  scroll,  and  the  complete  section  by  the 
plane  II  is  this  curve  taken  ^m'  times  ;  the  order  of  the  section,  and  therefore  of  the 
scroll  is  thus  =|mm.';  of  course  in  like  manner  the  curve  U'  is  a  ^w^tuple  line  on 
the  scroll,  and  the  complete  section  by  this  plane  is  the  curve  U'  taken  ^m  times : 
the  section  by  each  of  the  planes  aVL'A,  fliVB  is  a  curve  of  the  order  ^mm',  the 
planes  in  question  being  in  the  present  case  no  longer  singular  tangent  planes,  or  even 
tangent  planes  at  all,  of  the  scroll. 

Article  Nos.  II  to  14.     Analytical  Theory. 

11.  It  will  be  convenient  to  denote  by  D,  G  respectively  the  point^s  heretofore 
called  il,  il'  respectively:  this  being  so,  we  have  a  tetrahedron  ABCD,  of  which  the 
faces  ABD,  ABC  are  the  planes  heretofore  called  IT,  11'  respectively,  and  the  other 
two  faces  CDA,  GDB  are  the  singular  tangent  planes  Ilii',4,  flfl'S  respectively.  And 
then,  taking 

x  =  0,    i/  =  0,     3  =  0,     iw  =  0 

for  the  equations  of  the  faces  BCD,  CDA,  DAB,  ABC  of  the  tetrahedron,  we  may  write 
for  the  equations  of  the  curve  U,  .3=0,  f,  (as,  y,  w)  =  0,  for  those  of  the  curve  U',  mi  =  0, 
/,  {x,  y,  ^)  =  0 ;  and  take  the  homographic  ranges  on  the  iine  /  (^  =  0,  w  =  0)  to  be 
given  as  the  intersections  of  this  line  with  the  pencils  of  planes  x  —  6y,  x  —  k6y  =  0 
respectively  {8  a  variable  parameter,  k  a  constant).     The  points  K  are  therefore  given  by 

X-   By^O,     s=0,    Mx,  y,  w)  =  Q, 
the  points  K'  by 

x^kOy^O,     w^O,    Mx,  y,  z)  =  0; 

and  then  the  lines  KK'  belonging  to  the  different  values  of  the  parameter  6  gene- 
rate  the   scroll. 

c.   VII.  8 
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12.  Or,  what  is  the  same  thing,  taking  (X,  T,  Z,  Tf)  as  the  coordinates  of  K, 
(X',  Y',  Z',   W)  as  the  coordinates  of  K',  we  have 

X  -    dY=0,    Z   =0,   f,(X,  Y,  W)=0. 

x'-keY=o.    W'=o,  fjx'.  y;z-)  =  o, 

and  then  the  equations  of  the  line  KK'  are 

\\m,    y   .    z  ,    w 
i  X.     Y ,     0  ,     W 

i|  X',    r,    Z\    0 

or,  as  these  may  be  written, 

-  WZ'y  + 
WZ'x  +        .     - 

-FT^+   WX'y 

-  YZ'x  +  XZ'y-{XY'-X'Y)z 

equivalent  of  course  to  two  equations.     The   eliminatio 
all  the  equations  gives  the  equation  of  the  scroll. 

13.  Substituting  the  values  X  =  SY,  X'  =  kBV',  we  have 

f,(OY,  Y,   lf)  =  0,    f,{k0Y',   Y',  2')-0, 

-  WZ'  y+  WY'z+  YZ'w  =  0, 
WZ'x            .        -            kBWY'z-              eYZ'w^O, 

-WYx+kBWY'y  .  +0{l-k)YY'>v  =  0, 

-YZ' X  +    eYZ'y-e{\-k)YY'z  .         =0; 

W  Z' 

or,  what  is  the  same  thing,  writing  y  =  «,  and  w,  =  ^,  we  have 

f,(8.     1,     w)  =  0,  f,{kd.       1,  0  =  0, 

<o^y+  WZ+  ?«;=0, 

a,^x              .         -  kOmz-  e^w  =  0, 

-  w  ic  +       ke<^y  .          +  e(l-k)w  =  0, 

-  f^+       %-       e(\-h)z  .      =0. 

Recollecting  that  the  last  four  equations  are  equivalent  to  two  equations  only,  and 
substituting  for  a>,  f  their  values  in  terms  of  6,  we  have  in  effect  two  equations,  which 
by  the  elimination  of  0  lead  to  a  relation  in  (a:,  y,  z,  w\  the  equation  of  the  scroll. 

14.  We  may  find  the  sections  of  the  scroll  by  the  planes  a;  =  0,  j/  =  0  respectively. 
Writing  first  a:  =  0,  we  have 

k  —  \ 
toy  =  — ^--  vj,     ^y  =  -(k- 1) z. 
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Hence  taking  the  other  two  equations  in  the  form 

and  putting  By  =  «,  we  have 

/.(..<^-^")  =  o,/.(.,|,z(t2)^).o, 

from  which  eliminating  u  we  obtain  an  equation  f^  (y,  z,  vs)  =  0,  the  equation  of  the 
section  by  the  plane  a:  =  0. 

Similarly,  writing  »/  =  0,  we  have 

~  — (4^1)«.,    'i~(h-\)z, 
whence  taking  the  equations  in  the  form 

and  writing  a  =  «',  we  have 

/.  (a,,  ,.-{k-\)w)- 0,    /.  (fa,  ,.  {h -!)»)  =  0, 

from  which,  eliminating  v,  we  obtain  an  equation  f^ix,  z,  w)  =  0,  the  equation  of  the 
section  hy  the  plane  «/  =  0. 

Article  Nos.  15  to  29.     The  Curves  U,   U'  are  henceforward  "triangular"  citrves. 

15.     Let  r  —  ±-,  where  p,  q  ai-e  positive  integers  prime  to  each  other,  and  let  the 

given  sections  be 

3=0,     Ax'  +  By'      .      +Dw'-  =  0, 

w  =  0,     A'x"-  +  By  +  C'z'       .      =  0, 

where    it   is    to    be    observed   that  r   being    =  +  -,   the   two   given   sections   are   of   the 

order  pq,  the  order  of  the  scroll  is  =  2p^5°,  each  of  the  given  sections  is  a  p^-tuple 
line  on  the  scroll,  and  the  plane  thereof  meets  the  scroll   in  the  section  taken  pq  times, 

and  in  the  pq  generating  lines:  but  r  being  =--,  the  two  given  sections  are  each 
of  the  order  2pq,  with  three  ^jgi-tuple  points  (&>=  a  =  ^=pq,  w'  =  a'  =  ^' =  pq),  and  thence 
the  order  of  the  scroll  is  ^  i^pqf,  =  ^p^q^ ',  each  of  the  sections  is  a  pg-tuple  line  on 
the  scroll,  and  the  plane  meets  the  scroll  only  in  the  section  taken  pq  times.  But 
in  either  case,  if  ^  be  >  1,  that  is,  if  r  be  fractional,  it  will  presently  appear  that 
the  scroll  of  the  order  2p-q^  breaks  up  into  q  scrolls  each  of  the  order  2p^q. 

8—2 
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16.  To  find  the  section  by  the  plane  a;  =  0,  we  have 

Au^  +  B      f  .  +d(^^wJ  =  0, 

and  eliminating  u  we  obtain 

writing   (^7"<"''(t*T-  ""'"  ■' 

{ABl.-A'B)r.AC'         (}^J.^^-r(}^J^.O. 

or,  what  is  the  same  thing,  it  is 

,    ,   AB'-A'Bk''         ,,_,,„, 
- (-r  —(iZIkf-y  - (-)-^^C'  3^  +  A'DW  =  0. 

And  in  regard  to  this  and  the  other  equations  which  contain  (—)"'',  it  is  to  he  observed 
that  r  being  integral  we  have  (— )~^  =  (-)'",  and  that  r  being  fractional,  every  value  of 
(—)"■''  is  also  a  value  of  (—)'';    so  that  we  may  in  every  ease  write  {— )"■  in  place  of  (— )"^. 

Similarly  for  the  section  by  the  plane  y  =  0,  we  have 

Aw'  +  Bv"-  .  +n(-(k-l)  wY^O, 

A'(kxy+B'V  +  C{{k-l)zy  .  =0, 

and  eliminating  v,  we  have 

(AB'  -  A'Bk")  af         -  BC-  {k  -  Ifz'  +  B-D  {-  (k  -  1))^  u,--  =  0  ; 
or,  what  is  the  same  thing, 

-a'^iy-"  -H'BGV  +  B'D  «,'=». 

17.  The  four  sections  thus  are 

V  =  0,    ^^f^^'  ■      -{-YBG-z^+FDw^  =  0, 

« =  0,  Ax'-  +By  .         +  Bw'-  =  0, 

«'  =  0,  ^V  +  By  +  C'z'        .         =  0. 

It  will  be  convenient  to  speak  of  these  four  curves  as  directrices  of  the  scroll. 
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18.  Suppose  for  a  moment  that  r  is  integral ;  as  either  of  the  given  equations 
may  be  multiplied  by  a  constant,  we  may  assume  that  D  =  —  {—'y  G' ;  substituting  this 
value  and  dividing  the  first  and  second  equations  each  by  C,  we  have 

-l-yBz'-{-fB'vf^O. 

w  =  0,  A'x'  +  B'y'  +         O'z^  .       =  0, 

so  that  the  diagonally  o[)posite  coefficients  differ  only  by  the  factor  —  (— )'" ;  viz.  the 
matrix  is  symmetrical  or  skew  symmetrical  according  as  r  is  odd  or  even. 

19.  If  r  be  fractional,  it  is  to  be  observed  that,  although  the  three  symbols  (— )■■ 
and  the  two  symbols  (1  —  ky  which  enter  into  the  first  and  second  equations  of  No.  17, 
do  not  in  the  first  instance  represent  of  necessity  the  same  values  of  (— )''  and  (1  —  ky 
respectively,  yet  there  is  no  loss  of  generality  in  assuming  that  they  do  so — the 
irrational  equations  are  mere  symbols  for  the  rational  equations  to  which  they  respectively 
give  rise — and  the  irrationalities  {-y  and  (1— i)""  will  on  the  rationalisation  of  the 
equations  disappear  along  with  the  irrationalities  af,  t/*",  z',  to  which  they  are  attached. 
But  the  case  is  otherwise  with  the  irrationality  Itf  involved  in  the  expression  AB'—  A'S/c'; 

writing  as  before  r=±  —  (p  and  q  positive   integers   prime   to   each   other),   the   symbol 

k'  has  q  different  values;  and  there  is  not  in  the  first  instance  any  relation  between 
the  k""  of  the  first  equation  and  the  fc'  of  the  second  equation :  for  each  of  these 
equations  the  rationalised  equation  (that  is,  the  equation  rationalised  in  regard  to  the 
coordinates)  will  contain  the  irrationality  k'',  and  will  thus  for  each  of  the  q  values 
of  k^  repi'esent  a  distinct  curve.  The  given  equations  (viz.  the  first  and  second  equations) 
I'e present  each  of  them  a  single  curve  of  the  order  pq  or  2pq,  according  as  »■  is 
positive  or  negative;  the  first  and  second  equations  represent  each  of  them  q  such 
curves. 

20.  Hence,  starting  from  the  two  given  curves  in  the  planes  2  =  0  and  w  —  O, 
respectively,  and  with  a  given  value  of  k,  the  section  of  the  scroll  by  the  plane  j  =  0 
is  made  up  of  q  ciirves,  viz,  the  curves  obtained  from  the  second  equation  of  No.  17, 
by  assigning  to  the  radical  k^  each  of  its  g  different  values ;  the  scroll  consequently 
breaks  up  into  q  different  scrolls,  viz.  the  lines  passing  through  the  two  given  curves, 
and  any  one  of  the  q  curves  in  the  plane  y  =  0,  constitute  a  distinct  scroll.  The  lines 
in  question  meet  the  plane  a:  =  0,  not  indifferently  in  any  one  of  the  q  curves  in  that 
plane,  but  in  a  certain  one  of  these  curves,  viz.  in  that  curve  for  which  the  radical 
k'  has  the  same  value  as  for  the  curve  in  question  in  the  plane  y  =  0.  Hence  we 
may  in  the  first  and  second  equations  regard  the  radicals  /if  as  having  the  same 
meaning,  and  the  system  of  four  equations  in  effect  breaks  up  into  q  systems,  viz.  the 
t-ystems  obtained  by  giving  to  the  radical  k'  its  q  different  values ;  each  of  these 
systems  gives   a   scroll,   and   the   scroll   derived   from  the   two  given  curves  with  a  given 
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value  of  k  is  made  up  of  these  q  scrolls.     And  hence,  attaching  a  unique  value  to  each 

of  the  symbols  (—)"■,  (\—ky,  and  hf,  we  may,  as  before,  write  D  =  (—yG',  and  so  reduce 

the  original  equations  as  in  the  case  r  integral,  to  the  form  No.  18,  in  which  the 
diagonally  opposite  coefficients  differ  only  by  the  factor  —(—)''. 

21.  Let  the  two  given  equations  be  taken  to  be 

E  =  0,  haf-  {-fay        .        +hw'-^  0, 

we  have  then 

AB'  -  A'Bk^  ^  {-yhg  +  afk' 

'(i-'kyc   ~{::yh(i-ky' 

or,  putting  this   =  —  {— ^C,  that  is,  writing 

uflc"-  +  hg  (-  1)^  +  cA  (1  -  ky  =  0, 
the  four  equations  become 

x^o,  .  c>f-(-yb2r+fw  =  o,. 

y  =  0,  — (— )'caf  ,  +  0^"+  (Jw''—0, 

e  ~0,  bic'-i-yaf        .        +Aw'"=0, 

^  =  0,  -(-y/x'-^i-ygy'-i-ykz^     .      =0; 

where  c  being  considered  as  given,  k  is  determined  as  mentioned  above,  or,  what  is 
the  same  thing,  k  :— 1  :  l~k=^X  :  fi  :  f,  v/e  have  X  :  ft  :  v,  and  thence  k,  determined 
by  the  equations 

\  +      fj.  +     I-  =0, 
afX''  +  hgn'  +  chv'  =  0. 

22.  Consider   for  a   moment  \,  p.,  v,  as  the  coordinates  of  a   point  in  a  plane,  then 

\t=±-  as  before! ,  the  equation  a/\'"+  S^ju,""  +  cAy' =  0,  is  that  of  a  curve  of  the  order  pq 

or  2_p5,  according  as  r  is  positive  or  negative :  and  this  curve  is  met  by  the  line  X+^+  c  —  0, 
in  pq  or  tpq  points,  that  is,  k  has  this  number  pq  or  ^pq,  of  values:  but  to  each  of 
these  values  of  k  there  corresponds  (not  g  values  but)  only  a  single  value  of  k^,  viz. 
that  value  for  which  afk''-\-hg{~\f -^chi^  —  hf  =  ^;  that  is,  starting  from  the  two 
directrices  in  the  planes  3  =  0,  w  =  0,  respectively,  and  a  given  third  directrix  in  the 
plane  y  =  0  (or  in  the  plane  x  —  0),  we  may  by  means  of  each  of  the  pq  or  2pq  values 
of  k  construct  a  scroll  passing  through  the  three  directrices,  and  which  will  also  pass 
throiigh  the  fourth  directrix  in  the  plane  a;  =  0  (or  in  the  plane  y  =  0),  but  such  scroll  is 
only  one  (not  each)  of  the  q  scrolls  which  can  be  constructed  from  the  two  given  sections 
in  the   planes  a  =  0,  w  =  0,  respectively,  and   from  the  assumed  value  of  k.     It   has   been 

mentioned   that  whether  r  is  =+-,  or  =  — -,  the  total   scroll  constructed   from   the   two 

9  1- 

given  directrices  in  the  planes  z=0,  w  =  0,  and  from  a  given  value  of  k  is  of  the  order 
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2;»Y<  ^^^  ^^"'^  s"'^'^  ^'^J'oll  breaks  up  into  q  distinct  scrolls,  heuce  the  order  of  each 
of  the  distinct  scrolls  is  =  2p^g.  Whence,  starting  with  the  given  directrices  in  the 
planes  3  =  0,  w  =  0,  and  a  given  third  directrix  in  the  plane  ^  =  0  (or  in  the  plane 
ie=<y),  we  have  pq  or  2pq  scrolls  each  of  the  order  2p''q,  and  passing  through  these 
three  directrices,  and  through  the  given  fourth  directrix  in  the  plane  x  =  0  (or  in  the 
plane  y  =  0). 

23.  It  is  to  be  observed  that  when  g'  is  >  1,  then  considering  the  three  directrices 
as  given,  the  pq  or  2pq  scrolls  each  of  the  order  2p^q,  do  not  make  up  the  total 
scroll  generated  by  the  lines  which  pass  through  the  three  given  directrices.  I  call 
to  mind  that  for  three  given  directrices  the  orders  of  which  are  m,  n,  p,  respectively, 
and  which  meet,  the  second  and  third,  the  third  and  lirst,  and  the  first  and  second, 
in  a  points,  0  points,  and  y  points  respectively,  the  order  of  the  scroll  generated  by 
the   lines   which   meet   the   three    directrices    is    =2mnp  — am— ^n  —  yp.      Suppose    first, 

that  r  =  4-  - ,  then  the  directrices  are  each  of  the  order  pq,  and  they  do  not  any  two 
of  them  meet ;   the   order   of  the  scroll  is  =  2pi'q\     Suppose  secondly,  r  —  —  ~,   then   the 

directrices  are  each  of  the  order  2pq,  but  each  two  of  them  have  in  common  two 
pq-twple  points  counting  as  2p'^q''  intersections ;  the  order  of  the  scroll  is  thus 
(16  —  3. 4)j>"5^  =  4p'g".  In  the  first  case  the  lines  which  meet  the  three  directrices 
generate  a  residuary  scroll  of  the  order  2ffi  (^  —  g"),  and  the  pq  scrolls  each  of  the 
order  2p^q ;  in  the  second  case  they  generate  a  residuary  scroll  of  the  order  4p'  (5^  —  g^), 
and  the  2pq  scrolls  each  of  the  order  2pq. 

24.  In  the  case  r  =  +  - ,  by  way  of  illustration  of  the  origin  of  the  pq  scrolls  each 

of  the   order   2p^q,  I   consider  the  particular   case  ji  =  1,  that   is,  r  =  - ,  the   reciprocal  of 

a  positive  integer  q,  and  where  it  is  to  be  shown  that  we  have  q  scrolls  each  of  the 
order  2q.     The  given  directrices  are  here 

2  =  0,     Aw'i  -^-By'^       .    +Z%«  =  0, 

w  =  0,    A'x''!  +  £')/'+  G'^^     ■      =  f*. 
each   of  them   a   unicursal  curve ;   we  may  in  fact  satisfy  the  two  equations  respectively, 
by  writing  in  the  first  of  them 

X  :  y  :  w=a(0  +a)9  :  6  (0  +^)«  :  d{^  +hf; 
and  in  the  second 

X  :  y  :  z  =«'(f +  «')''  :  6'(0'+,8')'  :  c'(^'  +  7>, 

where  a,  h,  d,  a,  0,  B,  a',  h',  c',  a',  fi',  7'  are  properly  determined  constants,  ^,  ^'  are 
variable  parameters.  It  follows  that,  considering  the  points  K,  K'  which  are  the  inter- 
sections of  the  first  curve  by  the  line  x~6y  =  0,  and  of  the  second  curve  by  the 
corresponding  line   x  —  kOij  =  0,  wc    have   not   only  a   correspondence  of  q  points  K  with 
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k  points  K',  but  we  may  establish,  acd  that  in  q  different  manners,  a  correspondence 
between  single  points  K  and  K'.  For,  substituting  the  foregoing  values  of  a;  :  y  in  the 
equations  x  —  Oy  —  O  and  x  —  k6y  =  0  respectively,   we  have 


b  (<l>  +  0Y'     k  b'  i^'  +  ^y 

80   that,  extracting  the  5th  rtiot  of  each  aide,  we  have,  in  q  different  ways  corresponding 

to   the   q   values   of  the   radical  (t  ,-7-)'.  a   relation   of  the   form    tt>'—--,         ;   and   con- 
^  \k  bal  ^      TK^  +  r 

sidering  <^'  as  having  this  value,  the  points  K,  K'  as  given  by  the  equations 

2=0,     a;  ■  y  :  w=  ai<i,  +a)''  :  b  {<^  -\-  I3f  ■  d  {4>  +hyi, 
and 

W=0,     X  :y  :  z  ^  a' i4>' +  a' )■'  :  b' {<{>' ^  ^J'  :  c'<<f.'  +  7>, 

respectively,  correspond  as  single  points  to  each  other.  We  have  thus  in  q  differeut 
ways  a  series  of  corresponding  points  K,  K',  and  consequently  q  scries  of  lines  KK' 
each  of  them,  genei-ating  a  scroll  which  (as  the  oixler  of  the  scroll  generated  by  ail 
the  q  series  is  =2g'),  must  be  each  of  them  of  the  order  ^q;  and  the  decomposition 
in  question  is  thus  explained. 

25.  In  the  scroll  of  the  order  2^',  each  directrix  is  a  5-tuple  line,  and  the  com- 
plete section  by  the  plane  of  the  direetiis  is  made  up  of  the  directrix  q  times  (order  g*), 
and  of  <f  generating  lines,  in  fact,  of  q  q-iiAA  generating  lines:   to  show  that  this  is  so, 

consider  the  directrix  in  the  plane  z  =  0,  viz,  the  equation  of  this  is  Aa:'i  +  By'i  +  Dvj''  =0. 

Writing  herein  w  =  0,  we  have  Ax^-ir  By^=0,  that  is,  Aix  —  {—)'i  Biy  =  d  ;  it  is  clear 
that  the  rationalised  equation  must  reduce  itself  to  [A^a;  —  {—)iB''y]'>  =  (i,  and  that  the  line 
w=Q,  is  thus  a  tangent  of  5-pointic  intersection  at  the  point  w  =  0,  jl'a;  —  (— )9£9y  =  0, 
Taking  K  at  this  point  we  have,  in  each  of  the  scrolls  of  the  order  %q,  q  coincident 
positions  of  K',  that  is,  a  (^-fold  line  KK'  in  the  plane  w  =  0 ;  and  the  like  for  the 
plane  z  =  Q,  so  that  the  total  section  by  the  plane  s  =  0  is  made  up  of  the  directrix 
q  times  and  of  q  g-fold  generating  lines;  and  it  follows  that  for  each  of  the  scrolls 
of  the  order  '2,q,  the  section  by  the  plane  s  =  0  is  made  up  of  the  directrix  once,  and 
of  a  g-fold  generating  line. 

26.  It   is   easy  to   see   that   in  the  general  case  »■  =  +-,   the  like  conclusion  holds ; 

for  the  scroll  of  the  order  2^*;^,  the  section  by  the  plane  of  the  directrix  consists  of 
the  directrix  pq  times  (order  p''q%  and  of  f'q  j-fold  generating  lines :  whence  for  each 
of  the  q  component  scrolls  of  the  order  ^p'q,  the  section  is  made  up  of  the  directrix 
p  times  (that  is,  the  directrix  is  a  j>-tuple  line  on  the  scroll)  and  of  p^  g-fold  generating 
lines. 
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27.     In   the   case 


=  — -,  where   the   order  of  the   directrix   is   =  2p7,  then  in   the 
,  the  directrix  is  : 


scroll  of  the  order  2p^q',  the  directrix  is  a  ^75  tuple  line  on  the  scroll,  and  taken  pq 
times  it  constitutes  the  complete  section  by  the  plane  of  the  directrix ;  whence  in 
each  of  the  q  component  scrolb  of  the  order  2p^,  the  directrix  is  a  p-tuple  line ;  and 
taken  p  times  it  constitutes  the  complete  section  by  the  plane  of  the  directrix. 


28.     It  i 


ivenient  to  exhibit  the  foregoijig  results  In  a  tabular  form  as  follows: 


Each  directrix  is  of  order  pq. 

Scroll  belonging  to  two  directrices,  and  . 

breakitig  up  into  q  scj-olls  each  of  order  2p^q, 
each  which  scroll  of  the  order  2p'q  has  each 
directrix  for  a  p-tuple  line  and  has  besides  p^ 
g-fold  generating  lines  in  the  plane  of  the 
directrix. 


Each  directrix  is  of  order  2pq,  with  three 
p^- tuple  points. 

I  given  value  of  k,  is  of  the  order 

breaking  up  into  q  scrolls  each  of  the  order 
^p'q,  each  which  scroll  of  the  order  2p^q  has 
each  directrix  for  a  p-tuple  line,  and  conse- 
quently no  generating  line  in  the  plane  of  the 
directrix. 


Considering  two  directrices  and  a  given  third  directrix, 

k  has  pq  values.  k  has  2pq  values. 

Total  scroll  for  the  three  directrices  is  made  up  of 

pq  scrolls  each  of  order  2p^q  (viz.  one  for  each     2pq  scrolls  each  of  order  2p'^q  (viz.  one  for 
value    of    k),    and   residuary   scroll    of   order      each  value  of  k),  and  residuary  scroll  of  order 

29.  The  following  are  noticeable  cases ;  r  =  \  gives  the  hyperboloid  as  derived  from 
three  directrix  lines ;  r  =■  —  1  the  hyperboloid  as  derived  from  three  plane  sections 
thereof;  r=2,  an  octic  surface,  M.  De  la  Gournerie's  Quadrispinal ;  r  =  — 2,  an  octic 
surface,  his  Quadricuspidal ;  r=\,  a  sextic  surface  which  (as  remarked  by  Dr  Salmon), 
on  writing  therein  {x',  y'',  z'',  vf),  in  place  of  {x,  y,  z,  w),  is  converted  into  a  surface 
of  the  twelfth  order,  locus  of  the  centres  of  curvature  of  an  ellipsoid. 
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ON    THE    SIX    COORDINATES    OF  A    LINE. 


[From  the   Transactions  of  the   Ca^nbridge   Philosophical  Society,  vol.  xi,    Part  ii.  (1869), 
pp.  290—323.     Read  November  11,  1867.] 

The  notion  of  the  six  coordinates  of  a  line  was,  so  far  as  I  am  aware,  first 
established  in  my  paper  "  On  a  new  analytical  representation  of  Curves  in  Space,"  Quart. 
Math.  Jour.  t.  III.  (1860),  pp.  225—236,  [284] ;   see  p.  226,  where  writing  p,  q,  r,  s,  t,  u 

for  the   six    determinants    of  the    matrix    \        J     '  „  [- ,  I    remark  that    these    values    give 

identically  ps  +  qt  +  ru  —  0;  and  I  consider  a  cone  as  represented  by  a  homogeneous 
equation  F=0  between  the  six  coordinates  (p,  q,  r,  s,  t,  u);  and  many  of  the  iavcsti- 
gations  of  the  present  memoir,  in  which  these  coordinates  are  employed,  have  been  in 
my  possession  for  some  years  past.  But  these  coordinates  presented  themselves  inde- 
pendently to  Prof.  Plucker,  and  the  theory  of  them  is  set  forth  in  hia  most  interesting 
and  valuable  memoir,  "On  a  new  Geometry  of  Space,"  Phil.  Trans,  t.  CLV,  (1865), 
pp.  725 — 791  ;  the  course  of  development  there  given  to  the  theory  is  however 
altogether  different  from  that  in  the  present  memoir.  They  have  also  more  recently 
been  made  use  of  in  a  paper  by  Herr  Liiroth,  "  Zur  Theorie  der  windschiefen  Flachcn," 
Crelle,  t.  lsii.  (1867),  pp.  130—152. 

I  have  in  the  present  memoir  applied  these  coordinates  to  the  question  of  the 
Involution  of  six  lines ;  the  notion  of  this  relation  of  six  lines  is  due  to  Prof.  Sylvester, 
to  whom  it  presented  itself  in  the  year  1861,  in  connexion  with  a  theorem  in  the 
Lehrbuch  der  Statik,  by  Mobius  (Leipzig,  1837),  that  if  four  forces  acting  on  a  solid 
body  are  in  equilibrium  the  lines  along  which  the  forces  act  are  the  generating  lines 
of  a  hyperboloid.  Prof.  Sylvester  was  thereby  led  to  consider  six  lines  such  that 
(regarding  them  as  lines  in  a  solid  body)  there  exist  along  them  forces  which  are  in 
equilibrium ;  and  he  thence  obtained,  by  the  statical  considerations  reproduced  in  the 
present  memoir,  the  construction  (when  five  of  the  lines  are  given)  of  a  sixth  line  to 
pass  through  a  given  point  or  to  be  situate  in  a  given  plane. 
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Article,  Nos.  1  to  8,     TJie  Six  Coordinates  of  a  Line;   definition  and  general  notions. 

1.  Using  any  quadripknar  coordinates  (cc,  y,  s,  w)  whatever,  consider  a  line ;  on 
the  line  two  points  the  coordinates  of  which  are  (a,  ,8,  7,  S)  and  (a',  fi',  7',  8')  respectively ; 
and  through  the  line  two  planes,  the  equations  whereof  are  {A,  B,  G,  D\x,  y,  z,  w)  =  0. 
and  {A',  B',  C,  D'~^w,  y,  2,  w)  =  0  respectively ;  we  have 

(A,  B,  C,  Dfa,  /3,  7,  S)  =  0, 

{A,  B,  G,  D'^c^.  /3',  7',  6')=0, 

(A',  B',  C',  D'$a,  /3,  7,  B)  =  0, 

(A',  B'.  G',  D%a;  0;  7',  S')  =  0. 

2.  From  the  first  and  second  equations,  eliminating  successively  A,  B,  G,  D,  we  find 


0 


a^'-a'^, 


-7'a,     -iffy  -0'j), 
-  n'g),     -  (0B'  -  ^'S), 


^7-/37. 


-  (7S'  -  7'S), 


(A,  B,  C,  i>)  =  0, 


and  from  the  third  and  fourth  equations  we  find  the  like  system  with  {A',  B',  G',  J)'} 
in  place  of  (A,  B,  G,  D).  Comparing  the  corresponding  equations  of  the  two  systems, 
we  find  an  equality  of  ratios,  as  will  presently  he  mentioned. 

3.     From  the  first  and  third  equations,  eliminating  successively  a,  0,  7,  B,  we  find 
0  ,         AB-~A-B,    ~(CA'-G'A},    AD'-A'D    (a,  ^,  7,  S)  =  0, 

-{AW~A'B\  0         ,         BG'-BV  ,    BD'~B'D 

GA'  -G'A,    ~  (BC  -  B'(J),  0         ,    GD'  -  G'D 

-(AI)--A'I)),    -{BU-B-B),    ~{GD'-C'D),  0 


and  from  the  second  and  fourth  equations  we  find  the  like  system  with  (a',  /3',  7',  h') 
in  place  of  (a,  /S,  7,  8) :  comparing  the  corresponding  equations  of  the  two  systems,  we 
find  the  same  equality  of  ratios  as  before,  viz, 

4.     This  is 

^7'  ~  /3'7    '■  7a'    —  7'a    :  «0'    —  a'/3  :  a5'    —  a'S     :  y38'   —  0'B    :  7S'     —  7'S 
=  Aiy-A'D  :  BD'~B'D  :  CD'-C'D  ■  BC'-B'G  :  GA'-C'A  :  AB'-A'B, 
and  putting  each  of  these  two  equal  sets  of  ratios 

=  (i  :  h  :  c  ■■  f  ■■  ff  •■  h, 

then  the  quantities  {a,  h,  c,  f,  g,  h),  which  it  is  easy  to  see  satisfy  the  condition 

o/+bg  +  ch  =  0, 

9—2 
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are  said  to  be  the  '  sis  coordinates '  of  the  line  :  as  only  the  ratios  of  the  six  quantities 
are  material,  and  as  the  last-mentioned  equation  establishes  a  single  relation  between 
these  ratios,  the  system  of  the  six  coordinates  contain  four  arbitrary  ratios  or  parameters, 
for  the  determination  of  the  particular  line. 

5.  A  line  is  thus  determined  by  its  six  coordinates  (a,  b,  c.  f,  g,  h).  which  are 
such  that  af-\-bg+ch  =  (i;  and  conversely  any  six  quantities  (a,  b,  c, /\  g,  h)  satisiying 
this  relation  may  be  taken  to  be  the  sis  coordinates  of  a  line. 

6.  It  is  proper  to  show  that  the  ratios  a  :  h  :  c  :  f  :  g  :  h  are  independent  of 
the  particular  two  points  on  the  line,  or  two  planes  through  the  line,  used  for  their 
determination.     In  fact,  if  instead  of  the  points 


«',     &',     l',     S', 

we  have  any  other  two  points  on  the  line,  say  the  points 

Xa  +  /ta',     X^  +  /i/3',     X7  +  ^7',     XS  +  /iS', 

va  +  pa',     vfi  +  p^,     vy  +  pf',     vh  +  ph' , 

then  the   six  determinants   have   their   original    values   each   multipliod  by  \p  —  fj,v,   and 
the  ratios  are  unaltered. 

And  the  like  is  the  case,  if  instead  of  the  planes 

A,    B.     G,     D. 

A',    B\    0',    D', 

we  have  any  other  two  planes  through  the  line,  say  the  planes 

XA+fiA',    XB  +  IJ.B',    XC+iiO;    XB  +  fiD', 

pA  +  pA',     vB  +  pB\     vO  +  pG',    vD  +  pD' , 

the    determinants    have  their  original   values  each  multiplied   by  Xp-fiv;    and  the  ratios 
are  unaltered. 

7.  It  may  be  remarked,  that  the  theory  of  the  six  coordinates  considered  as  derived 
from  the  two  points  (a,  ft  7.  ^).  («'.  /3',  7',  S'),  and  as  derived  from  the  two  planes 
{A,  B,  C,  B),  (A',  F.  G',  D'),  is  precisely  the  same  in  each  case;  and  we  may  confine 
ourselves  to  the  first  point  of  view,  regarding  therefore  the  six  coordinates  as  derived 
from  the  two  points  (a,  ^,  7,  S),  (a',  ^',  7',  5').  I  further  remark,  that  I  do  not  at 
present  in  anywise  fix  the  absolute  magnitudes  of  the  coordinates  (a,  b  c,  f,  g,  h):  it 
is  only  the  ratios  that  we  are  concerned  with. 

8.  The  values  of  the  ratios  a  :  h  :  0  :  f  :  g  :  h  of  the  six  coordinates  do  how- 
ever depend  on  the  pai-ticular  coordinate  planes  x=  0,  y=0,  z  =  0,  w  =  0,  made  use  of 
for    their    determination ;    and    in    the    sequel    it   will    be    nece.isary   to    investigate   the 
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formulEe  of  transformation  to  a  new  set  of  coordinate  planes  x^  —  0,  t/,,  =  0,  «o  =  0,  %  =  0. 
And  I  shall  also  show  in  what  manner  the  absolute  magnitudes  of  the  coordinates  may 
be  fixed.  But  deferring  the  consideration  of  these  questions,  I  consider  the  planes 
a!=0,  y  =  0,  z  =  0,  10  =  0  as  given  planes,  and  take  the  six  coordinates  (a,  h,  c, /,  g,  k) 
of  a  line  to  be  determined  as  above  in  reference  to  these  given  planes,  the  absolute 
values  of  these  coordinates  remaining  indeterminate,  and  their  ratios  only  being  attended 
to.  And  I  proceed  to  consider  the  various  questions  which  present  themselves  in  the 
geometry  of  the  line,  considered  as  thus  determined  by  means  of  its  six  coordinates 
(a,  b,  0.  f,  g,  /,). 

Article,  Nos.  9  to  18.     (Various  Sub-headings.)    Elementary  Theorems. 

Condition  that  a  line  may  he  in  a  given  plane. 

f).     Taking  the  line  to  be  (it,  b,  c,  f,  g,  h),  the  equation  of  the  given  plane  to  be 

(A,  B,  C,  DJ*,  y,  s,w)  =  0; 

then   if  (a,  0,  y,  S),  (a',  /3',  y,  B')  are   the   coordinates   of  any  two  points  on   the   line, 

we   have   the   system    of  equations  ante,   No.   2,   and   substituting  therein   for   ^y  —  ^y, 

&c.  the  values  (a,  b,  c,  /,  g,  h),  we  find 

0,         c,     -b,    /  \(A,  B,  G,  D)  =  0; 
-0,        0,         a,    g 
h,     -  a,        0,    h 

i  -/,    -g.    -h,   0  ! 

which  equations,  equivalent  to  a  twofold  relation,  are  the  required  condition.  It  may 
be  remarked  that,  treating  (A,  B,  C,  D)  as  current  plane  coordinates,  each  equation  of 
the  system  is  that  of  a  point  lying  in  the  line. 

Condition  that  a  line  may  pass  through  a  given  point. 

10.     The  coordinates  of  the  given  point  are  taken  to  be  (a,  ^,  y,  S).     If 

(A.  B,  0,  D'^x,  y,  z,  w)  =  (i,    {A'.  R,  C,  UJ^x,  y,  z,  w)  =  0, 

are  the  equations  of  any  two  planes  through  the  line,  fchen  we  have  the  system  of 
equations  ante  No.  3,  and  substituting  therein  for  AW  —  A'B,  &c.  their  values  in  terms 
of  the  coordinates  {a,  b,  c,  f,  g,  k)  of  the  line,  we  have 


h. 

-g,    a 

(».  (3,  7,  I 

)-0 

0, 

f.     i 

/. 

0,     <s 

b. 

-c,    0 

which  equations,  equivalent  to  a  twofold  relation,  are  the  required  condition.  It  is 
obvious  that,  treating  (a,  ,S,  7.  S)  as  current  point  coordinates,  each  equation  of  the 
system  is  the  equation  of  a  plane  through  the  given  line. 
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Condition  for  tJie  intersection  of  two  lines. 

11.  The  coordinates  of  the  lines  are  taken  to  be  {a.,  b,  c,f,  g,  h),  and  {a^,  h„  c„f„  g„  h), 
respectively.  If  (a,  yS,  7,  S),  (a',  ^,  V,  l'\  are  the  coordinates  of  any  two  points  in  the 
first  line,  and  (a^,  ^,,  f„  8,),  (a/,  (S/,  7,',  8/),  are  the  coordinates  of  any  two  points  on 
the  second  line,  then  the  four  points  are  in  a  plane,  that  is,  we  have 


A.     % 


that  is,  expanding   the   determinant   and  substituting  for  ^7'  —  ^'^,  &c.  and  /3,7/  -  & 
&c.  their  values  in  terms  of  the  coordinates  of  the  two  lines  respectively,  we  have 

af,  +  hg,  +  eft,  +/([,  +  gh,  +  )ic,  =  0, 

or,  as  this  may  also  be  written, 

{/,.»„  '•„  "„  *,.  o,5«,  6.  c,/,  J,  /.)  =  0, 

for  the  condition  that  the  two  lines  may  intersect. 

12,  The  same  result  will  be  obtained  if  we  take 

{A,  B,  C,  D'^x,  y,  s,  w)  =  0,     {A',  B',  C,  D'\x,  y,  z,  w)=0, 

for  the  equations  of  any  two  planes  through  the  first  line,  and 

{A„  B„  C,.  D;^x,  y,  z,  w)  =  0,     {Al,  B],  0/,  I>l\x,  y,  z,  wf)-0, 

for   the   equations   of   any   two   planes   through    the   second    line.     The   four   planes 
meet  in  a  point,  that  is,  we  have 

,    B  ,     G  ,     I) 
,    B',     C,     U 

a;,  b;,   c;,  d; 

or,  expanding  and  substituting,  we  have  the  same  condition  as  before. 

13.  In   the   case   of  any  two   lines   {a,  b,   c, /,  g,  h),  and   (a,  b„   c^,  f,  g^,  ft,),   we 
may  define  the  '  moment '  of  the  two  lines  to  be  the  function 

af,  +  bg,  +  ch,  -Vfa,  +  gh,  +  ftc„ 

it  being  understood  that  we  have  not  as  yet  any  complete  quantitative  definition  of 
the  moment ;  this  being  so,  we  have,  in  what  precedes,  the  theorem  that  the  moment 
of  two  intersecting  lines  is  =  0. 
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Plane  through  two  intersecting  lines. 

14.     Let  {A,  B,  C,  D^ie,  y,  s,  vi)  =  0    be    the   equation   of  the   plane  through   the 

two   intersecting   lines  (a,  h,  c,  f,  g,  k)  and  (a,,  b^,  c^,  /,  g^,  h).     We   have  two   systems 

of    equations,  as    in    No.    9,   and    comparing    the    corresponding    equations  of    the   two 
systems,  we  find  in  the  first  instance 

:  C  :  D  =        X        •■hf,-h,f  :  cf,-cj  :  -  {he,  -  b,c) 

-  (ca,  —  CiO) 


where   \  fi,   v,  p,   are   in   the   first   instance  unknown;    the   different   sets   of   ratios  are 
of  course  identical  in  virtue  of  the  relation 

(//'  9.'  ^>'  "f/'  K'  c,5«,  b,  c,  f,  g,  h)  —  0, 

and   comparing   them   we   have   equations  which   lead   to   the   values   > 
we  thus  obtain  more  completely. 


\ 

V,  - 

-kf 

of. 

-oj 

=  "3.- 

VJ 

/- 

"9, 

-«,» 

~ah-t 

,h 

ih,- 

-h,h 

-sK-. 

,1 

¥,- 

Kf 

fa, 

-/,s 

A  -.B  -.G  :  D=f,a  +  b_g  +  c,k 


=  ah,  —  a^h 


¥.  +h,f 

o,J+g,b  +  c,h 
bh,  -  bjt 

¥,-Kf 


'^9,  -'^.9 
a,/+b,g  +  k,c 
h,  -f,9 


X,  p.,  V,  p;    and 

-  (bo,  -  h,c) 

-  (cet,  —  c,a) 

-  {ab_  -  a,b) 
«/,  +  l^ff,  +  oK  ■ 


15.     It   is   in   these   equations   easy   to   verify   the   identity   of  the   different   sets   of 
values:   we  ought,  for  instance,  to  have 


that 


f9,  -f.9 


'af,  +  hg,  +  ch/ 


{h,c+aJ+b,g)(h,c  +  al  +  bg,)  +  (ab,~-a,b)(fg,~f,g)  =  0, 
and,  observing  that 

(«,/+  *,?)  ("/,  +  h,)+ ("ii,  -  »» (fs,  -fa) 

.(o/+i.!,)(»,/,+S,j,),  .A.c,h„ 


the  left-hand  side  is 


=  ch,  {ch,  +  a/  -H  bg,  +  »,/+  b,g  +  c,h). 

=  ch,  («/,  +  bg,  +  c/t,  -{-fa,  +  gh,  +  he, ),  =  0. 


Point  <m  two  intersecting  lines. 


16.     Let   (a,   jS,   y,   8)   be   the   coordinates  of  the   point   of  intersection   of  the   two 
intei^ecting   lines  {a,  b,  c,  f,  g,  h)   and   (a,,  b„  c,,/,,  g„  h,).      We   have   two   systems   of 
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equations   such   as   in   No.    10,   and   comparing   tlie   corresponding   equations   of    the   two 
systems,  we  find 

«  ;  ^  :  7  :  S  =  L        :      ag^-  aj    :       ah^  —  a,h     -.  gh,-  <i)i 

-  V,    ->>,/■■  M        :      Wi, -6,i      -hf^-hj 

-  ¥,   -"/  ■     'S,  -',s  ■•         *        :  Is,  -/,s 

=  -  (Jc,  -  h,c)  :  -  (cii,  -  c.o)  :  -  (o6,  -  o,i)  ;         P       , 
where   L,   M,   iV,   P,  are   in   the  first    instance    unknown ;    but,   comparing   the  different 
sets   of    values,   we   have   equations   for  finding   tlie   values   of  these   quantities,   and   we 
thus  obtain  the  more  complete  system 


a  :  /3  :  7  :  5  = 


of.-oj 
-  {he,  -  i.c) 


".Z+y.'+o,* 


ah,  —  a,k 
bh,  -  i.,4 
a,f+  b,<f  +  h,c 
-  {ah,  —  a,b) 


9K  -  ll.h 

¥,-Kf 
fs,  -f,s 

f,u^S,b  +  h,c. 
matrix    is    the 


-  (ctt,  —  c^a) 
where  it  is  to  be  observed  that  the  right-hand  side  considered 
transposed  matrix  of  that  which  occurs  in  No.  13,  in  the  formula  for  A  :  B  :  C  :  D. 
The  verification  of  the  identity  of  the  different  sets  of  values  can  of  course  be  effected 
as  in  No.  15. 


Expression  for  am.  arbitrary  plane  through  a  line. 

17.  The  condition  in  order  that  the  plane  (A,  B,  G,  Dfx,  y,  z,  w)  = 
through  the  line  (a,  h,  c,  f,  g.  A),  is  the  twofold  relation  given,  No.  9 ;  il 
by  any  one  of  the  four  systems 

A   :  B  :  V  :   D 


),  may   pass 
is   satisfied 


sequently  i 


'  by 

:  B  : 


or,  what  is  the  same  thing,  by 

A  :  B  :  0 :  D  = 


where   (^,  17,  £■,  w)  are  arbitra 
two  of  these  quantities  =  0. 


0 

h 

3  •■ 

i 

0 

/■ 

s 

-/ 

0  : 

a 

-b 

-C   : 

(     0,     -  /(, 

9, 

-«If,  ,,  f,  ») 

:  (     h,        0, 

-/, 

-»$f.  1.  r. ») 

^(-s.      f. 

0, 

-«jf.  1,  r, ») 

:  {    a,         b, 

«• 

OJf.  1,  S  »): 

{     0,         II, 

-?' 

«$?,■;,?,«) 

■  (-  *,       0, 

/. 

iSr,  ■;.  f,  ») 

■■(  s.  -/. 

0, 

0  5  f,  1,  K  ») 

:  (- «,     -b,     - 

-c, 

ojr,  0.  r, «) 

rere  is,  however 

no 

loss  of  generality  i 

n  putting  any 
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Expression  for  an  arbitrary  point  in  a  line. 

18.  The  condition  in  order  that  the  point  (a,  /3,  7,  S),  may  lie  in  the  line 
(a,  6,  c,  f,  g,  Ky,  is  the  twofold  relation  given,  No.  10;  it  is  satisfied  by  any  one  of 
the   four  systems 


:  ^  :  7   : 


or  =  — / 


0 

c 

-b  : 

c 

0 

a  ; 

h 

-  a 

0  ; 

f 

-.9 

-h  : 

and  consequently,  also  by 

«  :  ;3  :  7  :  8  =      (     0. 

-  0, 

(., 

-/$»'.  'J>  «.  <") 

:  (     c. 

0, 

-a. 

-  J  J  a.,  J,  3,  ») 

■-(-h. 

a. 

0, 

-h\x,y,z.  v>) 

■■(    f. 

9: 

*, 

0$"=,  !/,.,»); 

Or,  what  is  the  same  thing,  by 

a  :  ^  :  7  :  S=     (     0, 

c, 

-h. 

/  5  a,  S,  ^,  ») 

:(-c, 

0, 

a, 

.f?  5  *■.  y,  s.  w) 

:(     h. 

-  a. 

0, 

h'^x,  y,  z,  If) 

■■{-/■ 

-g, 

-*, 

0  J  «,  y,  2,  |») 

where   {x,  y,  z,  vi)  are    arbitrary ;   there  is,  h 

owever 

no 

OSS  of  generality  in  putting  two 

of  these  quantities  =0. 


Article  Nos.   19   to   25.     Geometrical   cotmderations   in   regard   to   three,  four,  five, 
and  six  lines. 

Before  proceeding  further,  I  will  establish  certain  geometrical  notions  in  regard  fco 
three,  four,  five,  and  six  Hnes.  I  use  the  term  '  tractor '  to  denote  a  line  which 
meets  any  given  lines. 


are    the  generating 


19.  Three   given   lines   have   an   infinity  of  tractors;   viz.    thes 
lines  of  a  hyperboloid  having  the  three  given  lines  for  directrices. 

20.  Four  given  lines  may  be  directrices  (generating  lines)  of  the  same  hyperboloid, 
viz.  every  tractor  of  any  three  of  the  four  lines  is  then  a  tractor  of  all  the  four 
lines.  But  in  general,  four  given  lines  have  a  pair  of  tractors;  viz.  considering  the 
tractors  of  any  three  of  the  four  lines,  these  form  a  hyperboloid  having  the  three 
lines  for  directrices ;  the  fourth  line  meets  this  hyperboloid  in  two  points,  and  the 
generating  line  through  either  of  these  points  is  a  line  meeting  each  of  the  four 
given  lines,  that  is,  it  is  a  tractor  of  the  four  given  lines. 

C.   VII.  10 
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21.  The  fourth  line  may  however  touch  the  hyperboloid ;  and  in  this  case,  instead 
of  a  pair  of  tractors,  the  four  lines  have  a  twofold  tractor.  The  relation  of  the  four 
lines  to  each  other  is  a  symmetrical  one ;  and  we  have  thence  the  theorem,  that  if 
any  one  of  four  given  lines  touch  the  hyperboloid  through  the  other  three  lines,  then 
will  each  of  the  four  given  lines  touch  the  hyperboloid  through  the  other  three  lines. 
But  the  relation  to  each  other  of  four  lines  having  a  twofold  tractor  may  be  other- 
wise expressed  as  follows ;  viz.  considering  a  tractor  of  the  four  given  lines,  each  line 
determines  with  the  tractor  a  point,  the  intersection  of  the  line  and  tractor;  and  it 
also  determines  a  plane,  viz.  the  plane  containing  the  line  and  tractor;  we  have 
therefore  a  range  of  four  points  on  the  tractor,  and  a  pencil  of  four  planes  through 
the  tractor;  and  if  the  tractor  be  a  two-fold  tractor,  the  range  and  pencil  will  be 
homographic;  and  conversely,  if  the  range  and  pencil  are  homographic,  the  tractor  will 
be  a  twofold  tractor.  This  is  easily  obtained  as  a  limiting  case  from  the  general 
one  where  the  four  lines  have  a  pair  of  tractors;  each  line  determines  with  the  one 
tractor  a  point  and  a  plane  as  above,  and  this  plane  intersects  the  second  tractor  in 
a  point ;  we  have  thus  through  the  first  tractor  a  pencil  of  planes,  and  on  the  second 
tractor  a  range  of  points,  and  these  two  are  homographic.  But,  in  the  case  of  a 
twofold  tractor,  the  range  on  the  second  tractor  coincides  with  that  on  the  first 
ti-actor;  that  is,  the  range  of  points  on  the  tractor  is  homographic  with  the  pencil 
of  planes  through  the  tractor. 

22.  Given  any  four  lines,  and  a  point  0,  then  either  in  the  general  case  where 
the  four  lines  have  a  pair  of  tract-ors,  or  in  the  special  case  where  they  have  a 
twofold  tractor,  there  exists  and  can  be  found  through  the  point  0  a  single  fifth  line 
such  that  the  five  lines  have  (as  the  case  may  be)  a  pair  of  tractors,  or  a  twofold 
tractor.  And  similarly,  given  the  four  lines  and  a  plane  li,  there  exists  and  can  be 
found  in  the  plane  ft  a  single  fifth  line  such  that  the  five  lines  have  (as  the  case 
may  be)  a  pair  of  tractors,  or  a  twofold  tractor. 

23.  Five  given  lines  have  not  in  general  any  tractor ;  the  five  lines  may  be 
directrices  (generating  lines)  of  the  same  hyperboloid,  and  they  have  then  an  infinity 
of  tractors;  or  they  may  have  a  pair  of  tractors,  viz,  the  fifth  line  may  be  a  line 
meeting  the  tractors  of  the  other  four  lines ;  or  (as  a  particular  ciise  of  the  last 
relation)  the  five  lines  may  have  a  twofold  tractor;  or  the  five  lines  may  have  a 
single  tractor. 

24.  Given  any  five  lines  and  a  point  0 ;  then,  selecting  any  four  of  the  given 
lines,  we  may  through  0  draw  a  line  having  with  the  four  lines  a  pair  of  tractors. 
Treating  in  this  manner  each  of  the  five  sets  of  four  lines,  we  obtain  through  the 
point  0  five  lines  constructed  as  above ;  we  have  the  theorem  which  will  be  proved 
in  the  sequel,  that  these  five  lines  lie  in  a  plane  ft.  And  similarly,  given  the  five 
lines,  and  a  plane  ft,  then  selecting  any  four  of  the  five  lines,  we  may  in  the  plane 
ft  draw  a  line  having  with  the  four  lines  a  pair  of  tractors ;  treating  in  this  manner 
each  of  the  five  sets  of  four  lines,  we  obtain  in  the  plane  ft  five  lines;  and  we  have 
then  the  theorem  that  these  five  lines  meet  in  a  point  0. 
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25.  In  the  case  of  six  given  lines,  we  may  have  between  the  lines  the  like 
relations  to  those  for  the  case  of  five  given  lines ;  or  we  may  have  the  more  general 
relation  of  the  involution  of  six  lines,  depending  on  the  last -mentioned  theorems,  viz, 
given  any  five  lines,  and  the  point  0  or  the  plane  li,  then  determining  in  the  one 
case  the  plane  il  and  in  the  other  case  the  point  0,  and  taking  as  a  sixth  line  any 
line  whatever  through  the  point  0  and  in  the  plane  H,  the  six  lines  are  said  to  be 
in  involution,  or  to  form  an  involution  of  six  lines.  I  now  revert  to  the  analytical 
theory  of  the  line. 

Article   Nos.   26   to    51.     (Variovs   sub-headings^    Cases    of   a    linear  relation   or   linear 
relations  between  the  six  Coordinates. 

26.  If  the  coordinates  {a,  h,  c,  f,  g,  K)  of  a  line  are  regarded  as  variable  quantities 
connected  by  a  single  equation  or  by  two  or  three  equations,  we  have  a  system  of 
lines  with  three  or  two  arbitrary  parameters  or  with  a  single  arbitrary  parameter;  and 
so  if  there  are  four  equations  the  system  consists  of  a  determinate  number  of  lines. 
For  a  linear  relation,  the  coefficients  may  be  either  {F,  G,  H,  A,  B,  C),  not  the 
coordinates  of  a  line,  that  is.  not  satisfying  the  relation  AF+BG  +  GS^O,  or  they 
may  be  the  coordinates  of  a  line,  satisfying  the  relation  in  question.  I  consider  the 
several  cases  in  order  as  follows  : 

Linear  relation  (F,  G,  H,  A.  B.  Cfa,  b,  c,  f,  g,  h)  =  0,  where  (A,  B,  G,  F,  G,  H) 
are  not  the  coordinates  of  a  line. 

27.  Considering  any  six  lines  which  satisfy  the  relation  in  question,  we  may 
eliminate  the  coefficients  F,  G,  H,  A,  B,  C,  and  thus  obtain  an  equation  V  =0,  where 
V  is  the  determinant  formed  with  the  coordinates  of  the  six  lines ;  this  equation, 
regarding  therein  the  coordinates  of  five  of  the  six  lines  as  given,  is  in  regard  to 
the  coordinates  of  the  remaining  line,  say  the  original  line  {a,  b,  c,  /,  g,  h),  a  linear 
relation  equivalent  to  the  original  linear  relation  (F,  G,  H,  A,  B,  C\a,  b,  c,  f,  g,  A)  =  0. 
The  equation  in  its  new  form,  viz,  the  equation  V  =  0,  establishes  between  the  six 
lines  a  relation  which  is  in  fact  the  relation  of  involution  already  referred  to;  viz.  it 
will  be  shown  in  the  sequel  that,  starting  from  the  equation  V  =  0  as  the  definition 
of  the  relation  of  involution,  we  are  led  to  a  construction  for  a  hne  in  involution 
with  five  given  lines  the  same  as  the  construction  explained  ante  No.  25. 

Linear  relatim.  {F,  G,  H,  A.  B,  G\a.  b.  c, /,  g,  A)  =  0.  ^'Aere  {A,  B,  C,  F,  G,  U) 
are  the  coordinates  of  a  line. 

28.  The  linear  relation  expresses  that  the  two  lines  {a,  b.  c,f,  g,  h'^A,  B,  G,  F,  G,  H) 
intersect,  or  what  is  the  same  thing,  that  the  line  {a,  b,  c,  /,  g,  h)  is  any  line  whatever 
meeting  the  line  (A,  B,  C,  F,  G,  H). 

Two  linear  relations  (F ,  G  ,  H ,  A  ,  B  ,  C  '§a,  b,  c,  f,  g,  h)  =  0, 
(F„  (?.,  H,.  A„  B„  C,\a.  b,  c, /,  g,  h}  =  0, 

where  the  two  sets  of  coefficients  respectively  are  or  are  not  ike  coordinates  of  a  line. 

10—2 
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29.  If  the  two  sets  of  coefficients  are  each  of  them  the  coordinates  of  a  line, 
then  the  two  equations  express  that  the  iine  (a,  b,  c,  f,  g,  k)  is  any  line  whatever 
cutting  each  of  the  two  given  lines.  And  the  general  case  is  in  fact  reducible  to 
this  particular  one ;  for  suppose  that  neither  set  of  coefficients  belongs  to  a  line,  then 
we  may  from  the  two  given  linear  relations  form  the  relation 

(XF+X,Fj,  XG  +  \G„  XH  +  }^E„  XA+X,A^,  XB  +  \,B^,  \0  +  X,C\'^a,  h,  c,  f,  g,  h)=0, 

and  if  the  ratio  \  :  X,  be  properly  determined,  then  {XA  +  X,Aj,...)  will  be  the 
coordinates  of  a  line.     This  will  in  fact  be  the  case  if 

(XA  +  \A)  {XF+  \,F,)  +  (XB  +  X,B,)  (XG  +  \G,)  +  {XC  +  X,0,)  (XH  +  X,fl",)  =  0, 

that  is,  if 

(AF+BG  +  CH,  AF,+BGr-i-GH,  +  FA,  +  GB,  +  OH„  A,F,  +  B,G,  +  C,H,^X,  \y  =  0, 

a  quadric  equation  giving  two  values  of  the  ratio  X  :  X^,  that  is,  two  linear  relations 
in  each  of  which  the  coefficients  are  the  coordinates  of  a  line :  we  have  thus  two 
derived  lines,  and  the  line  (a,  b,  c,  /,  g,  h)  meets  each  of  these  derived  lines. 

There  is  no  real  difference  if  one  or  the  other  of  the  given  systems  of  coeificients, 
say  the  system  (A,  B,  0,  F,  G,  if),  are  the  coordinates  of  a  line.  We  have  then 
AF+ BG  +  OH ^H;  the  quadric  equation  in  X  ;  Xj  has  a  root  X^  :  X=0,  and  rejecting 
it,  the  other  root  is  determined  by  a  simple  equation  :  this  only  means  that  the  line 
(A,  B,  C,  F,  G,  H)  is  itself  one  of  the  two  derived  lines. 

But  there  is  a  real  difference  in  the  case  where  the  equation  in  X  :  \,  has  equal 
roots;  to  explain  this  special  case,  observe  that  if  in  the  general  case  we  consider  the 
two  derived  lines  as  a  pair  of  tractors  of  any  four  lines,  then  the  linear  relations 
express  that  the  line  (a,  6,  c,  /,  g,  h)  has  with  these  four  lines  a  pair  of  tractors; 
and  in  the  special  case  under  consideration  the  linear  relations  express  that  the  iine 
(a,  b,  c,  /,  g,  h)  has  with  the  four  lines,  or  (what  is  the  same  thing)  with  any  three 
of  them,  that  is  with  some  three  lines,  a  twofold  tractor.  According  to  what  precedes 
{No.  21),  the  construction  of  the  line  (a,  b,  c,  f,  g,  h)  is  in  fact  as  follows,  viz.  if  on 
the  twofold  tractor  considered  as  given,  we  take  a  series  of  points  p,  and  through 
the  tractor,  homograph ic  with  the  range,  a  pencil  of  planes  P,  then  the  sought-for 
line  will  be  any  line  through  a  point  p,  in  the  corresponding  plane  P.  But  it  is 
proper  to  give  an  analytical  proof  of  the  construction, 

30.  I  observe  that  we  may  without  loss  of  generality  assume  A,Fj  + B^Gi  +  CiHi^O, 
and  this  being  so,  the  condition  for  the  equality  of  the  roots  of  the  quadric  equation  is 

AF,  +  BG,  +  CH,  +  FA,  +  BG,  +  GH,  =  0, 

that  is,  writing  (o,,  b,,  Ci,/j,  gi,  Ih)  in  place  of  (.^i,  Bj,  C^,  Ft,  Gi,  IT,),  the  case  in 
question  may  be  taken  to  be  that  of 

Two  linear  relations 

(/„«.,  *.,<«..  6.,o.5»,S,  »,/,?,  i)  =  0, 
(F,  a,  H,  A,  B,  Cia,  b,  c,  f,  g,  k)-0, 
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where   («],  6,,  Ci,/i,  g^,  h^)  are,  (A,  B,  0,  F,  G,  H)   are   not,   the   coordinates   of  a   point, 
and  where 

(fi.  ffi,  A„  tti,  b„  cfA,  B,  C,  F,  G,  E)  =  0; 

that  is,  where  the  twofold  derived  line  is  in  fact  the  original  line 

(».,  6.,  c.,  /.,  g„  K). 

31.  To  simplify,  we  may  take  ^=0,  ?/ =  0  for  the  equations  of  the  line;  the 
coordinates  of  the  line  then  are  (ti,,  6i,  c^,  /;,  g^,  ^)  =  (0,  0,  0,  0,  0,  1).  Taking  more- 
over ic  =  0,  y=  0,  -  =-p    for  the  coordinates   of  the  point  p,  and   -  =  C  for   the  equation 

of   the   plane   P,   the    homogiaphic    relation    of   the   point    and    plane    is    given    by   an 
equation  of  the  form 

-  F^y  +  607  -  Aah  -  B0B  =  0, 
or,  as  this  may  be  written, 

(F,  G.  H,  A,  B,  05-^7,  ay,  0,  -aS,  -^S,  w)  =  0, 

where  H  and  ta,  being  each  multiplied  by  0,  do  not  really  enter  into  the  equation. 

The  equations  of  any  line  whatever  through  the  point  p  and  iu  the  plane  P 
maybe  written  ^x  —  ay=d,  A'x  +  B'y  +  Zz  —  ya>  =  0,  where  A',  B'  are  arbitrary:  hence 
arranging  the  coefficients  in  the  order 

^  ,     "  a  ,     0,         0, 
A'.        B',     h,     -  7, 
the  coordinates  (a,  b,  c,  f  g,  h)  of  the  line  in  question  are 

(-0J,  ay,  0,  -aS,  -^38,  A'a  +  B'0); 
so  that  we  have 

(/i,  g„  h,.  a„  b^.  clja,  b,  c,  f  g,  h) 

=  (0,0,  1,0,0,  Oja,  b,  c,  f,  g,  h),   =  c,  =  0 ; 

and   morever   the   homographic    relation,   replacing   therein   the    arbitrary  quantity   w   by 
A'a  +  B'0,  becomes 

(F,  G,  H,  A,  B,  05a,  h,  c,  f  g,  h)  =  0. 

Heuee   the   linear   relations   satisfied   by   the   coordinates  {a,  b,  c,  f  g,  h)   of  the   line   in 
question  are 

(fu  ffi,  I'l,  «!,  bi,  Cija,  6,  c,  f,  g,  h)=0, 
(F,  G,  H,  A,  B,  CJa,  b,  c,  f  g,  h)  =  0, 
with  the  coefficients 

(f„  g„  K,  «„  &i,  c.)  =  (0  ,  0,  1,  0,  0,  0), 
{A,  B,  C\  F,  0,  H)  =  {A,  B,  0,  F,  G,  H). 
values  which  satisly  the  condition 

if,  gu  K,  <h,  b„  <h^A,  B,  C,  F,  Q,  H)  =  0. 
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Hence  the  line  (a,  b,  c,  f,  g,  h)  through  the  point  p  and  in  the  plane  P  is  a  line 
the  coordinates  of  which  satisfy  two  lineai-  relations  as  mentioned  in  the  heading;  and 
the   theorem   is  thus   proved.     The   demonstration    would  be   simplified   by  taking,   as   is 

allowable,  the  homographic  relation  to  be  'q~  ^  's- 

32.  It  appears  from  the  foregoing  examination  of  the  case  of  two  linear  relations 
that  in  the  following  cases  of  three  or  more  linear  relations  there  is  no  real  loss  of 
generality  in  assuming  that  the  coeflicients  of  each  set  are  the  coordinates  of  a  line ; 
for  if  originally  this  be  not  so,  we  have  only  to  replace  the  given  relations  by  linear 
fiinctions  of  these  relations,  and  to  assign  such  values  to  the  multipliers  X,  X,,  Xa-.. 
as  in  each  case  to  make  the  new  coefKcients  to  be  the  coordinates  of  a  line ;  and  as 
there  are  two  or  more  arbitrary  ratios  X  :  X,  :  X^....  to  be  assigned  at  pleasure  and 
only  a  single  condition  to  be  satisfied,  no  cases  of  feilure  can  arise.  The  remaining 
cases  may  consequently  be  stated  in  a  more  simple  form. 


Three  linear  relations,  the  coefficients  of  each  set  being  the  coordinates  of  a  line. 

•S3,  The  three  relations  express  that  the  hne  (a,  b,  c,  f,  g,  h)  meets  each  of  the 
three  given  lines ;  that  is,  that  the  line  is  any  generating  line  of  a  hyperboloid  ^iiaving 
the  three  given  lines  for  directrices. 


Four  linear  relations,  the  coefficients  of  each  set  being  the  coordinates  of  a  line. 

34.  The  four  relations  express  that  the  line  (a,  b,  c,  f,  g,  k)  meets  each  of  four 
given  lines ;  or  what  is  the  same  thing,  that  the  line  is  a  tractor  of  four  given 
lines.  It  is  to  be  noticed  that  the  four  Unear  relations  serve  to  express  the  ratios 
a  :  b  :  c  :  f  :  g  :  h  linearly  in  terms  of  any  one  of  these  ratios,  or  what  is  the  same 
thing,  to  express  the  several  ratios  in  terras  of  an  arbitrary  ratio  u  :  v.  Substituting 
the  resulting  values  in  the  equation 

af+  bg  +  ch  =  0, 

we  have  a  quadric  equation  for  the  determination  of  the  remaining  ratio,  or  of  the 
ratio  u  :  v\  and  then  each  of  the  ratios  of  the  coordinates  can  be  expressed  rationally 
in  terms  of  either  root  of  the  quadric  equation ;  we  thus  obtain  the  coordinates  of 
each  of  the  two  tractors  of  the  four  given  lines ;  or  we  have  a  complete  analytical 
solution  of  the  problem,  to  find  the  tractors  of  four  given  lines.  The  quadric  equation 
may  have  equal  roots ;  that  is,  the  four  given  lines  may  have  a  twofold  tractor,  which  is 
then  determined  linearly. 

35.  The  theory  of  the  linear  relations  of  the  coordinates  (a,  b,  c,  f,  g,  h)  of  a  line 
may  be  considered  in  a  different  manner.  It  will  be  convenient  to  take  the  different 
cases  in  a  reverse  order,  beginning  with  the  extreme  case  (not  before  mentioned)  of 
a  fivefold  relation  and  ascending  to  the  case  of  a  onefold  or  single  relation. 
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Case  of  the  fivefold  relation. 
36.     The  fivefold  relation 

11  a  ,  b ,     c  ,    f ,    g  ,    h    11  =0, 

|l  o-X'  h>     c,.    /i,    g„     K  II 

expresses  that  the  quantities  {a,  b,  c,  f,  g,  h)  are  proportional  to  (oj,  6i,  c,, /„  ^,,  lij). 
As  the  former  set  are  by  hypothesis  the  coordinates  of  a  line,  the  given  set  (<(,,  6,,  Ci,f,  gu  Ih) 
must,  it  is  clear,  also  be  the  coordinates  of  a  line,  and  the  relation  then 
that  the  line  (a,  b,  c,  f,  g,  h)  coincides  with  the  given  line. 


Case  of  tfie  fourfold  relation. 

37,  The  fourfold  relation  is 
h,     c,    f,    g,    h    i|=^0, 
h,     c„    f,     g,.     h  I 
b-i,     Ci,    f,    g-i,     fh   I 

or  what  is  the  same  thing,  we  have  the  sis  equations  Xa  +  X,ai  +  X.iai,  =  0,  &c,,  involving 
the  indeterminate  quantities  X,  Xi,  X^.     If  the  coefficients 

K,  b,,  Ci, /.,  5.,  ^.),     (da,  6=,  Cs,/„  g.,,  h.;) 

are  not  either  set  the  coordinates  of  a  line ;  then  substituting  the  foregoing  values 
-X(t  =  Xi«i  +  ^a'i3.  &:c.  in  the  equation  af+bg  +  ch^O,  we  have  a  quadrie  equation  in 
(X,  ;  Xa)  I  and  for  each  root  of  this  equation,  the  coefficients  \,ai+X2%,  &c.  will  be  the 
coordinates  of  a  line.  There  are  thus  in  general  two  derived  lines;  and  the  fourfold 
relation  expresses  that  the  line  (a,  h,  c,  f  g,  k)  coincides  with  one  or  other  of  these 
derived  lines.  There  is  no  real  difference  if  one  or  the  other  of  the  two  sets 
(a,,  b,,  Ci, /i,  c/i,  hi),  (ob,  62,  Cs, /.,  g^,  fh),  or  if  each  set,  are  the  coordinates  of  a  line; 
one  of  the  derived  lines  or  both  of  them  will  in  these  cases  coincide  with  one  or 
both  of  the  given  lines.  And  if  the  quadiic  equation  has  equal  roots,  then  instead  of 
two  derived  lines  there  is  a  twofold  derived  line,  and  the  line  (a,  b,  c,  /,  g,  k)  must 
coincide  with  this  twofold  line. 

38.  A  case  presenting  peculiarity  is  however  that  in  which  the  coefficients  of  the 
quadrie  equation  vanish  identically;  this  is  only  so  when  the  coefficients  (a,,  6,,  o,,/i,^i,  A,) 
and  (di,  62,  Ca,  /s,  g,,  As)  are  the  coordinates  of  two  intersecting  lines.  The  equations 
—  Xa  =  Xiaj +  Xsi2a,  &;c.  here  show  that  every  line  whatever  which  meets  each  of  the 
two  lines  (a^,  ^,  c„fi,  gi,  K)  and  (%,  h,  c^,  f,  g^,  fk)  meets  also  the  line  (a,  6,  c,/,  g,  h); 
that  is,  the  line  (a,  b,  c,  f,  g,  h)  is  any  line  whatever  in  the  plane  and  through  the 
point  of  intersection  of  the  two  intersecting  lines.     We  see  moreover  that  not  only 

afi  +  h^g.,  +  cjii  +  Wa/i  +  hgi  +  cA  =  0, 
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but  aiso  that  «/,  +  bff^  +  ch,  +/a,  +  ^61  +  ch,  =  0  and  af^  +  bg,  +  cK  +f<h  +  gh  +  clh  =  0; 
that  is,  the  moment  of  each  pair  of  lines  is  =  0,  It  may  be  remarked  that  the  ratios 
\  :  \i  :  Xj  may  be  determined  from  any  two  of  the  six  equations 
Xa  +  X,ra, +  X3ai  =  0,  ...  \h-\-\_K  +  Xji,=  fi  ; 
but  that  in  consequence  of  the  moments  being  each  =  0,  there  is  not  for  the  deter- 
mination of  these  ratios  any  such  set  of  equations  as  occur  in  the  cases  subsequently 
considered  of  a  threefold  relation,  &c. 

39.  In  what  follows  we  have  three  or  more  set-s  (a,,  ht,  Cj,  fi,  g„  ki),  &c.;  and  we 
may  without  loss  of  generality  assume  that  each  of  these  are  the  coordinates  of  a  line  :  for 
replacing  the  several  coefficients  Oj, ...  by  linear  functions  1*^01  + (1^0,  + /j^a3+ Ssc,  &c.,  the 
multipliers  may  be  determined  so  that  these  are  the  coordinates  of  a  point :  and  since 
for  each  set  there  is  only  a  single  condition  to  be  satisfied  by  the  two  or  more 
ratios  /i,  :  /i^  :  /tj , . . ,  it  is  easy  to  see  that  no  cases  of  failure  will  arise. 

Case  of  the  threefold  relation. 

40.  The  threefold  relation  is 

la,     h,     c,    /,     g ,     h 
ll  ffi,     b„     c,    /i,    g,,    h, 
.  <h,     b-i,     Ca,    /a,     g.2,     Aa 
r  a,,    &3,     cj,    /„     g^, 
where  (di,...),  {0^,  ...){as,...)  ai-e  each  the  coordinates  of  a  fine.     Here  writing 
\([  +  X,  (ti  +  XaOa  +  X^Oj  =  0. . . , 

it  is  clear  that  every  line  which  meets  each  of  the  hues  (a,,...),  (a^, ...),  (03,...)  will 
also  meet  the  line  (a,  b,  c,  /  g,  h) ;  the  lines  which  meet  the  first -mentioned  three  lines 
are  the  generating  lines  of  a  hyperboloid  having  these  three  lines  for  directrices,  and 
it  hence  appears  that  the  line  (a,  b,  0,  /,  g,  k)  is  any  directrix  line  whatever  of  the 
hyperboloid  in  question. 

41.  Using  the  notations  01,  02,  12,  &e.  to  denote  the  moments  of  the  several  pairs 
of  lines,  viz. 

01  ^  a/, +  bg,+o  h,  +/a,  +  gb,+  h  c, , 
12  =  ai/a-l-  6,£f3  +  cJh  +/ia. -|- gA+hi  c^, 
&c., 

then  from  the  equations  \a  +  X,Oi+X.ia~  +\sa,^  =  0,  &c.,  we  deduce 

X.01  +  X,02  +  X303=0, 

XIO  -t-      .      +  XJ2   -I-  Xsl3=0, 

X20  +  V2I         .         +  X323  =  0, 

X30  -I-  X,.S1  -I-  Xs32        .        =0, 
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and  hence  eliminating  X,  Xi,  X^,  X3,  we  find 


31,     32, 


a  relation  between  the  moments  satisfied  in  virtue  of  the  given  threefold  relation;  but 
which  as  a  mere  onefold  relation  is  of  course  not  equivalent  to  the  threefold  relation. 
It  will  subsequently  appear  that  the  equation  expresses  that  any  one  of  the  four  lines, 
say  the  line  (a,  b,  c,  f,  g,  h)  touches  the  hyperboloid  having  the  other  three  lines  for 
generatrices ;  this  condition  is  satisfied  in  virtue  of  the  threefold  relation  which,  as  we 
have  seen,  expresses  that  the  line  (a,  l,  c,  /,  g,  h)  lies  wholly  in  the  hyperboloid  in 
question. 

42.     The  last  mentioned  determinant  is  the  Norm  of 
Vor723  +  V02T3I  +  V037T2 ; 
so  that  the  equation  may  be  written 

'/oITB  +  V02 .  31  +  V03TT2  =  0, 

or,  what  is  the  same  thing, 

V0IV2S  +  VOSv'Sl  +  V03v't2  =  0, 

it  being  of  course  understood  that  the  signs  of  the  radicals  must  be  determined  in 
accordance  with  this  equation;   we  then  find 

X  :  X,  :  -K,  :  X^  =  V23  .  31  .  12    :  Vo2 .  03  .  23  :  VOS  .  01  .  31   :  VOfV 027l 2, 
or   say 

=  ^23  Vsl  Via  :  V02  V03  ^23  :  V63  VoI  Vsi"  :  Voi  v^  Vl2  ; 
in   fact,   substituting   these   last   values   in   the  linear  equations  for  \,  Xi,  X,,  X;,   we  find 
that  the  equations  are  all  satisfied  in  virtue  of  the  single  equation 

Vol  V23  +  V02  V3i  +  V03  Vr2  =  0. 


Case  of  the  twofold  relation. 


We  have  here 

a,    b,    c,    /,    g,     h 

«!.         h,        C„       /„        3„         /ii 

«2,    K    <h,  A   9i,    K 

«3,         h,        C„       /s,        ^3,         As 

a,,     K     Cj,    ft,    fft,     \ 

=  0, 

....)("..-)(«=. 

..)(a4,...).   are   each   the   coordinates   of  a   line. 
Xa  +  Xiffl,  +  X^a^+X^a^-^-X^a^  =  0 ; 

Here,  writing 

11. 

11 
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it  is  clear  that  every  line  which  meets  each  of  the  four  given  lines,  will  also  meet  the 
line  (a,  b,  c,  f,  g,  k);  bub  the  only  lines  meeting  the  four  given  lines  are  two  deter- 
minate lines,  the  tractors  of  the  four  given  lines ;  and  the  conclusion  is,  that  the  line 
(«.,  b,  c,  f,  g,  h)  is  any  line  whatever  which  meets  the  two  tractors. 

44.  If,  however,  the  four  given  lines  have  a  twofold  tractor,  then  the  line  (a,  h,  c,/,  g,  h) 
is  still  a  line  having  two  conditions  imposed  upon  it;  it  is  in  fact  a  line  determined 
as  in  No.  21,  via.  if  on  the  ti-actor  we  take  a  series  of  points  p,  and  through  the 
tractor  a  series  of  planes  P,  corresponding  homographically  to  the  points,  then  the  line 
(a,  b,  c,  /,  g,  h)  is  any  line  through  a  point  p,  in  the  corresponding  plane  P. 

45.  Using  as  before  01,  02,...  12,  &c.  to  denote  the  moments  of  the  several  pairs 
of  lines,  we  have 

\,  01  +  \M  +  XaOS  +  X,04  =  0, 

XIO  .  +X,12+XJ3  +  X,14  =  0, 
X20  +  \i21  .  +  X^23  +  X424  =  0, 
X30  +  X,31-I-Xs32       .       -i-Xj34  =  0, 


and   thence  also 


a  relation  between  the  moments  satisfied  in  virtue  of  the  original  twofold  relation  ;  but 
which,  as  a  single  equation,  is  of  course  not  equivalent  to  the  twofold  relation.  It  is 
in  fact  easy  to  see  that  this  equation  expresses  that  the  five  lines  have  a  common 
tractor;  this  is  true,  since  in  virtue  of  the  twofold  relation  there  are  realty  two 
common  tractors. 

I  have  not   obtained   from  the  linear  equations  any  symmetrical  expressions  for  the 
ratios  X  :  Xi  ;  X-j  :  Xj. 


Xi41+X,42+X3  43 

=  0 

.       01,     02,     03, 

04 

=  0, 

10,       .       12,     13, 

14 

20,     21,       .       23, 

24 

30,     31,     32,       . 

34 

40,     41,     42,     43, 

Case  of  c 


46.     The  onefold  relation  ■ 


«, 

4, 

III, 

6„ 

a,. 

K 

o-j. 

h. 

a.. 

K 

», 

K 

or 

lefold  relation 

c 

/.  a.  ' 

Ci, 

/,  Jl,  *, 

Cs 

/„   s..   h. 

Cj. 

/.,  ft.   K 

c.. 

/.,   s„    K 

Cs, 

/.,    3,.    h 
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where  (fli,  ...),  (aj, .,.),  (oa, ...),  (1X4,...),  (raj, .,.),  are  each  the  coordmates  of  points  in  a  line. 
The  preceding  mode  of  dealing  with  the  question  is  inapplicable,  since  there  is  not  in 
general  any  line  which  meets  the  five  given  lines ;  in  the  particular  case,  however, 
where  tlie  five  given  lines  are  met  by  a  single  line,  say  when  they  have  a  common 
tractor,  then  the  line  (a,  h,  c,  f,  g,  K)  is  any  line  meeting  this  common  tractor.  The 
general  ease  is  that  of  the  involution  of  six  lines,  mentioned  No.  2.5,  and  the  con- 
sideration of  which  was  deferred. 

47,     The  onefold  relation  implies  that  we  can   find   multipliers  \  /j,,  v,  p,  a-,  t.  such 
that 

Xa  +  fih  +1/C  +  pf  +  rrg  +  tA  =0, 

\a,  +  phi  +  vci  +  pfi  +  agi  +  t/(,  =  0, 


\ttii  +  pb^  +  cCi  +  pfa  +  a-g^  +  rk^  =  0, 

le   may  by   means   of  the   last   five   equations   determine   the   ratios   of  \,  p,  v,  p,  a,  t, 
iz.  these  quantities  will  be  proportional  to  the  determinants  formed  out  of  the  matrix 

a,,     b„ 


(a,  h,  c,  /,  (/,  h),   expretising    the 


c,, 

/.. 

Si 

K 

c^J, 

/.. 

S< 

hz 

Cs, 

/.. 

s> 

h 

c„ 

/.. 

St 

It, 

Cs, 

/.. 

a. 

li. 

and    the    first    equation    is    then   a    linear    relation 
relation  that  exists  between  these  coordinates. 


48.  Consider  an  arbitrary  point  0  on  the 
i  origin,  the  coordinates  of  0  are  0,  0,  0,  1 ; 
f  any  other  point  on  the  line,  then   writing 

^,     V.    2, 
0,     0,     0, 


line  (a,  b,  c,  f,  g,  h) ;   taking   this  point 


md    if  i 


the   coordinates 


we  find 

and  the  equation 


;c:/:^:A=0:0: 
\a  •\-  ph  +  vo  +  pf  ■'r  a-g 


0  :  X  :  '■ 


becomes  simply  p«  +  c7-y+T2  =  0 ;  viz.  this  equation  expresses  that  the  \me  {a,b,c,f,  g,h), 
assumed  to  pass  through  a  given  point  0,  lies  in  a  determinate  plane  Xi  through  this 
point. 

49.  To  construct  this  plane  Cl,  I  consider  any  four  of  the  five  given  lines,  say 
the  lines  2,  3,  4,  5,  and  I  endeavour  to  find  the  line  OQ,  through  0,  which  has 
with  these  lines  a  pair  of  tractors;  qua  line  through  0,  the  cooi-dinates  of  the  line  in 
question   may  be   taken   to   be   0,  0,  0,  .F,,  (?i,  Hy   (where   Fi,   G,,   H„   are   in    fact   the 

11—2 
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le,  y,   z,   of  any   point   on   the    line    OQ,);    and   then   the    condition    for  the 
pair  of  tractors  may  be  written 

^jdj  +  JJjda  +  jJ^tti  +  P((t|i  =  0, 
Pb&»  +Ps&3  +i>i&4  +pJ>s  =  0, 
piC^  -k-PiCa  +  PiCs  +^)Cj  =  0, 

p.Mp.f.+pJ.^pJ.^Fu 
P^ff-^  +pig^  +p>9*  +p,9>  =  G„ 
P'lK  ^-pjis  +  pjhi  +PiK  =  Hi, 
where  Pj,  pa...  are  arbitrary  coefficients;   and  we  hence  deduce 

but  in  precisely  the  same  way,  if  the  line  OQ.^  have  with  the  lines  1,  3,  4,  5,  a  pair 
of  tractors,  and  if  F^,  G^,  IT^,  be  the  coordinates  of  a  point  on  the  line  OQ.^,  and 
similarly  for  the  lines  OQ,.  0Q„  0Q„  and  the  coordinates  {F^,  G^,  H,\  {F^,  6„  H^) 
{F„  G„  H,),  we  have 

pFa  +  <TG^  +  TH,  =  0, 

pFi-\-a-G,  +  TH,  =  Q, 

pF,  +  ffG,  +  TH,^0, 

and  these  equations  show  that  the  five  lines  Oft,  OQ^,  OQ,,  OQ,,  OQ^,  lie  in  the  plane 


px  +  ay-\ 


=  0; 


so  that  this  plane  is  given  as  the  plane  through  the  lines  OQi,  OQ,,  OQs,  OQ,,  OQ,; 
and  we  have  thus  (given  the  lines  1,  2,  3,  4,  5,  and  the  arbitrary  point  0)  the  con- 
struction of  the  line  (a,  h,  c,  f,  g,  h)  through  0  in  involution  with  the  given  lines. 

50.     The  original  onefold  relation  may  be  replaced  by  the  six  eciuations 
Xa  -I-  \,  a,  +  X^da  +  X3«3  +  \,a,  +  Xjdj  =  0, 
Xfc  +  Xi^i  +X262  +Xst3  4-^64 +  Xs6i  =  0, 

M  +  \Jh  +  ^-^^a  +  'KJh  +  "^^iK  +  "^Jh  =  0, 
and  hence  denoting  as  before  the  moments  by  01,  02,  12,  &c.  we  have 
.       X,01  +  \M  +  X3O3  +  X,04  +  X5O5  =  0, 
MO       .      +X42  +  X3l3  +  \4l4-|->.sl5 
X20  +  X,21       .      +X323-|-X,24+\625  =  0, 
X30  +  Xi3H-X,32       .       +X,34  +  X,35  =  0, 
X40+Xi41+X^42  +  X343       .       +Xi45 
X50+X,51-l-X252  +  X353  +  X.54       . 
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.  01,  02,  03,  04,  05 

10,  .  12,  13,  14,  15 

20,  21,  .  23,  24,  25 

30,  31,  32,      .  34,  35 

40,  41,  42,  43,      .  45 

50,  51,  52,  53,  54,  . 

a  relation  between  the  moments  equivalent  to  the  original  onefold  relation,  and  con- 
sequently expressing  that  the  six  lines  are  in  involution.  I  have  not  obtained  a 
symmetrical  system  of  values  for  the  ratios  \  :  X,  :  X,  :  Xj  :  X^  :  X,, 

51.  Reverting  to  the  relation  which  exists  between  the  point  0  and  the  plane  fl, 
it  is  proper  to  remark  that,  since  to  any  given  point  0  there  corresponds  a  single 
plane  O,  and  to  any  given  plane  II  a  single  point  0,  it  follows  that  the  point  0 
and  plane  il  are  reciprocal  figures  ;  viz.  they  are  reciprocab  of  the  particular  kind 
treated  of  by  Mobius,  wherein  the  reciprocal  of  a  point  is  a  plane  through  the  point, 
and  the  reciprocal  of  a  plane  a  point  in  the  plane ;  and  of  which  the  analytical 
character  is  that  the  reciprocal  of  the  point  (a,  ^,  y,  B)  is  the  plane 

(  .  h^-gy+lS)x 
+  (-  ha  .  +fy  +  mB)  y 
+  (  9^-f^  ■  +wS)2 
-\-{-la  -m^-ny     .      )  w  =  0. 


Article  No.  52.     A  geometrical  property/  of  an  involution  of  six  lines. 

52.  The  figure  of  sis  lines  in  involution  is  connected  in  various  ways  with  the  theory 
of  cubic  curves  in  space,  for  instance,  considering  a  point  A  of  the  curve,  this  determines 
ivith  any  given  line  I  a  plane  meeting  the  curve  in  two  other  points,  and  the  line  X 
which  joins  these  two  points  may  be  called  the  projection  of  the  line  I.  This  being 
so,  if  in  any  osculating  plane  of  the  cubic  we  have  six  lines,  I,  I,,  l^,  l^,  l^,  l^, 
tangents  of  a  conic  in  that  plane,  the  six  projections  X,  X,,  Xj,  Xa,  \,,  X,  of  these 
tangents  will  bo  a  set  of  lines  in  involution.  I  do  not  stop  to  prove  this  tlieorem 
or  to  develope  any  of  its  consequences. 


Article  No.  53.     To  find  tlie  condition  that  four  given  lines  may  have  a  twofold  tractor. 
53.     Taking  the  coordinates  of  the  given  lines  to  be 
(a,  h,  c,f,  g,  h),  (a,,  6,,  c,,/,,  gi,  K\  (mj.  h.„  c.„  f,  g.„  h^),  (a^,  h,  c^,  f,  y^,  h) 
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,  0,  F,  G,  H)  be  the  coordinates  of  a  tractor  of  these  lines,  we  have 
(F.  G,  H,  A.  B,  G\a,b,  c,f,  g  ,  h)^0, 
(F,  G,  H,  A,  B,  G^a,,  &„  c„  f„  g,,  h,)^0, 
(F,  G,  H,  A,  B,  G\a^,  b„  c„ /„  g„  A,)  =  0, 
(F,  G,  H,  A,  B,  C^a,.  b„  a„ /„  g„  k,)  =  0. 

In  virtue  of  these  relations  the  ratios  A  ;  B  :  G  :  F  :  G  :  H  are  given  linear 
functions  of  any  one  of  these  ratios  or  of  an  arbitrary  ratio  u  :  v;  and  we  then  have 
AF  +  BQ+CH=0,  a  quadric  equation  for  determining  the  unknown  ratio.  In  the 
case  of  a  twofold  tractor,  this  equation  must  have  equal  roots;  whence  employing  as 
usual  the  method  of  iudeterminate  multipliers,  we  find 

A+Xa  +  X,e[i  +  XjHj  +  Xjo^ 

B  +  \h  +  \A  +  Wi,  +  \,h,  =  0, 

G  +Xc  +  X,c,  +  X^c,  +  V.1  =0 

F  +  -Kf  +  \J,  +  X,/,  +  XJ,  =  0, 

G+Xg  +X,g,  +  X,g^  +  X,g^ 

Ji+Xh  +\A+  'XJh  +  X^h  =  0- 


Hence   representing   . 
we  deduce 


before   the   moments   of  the   pairs    of   lities   by   01,   02, 

.  X,01  +  X,02  +  XjOS  =  0, 
X10+  .  +X,12  +  X3l3  =  0, 
X20  +  X,21       .       +  Xj23  =  0, 


X30  +  Xi31  4 
mentioned,  we  have 

.       01, 
10,       . 


X232 


=  0, 


as  the  condition  that  the  fot 


30,     31,     32,      .     I 
:  given  lines  may  have  a  twofold  tractor. 


Article  NoH.  !)4-  to  56.    Hyperboloid  passing  through  three  given  lines. 

54     The    direct   investigation    is    somewhat    tedious;    but   I   write    down,   and    will 
afterwards  verify,  the  equation  of  the  hyperboloid  passing  through  the  three  given  lines 
{au  6„  c„/„  g,;h,),  (a„  6„  c„ /„  g,.  K),  (a,,  h,  c„ /„  g,,  A,). 
Writing  for  shortness  {agh),  &c.  to  denote  the  determinants 


g>,   'h 


&c. 
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the  equation  of  the  hyperboloid  is 

{agh)^-'^{bhf)f    +    (c/</)i^4-(a6c)  w^ 
+  [{abg)     -{cah)]a^  +  W9)     +W)]y^ 
+  [(6cA)     -{cihf)]yw+[{cgh)     +{ofg)-\^^ 
+  [(c«/)      ~{hcg)]zw-Y\{ahf)    +{bgKj\ay^Q. 
In  fact,  we  have 

{agh)  =  di  igJi,  -  gA)  +  <?i  (^ih  -  !h<h)  +  K  {a./j^  -  a^,) 
=  a.  gh   +  g .ha  +k.ag, 

where  a,   &c.   stand   for   a„   &c.   and  gh,   &c.   for   gj^  —  gA,   &c-     Hence    the   foregc 
equation  may  be  written 

aj'  (a.gh+g  .}ui  +  h.  ag) 


\-w''(a 


\-b 


hf  +  h.fb+f.bh) 
6c  +  6  .  ca  +  c  .  ah) 


I) .  ab\ 


bg  +  b  .ga- 
afi—  a.kc  - 
ch  +  c  .  lib  —h.bc 
bf-b.fa-f.ub 
af+a.fc+f. 
cff-c   gb  -</.bo 


)+'v{+\ 


.fy+f.gb+g.bf\ 
hf+k.fc  +f.chl 
fjh  +  ff  .he  +h.cff\ 
fg+f.gn+a.af) 
kf+h.fa+/.eh- 
'jh  +  g  Jth  +  h 


:)=o. 


be  .w(  hy  —  gz-'r  aw) 

+  ca.iv(—hx  +fz  +  b'w) 

+  ab.w(    gx  -fy  +  m) 

+  gh  .  a;  (aa:  +  by  +  eg) 
+  kf.y  (ax-hby  +  cz) 
+  fg  .2  {ax  +  Jy  +  oz) 
+  a/  [w  {ax  +  by  +  cz)-x{ 
+  bg  [w  {ax  +  by  +  cz)  —  y  (~  hx 
+  ch  [w  {ax  +  by  +  cs)  —  e  {    gx- 
-kf-y{         hy-gz  +  aw) 


hy~gz  +  aw)] 
+fz  +  bw)] 

■fy        +cw)] 


z  {  hy  —  gz-'r  aw) 
z  {-hx  +fz  +  bw) 
X  {—hx      +fz  +  bvj) 

^  {g^  -fy  +  CI" ) 
y  (ye-fy       +cw)  = 
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(X,  ¥,  Z,  W)  = 

.    ,         h,     -  r/,     a, 

-K       .    ,        f,     h, 

g,    -t.      .,    e. 

{X,    y:    2,    W), 

the  foregoing  equation  is 

bc.wX  +ca.wY  +  ah.'wZ  -gh.xW-hf.yW  -fg.zW 

-afiwW  +  xX)       -hjiwW  +  yY)       -ch{wW  +  zZ) 

-  If.  yX  -cg.zY  -ah.xZ  -  ef.  zX  -ag.xY  -hh.yZ  = 

or,  collecting  and  arranging,  this  is 

Z|— /.^-i/^y-c/.^  +  fc.a,) 

+  Y  [-ag.x-hg.y-cg.z  +  ca.w] 

+  2  [-ah.x-bh.y-ch.z  +  oh.w] 

^W{-sh.a:- 

'/■»-/»•«+(«/■  + Sy  ■+*■)  "l  -  0, 

which  is  satisfied  by  X  =  0,  Y=0,  Z=-0.  W=0;  that  is,  since  («,  b,  c,  f,  g,  h)  have 
been  written  in  place  of  K,  6„  c„ /,  g,,  M,  by  X,  =  0,  Y,  =  Ct,  Z,^0,  W,  =  0  (if  we 
thus  denote  the  corresponding  functions  of  (rti,  6,,  Ci,  /,,  ^fi,  /h)),  that  is,  the  hyperboloid 
passes  through  the  line  (a^,  h,  Ci, /i,  </i,  ^i);  and  similarly  it  passes  through  the  other 
two  liues. 

Article  Nos.  57  and  58.     The  dec  coordinates  defined  as  to  tJieir  absolute  magnitudes. 

57.  In  all  that  precedes,  the  absolute  magnitudes  of  the  coordinates  have  been 
left  indeterminate,  only  the  ratios  being  attended  to.  But  the  magnitudes  of  the  six 
coordinates  may  be  fixed  in  a  very  simple  manner  as  follows ;  viz.  using  ordinary 
rectangular  coordinates,  then  for  any  hne,  if  Xt,,  j/o,  z,  ^^  the  coordinates  of  a  particular 
point  on  this  line,  and  a,  B,  y  the  inclinations  of  the  line  to  the  axes,  the  coordinates 
of  another  point  on  the  hne  are 


and  hence  writing 

x^  +  r 

cos  a,  y„  +  r  cos  0,  z^  +  r  cos  y ; 
cos  a,  y„  +  rcosA  s^  +  rcosy,  1, 

we  have 

,y«             .^0             ,1, 

a  lb  -.c-.f-.g  :  h  =  s:i,cos0-y„cos 

7  :  3^0  cos  7 -2,  cos  a  :  i/,  cos /3  -  a^„  cos  a  ; 

Or  we  may  take 

s,  cos^-y„cos7,      /=cosa, 

b  = 

a;,cos7-3„cos«,       g  =  cos0. 

c  = 

y.cosa-x^casff.      A  =  cos7, 
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values  which  of  course  satisfy,  as  they  should  do,  the  relation  af+  bg  +  ch  —  0.  It  is 
hardly  necessary  to  remark,  that  the  values  of  a,  b,  c  are  not  altered  on  substituting 
for  iCj,  ^d,  ?„  the  coordinates  Xt,  +  scoBa,  i/o  +  scos/9,  z^  +  scosy  of  any  other  point  on 
the  line. 

58.  Considering  any  two  lines  (a,  b,  c,  f,  g,  h),  (a,,  i,,  Ci, /,_,  g,,  hi),  if  we  define 
the  moment  of  the  two  lines  to  be  the  product  of  the  perpendicular  distance  into  the 
sine  of  the  inclination  of  the  two  lines,  then  we  have.  Moment 

=  ff/i  +  ^ffi  +  cAi  +/a,  +  gb,  +  liCi, 
viz.   we   ha\e  now   a  quantitative  definition  of  the  function  of  the  coordinates  previously 
called  the  moment  of  the  two  lines. 

For  the  demoubtratiun  of  this  formula  it  is  to  be  remarked,  that  taking  on  the 
first  line  a  segment  of  the  length  r,  the  coordinates  of  its  extremities  being  {x^,  y,,  z^) 
and  {a:o  +  »'cosa,  j'„  +  rcos/3,  Za  +  raosy), 

and  on  the  second  line  a  segment  of  the  length  n  the  coordinates  of  its  extremities 
being  (a:/,  y„',  V)  and  (ar„'  +  riCosai,  y„'  +  r,cos(3i,  a-a'  +  rjCOSv,)  and  joining  the  extremities 
of  these  segments  so  as  to  form  a  tetrahedron,  the  volume  of  the  tetrahedron  is 

= ^'■n  («/i + hi  +  t^^i  +/«! + 9^1 + ^Ci). 
But   the   volume   of  the   tetrahedron   is  also  equal   to  ^   of  the  product  of  the   opposite 
edges   into   their    perpendicular   distance    into    the    sine   of    the   inclination    of    the    two 
edges  (') ;    that   is,   it   is   =  ^jt^   into   the   moment   of  the   two   lines,  and  we   have   thus 
the  formula  in  question. 


Article  Nos.  59  to  75.     Statical  and  Kinematical  Applications. 

The  coordinates  {a,  b,  c,  /,  g,  h),  as  last  defined,  are  peculiarly  convenient  in 
kinematical  and  mechanical  questions,  as  will  appear  from  the  following  investigations. 

59.  Using  the  term  rotation  to  denote  an  infinitesimal  rotation,  I  say  first  that 
a  rotation  X  round  the  line  (a,  6,  c,  /,  g,  h)  produces  in  the  point  (x,  y,  z)  rigidly 
connected  with  this  line  the  displacements 

Sic  =  X  (  .  —  hi/  +  gz  —  a), 
Si/  =  \  (  hx  .  —fz  —b), 
Bz=\{~ gx ^fy      .    -c). 

I   t  fe     tl        PI     t      tj    f  m    t  mpl     d  m      t    t  f  tb     f  nn  1       t  k        tl       pp     te 

dg      t     be  th  1  =S        d  p    p     d      1       d   t     ce    ^ft     th     se  t  f  th     t  t    h  di       b 

ll         pUlttht         d  ttidtacea        k        Emtit         dg  ptly  parUlgm 

th       d        f     1    h  *'       ^       d  peot     ly   and  th  It  -6     ih  f  th  t 


th      f        T-       e      [h      )       A  th        lam       t   th     t  t  ahedr 

m      efnilt        h  w  bt       -d     t  II  m  mply  b    drawi  g 

d    ulat  t      th       th       edi,       th         1  tl  q     I  t     tl 

t  t    h  \ta,    t     din^  mm       t  1  L  d  th        i 

C.  \1I. 


ej    {} 
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In  fact  assuming  for  a  moment  that  the  axis  of  rotation  passes  through  the  origin, 
then  for  the  point  P  coordinates  x,  y,  z,  the  square  of  the  perpendicular  distance  from 
the  axis  is 

(     ,  —y  cos  7  +  2  cos  ^'f 

+  (     X  cos  7      .  —  3  cos  a  )^ 

+  (—  ic  cos  ^  ■\-y  cos  a     .  )% 

and  the  expressions  which  enter  into  this  formula  denote  as  follows;  via.  if  through 
the  point  P  at  right  angles  to  the  plane  through  P  and  the  axis  of  rotation  we 
draw  a  line  PQ,  =  perpendicular  distance  of  P  from  the  axis  of  rotation,  then  the 
coordinates  of  Q  referred  to  P  as  origia  are 

—  y  cos  7  +  2  cos  ^, 
X  cos  7      .  —z  cos  d , 

-iccos^  +  ?/cosa     . 

respectively.  Hence  the  foregoing  quantities  each  multiplied  by  \  are  the  displacements 
of  the  point  P  in  the  directions  of  the  axes,  produced  by  the  rotation  \. 

60.  Suppose  that  the  axis  of  rotation  (instead  of  passing  through  the  origin)  pass 
through  the  point  (x^,  y„,  z^;  the  only  difference  is  that  we  must  in  the  formula 
write  {x~x„,  y  —  yn,  z~z„)  in  place  of  {x,  y,  z):  and  attending  to  the  significations  of 
the  six  coordinates,  it  thus  appears  that  the  displacements  produced  by  the  rotation 
are  equal  to  \  into  the  expressions 

■     -h.y\gz-o., 
hx     .     —fz  —  b, 
-gx+/y      .    -c, 
respectively;   which  is  the  theorem  in  question. 

61.  I  say  secondly  that  considering  in  a  solid  body  the  point  (x,  y,  z)  situate  in 
the  line  (a,  b,  c,  f,  g,  h),  and  writing 

a,  h,  c,  f,  g,  h  —  zcos^  —  ycosy,  x coi  y  —  z  cos  a,  yco&a  —  xcos^,  cos  a,  cos /3,  cos  7, 

then  for  any  infinitesimal  motion  of  the  solid  body  the  displacement  of  the  point  in 
the  direction  of  the  line  is 

=  ap  +  bq  +  cr  +fl  +  gm  +  hn, 

where  p,  q,  r,  I,  m,  n  are  constants  depending  on  the  infinitesimal  motion. 

In  fact  for  any  infinitesimal  motion  of  a  solid  body  the  displacements  of  the  point 
{x,  y,  z)  are 

hx  —  l       .     +ry  —  qz, 

By  =  m~rx     .     +  pz, 

Sz  =n  +  qx-py     .    , 
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and  hence  the  displacetneat  in  the  direction  of  the  line  is 

=  cos  aBx  +  cos  |S  Sy  +  cos  y  Sz, 
which  attending  to  the  significations  of  (a,  h,  c,  /,  g,  h)  is 
~ap  +  bq  +  cr  +/1  +  gm  +  kn, 
and  we  have  thus  the  theorem  in  question. 

62.     It  thus  appears  that  for  a  system  of  rotations 

\  about  the  line  (a,,  b^,  c,,  fi,  3,,  hi), 

&c.  „  &c. 

the  displacements  of  the  point  (te,  y,  z)  rigidly  connected  with  the  several  lines  are 
&a>=       .         —  yXhK  +  zl,g\  —  XaX, 
By  =     xXhX      .        -  zlfK  -  XbS, 
Ss  =  -  xtgX  +  ytfX      .         -Xc\, 

and  when  the  rotations  are  in  equilibrium  then  the  displacements  (Sjt,  ^y,  Bz)  of  any 
point  (ic,  y,  z)  whatever  must  each  of  them  vanish ;   that  is,  we  must  have 

which  are  therefore  the  conditions  for  the  equilibrium  of  the  system  of  rotations 
Xi,  X5,  &c. 

6.S.     And  it  further  appears  that  for  a  system  of  forces  acting  on  a  rigid  body, 

X,  along  the  line  ((ti,  bj,  c,,  /,,  g^,  hj), 

\  «  {C-'i,   h,  Cs,  fi^  gi,   h,), 

&c 

the  conditions  of  equilibrium  as  given  by  the  Principle  of  Virtual   Velocities  is 

IX  (ap  +  bq  -i-cr  +fl  +  gm  +  hn)  =  0, 

or  what  is  the  same  thing,  that  we  have 

2:Xa  =  0,     2X6  =  0,     SXc  =  0,     SX/^O,     SX(;  =  0,     2X^  =  0, 

for  the  conditions  of  equilibrium  of  the  system  of  forces  X,,  X^,  &c.  The  conditions 
of  equilibrium  are  thiis  precisely  the  same  in  the  case  of  a  system  of  rotations 
(infinitesimal  rotations)  and  in  that  of  a  system  of  forces. 

64.  It  now  appears  that  the  greater  portion  of  the  investigations  in  the  first 
part  of  the  present  paper  are  applicable,  and  may  be  considered  as  relating,  to  the 
equilibrium  of  forced  (or  of  rotations;  but  as  the  two  theories  are  identical,  it  is 
sufficient  to   attend   to   one   of  them),  and   that   we  have   in   effect   solved   the  following 

12—2 
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question,  "  Given  any  system  of  two,  three,  four,  five  or  six  lines  considered  as  belonging 
to  a  solid  body,  to  determine  the  relations  between  these  lines  in  order  that  there 
may  exist  along  them  forces  which  are  in  equilibrium;"  but  for  greater  clearness  I 
will  consider  the  several  cases  in  order;  it  is  hardly  necessary  to  remark  that  when 
the  forces  exist  the  equilibrium  will  depend  on  the  ratios  only,  and  that  the  absolute 
magnitude  of  any  one  of  the  forces  may  be  assumed  at  pleasure. 

65.  The  condition  in  the  case  of  two  lines  is  of  course  that  these  shall  coincide 
together,  or  form  one  and  the  same  line ;  and  the  forces  are  then  equal  and  opposite 
forces. 

66.  In  the  case  of  three  lines,  these  must  meet  in  a  point  and  lie  in  a  plane ; 
and  the  force  along  each  line  must  then  be  as  the  sine  of  the  angle  between  the 
other  two  lines. 

67.  Supposing  that  the  forces  are  X.  along  the  line  (a,  h,  c,  f,  g,  h),  X,  along  the 
line   (Oi,  &i,  Ci, /i,  g^,  hi),  and  Xj   along   the   line   (0^,  h^,  Cj./a,  ^3,  A^),  the   conditions  of 

equilibrium   are  X^  +  X,ai  +  X2aa  =  0, XA  +  X,Ai+ XjAa^O,  any  two  of  which  determine 

the  ratios  \  :  Xi  :  X^;  these  ratios  were  not  worked  out  ante  No.  38  for  the  reason 
that  with  the  coordinates  there  made  use  of,  a  symmetrical  solution  was  not  obtainable ; 
but  in  the  present  case,  selecting  the  last  three  equations,  these  arc 

X  cos  a  +  Xi  cos  oil  +  \  cos  a^  =  0, 
X  cos  ^  +  X,  cos  0,  +  Xi  cos  01  =  0, 
X  cos  -y  +  Xi  COS  7i  +  Xj  cos  72  =  0, 

giving  in  the  first  instance  an  equation  which  expresses  that  the  three  lines  (assumed 
to  meet  in  a  point)  lie  in  the  same  plane :  and  then  if  01,  02,  12  bo  the  angles 
between  the  pairs  of  lines  respectively,  giving  by  an  easy  transformation 

X  +X,  cos  01  +  Xj  cos  02  =  0, 

X  cos  10  +  Xi  +  Xs  cos  12  =  0, 

X  cos  20  +  Xi  cos  21  +  X,  =0. 


68.     Putting    for    shortness 
thence  find 


A,   B.   C  in   the    place   of    12,   20,   01   respectively, 


sC 
sB 

1  —  cos^  A  —■  cos"  I 


cos  A     , 
-cos^C+2c. 


^0, 


1 A  cos  J5  cos  C  =  0, 


equivalent  to  A  +  B  +  C  =27r;  and  then  from  the  first  and  second  equations 

X  :  X,  ;  Xs  =  cos  A  cos  C  —  cos  B  :  cos  BcosO  ~  cos  j1   :  1  —  cos'  0, 

=  sin  A  sin  (7  :  siiij5sinf7  :  sin' (7, 

=  sin  ^  :  sin  B  :  sin  0, 

which  is  the  required  formula. 
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69.  In  the  case  of  four  given  lines  the  condition  (as  noticed  by  Mobius)  is  that 
the  four  lines  shali  be  generating  lines  of  the  same  hyperboloid.  In  fact  every  line 
which  meets  three  of  the  four  lines  must  also  meet  the  fourth  line ;  for  otherwise 
the  moment  of  the  system  about  such  line  would  not  be  =  0.  Calling  the  lines 
0,  1,  2,  3  and  writing  as  before  01,  02,  &c.  for  the  moments  of  the  several  pairs  of 
lines,  then  taking  the  moments  of  the  system  about  the  four  lines  respectively,  we 
obtain  directly  the  before -mentioned  system  of  equations 

X,01+X502+X,03  =  0, 

UO  .  +Xsl2  +  X3l3  =  0, 
X20-l->.,21  .  +Xj23  =  0, 
X30  +  \,31+X,41      .       =0, 

leading  as  before  to  the  relation 

Voi'  V23  +  V02  "/31  +  VOS  Vl2  =  0, 
and  to  the  values 

X  :  Xi  :  X^  :  ?^  =  Vl2  ^23  V31  :  "/23  VSO  VOS  :  V30  Vol  VlS  :  Voi  VTS  \'20 

for  the  proportional  magnitudes  of  the  forces.     These  last  equations  give 

XX,  01  =  XsXj  23, 

which,  representing  each  force  by  a  segment  on  the  line  along  which  the  force  acts, 
denotes  that  the  tetrahedron  of  any  two  of  the  forces  is  equal  to  the  tetrahedron  of 
the  other  two  forces ;  this  is  in  fact  equivalent  to  the  theorem  of  M.  Chasles,  that 
if  a  system  of  forces  be  in  any  manner  whatever  reduced  to  two  forces,  the  tetra- 
hedron formed  by  these  two  forces  has  a  constant  volume. 

70.  In  the  case  of  five  given  lines,  the  lines  must  have  a  pair  of  tractors.  Any 
four  of  the  lines  have  in  fact  two  tractors;  and  each  of  these  tractors  must  meet 
the  fifth  line,  for  otherwise  the  moment  of  the  system  about  the  tractor  would  not 
be  =  0.  In  the  case  where  the  four  lines  have  a  twofold  tractor,  the  foregoing  con- 
sideration shows  only  that  the  fifth  line  meets  the  twofold  tractor,  but  it  fails  to 
show  that  the  twofold  tractor  is  a  twofold  tractor  in  regard  to  the  fifth  line. 

71.  I  stop  to  consider  this  particular  case  under  the  present  statical  point  of 
view.  Taking  the  twofold  tractor  for  the  axis  of  z;  let  the  line  0  meet  this  line  in 
the  point  (0,  0,  c),  the  coordinates  {a,  b,  c,  f,  g,  k)  of  this  line  being  consequently 

(c  cos  /3,     —  0  cos  a,     0,     cos  a,     cos  ^,     cos  7) 

and  the  like  for  the  other  four  lines  1,  2,  3,  4.  Using  the  sign  S  to  refer  to  the 
iast-mentioned  four  lines  the  equations  of  equilibrium  become 

Xc  cos  ^  -1-  Sx,c,  cos  /3,  =  0, 
Xc  cos  a  +  SXiCi  cos  a,  =  0, 
X  cos  a  -I-  SXi  cos  a,  —  0, 
X  cos  j9  -I-  SXi  cos  /3i  =  0, 
X  cos  7  +  2Xi     cos  7i  =  0. 
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Tliese  equations  give 

SX.c,CMft_ccosff, 
SXjCosai         cos  a  ' 
we   may  without   loss  of  generality  take   the  homographic  conditions   which   express  that 
the  axis  of  «  ia  a  twofold  tractor  of  the  four  lines  to  be 

Ci  cos  ;9i  __  Cj  cos  /9a       C,  COS  ^a  _  C*  COS  0^  _  , 

COS  a,         COS  Oj         COS  Oj         cos  a,  ' 

and  this  being  so,  the  last-mentioned  equation  becomes 

COS  a  ' 

and  it  thus  appears  that  the  axis  of  z  is  a  twofold  tractor  in  regard  also  to  the  line  0. 

72.  lo  the  case  of  six  lines  sueh  that  there  exist  along  them  forces  which  are  In 
equilibrium,  taking  this  as  a  definition  of  the  involution  of  six  lines,  we  may  very 
readily  obtain  from  statical  considerations  the  before- mentioned  construction  of  the  sixth 
line;  viz.  it  may  be  shown  that  given  any  five  of  the  lines,  say  the  linea  1,  2,  3,  4,  -i 
and  a  point  0,  we  can  through  the  point  0  determine  a  plane  li,  such  that  any 
line  whatever  through  the  point  0  and  in  the  plane  il  is  in  involution  with  the  five 
given  lines.  Consider  the  tractors  of  any  four  of  the  lines,  say  the  lines  2,  3,  4,  5  ; 
we  may  through  the  point  0  draw  a  line  OA  meeting  the  two  tractors ;  that  is,  the 
lines  2,  3,  4,  5  and  the  line  OA  will  have  a  pair  of  common  tractors.  There  con- 
sequently exist  along  these  lines  forces  which  are  in  equilibrium ;  and  since  only  the 
ratios  are  material,  the  absolute  magnitude  of  the  force  along  the  line  OA  may  be 
anything  whatever.  Similarly,  considering  the  tractors  of  the  lines  1,  3,  4,  5,  and  through 
0  a  line  OB  meeting  these  tractors,  then  there  exist  along  the  lines  1,  3,  4,  5  and 
the  line  OB  forces  which  are  in  equilibrium,  and  the  absolute  magnitude  of  the  force 
along  the  line  OB  may  be  anything  whatever.  Hence,  combining  the  two  sets  of 
forces,  we  have,  along  a  line  through  0  in  the  plane  OA,  OB,  but  otherwise  indeter- 
minate in  its  direction,  a  force  in  equilibrium  with  forces  along  the  lines  1,  2,  3,  4,  5  ; 
that  is,  the  line  found  as  above  is  a  line  in  involution  with  the  lines  1,  2,  3,  4,  5. 

73.  It  is  to  be  added,  that  through  0  we  cannot,  out  of  the  plane  OA,  OB,  draw 
a  line  in  involution  with  the  lines  1,  2,  3,  4,  5  ;  for  if  any  such  tine  OK  existed, 
then  we  should  have  along  each  of  the  lines  OA,  OB,  OK  forces  in  equilibrium  with 
forces  along  the  lines  1,  2,  3,  4,  5;  and  the  magnitudes  of  the  three  forces  being 
each  of  them  anything  whatever,  it  would  follow  that  along  any  line  whatever  thi'ough 
the  point  0  there  would  exist  a  force  in  equilibrium  v^ith  forces  along  the  lines 
1,  2,  3,  4,  5  ;  that  is,  any  line  whatever  through  the  point  0  would  be  a  line  in 
involution  with  these  lines. 

74.  It  henee  appears,  that  drawing  OA  to  meet  the  tractors  of  2,  3,  4,  5 ;  OB 
to  meet  those  of  3,  4,  5,  1;  OG  to  meet  those  of  4,  5,  1,  2;  OD  to  meet  those  of 
5,  1,  2,  3;  and  OE  to  meet  those  of  1,  2,  3,  4;  the  lines  OA,  OB,  00,  OD,  OE  wi]l 
be  in  one  plane,  say  the  plane  fl:  and  that  any  line  through  0  in  the  plane  ii  wil] 
be  a  line  in  involution  with  the  lines  1,  2,  3,  4,  5. 
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75.  There  is  another  statical  representation  of  the  involution  of  six  lines.  If  a 
.system  of  forces  act  on  a  solid  body,  then  taking  six  lines  at  random,  the  system 
will  be  in  equilibrium  if  the  sum  of  the  moments  be  =0  in  regard  to  each  of  the 
six  lines.  But  if  the  six  lines  be  in  involution;  then,  for  the  very  reason  that  a 
rotation  about  one  of  these  lines  is  resolvable  into  rotations  about  the  other  five  lines, 
if  the  sum  of  the  moments  be  =0  for  each  of  the  five  lines,  it  will  also  be  =0  for 
the  sixth  line;  that  is,  it  is  not  sufficient  for  the  equilibrium  of  the  forces  that  the 
sum  of  the  moments  shall  be  =  0  for  each  of  the  six  lines.  And  we  thus  see  that 
six  lines  in  involution  are  lines  such  that  the  equilibrium  of  a  system  of  forces  about 
each  of  the  six  lines  as  axes  does  not  insure  the  equilibrium  of  the  system. 


Article  Nos.  76  and  77.     Transformation  of  Coordinates. 

76.  Reverting  to  the  general  definition  of  the  six  coordinates  (a,  b,  c,  f  g,  h)  of 
a  line  by  means  of  the  points  (a,  ^,  7,  5)  and  («',  y3',  7',  S')  on  the  line ;  suppose  that 
instead  of  the  original  coordinate  planes  x=  Q,  i/  =  0,  2  =  0,  w  =  0  (forming  a  tetrahedron 
ABGD)v!e  have  new  coordinate  planes  «o=0,  yo=0,  20=0,  u'o  =  0  (forming  a  tetrahedron 
AoB„GiJ)a) ;  and  that  the  relations  between  the  two  sets  of  current  coordinates  are  given 
by  the  equations 

«.,  pA^.. 

',.    />■$«!.. 


(»„    ft, 

(A.,  ft, 
i\,  ft. 


,y>.) 


with,  of  course,  the   li 
coordinates   (a,,  ^^,  jn, 
new    coordinates    (a^',  y 
taking  (a^,  6,,  C,  /,,  £fo,  h,,) 
writing 


relations  between  the  original   coordinates  (3,  ^,  7,  S)  and  new 

I,   and   between   the   original   coordinates   (a',  ^,  7',  S')   and   the 

7o',  So'),  of  the  two    points    on    the    line   (a,  6,  c,  /  g,  h) ;    then 

the   new   values   of  the   six   coordinates   of  the   line,   viz. 


:  h  :  c,  :         f  :  g, 

e  obtain  a  system  of  formulae   which  may  be  conveniently  written  i 
a  :  h  •  c  :  f  :  g  :  k 


K 
7(,S/— 7„'So, 

follows : 


31 


4.+ 


X/i  \p 


23    ' 


"23' 


/.+ 


_vp 


ZK 


viz.  the   top   line   stands   for  dj-^iVs—  jj.^v.^aa-'riviX,—  vs'X^ha 
obtained  from  this  by  mere  alterations  of  the  suffixes. 


^23 


h  &c.,  and  the  other  lines  i 
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77.     As  to  the  interpretation  of  these  formulae,  taking 

A  B  CD  as  the  fundamental  tetrahedron  for  {x  ,  y  ,  z  ,  w), 

then 

(Xi,  /ii,  Vi,  pij^o,  y«,  2o,Wo)=0   is  the  equation  of  plane  BGI), 

(X,,  ^,  v^,  Pall  „  )=0  „  CD  A, 

(X„  ^,  v„  p,5  „  )=0  „  DAB, 

<X.,  /ti,  f.,  p,5;  „  )  =  0  „  ABO, 

whence,  observing  that  the  second  and  third  equations  belong  to  two  planes  each 
passing  through  the  line  DA,  it  appears  that  the  coefficients 

fLv      vK      Xfi      X/j      fip      vp 

23 '    23  '    23  '    23  '    23  '    23  ' 

aa-e  the  six  coordinates  of  the  line  DA,  expressed  in  regard  to  the  tetrahedron 
(A^B^GaD^;  and  similarly  that  the  coefficients  in  the  six  expressions  of  the  trans- 
formation formula  are  the  six  coordinates  of  the  lines  AD,  BD,  CD,  BG,  CA,  AH 
respectively  in  regard  to  the  tetrahedron  {A^B„C„D^. 

In  the  preceding  formulae  for  the  transformation  of  coordinates  the  i-atios  only  have 
been  attended  to,  no  determinate  absolute  magnitudes  have  been  assigned  to  the 
coordinates  (a,  b,  c,  /,  g,  h).  But  I  will  nevertheless  show  how  we  may  attribute 
absolute  magnitudes  to  these  coordinates. 

Article  Nos.   78   to   80.     New   definition   of  the  six  coordinates   as   to   their   absolute 


78,  I  assume  (x,  y,  z,  w)  to  be  "volume"  coordinates;  viz.  taking  as  before  ABGD 
for  the  fundamental  tetrahedron,  and  denoting  the  point  (x,  y,  z,  w)  by  P,  I  assume 
that  we  have 

X  -.y  :  z  :  vj  :  l^PBGD  :  APOD  :  ABPD  :  ABGP  :  ABGD, 
where    PBGD,  &c,    denote    the    volumes    of  the    several    tcfcrahcdra   PBGD,  &c.     It    is    to 
be   noticed  that  the  volume  is  in   every  case  taken  with  a  determinate  sign :   analytically 
the   sign   may  be   fixed   by  taking  (xa,  ya,  ^a).  ^^-i  ^   the    Cartesian   coordinates   of  the 
points  A,  &c.  and  writing 

PBGD  =  I  Xp,     «j,    ic„    iCd  ! ,  &C. 

I  yj..   Vb,   Vc.   ya  \ 


(whence  of  course  PBGD  =  PGDA  =  —  FGBD,  &c.  according  to  the  rule  of  signs) :  or 
we  may  in  an  equivalent  manner,  but  loss  easily,  determine  the  sign,  by  considering 
the  sense  of  the  rotation  about  GD  (considered  as  an  axis  drawn  from  G  to  D)  which 
would  he  produced  by  a  force  along  PB  (from  P  to  B). 
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is  give  identically  x  +  i/  +  z  +  'w  =  l, 
w  +  3  +  m;  =  0.     The   values  of   the 


435] 

79.  It  is  to  be  observed  that  the  foregoing  val 
so  that  the  equation  of  the  plane  infinity  is  x  - 
coordinates  (x,  y,  z,  w)  may  be  written 

X  :  y  :  z  :  w  :  1  =  PBOD  :  PCAD  :  PABD  :  PCBA   :  ABGD; 
or  in  the  original  form 

X  :  y  :  z  :  w  :  1  ^  FBCD  :  APCD  :  ABPD  :  ABOP  :  ABCD, 
as  may  be  most  convenient. 

Denoting   the   points   (a,  ^,  7,  S)   and   (a',  ^',  7',  8')   by   Q,   Q'   respectively,  we 

a    :  ^    :  y    :  S    :  1  =  QBOD    :  AQCD    :  ABQD  ;  ABGQ    :  ABCD 

a'  :  ^  :  7'  :  S'  :  1  =  Q'BCD  :  AQ'CD  :  ABQ'D  :  ABG(^  :  ABCD, 
and  writing 

(a,  b,  c.f,  g,  h)^(^y'-ffy,  7a'-7'a,  Oi0'-a'0,  aS' -  a'g,  /33'-/3'S,  7S' -  7'S), 
viz.   the   two   sets   being   taken    to   be   equal,   11=  Qy  —  ^'y,   &e.   instead   of    merely   pro- 
portional, then  it  is  easily  seen  that  we  obtain 

a         :  b       :         c        :       /        :         g        :        h         :        1 

=  AQQ'D  :  Q'BQD  :  QQVD  :  QBGQ'  :  AQGQ'  :  ABQQ'  :  ABCD. 
that  is,  in  order  to  form  the  first  six  combinations  we  successively  replace 

(B,  <J),  (G,  A),  {A,  B),  (A,  D),  {B,  D),  {G,  D) 
in  ABCD  by  {Q,  q). 


have 
and 


Article  No.  81.     Resulting  formula)  of  Transformation. 
For  the  transformation  of  coordinates  if  we  i 

y  =(X2,  /i3,  1/3,  pa5 

W  =  (\,    ft,    1-4,    ft5 


and  take  also  (a,  b,  c,  f,  g,  h),  (((„,  bo,  (k,  fn,  ?o>  If^)  respectively  equal,  instead  of  merely 
proportional,  to  the  foregoing  values,  then,  observing  that  for  the  point  A^  we  have 
{x„,  y„,  2o)  w„)  =  (l,  0,  0,  0)  we  see  that  V,  Xi,  X,,  X,  are  the  .fiSCD- coordinates  of 
At,;   and  the  like  as  to  the  other  sets  of  coefficients;   viz,  we  have 


;  ft  :  ft  :  /i, 


A,BOD 

AA.CD 

ABA.D 

ABGA, 

B,    „ 

„  B.  .. 

„  B... 

,.     B, 

C.    „ 

.,  c,  „ 

„  c,„ 

„    c, 

D,   , 

„  A  „ 

,.    I>... 

„     D, 

ABCD 
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23 


\p 


lip 


vp 


ABCD 


23        "         23       "        23        "        23        "       23  23 

=  AB„G^D  :  AC,A„D  :  AA^B^D  :  AA,D,D  :  AB^D^B  :  AC„D^D  :  ABGD 
viz.    multiplying    the    last-mentioned    set    of   terms    by    A„BoOJ}o-i-ABOB,   in    order    to 
make   the   last   term   equal   to   unity,  we  sec   that  the  coefficients   ^    ,    „     &c.  are  equal 

to  j^jTrrj"  ifito  the  six  (.4S6*i))„  — coordinates  respectively  of  the  iine  AD  by  means 
of  the  points  A,  D  thereof.  And  similarly  in  the  six  expressions  which  enter  into  the 
formula  of  transformation,  the  coefficients  a 
of  the 

line  AD  in  regard  to  points  A,  D  thereof 

BD  „  B,  D       „ 

CD  „  C,  D       „ 

BG  „  B,  G       „ 

GA  „  G,  A       „ 

AB  „  A,  B      „ 

The  foregoing  theory  of  the  transformation  of  coordinates  seemed  to  me  interesting 
for  its  own  sake,  and  I  have  developed  it  in  preference  to  the  more  simple  theory 
which  might  easily  be  established  of  the  case  in  which  the  coordinates  are  quantitatively 
defined  as  being  equal  to 


?ctively. 


-  IJb  cos  7,   Xa  cos  7  —  S„  Ci 


IS  a,  cos  a,  cos  ft  cos  7) 
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ON    A    CERTAIN    SEXTIC    TORSE. 


[From  the  Tramactimis  of  the  Cambridge  Philosophical  Society,  vol.  xi.  Part  III.  (1871), 
pp.  507—523.     Read  Nov.  8,  1869.] 

The  torse  (developable  surface)  intended  to  be  considered  is  that  which  has  for  its 
edge  of  regression  an  excubo-quartic  curve,  or  say  a  wiicursal  quartic  curve,  I  call 
to  mind  that  (excluding  the  plane  quartic)  a  quartic  curve  is  either  a  quadriquadric, 
viz.  it  is  the  complete  intersection  of  two  quadric  surfaces ;  or  else  it  is  an  excubo- 
quartic,  viz.  there  is  through  the  curve  only  one  quadric  surface,  and  the  curve  is  the 
partial  intersection  of  this  quadric  surface  with  a  cubic  surface  through  two  generating 
lines  (of  the  same  kind)  of  the  quadric  surface.  Returning  to  the  quadriquadric  curve, 
this  may  be  general,  nodal,  or  cuspidal ;  viz.  if  the  two  quadric  surfaces  have  an 
ordinary  contact,  the  curve  of  intersection  is  a  nodal  quadriquadric ;  if  they  have  a 
stationary  contact,  the  curve  is  a  cuspidal  quadriquadric 

The  unicursal  quartic  is  a  curve  such  that  the  cooi'dinates  ix,  y,  z,  w)  of  any  point 
thereof  are  proportional  to  rational  and  integral  quartic  functions  (*$^,  1)*  of  a 
variable  parameter  8 ;  and  the  general  unicursal  quartic  is  in  fact  the  excubo-quartic ; 
but  included  as  particular  cases  of  the  unicursal  curve  (although  not  as  eases  of  the 
excubo-quartic  as  above  defined)  we  have  the  nodal  quadriquadric  and  the  cuspidal 
quadriquadric  The  torse  having  for  its  edge  of  regression  a  unicursal  curve  is  a  sextic 
torse;  and  this  is  in  fact  the  ordei'  of  the  torse  derived  from  the  excubo-quartic,  and 
from  the  nodal  quadriquadric ;  but  for  the  cuspidal  quadriquadric,  there  is  a  depression 
of  one,  and  the  torse  becomes  a  quintic  torse.  The  equations  have  been  obtained  of 
(1)  the  sextic  torse  derived  from  the  nodal  quadriquadric,  (2)  the  quintic  torse  derived 
from  the  cuspidal  quadriquadric,  (3)  the  sextic  torse  derived  from  a  certain  special 
excubo-quartic ;  but  the  equation  of  the  torse  derived  from  the  general  unicursal  quartic 
has   not    yet   been   found.      To   show   at   the   outset   what   the    analytical    problem    is,   I 

13-2 
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anticipate  the  remark  that  the  coordinates  {x,  y,  z,  w)  of  a  point  on  the  curve  may 
by  an  obvious  reduction  be  rendered  proportional  to  the  fourth  powers  (8  + a.)*,  (O  +  ^y, 
(d+yY,  (0  +  By  in  the  parameter  0;   this  leads  to  an  equation 


(e+ay^{e+^ 


9  +  yy^{d  +  By 


=  0, 


for  the  osculating  plane  at  the  point  (x,  y,  z,  w) ;  or  observing  that  this  equation, 
when  integralised,  is  of  the  fonn  (x,  y,  s,  vi^Q,  1)' =  0,  we  see  that  the  equation  is 
obtained  by  equating  to  zero  the  discriminant  of  a  certain  sextic  function  in  fl;  the 
discriminant  is  of  the  order  10  in  the  coordinates  {x,  y,  z,  w),  but  it  obviously  contains 
the  fector  xyzw,  or  throwing  this  out  we  have  an  equation  of  the  order  6,  so  that 
the  torse  is  (as  above  stated)  a  sextic  torse. 


Theorem  relating  to  Four  Binary  Qmtrtics. 
1.     Consider  the  four  quartics: 

"].  h>  Ci,  dt,  e{^x,  yY, 
(h,  6s,  Cs,  rfs,  e^^x,  yy, 
[<h,  h,  Cs,  rf„  fiB^a;,  yy, 
hi,  Ci,  d,,  6,53:,  yy, 
Four    quantities,   these   may   be   determined,  and   that 


then   if   X,,  X^,  Xg, 
four  different  ways. 


I   are   any 
>  that 


\(a„...<^x,  j/y  +  X^C.. 


■,  l/y  +  K{a„ 


,  yy  +  'Kiai,...fx,  yy  =  {^x  +  ayy. 


a  perfect  fourth  power;  in  fact,  equating  the  coefficients  of  the  different  powers 
of  {x,  yY,  we  have  five  equations,  which  determine  the  ratios  of  the  unknown  quantities 
^1  \i,  \i,  \',   a,  0'-   eliminating  X,,  X^,  X^,  Xj,  we  find  the  equation 


s,     ^a', 

fi"; 

.       c,, 

d,, 

.       0,, 

d„ 

c^. 

d,, 

.     C4, 

d., 

giving  four  different  values  of  the  ratio  a  :  y3;  or,  assigning  at  pleasure  a  value  to 
a  or  /3  (say  /3  =  1),  then  to  each  of  the  four  sets  of  values  of  (a,  0)  there  correspond 
a  determinate  set  of  values  of  (X„  X,,  Xj,  Xj;  that  is,  we  have  as  stated  four  sets  of 
values  of  Xi,  X,,  Xg,  X4;    a,  0. 
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Standard  L'qtutiion  of  the  Unicursal  Quartic. 

2.  The  coordinates  {x,  y,  z,  w)  being  originally  taken  to  be  proportional  to  any 
four  given  quartic  functions  {*\Q,  1)'  of  the  parameter  6,  then  forming  a  linear 
function  of  the  coordinates,  wo  have  four  sets  of  values  of  the  multipliers,  each  reducing 
the  function  of  ^  to  a  perfect  fourth  power;  that  is,  writing  (Z,  Y,  Z,  W)  for  the 
linear  functions  of  the  original  coordinates,  and  taking  {X,  Y,  Z,  W)  as  coordinates,  it 
appears  that  the  unicursai  quartic  may  be  represented  by  the  equations 

X  -.Y  :  z  :  w={0  +  aY  •  ie  +  ^y  :  (0  +  r^y  :  (e+By. 

Tangent  Line,  and  Osculating  Plane  of  the   Unimirsal  Quartic. 

3.  The  equations  of  the  tangent  line  at  the  point  {6)  (that  is,  the  point  the 
coordinates  whereof  are  as  {6 -hay  :  {S+^Y  :  {6  +  iy  :  (B  +  By)  are  at  once  seen  to  be 

Ij         X,  F,  Z.  W 

||  (0  +  ay,  (0  +  0y,   (O  +  yY,   (e  +  By 
\(8  +  ay,  (8  +  0y,   (O  +  jY,   (o^sy 

and  that  of  the  osculating  plane  to  be 

X,  Y,  Z,  W  =0. 

+  ay,    {e+0y,   (e+^y,  (S+sy 

(e  +  ay,      i0+0Y,     (B  +  yY,     ($+BY 
I  (0+ay,    (6+^y,    (B  +  yY,    (ff+Bf 
Wiiting  as  in  the  sequel 

b  =  y-a,    ff=0-B, 
c  =  a-;8,     h  =  y~B, 
the  equations  of  the  tangent  line  become 


hY 


aZ 


gZ  aZ 


hX 

+ 

(9  +  r) 

42 

-0, 

jx    _ 

fY 

oZ 

^{S  +  Sf 

=  0, 

__oZ  hY  cZ 

(«+<.)■   (S  +  w   (e  +  T)-      • 

(equivalent  of  course  to  two  equations),  and  the  equation  of  the  osculating  plane  becomes 

^gX         hbfY_        gfcZ         abcW  _ 
{6  VaiY  "^  lf+  ^y  "•"  (f+  yf  '^  (8  +  BY 
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1  of  the  foregoing  notation,  and  final  form  for  tlie  Umcursal  Quartio. 

4,     If  instead  of  the  coordinates  (X,  Y,  Z,  W)  we  introduce  the  coordinates  {x,  y,  z,  w) 
connected  therewith  hy  the  relations 

ahgX  :  hhfY  :  gfcZ  :  aicW=      x  :        y  :        z  :        w, 

or,  what  is  the  same  thing, 

X  :         Y  :        Z  :         TT  =  hcfx  :  cagy  :  abhz  :  fghvj, 

then  the  curve  is  given  by  the  equations 

X  :  y  :  s  :  w^altgie+ay  :  hhf{e  +  ^f  :  (fff(0  +  jy  :  abc  (0  +  Bf. 

The  equations  of  the  tangent  hne  an; 

_  <^J       ^       ,       ./w      _^n 

(e  +  ^y    (e  +  yf  +  (e  +  s-y   "• 

ex  as  gw     _ 

ha:  ay  hvi      _  ^ 

W+'iy~JWtpf        ■      +(9+s)-~"' 

f" sv  __  _'■«  _  f, 

(»+«>■   \e+'fif   {e+if 

and  the  equation  of  the  osculating  plane  is 


Determination  of  the  Sextic   Torse. 
5.     Starting  from  the  equation  of  the  osculating  plane  written  under  the  form 

x{e^^y(e+'iy{e  +  hy 
+  y{e  +  yr{e+sne-v>xf 
+  z{e  +  hy{e  +  ay{e  +  ^y 
^w{e-^ay{e+^y{6  +  yf=o, 

the  equation  of  the  torse  is  obtained  by  equating  to  zero  the  discriminant  of  the  sextic 
function.     Writing  as  before 

&  =  7-a,    g  =  0-S, 
c  =  a-^,    h  =  y-S, 
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equations  which  give 


h 

-s  +« 

=  0 

-7r, 

+/  *l> 

=  0 

S 

^f 

.      +c 

=  0 

-a 

-b 

-c    . 

=  0 

he 

-gj+aS 

=  0 

-id 

+fy+bS 

=  0 

S' 

-ffi 

.     +eS 

-0 

-act 

-bff 

-C7     . 

=  0 

"J 

+  is 

+  ch  =  0, 

and  also 

then  the  disci-iminaiit  is  a  function  of  {x,  y,  z,  w),  {a,  h,  c,  f,  g,  h)  of  the  degree  10 
in  {x,  y,  e,  iv)  and  the  degree  30  in  (a,  h,  c,  f,  g,  k).  But  the  equation  in  6  has  two 
equal  roots,  or  the  discriminant  vanishes,  if  any  one  of  the  quantities  (x,  y,  s,  w)  is 
=  6 ;  and  again,  if  any  one  of  the  differences  a  —  ^,  &c.  (that  is  any  one  of  the 
qiiantities  a,  b,  c,  /,  g,  k)  is  =  0 :  the  discriminant  thus  contains  the  factors  xyzw  and 
{ahcfghf,  and  throwing  these  out,  we  have  an  equation  of  the  form 

a=(o,  6,  »,/,  J,  4)»(<e.  J,  z,  »)'  =  0, 

which  is  the  equation  of  the  scxtic  torse. 

Principal  Sections  of  the   Torse. 

G.  Consider  for  instance  the  section  by  the  plane  w^O.  Writing  tti  =  0,  the  equation 
of  the  osculating  plane  is 

{e+Sy[x{d  +  ^fie  -i-  yy+  y0  +  'yy{e  +  ar  +  s(0  +  af  {0  +  ^  =  0. 

The  discriminant  of  the  sextic  function  vanishes  identically  in  virtue  of  the  double 
factor  (&  +  Sy.     But  omitting  this  factor,  the  equation  becomes 

x{e  +  0y(e  +  yy+y(e+yyie+ay+z{0+af{o+^y=o. 

The  discriminant  of  this  quartic  function  of  ^  is  a  function  of  a),  y,  z,  a,  b,  c  of 
the  degree  6  in  i.x,  y,  z)  and  12  in  {a,  b,  c);  it  contains  however  the  factors  xyz,  a^bV, 
and  the  remaining  factor  is  of  the  degree  3  in  (x,  y,  z)  and  6  in  (w,  6,  c) ;  this 
remaining  factor  is  as  mil  presently  be  seen 

=  {a^x  +  6^  +  (?zy  ~~  27a?(^c^  myz. 

The  last  mentioned  sextic  equation  in  B  will  have  a  triple  root  0  =  ~B,  if  only 
the  value  0  =  —  8  makes  to  vanish  the  factor  in  [  J,  that  is  if  we  have 

O^g^h^is  +  h?fhj  +fy2. 
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The  foregoing  results  lead  to  the  conclusion  that  for  w=0,  we  have 

but  this  will  appear  more  distinctly  as  follows. 

7.     First,  as   to  the   factor  {a?x  +  I^y  +  tfzf  —  27a^i'c=  xyz :   writing  in  the  equation  of 
the  osculating  plane  w  =  0,  the  equation  becomes 


which  equation  is  therefore  that  of  the  trace  of  the  osculating  plane  on  the  plane 
w  =  0 ;  the  envelope  of  the  trace  in  question  is  a  part  of  the  section  of  the  torse  by 
the  plane  w;  =  0.  To  find  the  equation  of  this  envelope  we  must  eliminate  0  from  the 
foregoing,  and  its  derived  equation 

(«+«)■■ 

the  two  equations  give 

«  :  2/  :  z^a{e  +  ay  :  b{0  +  i3y  :  c  (8 +jy, 
and  thence 

(d'x)^  +  {byf  +  (c^zf  =  a(d+  a)  +  b(e  +  ^)  +  g(0  +  j)^0, 
that  is,  we  have 

or,  what  is  the  same  thing, 

(a^x  +  hhj  +  d^zf  -  27k^6V  ayyz  =  0 

for  a  part  of  the  section  in  question. 

S,     I  have  said  that  the  foregoing  cubic  is  u,  part  oi'  the  section  ;   the  equations 

n-  :  y  :  z  :  w=akg{0  +  ci)*  :  hhf(B  +  &)*  :  c/^{^  +  7)'  i  o.hc(e^-^y, 

which  for  w  =  0  give  6=  —  h,  and  thence  x  :  y  :  z  =  af  :  by''  :  ck^,  show  that  the  last 
mentioned  point  is  a  four-pointic  intersection  of  the  curve  with  the  plane  w  =  0. 
But  the  curve,  having  four  consecutive  points,  will  have  three  consecutive  tangents  in 
the  plane  w  =  0;  that  is,  the  tangent  at  the  point  in  question  will  present  itself  as 
a  threefold  factor  in  the  equation  of  the  torse.  Writing  in  the  equations  of  the  tangent 
v'  =  0,  0  =  —  B,  we  find  for  the  equation  of  the  tangent  in  question 

1:^  +  ^;  +  ^  =  0, 
or,  what  is   the  same  thing, 

g-h-x  +  h-'py+fYz=0. 

Hence   the   section   by  the   plane   w  =  0   is  made  up  of  this  line  taken  three  times, 
and  of  the  last  mentioned  cubic  curve. 
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9.     By  symmetry,   we    conclude    that    the    sections    by    the    principal    planes  fl:  =  0, 

y  =  0,   z  =  0,   w  =  0,   are    each   made   up   of    a    line   taken   three   times,   and    of   a  cubic 
curve :   viz.  these  are 


,t=0. 

h'py  +  'ff'z+h'o'^  ^0,     ■ 

.       (%)'  +  fe'^)* +  (»■»)» 

=  0, 

y-0, 

ayx         .         cY3  +  <fa^=0, 

(te)»       .       +(/•,)<' +  (li^)l' 

-0, 

z  =0, 

a'h'it+b'k'y        .    +a'bHo-0. 

(<f»)'  +  (/^)*       .      +(rt»)» 

-0, 

10  =  0, 

g-lfx  +  h'fs  +  fgH        .      -0, 

(A)' +  (%)'  + ((?«)* 

=  0, 

where  for  shortness  I  have  written  the  equations  of  the  four  cubics  in  their  irrational 
forms  respectively. 

Partial  Determination  of  the  Equation. 

10.  As  the  value  of  A  is  known  when  any  one  of  the  coordinates  x,  y,  z,  w  is 
put  =0,  we  in  fact  know  all  the  terms  of  A,  except  those  which  contain  the  factor 
icyzw,  which  unknown  terms,  as  A  is  of  the  degree  6,  are  of  the  form  («5«,  ^,  z,  wf. 

I  remark  that  if  (wyzw)  is  any  homogeneous  function  (sja;,  y,  z,  wf,  and  [s^z),  (xy), 
{x)  are  what  {myzw)  become  on  putting  therein  (w  =  0),  (s  =  0,  w  =  0),  (j/  =  0,  2  =  0.  w  =  0) 
respectively,  and  the  like  for  the  other  similar  symbols,  then  that 

(wyzw)  =      (a:)  +  (y)  +  {z)  +  (w) 

-  C^)  -  (*^)  -  (a^)  -  iv^)  -  iw)  -  i^) 

+  (xyz)  +  {xyw)  +  {xzw)  +  (^zw) 
+  terms  multiplied  by  xyzw; 

in  fact,  omitting  the  last  line,  this  equation  on  writing  therein  a!  =  0  or  ?/  =  0  orz  =  0 
or  w  =  0,  becomes  an  identity,  that  is,  the  difference  of  the  two  sides  vanishes  when 
any  one  of  these  equations  is  satisfied,  and  such  difference  contains  therefore  the  factor 
xyzw ;  which  proves  the  theorem.  It  hence  appears  that  the  equation  A  =  0  of  the 
torse  is 

A  =      aY^'x^  +  b'hyY  +  c^/Yz!'  +  a'b^c'w' 

-{g^b?x  +h?pyr{a^x  +  }i'yr 

-(hV'H+fy^nb'y   +,^zf 

-(s'h'x  +/yzy  (a'x  +(?zy 

-  (a*a!  +  a^b'^y  {fx  +  &wf 

-  [b^'y  +  a'bhv)'  {py  +  chof 

-  {<^rfz  +  d^^^y  {pz  +  h^wf 

+  iW^y  +  c'/'2  +  ''V^)'  [(%  +  f^  +  oj^)'  -  27ayh'h/zw] 
+  (ayx  +  cYz  +  (?ahaf  [{h'x+pz-v  bhuf  -  27b'k'pzxw] 
+  {a?h^x  +  bHi^y  +  a^b^y  [(g'x  +py  +  d'taf  -  'Itdfyxyvi] 
+  ig'h^x  +  h-py  +pg^zf  \_{a?x  +  h^'y  +  c^z  f  -  ^la^Wix^z  ] 
+  xyzw)  («5.«,  y,  z,  wj, 
where  the  ten  coefficients  of  («J^,  y,  z,  wf  remain  to  be  found. 

a  VII.  14 
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Process  for  the  Determination  of  the  Unknown  Coefficients. 

11.  At  a  point  of  the  cubic  curve  in  the  plane  w  =  0,  we  have 

a^  :  3/  r  z^a{0  +  ay  :  b(d  +  /3y  :  c{e  +  yf; 

and  the  tangent  plane  at  this  point  is  the  osculating  plane  of  the  curve;  that  is,  it 
is  the  plane 

{STay  "•"  ($  +  ^y  "•"  (0  '+yy  ■*"  W+~sf  "  ^ 

if  for  a  moment  (af,  y',  /,  w')  are  the  current  coordinates  of  a  point  in  the  tangent 
plane.     But  the  equation  of  the  tangent  plane  as  deduced  from  the  equation  A  =  0  is 

.  dA       ,  dA       ,  dA        ,  dA  _ 
dx      ''  dy         ~dz  dw 

where  in  the  differential  coefficients  of  A,  the  coordinates  (x,  y,  s,  w)  are  considered 
as  having  the  values 

X  :  y  :  z  :  w  =  a{6  +  a)'  :  h(e  +  fif  :  c{d  +  yy  :  0. 
Hence,  with  these  values  of  (x,  y,  z,  w),  we  have 

dA  _  dA     dA  _  <^A  ^       1        ,        1  \__    .        1^  _. 

dx  "  d^  '  dz  "  dw~(d+ay  ■  (d~+^y  "  (0  +  ryy  "  {e  +  By' 

conditions  which  determine  the  values  of  certain  of  the  coefficients  of  (*^x,  y,  z,  wy, 
viz.  the  six  coefficients  of  the  terms  independent  of  w;  and  when  these  are  known 
the  values  of  the  remaining  four  coefficients  are  at  once  obtained  by  symmetry. 

12.  To  develope  this  process,  disregarding  the  higher  powers  of  w,  we  may  write 

A.  =  f^)  +  Zwf^  +  xi/zw(*'^x,  y.  zy, 

where  ©  denotes  the  terms  independent  of  w,  3w$  the  known  terms  which  contain 
the  factor  w,  and  xyzw  (*^x,  y,  zy  the  unknown  terms  which  contain  this  same 
factor;   the  value  of  {*5«,  y,  zy  being  clearly  ={^*\x,  y,  z,  Oy. 

We  have,  moreover, 

0  =     {(fh?x  +  li'fhj  +fYzy  l(a'x  +  &■(/  +  Czf  -  ^ra^lCc^wyzl 
and 

*=  pQi'y  +  &zy[a?r-{hY-'Jh^^z  +3'3=)(%  +  c^2)  +  6'cM/'=i/  +  tr=^s)'] 
+  f  {a'x  +  c'2  )=  \lff  (AV  -  Vi^f^xz  +f*zf' )  {a^x  +  t^z)  +  d'a?  (h'x  +f^sy] 
+  h'  (afx  +  ¥yy  [c*  (g*x^  -  Ifh^xy  +/y )  ia^x  +  l^y)  +  a?¥  (fx  +f'yy] 

-a'hy(hy  +c''h-)x' 

-¥h*f^(<^k^  ^a?f)f 
-c'^f'<f{a?p  +  W)z: 
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13.     The  equations,  putting  after  tile  differentiations  w  =  0,  and  writing  for  shortness 
(*)  in  place  of  (»5*'  y>  ^>  become 

m   m   m  _\ _i i^_       i 

the  ■  i^j  ■  dz  '■  **'""'*' -{e  +  ^f  ■  (9  +  /3)<  '  (6  +  1)'  ■  (S+lf 
Now,  observing  that  the  second  factor  of  ©  vanishes  for  the  values 

61(9  +  0)',    6(9  +  ffl",    c<9  +  7)'    of  (i,  1/,  «), 
we  have  simply 

-^  =  {g'h'x  +  h'f'-y  +pg'zf .  Za'  [{a'x  +  ¥y  +  c-zf  -  9Wyz\ 
But 

a'x  +  l'y  +  c'z-a'ie  +  af  +  Jf^e  +  fff  +  e'iS  +  l)'. 
-  Safe  (fl +  «)(«  + (3)  (D  +  y). 
in  virtue  of  the  relation    a(^  +  n)  +  fc(fl  +  /S)  +  e(9  +  y)  =  0  and  hence 

[(a'n  +  ify  +  ezf  -  9Jfc'!/z]  =  9iiW  (9  +  ^)"  («  +  7)'  ■[«'(»  +  «)'-  fc  (»  +  ®  («  +  7)1. 
=  9JW(9  +  3)'(«  +  y)'Q, 

e  -  (>•  («  +  a  )■  -  fc  («  + /3)  (9  +  7), 
=  6-(«  +  «--c«(9  +  7)<«  +  «), 

=  (!"  (e+yf-ab(e+c)(e+i3). 


where 


Hence 


and  similarly 


^  =  21a%V  ig-h'x  +  Iffy  +/■<,-.)■  (9  +  /S)-  (9  +  7)'  ft 


whence  the  above-mentioned  conditions  reduce  themselves  to  the  single  condition 
(9  +  S)=  (3*  +  iy«  (.))  -  ild'HV  (j"fc  +  h'fy  +ffi:y  (9  +  «)■  (9  +  /3)'  (»  +  7)'  ft 
14.     But  we  have 

g'h'T.  +  h'f-y+pg'z 

-  S*  o  (9  +  S  +/)■  +  t'/-S  (t+h+gf  +fye  (9  +  8  +  ;.)■, 

=  («  +  S)'  [ferWu  +  /■■/'*  +/'»%)  (9  +  8)  +  3  (j/ia  +  i/b  +/gc)/gl,], 

.-<a,e(6  +  Sn(gh  +  hf+fg)(e  +  S)  +  Sfgh], 

=  -o6c:(9  +  8)'|>4(9  +  a)  +  J/(9  +  /3)+/s(9  +  7)], 

=  -afc(«  +  8)>P, 

14—2 
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if  for  shortness 

F-j4(»  +  ;<)  +  l/(«  +  /3)+/j(«  +  7)- 
Hence,  substituting, 

3*  +  abc  {6  +  of  (0  +  ^y  {6  -f  7)^  ( *)  =  -  27  {abcf  {6  +  hf  {6  +  af  (0  +  /3)=  (6  +  yf  P^Q ; 

which   when    the   values   a{0 -^af,   h{6-^^fy   G{9-\-yf   for   (a:,   y,   s)   are    substitntod   in 
the  functions  O  and  (•),  will  be  an  identical  equation  in  0. 

15.  It  is  right  to  remark  that  what  we  require  is  the  expression  of  (*),  =(*5ic,  y,  zf; 
the  foregoing  equation  leads  to  the  value  of  (*)  expressed  in  terms  of  6;  and  it  is 
necessary  to  show  that  this  leads  hack  to  the  expression  for  («)  as  a  function  of 
(x,  y,  z) ;  in  fact,  that  the  function  of  9  is  transformable  in  a  definite  manner  into  a 
function  of  (x,  y,  z).  Suppose  that  the  function  of  6  could  be  expressed  in  two 
different  manners  as  a  function  of  («,  y,  s) ;  then  we  should  have  two  different 
functions  {p,  y,  «)"  each  equivalent  to  the  same  function  of  0;  and  the  difference  of 
these  functions  would  be  identically  =0;  that  is,  we  should  have  a  fnnction  {x,  y,  z)^ 
vanishing  identically  by  the  substitution 

a;  :y  :  s^oAe  +  ^f  :  b(0  +  0y  :  ^(^  +  7)=; 

but  these  relations  are  equivalent  to  the  single  relation 

(a^x  +  i=y  +  c^sf  —  lla^h'd'  xyz  =  0, 

which,  qiiAi  cubic  equation,  is  not  equivalent  to  any  equation  whatever  of  the  form 

{X.  y.  zy^O; 

that  is,  the  function  of  ^  is  equivalent  to  a  definite  functi  m  {x,  y,  sy. 

16.  To  proceed  with  the  reduction,  I  remark  that  we  have 

*  =  {a'x  +  ¥y  +  €-zf  (  f  [a^p  {h*f  -  Ih^yz  +  g'z')  (%  +  c^z)  +  6V  (%  +  0'^  f] ' 
+  (t  1^9"  (A'a^  -  ^fty^a-'s  +pz')  (ti'x  +  c'^3)  +  c'a;'  {h?x  +p3y] 
I  +  A*  [c*  ig'^  -  l^y^y  +  /y >  (a'^  + 1''!/}  + 1'^'  if^  +Pyf\ 
I  -  a^h'g*  (%^  +  <f  A=  )a? 


where 


-  ii  =     2  {Pc-AjJ'  +  ti'a-By'-  +  a-b%'z^ 

+  {My  +  Nz)  (a^x  +  2a=6^  +  la'^c^z) 
+  (Os  +  Px)  i%a?^x  +  ¥y  +  26V2) 
+  {Qx  +  Ry)  (2tt=c^^  +  26'(^(/  +  cz  ), 
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if  for  shortness 

M  =f^h^  (a^f'c%''  -  ?«=/%■=  +  Wg'Ch' ),        N  ^fy  (-  la'f'Ch^  +  ct'/'by  +  '6byc'h^  ), 
0  ='g'p(ffg'a\f'-1hyd'h?  +  3c''h?a^/%         P  ^g'k'i-lhya-'f' +  li'f<f¥  +3c*aV^), 
Q  =  ky  (c%'b'f  -  1(?h?a?¥  +  Sa^f^by),        R  =  Ji'p  (-  7c=A.%'  +  c=/r«y  =  +  Za?fby) ; 
and  I  represent  the  foregoing  equation  by 

^  =  {(^'x  +  ^y  +  d'zf  U+xysD,. 
Hence,  writing  for  m,  y,  z  the  foregoing  values,  we  have 

*  =  9a^6V  {B  +  tj  {Q  +  Sf  (8  +  yf  If+  abo  {8  +  af  (9  +  0y  {8  +  7)^  H ; 
and  thence 

27 1/  +  ^^^^  (S  +  a)ie  +  /3)  {8  +  y)  (SH  +  (»))  =  ~  27  (ahcy  (8  +  By  P'Q ; 
that  is 

27  [t/  +  (a&c)'  (0  +  By  P^Q]  + —  (8  + 'x)(8  +  0){e  +  y)  (Sfi  +  (*))  =  0. 

In  order  that  this  may  be  the  case,  it  is  clear  that  we  must  have 

u+iabcy{e  +  ByP'Q=(e+a)(8+0){e+y)M, 

viz.  the  left-hand  side  expressed  as  a  function  of  8  must  be  divisible  by  the  product 
(8  +  a,)(8  +  /3)  (8  +  7).  Assuming  for  a  moment  that  this  is  so,  the  quotient  M  will  be 
a  function  {8,  ly  expressible  in  a  unique  manner  in  the  form  (x,  y,  zf,  and  assuming 
it  to  be  so  expressed,  we  have 

27Jlfa6c-l-3Ii  +  (*)  =  0; 

which  equation,  without  any  further  substitution  of  the  ^-values  of  {x,  y,  z),  gives  (*) 
in  its  proper  form  as  a  function  of  {x,  y,  z). 

ReduoUon  of  ths  Equation,  IT+  (abaf  (8  +  5)' P'Q  =  {8  +  a)(8  +  0) (8  +  y)  M. 
17.     We  have  by  an  easy  transformation 

U  =      {o?x  +  b^y  +  o^z)  '     d'f  (ky  -  thy-yz  +  g*z^) ' 
■'  +  %"   (/'«'  -  7/'/i'2«  +  h'af) 

[+<fk'  (y.'!'  -lyT^y+fY) 

+  7  (a*/'  +  by  +  <fh'')fyh?a:yz 
+  V'. 
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f 

.  <?h'/'  (Sly 

-c*  ) 

y,' 

.  Vg-f  (3c* 

-jy  > 

!^X 

.a'/y  (!)»■»■ 

-»'/■) 

za? 

.c'hy    (Sa'f 

-C=A=  ) 

f'y 

.hyi'  ^aa'f• 

-jy) 

xt 

.a^f*h*  (36=/ 

-«=/=)■ 

if  for  shortness 


Substituting    the    ^-values,   the   terms   of    U,   other   than    IT,   arc   at   once    seen    to 
contain  the  factor  (0  +  a)  (^  +  ^)  (0  +  y),  and  we  have 

ilf=     3a6c  I     a^'fihy  -7hy7/z   +f^}'\ 

h  c=A'  (^i*^  -  Ig'/'xy  +/y)  J 
+  7  (ay*  +  b'g*  +  &h')f'fli'  ahc  {$  +  ay  {0  +  0y  (6  +  7)= 
+  M\ 
■where 

U'  +  {abcy  {6  +  hYP'Q=^{8  +  a)  {0  ■^0){0  +  7)  M'. 

IS.     Write  for  shortness  p,  q,  r  =  {af,  hg,  ch);  after  a  complicated  reduction,  I  obtain 

'SabcM'=     ayk^  {r  - p) (p - q) (- ^j' +  BjiT'qr - Gtfr'') ^ 

+  h^h^f-  (p  -q){q-  r)  (-  %'  +  ogVp  -  QqY)  t 

+  <^r-t  (9  -  '• )  (»■  -  P)  (-  2j-  +  5r^}  -  (ip'g")  z'' 

+  2f^g%^bV  (Tp*  -  20fqr  +  4^^  )  ya 

+  2/yA'c^(i'  (7  j<  -  20p2V  +  4/^' )  3iK 

+  %fY^wy'  {Ir*  -  tdpqr^  +  +pY )  ^^ 

-  2/=5^A=  {p*  +  9'  +  7-)  (ft'a;  +  6=1/  +  c^s)=. 
We  then  have 

9«&cA/  =  terms  (a^,  y,  zy^-^ahcM',     Xi  =  terms  {«,  y,  e) 

as  above ;  and 

which  gives  (*). 

19.     After  all  reductions  we  find: 

-  .J  (*)  =     ay/t=  (28j>«  -  84p'2r  +  CSj^^gV^  -  28^)  x' 
+  6=/(.=/^  {285»  -  Sipg^j-  +  62P25V  -  28ry)  y- 
+  cVy  (28r»  -  84p3j-  +  62pYr  -  2Sfq^)  s' 
+/'  (-  3p"  +  lipsgj-  -  130pV''^  -  136^'2=J^  +  42j'j-')  3^3 
+  S'  (-  39°  +  14p9«r  -  130^^  -  136p>§V  +  42r*p*)  zx 
+  /i'  (-  Sr^  +  14/)5)^  -  IZQp-'q'-^^  -  imf'fr'  4-  42p*5')  wy ; 
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or  observing  that  the  coefficients   of  a^g-k^af,  Wi^f^i/^  and  c^f^g^s^  are  equal  to  each  other 
and  to 

62^^jV  -  28  {(fr^  +  r^p"  +p^q'), 
the  equation  becomes 

(.)  =      -3  (62^^^  -  28  ((fr'  +  r^p'  +  j^<f)  {a?gV>?3?  +  H-h^f-y'  +  c"/-  g''z') 
+  3  (:V  -  14/)"2^  +  130p^(/V  +  136?^^'  -  ^2q'^^)f'^yz 
+  3  (3g^  -  14^^  +  laOy^p^r^  +  ISejyr'  -  42r^*)  ^^ic 
+  3  (3?^  -  lir^pq  +  ISOr^p^^  +  1367^^=3=  -  42pY)  ft'^j; ; 

and   we   thence  obtain  by  symmetry  the   complete  value  of  {*\x,  y,  z,  xdJ,  viz.  we  have 
only  to  complete  the  literal  parts  of  the  foregoing  expression  into  the  forms 

f^yz  +  <^3m>, 
<fzx  +  b^v), 
(?ayy  +  a^sw, 
respectively. 

20.     The  equation  of  the  torse  thus  is 

A  =  a^g'^h'^aP  +  Jfh?fY  +  <fifY'^'  +  u'bVw^ 
-pih^y  +  fz-fiPy  -VG^zf 

-h-{3^x+f-yno?x  +bhjy 

-  6"  (/t=  y  +  ahvf  (py  +  cHoy 

-  c'  if-z  +  hhoy  (g's  +  a'wy 

+  (tV^  +  c-y'-s  +  iVw  y  [(h^y  +  g^z  +  a^'wy  -  ^la^h'  yzw  ] 
+  {a? fie  +  i^fz  +  <^a?wy  [{f^z  +  h?w  +  ¥wy  -  276=A?/^  zaw] 
+  (a'h^x  +  Mc'y  +  a?1^y  [(^x  +f'y  +  c'huy  -  27c' fy  xyw] 
+  (fk^x  +  h?py  +/yzy  [(a'oi  +  i^y  +  c'z  )'  -  27«-^6'c^  xyz  ] 
+  xyzw  (*$«,  y,  z,  f )"  =  0. 

I  recall  that 

a  =  &-y,    /  =  a-S,  ^  =  «/=(a-S)(^-7), 

i!=a-^,     A  =  7-8,  r=ck  =  (y-S){a-^). 

Developing,  we  have  finally  the  equation  of  the  toise  in  the  form  following. 
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Equation  of  the  Secvtic  Torse. 
21.     The  equation  ia 

0=  {a'g^h^,  Ifk^f,  c^f^,  a'b'<f'^ci?,  y^,  ^,  vf) 

4-  3  ((/  +?^)         (b%*f\  d'g^f^,  g*h'a%  h*<faf^y''z,  yz^,  afw,  ayuf) 
+  3  (r=  +  p')         {c*f*g^,  a*h*g^,  k*f*¥,  Ca'b^'^^^ie,  zaf,  y'^w,  yw") 
+  S(p^  +  q^)        (a'g'^k'' ,  b*f*h'',  /''g*tf,  a'h^(P\a?y,  xy^,  ^w,  za?  ) 
+  3  (g*  +  %tt^  +  r*)  Qi'h^p,  <i'ff\  g^hV  ,  b^G^a%y*z^,  j/'s^,  xHu^  n^w') 
+  3  (r*  +  Sry  +  j)^)  (c'/y,  a'Ay,  h^pb',  ea?¥\z*!)? ,  a?z*,  yhv\  ■fvf) 
+  3(p*  +  3p'5^  +  3')(ayA«,  b''p¥,fY&,  a?hV\a^y'',  a^,  z^uf,  s^') 
+  (6/)'  + 9pV  + ^i''*'^- 2l5V)(a^5^A*,  a?lM,  f%''¥,  pg^%a^yz,  iifyz,  y*wx,  z^wy) 
+  (63*4-95^=  +  9gy  -  21ry )(6W/',  6Va*,  g'f'c',  g%*a*^y*zx,  vfzx,  ^wy,  aht)z) 
+  (6r*  +  9ry +  9r^=-21^g^)(c=/y,  t^oSh",  k''g*a';  h^f'V^z^xy,  ufiay,  afvjz,  yhux) 
+  (9*  +  95V  +  95V  +  7^)  (/',  a'^f^,  xW) 

+  (»■«  +  dr'p^  +  9rY  +p^)  (g\  b^'^z'x" ,  y^'ufi) 

+  ip^  +  9pY  +  9/'Y  +  3^)  (^'^  •  '^  5''^3'''  ^^'  * 

+  9  ($ V-  +  5^  ■*  +  r^^  +  tY  +  p  V  +  P^9*  -  1  ^P't^-) 

X  (/V^^"'  /'^^t^^  S'^c^'^^'  k^a^h^'^a^y'^z",  y'^zhi/^, 

+  3  jj)'  +  3p*  (2^=  +  )^)  -I-  3^'  (2*  -  7-/)-^)  +  ^j 

X  (^''/'■',  '*'&'',  3'c*,  c*b''\x^y'%  ifwx 

+  3  {5*    +  3f/  (2r^  +p=)  +  32=  {'>■*  -  7rY)  +  r'p^] 

X  i^^f*'  f'*^'  ^^■'**'  o.*<f^xy'z'',  z'wy'',  it^rnhj, 

+  3  !»*    +3*-  (2p'  +  f)  +  3r' (_;3*-  Ip'if)  +yYl 

X  CyV'  5^'''*>  Z"^'  b*a''§^i>:''yz\  uhnz-,  y^jfiz, 

+  3  {p"  +  3_;)*  {27'=  +  5^  +  ZpHr*  -  T^V)  +  9V} 

X  (^A^,  ^'^i*,  i'*c^,  c^b*\3?yz'',  yVx,  zhva^, 

+  'i{q'  +  3^  (2p'  +  r= )  +  3§=  (p'  -  'Try)  +  r=p*] 

X  ('t*/^  ./'c*.  ^''^^  a-c^^ai^fz,  zhvy'^,  aiHijy' 

+  3  lr«  +  3r<  (2(y=  +  p' )  +  3r^  (5*  -  tfq^)  +  jj'^'j 

><  (/y>  3^'^*'  /^^^  i^a*\ii:y^z',  a?v?z,  yhez^ 

r-3  |62pY?^-28(5'r'  +  r>p'  +  pY)](nyA',  6'A'/',  tf'/y,  a^'c'Ja^,  2/' 
I +3(3^'- 14p'9r  +  130p^5V+136p=2V-422V)  (/',  a'5^2,  xw) 

'^^'^   [  +  3  (3r/  -  1 45VP  +  130gVp=  +  ISegVp'  -  42r*p')  (3^ ,  fi^Jsa;,  j/w) 


•u^yz^ 


v'xf] 


'^) 
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Compi 

'iris 

0)1  with  the  Eqwoiion  o/ 

■  tlie  Gentro-i 

mr/ace  o/ 

cwi  Ellipsoid. 

22.     In  the 

Eq 

uation 

(e  +  df  '  (S  +  fi-f* 

(9 +  ,)•-  +  (« 

"8)-  =  °- 

for 

a^.  y,  s, 

w  \vrite 

P,  ,-,  f ,  »'.  and  then  8  .  «  ,  the 

equation  is  converted  into 

J-       f'       4- 

w=  =  0; 

or 

writing 

0?,  b- 

,  c" 

for  a,  ;S,  7,  and   understanding   p, 

V\   ^.  "^ 

to   mean   a^a^,  / 

-1 

,  this  is 

aV            Vf 
(d  +  K-y     (9 +  6') 

1=0. 

This  is  an  equation,  the  envelope  of  which  in  regard  to  the  variable  parameter  6,  gives 

the  surface  which  is  the  locus  of  the  centres  of  curvature  of  the  ellipsoid  —:  +  r::-{  -;  =  1, 

a?     0^      c° 

or   say  the    Centro-siirface    of   the    Ellipsoid.     (Salmon's   Solid    Geometry,  Ed.   2,   p.    400, 

[Ed.  4,  p.  465].) 

Making  the  same  substitution  in  the  foregoing  equation  («][«,  y,  z,  wf  =  0,  the 
quantities  f,  g,  h  become  equal  to  —8,  and  p,  q,  r  to  —  aS,  —68,  —  cS  respectively,  and 
the  whote  equation  divides  by  6'^;  throwing  out  this  factor,  we  have  a  result  which  is 
obtained  more  simply  by  changing 

»■,  y,  s  ,  w,     a,  b,  c.f,  g.  h,    p,  q,  r. 
into 

r,  T,  r.  <^\     «,  0.  7.  1.  I.  1.     «-  A  7, 
where  a,  /3,  7  now  signify  h^  —  <f,  c^  —  tt^,  a^  —  h'  respectively,  and  ^,  tj\  ^^,  to'  are  retained 
as    standing    for   a'af,  Jfy^,  &^,  ~  1    respectively ;    viz,    the    equation    of   the    centro- surface 
is  found  to  be 

0=  (a^  ^\  J",  a'^j^^'^  r}'\  ^^  ^") 


+  3(/3>  +  7-) 

(is:  I', "'.  "•/S'T'SVT,  vV.  fv. 

,  P«-) 

+  3  (y"  +  a" ) 

(y,  o',  ^,  WSPf.  fP.  i"«', 

,W) 

+  3(<."+/3") 

(a',  M  7',  ya'/3'JfV,  {V,  fW. 

f«») 

+  3  (,9'  + 3,91,' +  7*) 

tf=,  7',  «f,  «.■/?¥ Ji"f',  Vf,  P«', 

fW) 

+  3  (•/  +  3V«'  +  a' ) 

(7',  a',  ^,  ^Va-JJ-p,  ?'P,1'«>', 

,W) 

+  3  (a-  +  Si'ff  +  /S-) 

(a",  /3=,  7',  7'a»/3'J{V.  t¥.  P»' 

,  ?'■»■) 

+  3  (So'  +  Sa-^-  +  3i¥  -  r,3V)  («" ,  «'/9^/',  /3',  7*  5 Wf ,  -fvV.  l''»"P,  C^V) 

+  S  (2/3^  +  3^Y  +  3^=a-  -  77-^ 

•  )(/3',  /?¥«',  7*.  "'Ji'pp  »rp,  f< 

.V,  Po-T) 

+  3(2y  +3,w  +3f/3'-r<.-/3-)(r,  jvfi\  «•,  /^sr-p,'.  «-fT.  !■■ 
:i. 

15 
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(/S-  +  9/3V  +  9/3Y  +  7') 

(1,  a'JVJ",  fW) 

(■/•  +  SY<e  +  V"*  +  »■) 

(1,  /S'SrP.  iW) 

(0-  +  9af^  +  9a'^  +  ^•) 

(1.  7'JPt'.  P"') 

+  3  [a^  +30^  (■Z0'^  +  t)  +  Sce  0'-7^V)  + ^7^1(1.  ^^  V*.  -8^y5^?t^  v'^'t,  ^«T,  o'V^O 
+  3  {jS^  +  3^  (27^  +a.-)  +  3^{Y~  t-fo?  )  +  7^^!  (1,  7'.  a^ .  V'O'S  VV^\  ^(oY,  ^'oW,  <oT^') 
+  3  {7»  +  37*  (2a=  +  z?^)  +  37=  (a'  -  7o?^)  +  c(*^=j  (1,  a^  ^■,  a=;8'5^«^•^^  f  «^-f^  ^^w-'ir^,  w«f^*) 
+  3  {a«  +  3a*  (27^  +^-)  +  3a^  (7*  -  T^Y)  +  ^y"]  (1.  7=.  ^.  ^VM'vV-  T^^?*.  'J^^'^S  «'^'jT) 
+  3[/3"  +  3^H2a^+r)+3^{a*  -77%^)  +  7=a'](l,  <  7*,  ya'5,«f^^',  f^Y.  T^V,  w"?'P) 
f  3|y4-37'(2/?^  +  aO  +  37My3*-7a^^=)  +  aW(l,  /3^  ^,  o^^^J?'^'.  V^^T.  f^r,  ""?V) 

(1,  ^Y>  7'«^  ^^I?>^?^  ^^r^»^  r?^'^'.  ?Y«>') 


+iYr'»^ 


-3{62a=/?V-28{^V  +  ra»  +  a'/3^)}(a^  ^,  j\  a^'^v'^J^  1,*,  ?S  c') 

|-3(3a*-14a«y37+130a'/?V^  +  136o?^Y-42^V)  (1.  a^5')'?',  pw') 
|-3(3^'-14y3V+130/5'7^a'^  +  136^7'a'-427'a')  (1,  /J'Jf^f,  tjV) 
h3(37'-lVwS  +  1307'a-^^+1367'a'^^-42a'/3=)   (I,  y^'$_^\  ^a^)  . 


This  agrees  with  the  result  given  in  Salmon's  Solid  Geometry,  Ed.  2,  p.  151,  [Ed.  4, 
p.  178],  and  Quarterly/  Mathematical  Journal,  vol.  II.  p.  220  (1858);  in  the  latter  place, 
however,  the  term 

is  by  mistake  written 

^'nV  +  rv'^+^T^'+   ^Y?w; 

viz.  a  factor  a"  is  omitted  in  one  of  the  coefficients. 

Some  of  the  coefficients  are  presented  under  slightly  different  forms ;    viz.  instead  of 

Q2a:'0'Y  -  28  (/3Y  +  7'<^'  +  <^^) 
Salmon  has 

1 4  i^'  +  (3  V  +  rfcC'  +  rfa'  +cc'^  +  a?^)  +  20a=^^^ ; 
and  instead  of 

3a'  -  14a'^/37  +  130a'^-7^  +  136tf^^  -  42;?*7', 
he  has 

-  ia'  +  7tf  (&'  +  y)  +  196o:*;9=7=^  -  68tf^^Y  i^'  +  r'}-  42^Y 
but  these  different  forms  ai'e  respectively  equivalent  in  virtue  of  the  relation 
a  +  /3+7  =  0. 
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DEMONSTEATION  NOUVELLE  DU  THEOREME  DE  M.  CASEY 
PAB  RAPPOET  AUX  CERCLES  QUI  TOUCHENT  A  TROIS 
CERCLES    DONNES. 

[From  the  Annali  di  Molematica  pura  ed  applicata,  torn.  i.  (1867),  pp.  132 — 134.] 

This  ia  in  fact  tlie  inve^tigat  on  coiitamad  m  the  paper  Hi  On  Polizomal  Cu  ve';  otherwiao  tlie  curves 
Ju+-Jv+&B.=0  Annex  n  pp  5f8 — 573  On  Caieyt,  theorem  foi  the  cucle  \  hich  touches  three  given 
circles, "  viz.  it  is  baeei  on  tie  idintit\  cf  the  ti  problema  1  to  find  a  circle  tomhin^  three  yven  ciroleo 
2°  to  find  a  cone  sphere  (sfhere  of  radius  aeio)  passinR  thiou^b  thiec  civen  point    in    pace 
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NOTE    SUR    QUELQUES    TORSES    SEXTIQUES. 

[From  the  Aiinali  di  Matematica  pura  ed  applicata,  torn,  ii,  (1868),  pp.  99,  100.] 

Je    desire    d'appeler    attention    aiix    f-urfaces    devoloppables,    ou    torses,    donnees    par 
1 'equation 

(ae  -  ibd  +  ^icy  -  27  (ace  -ad--  Ve  +  26cd  -  iff  =  0. 

Dans   cette   equation   (a,    b,    c,   d,    e)   aont   dea     fonctions    lindaires    quelconques    des 
quatre  coordonnees  (x,  y,  z,  t) ;   ees  quantit^s  aont  done  li^es  pai-  une  ^^uation  lin^aire 

Aa  +  iBb  +  6Cc  +  iDd  +  Ee=0, 

et  je    remarque    que   la    classification    des   torses    compiiaes    sous    I'^quation    mentionn^c 
depend  des  proprieties  invariantives  de  la  fonction  {A,  B,  C,  D,  E^t,  ly. 

En   effet   la   torse   a   une   courbe   cuspidale,   ou   arete   de  rebrousscment,  donniJe   par 
Jes  Equations 

ae  —  4:bd  +  oc^  =  U,     nee  —  ad-  —  b^e  +  2bcd  —  c"  =  0, 

et  une  courbe  nodale  donnee  par  los  equations 

ac-l^  _  ad  -_6c  _  ae  +  2bd  —  3c-  _^be  —  cd_  oe  —  d?  _ 
■~a  "~ib~"  ~  6c  ~     idT  ~      e      ■ 

ces  deux  courbes  ae  rencontrent  dans  les  points  donnas  par  lea  Equations 

a.  _b  ^  c  ^d 
b     c      d     e' 

lesquels   sont  des  points  stationnaires   de   la   courbe   cuspidale.     Pour   trouver   ces  points, 
en  &rivant  a  :  b  :  c  :  d  :  e=T*  :  t'  :  t^  :  r  :  1,  on  obtient  pour  le  paramfetre  t  I'^quation 

(A,  B,  C,  D,  EfT,  iy=0 
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et  I'on  voit  ainsi  qu'il  y  a  un  rapport  eiitre  ia  theorie  de  la  surface  et  cette  equation  ; 
a.  toute  particularity  invariantive  de  T^uation,  il  y  correspondra  queSque  particularity 
de  la  torse. 

Les  cas  a,  coiisidt^rcr  sonti 

I".  Racines  in^gales,  sans  aucune  relation  invariantive.  C'eat  le  cas  ge'neral;  je 
I'ai  consid^r^  dans  le  M^moire,  "  On  a  certain  Sextic  Developable,"  Quart.  Math.  Jotim.. 
t.  IX.  (1868),  pp.  129—142,  [398]. 

2°.  Deux  racines  egales.  Ce  cas  n'a  pas  &t&  consider^;  je  remarqiie  que  la 
courbe  cuspidale  est  du  cinquieme  ordre.  En  effet  on  pent  supposer  que  les  racines 
egales  soient  =0,ce  qui  rcvicnt  a,  prendre  D  =  Q,  £  =  0.  On  a  done  ,4(14-456  +  600  =  0, 
c'est-^-dire  les  equations  C6  =  0,  h—0  impliquent  I'^quation  c  =  0 ;  et  on  voit  de  1^  que 
les  surfaces  ae  —  4-bd  +  3c'  =  0,  ace  —  ad'  —  h^e  +  26crf  —  c"  =  0  se  coupent  selon  la  droite 
<(  =  0,  6  =  0;   il  reste  ainsi  une   courbe  du  cinquieme  ordre  pour  la  courbe  cuspidale. 

3°.  Trois  racines  dgales.  On  peut  supposer  que  ces  racines  sout  =0,  ce  qui  donne 
(?=0,  2)  =  0,  £'=0;  et  Ton  a  ainsi  Aa+'^Bb^O,  c'est-a-dire  les  plans  <»,  =  0,  6=0 
sont  ici  un  seul  plan.  L'&juation  de  la  torse  contient  le  facteur  a,  et  en  I'^cai'tant 
elle  Be  r^duit  au  cinquieme  ordre ;   on  obtient  ainsi  !a  torse  g^n^rale  du  cinquieme  ordre. 

4°.  Deux  paires  dc  racines  ^gales.  On  peut  supposer  que  ces  racines  sont  =oo,  0; 
cela  donne  A=(i,  B  =  0,  i)  =  0,  E  =  0,  et  Ton  a  ainsi  identiquement  c=0.  L' Equation 
de  la  torse  est  (ae  —  46d)'  —  27  (—  ad?  —  ii'ef  =  0.  J'ai  consid^re  ce  cas  dans  le  Memoire, 
"On  a  Special  Sextic  Developable,"  Quart.  Math.  Journ.,  t.  vii.  (1866),  pp.  105-^113, 
[373] ;  la  courbe  cuspidale  est  du  quatrifeme  ordre,  une  courbe  exeubo-quartiijue  d'une 
forme   particuliere, 

-i".  Quatrc  racines  egales;  en  prenant  ces  racines  =  0,  on  a  5  =  C  =  fl  =  A'=  0,  done 
identiquement  ((  =  0;  I'^^uation  de  la  torse  contient  le  facteur  b",  et  en  I'^cartant  elle 
se  r^duit  au  quatrieme  ordre:  on  a  dans  ce  cas  la  torse  geii^rale  du  quatrieme  ordre. 
II  y  a  encore  deux  cas  k  consid^rer. 

6".     L'invariant  /  de  la  fonction  {A,  B,  C,  B,  E'^r,  l)'  est  =0; 

7°.     L'invariant  J  de  cette  fonetion  est  =  0 ; 

Mais  je  n'ai  pas  encore  examine  ce  que  cela  veut  dire  (').  II  n'y  a  pas  le  cas 
a  coDsiderer  oil  Ton  a  a  la  fois  1=0,  J  =  0 ;   car  cela  revient  au   cas  3°  de   trois 


Cambridge,  le  19  mai  1868. 

'  La  eourbe  cuspidale  ^tant  dn  genre  0  (unioursale),  on  peut  considerec  la  seiie  dea  points  de  la  courbe 
comme  correspondant  anharmociquement  aux  points  d'une  droite.  Si  le  syst^me  des  qiiatre  points  stationnairee 
est  haimoiiique  on  a  J—0;   si  co  syst^me  est  Cqui-anharmonique,  on  a  J— 0. 
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ADDITION    A    LA    NOTE    SUR    QTJELQUES    TORSES    SEXTIQUES. 


[From  the  Annali  di  Matematica  para  ed  ajyplicata,  torn.  ti.  (186S),  pp.  219 — 221,j 

Je  viens  de  trouver  ce  quo  siguifie  la  condition  J=0.  Consid^rons  deux  sui-£ices 
quadriques  qui  se  touchent  (d'un  contact  ordinaire).  Les  Equations  tangentielles  peuvent 
s'^erire  sous  la  forme 

ct  ^  +  6  V  +  c  f=  +  2n  fw  =  0, 

a'f  +  b'v^  +  c'^  +  2ii'?ai  =  0, 

et    Ton  satisfait  a  ces  Equations    par  des    valeurs    de   f,  tj,  ?,  o  qui  eontieiinent    uii  para- 
mfetre  arbitraire   0,  en   ^crivant 

f.,.i::„=.(«+l):,3(»-l):,:,(».  +  ^J  +  S; 
en  effet  cela  donne 

aa'  +  b  ^'  +  271,^6  =  0,        2aa-'-2h  &'  +  ce''  +  2nBe  =  0. 
a'o?  +  b'^  +  2k'7€  =  0,         la'cC  -  2b'0^  +  c'e=  +  2m'Se  =  0, 

ce   qui   determine  les  valeurs  de  a  :  ^  :  y  :  B  :  e.     L'^quation  du  plan  tangent  commiui 
sera   done 


.(«+J)  +  y/5(e-i) 


-ze  +  tvfjli 


el' 

,  en  multipliant  par  12^,  cette  equation  sera 

(a,  b,  c,  d.  e\e,  \y  =  0, 
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les  valeurs  des  coefficients  ^tant 

a  — 12  fu), 

6=3  {ax  +  0y), 

c=    2(Bw  +  es). 

e  =  12  7W. 

En  representant  pM'  Aa  +  4B6  +  6(7c  +  'i-Dd  +  Ee  —  0  1' Equation  qui  lie  les  fonctions 
lin^ires  a,  b,  c,  d,  e,  cettc  &[uation  aera  a  —  e=0;  on  a  done  A  =  ~  E  =  l,  B=C  —  D  =  0: 
I'invariant  J  do  la  fonction  (A,  B,  C,  D,  E'^t,  1)*  est  done  =0. 

Nous  arrivons  ainsi  a  la  conclusion  que  la  torse  sextique 

{ae-\bd  +  3c=)"  -  27  (ace  -  ad'  -  i'e  -  c^  +  Ucdf  =  0, 

ou  les  fonctions   lin^aires  a,  b,  c,  d,  e  sont  liecs  par  une  Equation 

Aa  +  iBb  +  GGc  +  iDd  +  Ee  =  0, 
telle  que   I'invariant 

J=ACE-A]>-EB^-G'-2BCI) 

de  la  fonction  (A,  B,  C,  D,  E\t,  1)*  est  =0  (cas  1°  de  la  Note),  est  la  torse  enve- 
lopp^e  par  !e  plan  tangent  commun  de  deux  surfaces  quadriques  qui  se  touchent  d'un 
contact  ordinaire.  J'ai  trouv^  1  equation  de  cette  torse  dans  !e  M^moire,  "  On  the 
Developable  Surfaces  which  arise  from  two  Surfeces  of  the  Second  Order,"  Catnb.  and 
Ihibl.  Math.  Jour.,  t.  V.  (1850),  pp.  46—57,  voir  p.  56,  [85] ;  a.  h,  c,  n,  a',  b',  c',  n'  y 
d^notent  les  memes  coefficients  comme  a  present,  et  en  ecrivant 

be'  —  h'c  —f,  an'  —  a'n  —p, 
ca'  —  c'a  =g,  bn'  —  h'li  =  q, 
ah'  —  a'b  =  k,     en'  —  c'n  =  r, 

(et  de  1^  p/+  qg  +  rh—  0),  I'^quation   trouv^e  est 

/y^V  . . .  +  ipqr  {qa?  +  pff  =  0. 

Je  vais  verifier  ces  termes.  Partant  de  I'^quation  (a,  b,  c,  d,  e^9,  1)'  =  1,  I'equation 
de  la  torse,  en  y  introduisant  pour  commodity  le  facteur  —^pqr,  sera 

-  STiT  P<F  [^  [(^w  +  e^)'  +  127'w'^  -  3  (a'a=  -  ^y')J 
-  [2  (5w  +  ezf  -  9  {Sw  +  ez)  (aV  -  /3y)  -  27  (tw  +  es)  ^w"  +  54  (aPa?  +  ^Y)  J^Yl  =  0. 
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En  prenant  je  =  ab'  —  a'b  =  It,  on  obtient  pour  a,  ^,  j,  B,  e  les  valeurs 

et  de  la 

,.  =  -'"'      ;. ,  _  (^  -gg)' ,  _  '■-'■'  +  Vm  ,  4y'  +  5^      i'-4T=-?£» 
'  Sp^'  2p5r  2pqr  '        r  '        r 

Les  termes  en  w'  et  (a^,  ^)^  aont 

_  ^^  pqr  |[4  (8=  + 127=)=  -  (2g^  -  llrfSf]  w'  -  108  (a^a>^  -  ^-!/=)'}. 
=  -  ^is  ^r  (*327=  {8=  -  47^)^  w=  -  108  (aV  -  ^(/^S  ; 
ces  termes  sont  done 

comnie  cela  doit  etre. 

Gamh-idge,  le  22  septembre  1868. 
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NOTE    SUR    UNE    TRANSFORMATION    GEOMETEIQUE. 


[From  the  Journal  f-Wr  die  reine  und  angewandte  Matiiematik  (Crelle),  torn,  lxvii.  (1867), 
pp.  95,  96.] 

La  lecture  de  la  Note  de  M.  Hesse,  "Ein  Uebertragungsprincip "  (t.  Lxvi.  p.  \h 
de  ce  Journal)  m'a  sugg^re  les  remarques  suivanfces : 

Soient  (Oj,  6i,  c,,  d,),  (Oa,  tsi  Cj,  d^,  {a,,  b^,  Cj,  d,)  dea  constantes  doiinees,  on  pcut 
supposer  que  les  coordonnees  («,  y)  d'un  point  quelconque  dans  un  plan  soient  exprim^es 
en  fonctions  des  parametrea  variables  (ii,  v)  par  les  Equations 

_  (ti  +  6iM  +  C,V  +  d,UV  _  Oa  +  b,U  +C^V  +  4jMt 


En  introduisant  une  nouvelle  indetermin^e  s,  ces  (Equations  peiivent  Hrc  ecrites  dans  la 
forme 

sx  =  ai  +  hiU  +  c^p  +  diuv, 

sy  =  05  +  hu  +  CiV  +  d^wv, 
8    =  Os  +  &3W  +  Cs!;  +  d^ui! ; 

pour  des  valeiirs  donn^es  des  coordoim^es  {x,  y)  la  quantity  s  est  en  g^n^ral  d^ter- 
min^e  par  une  equation  quadratique,  et  les  parametres  w  et  »  soiit  des  fonctions  lin^aires 
donates  de  s ;  il  y  a  cependant  deux  cas  particuliers  qu'il  convient  de  distinguer. 

1°.     L'^quation   quadratique   en   s   pent   avoir   la  racine   s  =  0   et,   debarrassee   de   ce 
facteur,   se    r^duire  par    consequent    h,    une    Equation   lin^aire ;    ce   cas   particuiier  a  lieu  si 
c.  VII.  16 


Hosted  by 


Google 


122  NOTE   STIR   UNE   TRANSFORMATION   G^OM^TRIQUE.  [440 

la  condition   (abc)  (bed)  =  (abd)  (acd)  est    remplie,  oft   la   notation   (abc)   d^signe    le   deter- 
minant 

b^, 

b„ 

Dans   ce  eas   u   et  v  aont   des  fonetions   rationnolltia   de  {x,  y)  et  la  transformation   a  la 
signification  g^om^trique  suivante : 

En  consid^rant  deux   droites   quel    n  i     h   L   M  dan.    1  espace  ct  n  e  ant   \  ar  1 

point  donn^  {x,  y)  la   droite   unique  G    j      rencont  e  ces  de  x  d  o  tes    on  pe  t  s  jpo  e 
que  M  et  II  soient   des  parametres  qui  dete  m    ent   les  pos  t  ons  de.    po  nt    de    encout  e 
sur  les  deux   droites   respectivement ;  c  X  d    q  e        so  t   la  d  sta  ce   d    n  po  nt   fixe   s 
la   droite  L  au  point  de  rencontre  avec  la  dr   te  C      t  d        e    e  q  so  t  la  d  sta  e 

d'un  point  fixe  sur  la  droite  M  au  point  de  re  eo  t  e  ivec  la  d  o  te  6- 

2°.     Supposons    6j  :  Ci  =  6j  :  C2  =  &;j  {  t    a      fo  d    la         me      ho  e 

fe,  —  Ci  =  0,  ?>2  —  Cs  =  0,  6,  —  Cj  =  0  ;   alors        e  t   d^tern  n^e   \  ^q     t  on   k     pie     n 

M   et   V   ne   sont   plus   des   fonetions   ra  o     elles   de  on    v    t    ^  e   dan     c     ca.        + 

et  uv  sont   des  fonetions   rationnelles   de   (     ^)    et    i  e  par  eonsequ     tut        sont  le 
racines   d'une   Equation    quadratique   qi  ent   (ji   y)  1  n^a   en  ent      On  [   ut  s  j  P    ^ 

que   M   et    ?;  soient    les    paranifetres   de     le        po  nts       r      ne     Ir    t      d  n   e  \     \ 

u   et   V  soient   les   distances   dc   cos   de       po  nt      e  pect  ven  ent    a      npntfiest 
aur  la  droite  donn^e ;   on  a  ainsi  la  transfonnation  de  M.  Hesse. 

Je  n'ai  pas  clierch^  la  signification  gt^omi-Hrique  des  fonnules  g^neralca, 
Cambridge,  10  octobi-e  1S66. 
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441. 

NOTE    SUR    L'ALGORITHME    DES    TANGENTES    DOUBLES   D'UNE 
COURBE    DU    QUATRIEME    ORDRE. 


[From  the  Journal  fur  die  reine  und  angewaiidte  Mathematik  (Crelle),  torn,  lxviii.  (1868), 
pp.  176—179.] 

On  n'a  pas,  je  erois,  assez  fait  attention  a.  I'algorithme  (tir^  de  la  consideration 
d'une  figure  dans  I'espace)  qua  trouv^  M.  Hesse  (dans  le  memoire  "  Ueber  die  Doppel- 
tangenten  der  Curven  vierter  Ordnung,"  t.  XLix  de  ce  Journal,  1855)  pour  d^noter 
les  tangentes  doubles  (ou  bitangentes)  d'une  coiirbe  du  qiiatrifeme  ordre,  Voici  en  quoi 
cet  algorjthme  consiste.  En  employant  ies  huit  symbolcs  1,  2,  3,  ...8,  les  28  bitangentes 
sent  repr^sentfes  par  les  combinaisons  binaires  12,  13,  14,  ...78.  Cela  pos^,  eonsidferons 
une  expression  quelconque  12.13.14,  ou  12.34,...  ou  disons  nn  "terme"  qui  repr^- 
sente  un  syst^me  d'une  seule  ou  de  plusieurs  des  bitangentes.  On  pent  opdrer  sur  ce 
terme  avec  deux  espies  de  substitutions;  la  substitution  ordinaire  qui  consiste  a 
changer  TaiTangement  12345678  des  huit  symboles  en  un  autre  arrangement  quelconque; 
et  la  substitution  "bifide"  repri5sent&  par  un  symbole  tel  que  1234.5678,  lequel  denote 
qu'i!  iaut  entrechanger  les  combinaisons  12  et  34,  13  et  24,  14  et  23,  56  et  78, 
57  ct  68,  58  et  67,  en  ne  changeant  pas  les  autres  combinaisons.  Par  exemple  en 
Operant  avec  1234.5678  sur  34.45.56.17  on  obtient  12.45.78.17.  Le  nombre  de 
ces  substitutions  bifides  est  35,  ou  en  coraptant  ia  substitution,  unite,  qui  ne  change 
ancune  des  combinaisons,  ce  nombre  est  36. 

Appelons  "  homotypiquea "  deux  termes  qui  se  derivent  I'un  de  I'autre  par  une  sub- 
stitution ordinaire ;  "  syntypiques "  qui  se  derivent  I'un  de  I'autre  par  une  substitution 
ordinaire  ou  bifide ;  "  sous-groupe "  le  aystfeme  entier  des  termes  homotypiques  a  un 
terme  donne :  "  groupc "  le  systfeme  entier  des  termes  syntypiques  a  un  terme  donne. 
Un  groupe  peut  contenir  un  seul  sous-groupe,  ou  plusieurs  sous-groupes ;  mais  il  importe 
de   remarquer   que  la  notion   du   sous-gixjupe  n'a  pas   de   signification  g^omctrique,  et  ne 

16—2 
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sert  que  comme  nioyeu  de  former  les  teimes  du  groupe.  Cela  etant,  le  theorem e 
g^om^trique  eat  celui-ci ;  "  les  syst^mes  de  bitaiigentes  representees  par  dea  termes 
syntypiques  (ou  autrement  dit,  par  des  termes  qui  appartiennent  au  m^me  groupe)  ont 
les  mfimea  propriet^s  geometriques." 

Par  exemple,  en  consid^rant  les  bitangentes  deux  a  deux,  on  a  deux  sous-groupes, 
I'un  compost  de  termes  homotypiques  k  12.13;  I'autre,  de  termea  homotypiquea  ii 
12.34 — ou  disons,  le  sous-groupe  12.13  de  168  tcrcnes  et  le  soua-groupc  12.34  de  210 
termes ;  maia  cea  deux  aous-groupes  ne  formcnt  qu'un  aeul  groupe :  pour  montrer 
cela  i!  suffit  d'op^rer  sur  12.13,  par  exemple  avec  la  substitution  1245.3678,  ce  qui 
donne  45.13,  terme  homotypique  k  12.34.  Cela  veut  dire  qu'il  n'y  a  pas  de  combi- 
naison  de  deux  bitaogentea  qui  se  distingue  d'une  maniere  quelconque  de  toute  autre 
combinaison  de  deux  bitangentes. 

Mais  en  eombinant  les  bitangentes  trois  k  trois,  on  a  les  deux  sous-groupes 
12.34.56  (420  termes)  et  12.23.34  (840  termes)  qui  forment  un  groupe  de  1260 
termes ;  les  trois  bitangentes  reprfeenteos  par  un  quelconque  des  1260  termes  out  leurs 
six  points  de  contact  sur  une  meme  conique.  Les  trois  autres  sous-groupes  12.23.31 
(56  termes),  12.23.45  (1680  termes)  et  12.13.14  (280  termes)  forment  un  groupe  de 
2016  termes,  et  pour  trois  bitangentes  representees  par  un  terme  quelconque  de  ce 
groupe,  lea  six  points  de  contact  ne  sont  pas  situ^s  sur  une  meme  conique. 

Comme  un  autre  exemple  J'explique  la  constitution  des  63  "groupes"  de  Steiuer 
(voir  le  memoire  de  Steiner,  "  Eigenschal'ten  der  Ciirven  vierten  Grades  riicksichtlich 
ihrer  Doppeltangentcn,"  t.  XLix.  de  ce  journal,  1855)  ou  (pour  ^viter  I'emploi  de-  ce 
mot  groupe  dans  une  nouvelle  signification)  disons  les  63  termes  G  de  Steiner,  chaque 
terme  compost  de  6  paires  de  bitangentes.  On  a  ici  un  sous-groupe  de  35  termes  G, 
de  la  forme 

12 . 34  ;     13 . 42  ;     14 . 23 ;     56 . 78 ;     57 . 86  ;     58 . 67 

(pour  abreger  on  pent  denoter  cc  terme  pai'  1234 .  5678),  et  un  aous-groupe  de  28 
termes  G^  de  la  forme 

13.32;     14.42;     15.52;     16.62;     17.72;     18.82 

(pour  abreger  on  peut  de  m^me  de'noter  ce  terme  par  12.34567S),  les  deux  soiis- 
groupos  forment  le  groupe  des  63  termes  G. 

Steiner  a  de  plus  consid^r^  les  '■systemes"  ou  disons  lea  termes  Si,  S^,  compos6i 
chacun  de  trois  termes  G ;  savoir  315  termes  .Si  et  336  termes  S^.  Les  315  termes 
Si  sont  ici  un  groupe  compoa^  d'un  aous-groupe  de  105  termes  SGi  de  la  forme 

1234.5678;     1256.3478;     1278.3456 

et  un  aous-groupe  de  210  termes  2G2+G-,  de  la  forme 

12.345678;     34.125678   et   1234.i567S. 

Et  de  mSme  les  336  termes  S^  sont  im  gioupe  composd  d'un  sous-groupe  de  280 
termea  2(?i  +  0^  de  la  forme 

1234.. 5678;     5234.1678   et    15.234678 
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et  un  Rous-groupe  de  56  termes  SG^  de  la  forme 

12 . 345678  ;     13 . 245678 ;     31 . 245678. 

J]  va  sans  dire  que  je  me  suis  servi  de  I'abr^viation  1234.5678  pour  d^notev  !e  terme 
12.34;  13.42;  14.23;  56.78;  57.86;  58.67;  et  de  meme  pour  les  aiitres  termes 
0,  ou  G,. 

Jl.  Aronhold  (dans  le  nitmoire  "Ucber  den  gegenseitigen  Zusammenh;ing  der 
28  Doppeltangenten  einer  allgemeinen  Curve  vierten  Grades,"  Berl.  Monatsber.  Juli  1864), 
partant  de  7  bitangentes  donn^es,  a  trouve  uue  construction  pour  les  autres  21  bitan- 
gentes.  Les  bitangentes  donnfes  doivent  etre  indt^pendantes ;  savoir  pour  trois  quelconques 
de  ces  7  bitangentes,  lea  six  points  de  contact  ne  sont  pas  situes  sur  une  mSme  conique. 
Les  bitangentes  representees  par  les  termes  12,  13,  14,  15,  16,  17,  18  sont  un  tel 
systeme  de  bitangentes  in di^-peiid antes ;  et  en  denotant  de  cette  manierc  les  7  bitan- 
gentes donn^es,  la  bitangente  constniite  par  le  moyen  de  la  conique  qui  touche  cinq 
de  ces  droites,  par  exemple  les  droites  38,  48,  58,  68,  78,  (ou  conique  34567)  peut  ^tre 
di^notte  par  12,  et  de  meme  pour  les  autres  bitangentes  cbei-eh^es ;  un  a  ainsi  le 
systeme  entier  des  bitangentes  d^notees  comme  auparavant  par  12,  13,  14,  ...78. 

J'ajoute  que  le  groupe  qui  eontient  18,  28,  38,  48,  58,  68,  78  est  compose  d'un  sous- 
groupe  18,  28,  38,  48,  58,  68,  78  de  8  termes,  et  d'un  sous-groupe  12,  23,  31,  48,  58,  68,  78 
de  280  termes ;  le  groupe  eontient  done  288  termes ;  savoir  il  y  a  ce  nombre  288 
de  systfemes  de  sept  bitangentes  ind^pendantes  qui  peuvent  ehacun  aervir  ii.  trouver 
par  la  construction  d'Aronhold  les  autres  21  bitangentes. 

P.S.  J'ai  trouve  a  propos  de  la  methode  de  M.  Aronhold  une  forme  commode 
pour  r^juation  de  la  conique  qui  touclie  cinq  droites  donnees;  en  supposant  que  Ton 
ait  identiquement  a)  +  y  -\-  z  +  w  =  0,  et  que  les  droites  donnees  soient  3;=  0,  y  =  0,  s  =  0,  w  =  0, 
et  ax  +  by  +  C2  +  dw  —  i),  I'^quation  de  la  conique  est 

(a  ~  dy  (b  -  cy  {xw  +  yz)  +  (6  -  df  (c  -  af  (yw  +  ««)  +  (c  -  dy  {a  -  by  {ew  +  xy)  =  0. 

J'ajoute  qu'en  ^crivant  pour  abr^ger 

a:  ^  :  j  =  {a-d){h~c)  :  (b-d}{c-a)  :  ic-d){a-b) 

(d'oii  a  +  /3  +  7  =  0)  les  coordonnees  (x,  y,  z,  wj)  des  points  de  contact  avcc  les  di'oites 

a,'  =  0,     i/  =  0,     s  =  0,     w=0  sont  (0,  7,  ^,  a),  (7,  0,  a,  ^),     (^,  a,  0,  7),   (a,  ^,  7,  U) 

respectivement ;  et  que  les  coordonnees  du  point  de  contact  avec  la  droite  aa;  +  ij/+C2  +  dw=  0 
sont 

X  :  y  :  z  :  tv  —  {bcd)  -.  —  (cda)  :  (dab)  :~{abc) 

ou,  pour  abr^ger,  (bod)  dt^note  (b  —c)(c—  d)  (d  —  b),  et  de  meme  pour  {cda),  {dab),  (abc). 
Cambridge,  le  23  septembre  1867. 
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NOTE    SUB    LA    SURFACE    DU    QUATRIEME    OEDKE    DOUEE   DE 
SEIZE  POINTS  SINGULIEES  ET  DE  SEIZE  PLANS  SINGULIEB8. 


[From  thu  Jcmriud  fur  die  reine  und  an^ewciiuite  Mathmnatik  (Crelle),  torn.  LXXIII.  (1S71), 
pp.  292—293.] 

L'equation  de  M.  Kummer  se  transforrae  aaiis  difficulty  cii  coUc-ci 


a  +  ^  +  7  =  0,     a'  +  ;3'  +  7  =  0,     a"  +  /3"  +  7"  =  0. 

Or   eette   Equation   rendue   rationuelle   prend,   apres   toutes   les   rdLluetioos   necessaires,   1; 
forme  suivaiite : 

w-  (a?  + 1/"  +  3-  —  2i/3  —  2zx  —  2a.-y) 
+  2w  {aa'a"  {fe  -  yz')  +  ^^'^'  {z'^x  -  za?)  +  77Y'  (^^y  -  xif)  +  )9*>)/^) 
+       {aa.'a"yz  +  ^^'ff'zx  -^  fi^'xyy  =  0, 
ou,  pour  iibF^ger,  Ton  a  ecrit 

e  =  {$    -  7  )  c^a."  +  (7    -  a  )  /3'^"  +  (a   -  /3  )  ^y", 

-  (/3'  -  7-  )  a"a:  +  (7'  -  a'  )  ff'&  +  (a'  -  /3'  )  7'V  . 

-  (/3"  -  7")  a  a'  +  (7"  -  a")  ;3  ^'  +  (a"  -  ;8")  7  7  , 

-  -  Mi^s  -  7)  ('S'  -  7')  (/^'  -  7")  +  (7  - «)  (7'  -  «■)  (7"  -  «")  +  ("  -  ^)  ('»'  -  ^')  («"  -  n] . 

I'identit^  de  ces  differentes  valours  de  6  (jtant  facile  k  vt?ritier. 
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En  representant  par  Aw^  +  2Bv!  +  C=0  la  forme  rationnelle  de  I'equation  de  la 
surface,  on  trouve  pour  le  discriminant  AO -  ^  de  oette  tfc[uation  du  second  degre  en  w 
la  valeur 

^C-i!-  =  toaVW/3"77Y'«!/^(;  +  |  +  J)  (J  +  |+ J=)  (5  +  |'  + 7)- 

L'»5quation  de  la  surface  rendue  rationnelle  est  sym^trique  par  rappurt  aux  trois 
systfemes  de  quantit^s  (%  (3,  7),  (a",  ^',  7')-  (='"'  Z^",  7");  la  forme  ii-rationnello  de  la 
raeme  dqnation  pent  done  ^tre  prdsentee  de  trois  mani^res  diff&entes,  savoir: 

^a   (7'7"!/-/3'/3"2-f)+V/5!,  (aV'j-7V'»-^)  +  ^7^  ((3'/3"-s -«"«>- ™ )  =  0, 

y.-«  {y-yy  -  H-fiz  -  ", ]  +  y fl'y  {a' a,  -  7V  -  |. )  +  -^7'  (/5"/3»  -  »"«S  "  ^ )  =  "^ 

y."^  (77>  -  ma  -  J)  +  ^n  [a^z  -  t/"    ~j]  +  ^I'i"'  [ef^'  -  "«■?/   -  7')  -  !> 

<;t  Ton  voit  de  plus  que  les  Equations  des  seize  plans  singuliera  aont 

«  =  0,     y  =  Q,     s  =  0,     w  =  0, 

-  +  1  +  1  =  0,  ^,  +  |,  +  ^,=  0,  4  +  |,  +  4,  =  0, 

a      p      <y  a      p       y  a.       p       j 

il'V - &^"s - '"'  =  0,     aV'^  -  ii'x - ^   =  0.     /3'y3"iB - aV'?/ - *"  =  0, 

77>  -^j3's-J=0,     ao-z  -77'«.    -|-,  =  0,     ff^cc  -  aa'y    - '^,  =  0, 
les  quantites  a,  ;3,  j,  etc.  ^tant  litres  entre  elles  par  !es  trois  equations 

a  +  jS  +  7  =  0,     a  +  ;8'  +  7'  =  0,     a"  +  ;3"  +  7"  =  0. 
Voila  ce  rae  sembie  la  forme  la  plus  simple  pour  I'dquation  de  cette  surface. 

Cambridge,  le  23  fevrier  X871. 
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NOTE    ON    THE    SOLUTION    OF    THE    QUARTIO    EQUATION 

[From  the  Mathematische  Annalen,  vol.  i.  {1S69),  pp.  54,  55.] 

If  U  denote  the  quartic  function  {a,  b,  c,  d,  ejai,  j/)',  //  its  Hessian 

=  (ac~lf,  2  (ad -be).  ae+2bd-Sc\  2Q>e-cd),  ce-d?\a!.  yf, 

a  and  ^  constants,  then  we  may  find  the  linear  factors  of  the  function  aU+%fiH 
(or  what  is  the  same  thing  solve  the  equation  aU+6^H  =  0)  by  a  formula  almost 
identical  with  that  given  by  me  {Fifth  Memoir  on  Quantics,  Phil.  Trans,  vol  CXLViii. 
(1858),  see  p.  446,  [156])  in  regard  to  the  original  quartie  function   U. 

In    fiict    (reproducing    the    investigation)    if    7,    ,/  are    the    two    invariants,    M=-t-j„, 
<t>  the  cubico variant 

=  (-  a^d  +  Zabc  -  W,  &iAi\m,  yf, 

then  the  identical  equation  Jfi'=-/D"=ff+4fl"'=-*'',  maybe  written  (1,  0,  -M,  M\IH,  JUf 
=  —  \I*^^,  whence  if  wi,  wj,  a»a  are  the  roots  of  the  equation  (1,  0,  —M,  M\n>,  1)^  =  0, 
or  what  is  the  same  thing  w' -  jlf{(i>  — 1)  =  0 ;   then  the  functions 

IH-m,JU,  IH-mJU,  IH~toJU 

are  ea«h  of  them  a  square :   writing 

{m.,~o>,){lH-roJU)=Y\ 
(m,  -  w,)  {IH  ~  o,,JU)  =  Z' , 
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SO  that  identically  X^+F^  +  ^=  =  0,  the  expression  aX  +  0Y+jZ  will  be  a  square  if 
only  a^  +  ^  +  'f  =  0.  (To  see  this  observe  that  in  virtue  of  the  equation  X^+  7^  +  ^'  =  0, 
we  have  X  +  iY,  X  —  iY  each  of  them  a  square,  and  thence 

mX  +  ^F+7^,    =  i^(a  +  i^){X  -iY)-\-^{a-i^){X  -iY)-rii^/W+~Y\ 

is  a  square  if  the  condition  in  question  be  satisfied.) 

Hence  in  particular  writing 

for  a,  ^,  Y,  we  have 


(w,  -  (Oj)  Va/ +  G/3wi  J  V/if  +  ai,  J"ir  +  . . .  +  (m,  -  fttj)  Va/ +  6^o>3  J"  V/if  +  0)3  J"f7 

a  perfect  square,  and  since  the  product  of  the  four  different  values  is  a  multiple  of 
(aFH-  %^Hf  (this  is  most  readily  seen  by  observing  that  for  a;i7+  6/35"=  0,  the 
irrational  expression  omitting  a  factor  is  (Mg  — ius)(a/  +  6^o>iJ)+ ...  +  (i»i  — (».j)(a/  +  6(3Ma'?), 
which  vanishes  identically)  it  follows  that  the  expression  in  question  is  the  square  of 
a  linear  factor  of  aU+Q^H. 

It   thus   appears   that   the   radicals   (other   than   those   arising   from    the   solution   of 
t/'=0)  contained  in  the  solution  of  the  equation  aU+6^H  =  0  are  the  three  roots 


Cambridge,  September  2,  1868. 


Hosted  by 


Google 


[444 


444. 


ON    THE    CENTRO-SUEFACE    OF    AN    ELLIPSOID. 


[From   the  Proceedings   of  the  London  Matkemaiical  Society,  vol.  iii.  (1869 — 1871), 
pp.  16—18.] 

The  President  [Prof.  Cayley]  gave  an  account  of  his  investigations  on  the  centro- 
surfece  of  an  elKpsoid  (locua  of  the  centres  of  curvature  of  the  ellipsoid).  The  surface 
has  been  studied  by  Dr  Salmon,  and  also  by  Prof.  Clehsch,  but  in  particular  the  theory 
of  the  nodal  curve  on  the  surface  admits  of  further  development.  The  position  of  a 
point  on  the  ellipsoid  is  determined  by  means  of  the  parameters,  or  elliptic  coordinates, 
h,  k ;  vi^,  if  as  usual  a,  h,  e  are  the  semi-axes,  and  if  X,  Y,  Z  are  the  coordinates  of 
the  point  in  question,  then 

a?'  +  h     h'  +  h     c^  +  A 

a'  +  k^h'  +  k'^c'  +  k        ' 
and  hence 

-  jSyX-"  =  a"  (a'  +  k)  (a-  +  k), 

-yaV  =6^  (b'  +  h}{¥+k), 
~a/3^  =&  (c=+A)(c'  +  ^), 
if  for  shortness 


This   being   so,  the  coordinates   of  the  point  of  intersection  of  the   norma!  at  {X,  Y,  Z) 
by  the  normal  at  the  consecutive  point  of  the  curve  of  curvature 

a'^  +  k'^¥  +  k     c^  +  k 
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are  given  by  the  form u lee 

-  &ya'a?  =  (a=  +  hf  (a=  +  k), 

-  "folff  =  (6-  +  hf{¥  +  k), 

-  a;3cV  =  (c^  +  hf  (e^  +  k) ; 

viz.,  these  equations,  considering  therein  {h,  k)  as  arbitrary  parameters,  determine  the 
coordinates  (x,  y,  z)  of  a  point  on  the  centro-aurface.  The  principal  sections  (as  is 
known)  consist  each  of  them  of  an  ellipse  counting  three  times,  and  of  an  evolute  of 
an  ellipse;  the  evoiute  and  ellipse  have  four  contacts  (two-fold  intersections)  and  four 
simple  intersections,  but  the  contacts  and  intersections  respectively  are  in  the  different 
sections  real  and  imaginary ;  and  if  (as  we  may  without  loss  of  generality  assume) 
([^  +  c^  >  26^,  then   the   form   of  the   principal   sections   is   as  shown   in   the   figure   (which 


represents  only  an  octant  of  the  surface) ;  viz.,  there  is  a  real  contact  at  P  in  the 
plane  of  xz,  and  a  real  intersection  at  Q  in  the  plane  of  xy.  The  surface  has  thus 
an  exterior  and  an  interior  sheet,  but  (instead  of  meeting  in  a  conical  point,  as  in 
the  wave  surface)  these  intersect  in  a  nodal  curve  QP.  The  curve  has  a  cusp  at  Q, 
and  a  node  at  P;  viz.,  the  curve  extends  beyond  P,  but  from  that  point  is  acnodal, 
or  without  any  real  sheet  of  the  surface  passing  through  it.  For  the  nodal  curve 
there  must  be  two  values  (li,  k),  (Ai,  k^,  giving  the  same  values  of  (x,  y,  s);  viz., 
there  must  exist  the  relations 

{a?  +  hy  (a^  +  A)  =  {a^  +  Kf  («=  +  i',), 

(6*  +  Kf  {¥  +  &)  =  (&=  +  h,f  {¥  +  h), 

(f  +  hf  (c=  +  k)=  (c=  +  Kf  {c'  +  k) ; 

from  which  equations  eliminating  li,  and  ki,  we  should  have  between  h,  k  a  relation 
which,  combined  with  the  expressions  of  x,  y,  z  in  terms  of  (h,  k),  determines  the 
nodal  curva  But  the  better  course  is  to  eliminate  k,  A,,  thus  obtaining  a  relation 
between  h  and  7ii,  in  virtue  whereof  A,  may  be  regarded  as  a  known  function  of  k; 
h  and  ki  can  then  be  readily  expressed  in  terms  of  k,  h^ ;  that  is,  we  have  fe  as  a 
function  of  /(,  /(i,  or   in   effect   as   a   function   of  /(.     The  relation   between   h,  h^  (after  a 

17—2 
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reduction  of  some  complexity)  assumes  ultimately  a  form  which  is  very  simple  and 
remarkable;   viz.,  writing 

P  =  a^  +  b''  +  c\    Q  =  6V  +  cW  +  a=6=,    R  =  a^lP<^, 
the  relation  is 

(QR  +  SQh+Pk') 
+  K  (3Q  +  4PA  +  3/i.^ ) 
+  V(-P   +3A  )  =  0; 

this  is  a  (2,  2)  correspondence  between  the  two  parameters  K,  A, ;  the  united  values 
Ai  =  A,,  are  given  by  the  equation  &(R  +  Qh  +  Ph?  +  h?)  =  0,  that  is 

viz.,  the  two  points  on  the  ellipsoid  which  have  their  common  centre  of  curvature  on 
the  nodal  curve  are  only  situate  on  the  same  curve  of  curvature  when  this  curve  is 
a  principal  section  of  the  ellipsoid. 

{Since   the   date   of  the   foregoing   communication,  Prof.   Cayley  has   found   that   the 
squared    coordinates    3?,   y^,   s^    of   a    point    on    the    nodal    curve    can    be 
rational  functions  of  a  single  variable  parameter  o-.} 
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A    MEMOIR    ON    QUARTIC   SURFACES. 


[From  the  Proceedings  of  ike  London  Mathematioal  Society,  vol.  iii.  {1869 — 1871), 
pp.  19—69.     Read  February  10,  1870.] 

The  present  Memoir  is  intended  as  a  commencement  of  the  theory  of  the  qnavtic 
surfaces  which  have  nodes  (conical  points).  A  quartic  surface  may  be  without  nodes, 
or  it  may  have  any  number  of  nodes  up  to  16.  I  show  that  this  is  so,  and  I  con- 
sider how  many  of  the  nodes  may  be  given  points.  Although  it  would  at  first  sight 
appear  that  the  number  is  8,  it  is  in  fact  7;  viz.,  wo  can,  with  7  given  points  as 
nodes  (but  not  in  a  proper  sense  with  8  or  more  given  points),  find  a  quartic  surface ; 
such  surface  contains  in  its  equation  6  constants,  which  may  be  such  that  the  surface 
has  an  additional  node  or  nodes.  Suppose  that  the  surface  has  an  8th  node : — there 
are  two  distinct  cases ;  viz.,  (1)  the  8  nodes  are  the  points  of  intersection  of  3  quadric 
surfaces,  or  say  they  are  an  octad,  and  the  surface  is  said  to  be  octadic ;  (2)  the  8th 
node  is  any  point  whatever  on  a  certain  sextic  surface  determined  by  means  of  the 
7  given  nodes,  and  called  the  dianodal  surface  of  these  7  points ;  the  quartic  surface 
is  said  to  be  a  dianome.  The  two  cases  are  in  general  exclusive  of  each  other;  viz., 
the  7  given  points  being  any  points  whatever,  the  dianodal  surface  does  not  pass 
through  the  8th  point  of  the  octad;  and  thus  the  quartic  surface  with  the  8  nodes  is 
either  octadic  or  else  a  dianome.  Assuming  it  to  be  a  dianome,  the  constants  may  be 
further  determined  so  that  there  shall  be  a  9th  node ;  it  is  necessary  to  examine 
whether  this  forms  with  7  of  the  8  nodes  an  octad.  Supposing  that  it  does  not  (viz., 
that  there  are  not  any  8  nodes  in  regard  to  which  the  surface  is  octadic),  the  9th 
node  is  then  any  point  whatever  on  a  certain  curve  of  the  order  18,  determined  by 
means  of  the  8  nodes,  and  called  the  dianodal  curve  of  these  8  points.  And,  finally, 
the  constants  may  be  further  determined  so  that  there  shall  be  a  10th  node ;  supposing, 
as   before,   that   this   does  not   form   an    octad    with    any  7    of    the    9    nodes    (viz.,   that 
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there  are  not  any  8  nodes  in  regard  to  which  the  surface  is  octadic),  the  10th  node 
is   then   any  one  of  a   system  of  22   [should  be  13]  points  determined  by  means  of  the 

9  nodes,  and  called  the  dianodai  system  of  these  9  points.  But  the  quartic  surface  is 
now  completely  determined;  viz.,  starting  with  any  7  given  points  as  nodes,  we  have  a 
dianome  with  8  nodes,  9  nodes,  or  10  nodes,  say,  an  octodianome,  enneadianome,  or 
decadianome,  but  not  \vith  any  greater  number  of  nodes ;  these  can  only  present  them- 
selves when  particular  conditions  are  satisfied  in  regard  to  the  7  given  nodes,  and  to 
the  8th  and  9th  node ;    and   the   consideration   of  the   quartic   surfeces  with   more   than 

10  nodes  would  thus  form  a  separate  branch  of  the  subject. 

The  case  of  the  decadianome  (or  quartic  surface  with  10  nodes  formed  as  above 
with  7  given  points  as  nodes)  is  peculiarly  interesting.  I  identify  this  with  the  surface 
which  I  call  a  symmetroid ;  viz.,  the  surface  represented  by  an  equation  A  =  0,  where 
A  is  a  symmetrical  determinant  of  the  4th  order  the  several  terms  whereof  are  linear 
functions  of  the  coordinates  (x,  y,  z,  w);  this  surface  is  related  to  the  Jacobian  surface 
of  4  quadric  surfaces  (itself  a  very  remarkable  surface),  and  this  theory  of  the  symmetroid 
and  the  Jacobian,  and  of  questions  connected  therewith,  forms  a  large  portion  of  the 
present  Memoir. 

The  theory  of  the  Jacobian  is  connected  also  with  the  researches  in  regaixl  to 
nodal  quartic  surfaces  in  general ;  and,  for  greater  clearness,  it  has  seemed  to  me 
proper  to  commence  the  Memoir  with  certain  definitions,  &c.,  in  regard  to  this  theory. 
It  will  be  seen  in  what  manner  I  extend  the  notion  of  the  Jacobian. 

I  remark  that  the  present  researches  on  Quartic  Surfaces  were  suggested  to  me 
by  Professor  Kummer's  most  interesting  Memoir  "Ueber  die  algebraischen  Strahlen- 
systcme  u.3.w.,"  Berl.  Ahh.  1866,  in  which,  without  entering  upon  the  general  theory,  he 
is  led  to  consider  the  quartic  surfaces,  or  certain  quartic  surfaces,  with  IG,  15,  14,  13,  12, 
or  11  nodes;  the  last  of  these,  or  surface  with  11  nodes,  being  in  feet  a  particular 
case  of  the  symmetroid. 


Consideratioits  in  regard  to  the  Jacobian  of  four,  or  more  or  less  than  four.  Surfaces. 

1.  In  the  case  of  any  four  surfaces,  P  =  0,  Q  =  0,  iJ  =  0,  S  =  0,  the  differential 
coefficients  of  P,  Q,  It,  S  in  regard  to  the  coordinates  (x,  y,  z,  ic)  may  be  arranged 
as  a  square  matrix  in  either  of  the  ways 

P,  g,  R,  &    ;     8^,  Sy,  4,  S„. 

p 
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and  with  either  arrangement  we  may  form  one  and  the  same  determinant,  the  Jacobian 
determinant  J  {P,  Q,  B,  S),  or,  equating  it  to  zero,  the  Jacobian  surface  J(P,  Q,  B,  S)  =  0, 
of  the  four  surfaces. 

2.     In    the  case  of  more  than    four  surfaces,  adopting  the  arrangement 

P,  Q,  R,  S,  T... 


and  considering  the  several  determinants  which  can  be  formed  with  any  four  columns 
of  the  matrix,  these  equated  to  zero  establish  a  more  than  one-fold  relation  between 
the  coordinates;  viz.,  in  the  case  of  five  surfaces,  we  have  J{P,  Q,  R,  S,  T)=0,  a 
twofold  relation  representing  a  curve ;  and  in  the  case  of  six  surfaces,  J(P,  Q,  R,  8,  T,  U)=0, 
a  threefold  relation  representing  a  point-sysfcem ;  and  (since  with  four  coordinates  a 
relation  is  at  most  threefold)  these  are  the  only  cases  to  be  considered. 

3.     In  the  case  of  fewer  than  four  surfaces,   adopting  the  arrangement 


and  considering  the  several  determinants  which  can  be  formed  with  any  3  or  2  columns 
of  the  matrix,  and  equating  these  to  zero,  we  have  in  like  manner  a  more  than  one- 
fold relation  between  the  coordinates ;  viz.,  in  the  case  of  three  surfaces,  we  have 
J{P,  Q,  iJ)  =  0,  a  twofold  relation  representing  a  curve;  and  in  the  case  of  two 
surfaces  J(P,  Q)  =  0.  a  threefold  equation  representing  a  point-system,  (viz.,  this 
denotes  the  points  S^P  :  SyP  :  S^P  :  B^P  =  SxQ  :  Sj,Q  :  B^Q  :  S^Q) ;  for  a  single  surface 
we  should  have  a  fourfold  relation,  and  the  case  is  not  considered.  But  observe  that 
if  the  notation  were  used,  J{P)  =  0  would  denote  S^P^O,  8yP  =  0,  SjP=0,  8,^  =  0, 
equations  which  are  satisfied  simultaneously  by  the  coordinates  (x,  y,  z,  w)  of  any 
node  of  the  surface  P=0.  Although  in  what  precedes  I  have  used  the  sign  =,  there 
is  no  objection  to  using,  and  I  shall  in  the  sequel  use,  the  oi-dinary  sign  =,  it  being 
understood  that  while  J(P,  Q,  B,  S)  =  0  denotes  a  single  equation  or  onefold  relation, 
J{P,  Q.  B,  8,  2')  =  0  or  J(P,  Q,  K)  =  0  will  each  denote  a  twofold  relation,  and 
J{P,  Q,  R,  -S,  T,   U)=0  or  J{P,  Q)  =  0  each  of  them  a  threefold  relation. 

4.  It  is  not  asserted  that  ...J{P,  Q,  R)  =  0,J(P,  Q,  R,  S)  =  0,  J{P,  Q,  B,  8,  T)  =  0,... 
form  a  continuous  series  of  analogous  relations ;  and  there  might  even  be  a  propriety 
in  using,  in  regard  to  four  or  more  surfaces,  J,  and  in  regard  to  four  or  fewer  surfaces 
an  inverted  J  (viz.,  in  regard  to  four  surfaces,  either  symbol  indifferently) ;  but  there 
is  no  ambiguity  in,  and  I  have  preferred  to  adopt,  the  use  of  the  single  symbol  J. 
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5.  Suppose  that  the  orders  of  the  surfaces  P  =  0,  Q  =  0,...  are  a+1,  b  +  1,...  (so 
that  the  orders  of  the  differential  coefficients  of  P,  Q...  are  a,  b, ...),  then  we  have 
for  the  oiders  of  the  several  loci, 

J(P,  Q)  =  0,  point-system,  order  a' +  a'b  +  ab^  +  b' ; 
J(P,  Q,  iJ)  =  0,  curve,  „       a'' +  b^  +  d' +  be -{  ca  +  ab ; 

J{P,  Q,  R,  S)  =  0,  surface,  „       a+b  +  c  +  d; 

J(P,  Q,  K,  S,  T)  =  0,  curve,  „       ab  +  ac...  +  de; 

J(P,  Q,  R,  S,  T,   U)  =  0,  point-system,      „       abc  +  abd ...  +  def; 

see,   as   to   this,   Salmon's   Solid   Geometry,  Ed.  2,  (1865),   Appendix   iv.,   "On   the  Order 
of  Systems   of    Equations"    [not    reproduced    in    the    later    editions].      In    particular,    if 


=  6-c 


- 1,  then  the  orders  arc   4,  6,  4,  10,  20. 


As  to  the  Surface  obtained  by  equaiing  to  zero  a  Symmetrical  Determinant. 
6.     It   is   also  shown  (Salmon,  Ed.  2,  p.  495)  that  the  surface  obtained  by  equating 
to   zero   any  symmetrical   determinant   has   a  determinate   number   of  nodes ;   viz.,  if  the 
orders   of    the   terms    in    the   diagonal   be    a,    b,    c,   &c.,   then   the   number   of    nodes   is 


=  ^  (Xa .  %ab  —  Xabc),   or,    as   this   may   also 
the  formula  applies  to  the  case  of  the  surface 


written,   J  (la^b  +  SXabc).     In   particulai 


A, 

H. 

G, 

L 

a. 

B, 

F, 

M 

G. 

F, 

C, 

N 

L. 

M, 

N, 

D 

(a,  b,  c,  d)  being  here  the  orders  of  A,  B,  C,  D  respectively,  and  the  orders  of  F,  G,  &c., 
being  i  (6  -F  c),  ^  (a  -^  c),  &c.  If  the  terms  are  all  of  them  linear  functions  of  the 
coordinates,  or  £[  =  6  =  c  =  d=l,  then  the  number  of  nodes  is  =10. 

7.  That  the  surface  has  nodes  is,  in  fact,  cleai-  from  the  consideration  that  any 
point  for  which  the  minors  of  the  determinant  all  vanish  will  be  a  node ;  and  that 
(for  the  symmetrical  determinant),  by  making  the  minors  all  of  them  vanish,  we 
establish  only  a  threefold  relation  between  the  coordinates.  The  expression  for  the 
number  of  the  nodes  is,  I  think,  obtained  most  readily  as  follows : 

The  nodes  will  be  points  of  intersection  of  the  curve  and  surface 


A.    H.    a.    I 

=  0, 

H,     B,     F,     M 

G,     F,     C,     If 

these,  howev 

%  contain  in  common  the  points 

II  H,     B,    F,    M 

!    G,    F 

C,    ff 

1  B. 


M 


=  0, 
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and  not  only  so,  bub  they  touch  at  the  points  in  question ;  so  that,  multiplying 
together  the  orders  of  the  curve  and  surface,  and  subtracting  twice  the  order  of  the 
point-system,  we  obtain  the  expression  for  the  number  of  nodes.  In  the  particular  case 
where  the  functions  are  all  linear,  we  have  a  sex  tic  curve  and  cubic  surface  inter- 
secting in  18  points ;  but  the  curve  and  surface  touch  in  4  points,  and  the  number 
of  nodes  is  (18  —  2 . 4)  =  10.  And  in  the  same  way  the  formula  may  be  established  for 
the  general  case. 

8.  The  subsidiary  theorem  of  the  contact  of  the  curve  and  surface  requires,  how- 
ever, to  be  proved.  Seeking  for  the  equation  of  the  tangent  plane  of  the  surface  at 
any  one  of  the  points  in  question,  we  have  first 


SB, 

SF,    SM 

+ 

B. 

F, 

M  \  +  \     B, 

F,     it 

F. 

C,      N 

SF, 

SO, 

SS       1     F, 

G,     if 

M, 

N.      I) 

it, 

A' 

D  \     \  hit. 

SjV,    SD 

-0, 


1  virtue  of  the  equations 


I  H,    B,    F,    M  ||  =  0, 
G,    F.     0.     N'  \\ 


the  last  term  vanishes.     Expanding  the  other  two  terms,  the  equation  becomes 

D  (CSB  +  BW  -  2FBF)  -  (N'SB  -  2iMMF  +  M'SC)  +  SM  {FN  -  CM)  +  BN  (BN'  -  MF)  =  0 ; 

but,   in    virtue   of    the   same   ei[uations,    the   coefficients    of   SJf   and  SX  each    of    them 
vanish,  and  we  have  also 

N'-KB  -t  M^W  -  -IMNSF  =  ~  {OSB  +  BSC  ~  2FSF) ; 

so   that   the   equation   becomes    finally   CBB  +  SW  —  2FSF  =  0.     Investigating    by   a    like 
process  the  equation  of  the  tangent  of  the  curve 


A:     H,     G,     L 
H,    B,     F,     M 

G,    F,     C,     A' 


we  hnd  biti\een  the  differentials  SA,  BB,  &c.,  a  twofold  linear  relation,  expressible  by 
means  of  the  foregoing  equation  OBB  + BBC ~2FBF=^0,  and  one  othei-  equation;  that 
IS,  at  each  of  the  points  in  question  the  tangent  of  the  curve  lies  in  the  tangent 
phne  of  the  surface,  or,  what  is  the  same  thing,  the  curve  and  surface  touch  at  these 
points 

C.  VII.  ^  8 
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Surfaces  represented,  by  an  equation  F(P,  Q)  =  0,  Sic. 

9.  In  the  remarks  which  follow  as  to  the  surfaces  i^(P,  Q)  =  0,  F(P,  Q,  ii)  =  0,  &c., 
the  function  f  is  a  rational  and  integral  function  of  (P,  Q),  (F,  Q,  M),  &c.,  not  in 
general  homogeneous  in  regard  to  P,  Q,  R, ....  but  of  such  degrees  in  regard  to  these 
functions  respectively  as  to  be  homogeneous  in  regard  to  the  coordinates  {x,  y,  z,  w). 

The  surface  F{P,  Q)  =  0  has  in  general  a  nodal  curve  SpF=0,  SqF=0;  and  if 
it  has  besides  any  nodes,  these  are  points  of  the  point-system  J  (P,  Q)  =  0. 

The  surface  F(P,  Q,  ii)  =  0  has  in  general  nodes  SpF=0,  BqF=0,  Sj,P  =  0;  and 
if  it  has  besides  any  nodes,  these  are  points  on  the  curve  J{P,  Q,  iJ)  =  0. 

The  surface  F{P,  Q,  R,  8)  ^  0  has  not  iu  general,  but  it  may  have,  nodes 
BpF=0,  SqF=0,  SpF^O,  SsF=0;  if  it  has  any  other  nodes,  these  are  points  on  the 
surface  J(P,  Q,  R,  S)=0. 


Nodes  of  a  Quartic  Surface ;'  Circumscribed  Cone  hamng  its  vertex  at  a  Node. 

XO,  A  quartic  surface  may  be  without  nodes ;  or  it  may  have  any  number  of  nodes 
up  to  16.  Consider  a  quartic  surface  having  a  node  or  nodes ;  and  take  the  single 
node,  or  (if  more  nodes  than  one)  any  one  of  the  node?,  as  the  vertex  of  a  circumscribed 
cone;  then,  considering  any  plane  through  tht  \Pite\  the  sectnn  will  bf  a  quartic 
curve  having  a  node  at  the  vertex,  and  the  generating  lines  in  the  plane  will  be  the 
tangents  from  the  node  to  the  quartic  curve ,  the  number  of  them  ii  thcrefoic  6  and 
the  order  of  the  circumscribed  cone  is  thus  =  6  Each  tangLnt  interstcti  the  quartic 
curve  in  the  node  counting  as  two  intersections,  and  lu  the  point  of  contact  counting 
as  two  intersections;  there  arc  consequently  no  smgulai  tangents,  and  theiefoiL  m  the 
circumscribed  cone  no  singular  lines  aiising  fiom  i  singulai  tangencj  of  the  generating 
line.  Hence,  in  the  case  of  a  single  node  on  the  surface  the  circumsci  ibed  cone  is 
a  cone  of  the  order  6  without  nodal  or  stationary  lines ;  and  the  class  is  =  30.  But 
in  the  case  of  more  than  one  node,  say  k  nodes,  the  circumscribed  cone  passes  through 
the  remaining  k  —  \  nodes,  and  the  generating  line  through  each  of  these  nodes  is  a 
nodal  line  of  the  cone ;  that  i^,  the  cone  has  k  —  l  nodal  lines,  and  its  class  is 
=  30  —  2£  +  2.  The  cone  is  not  of  necessity  a  proper  cone ;  the  maximum  number  of 
nodal  lines  is  when  it  breaks  up  into  6  planes,  and  we  have  then  i--l  =  lo  ;  that  is, 
the  number  of  nodes  of  the  surface  is  at  most  =  16. 

11.  It  is  easy  to  form  a  table  of  the  different  pWmii  yacie  possible  forms  of  the 
sextic  cone,  according  to  the  number  of  nodes  of  the  surfeee ;  viz.,  writing  6  for  a 
proper  sextic  cone  without  nodal  lines,  6,,  6.;..,  6„  for  the  proper  sextic  cone  with 
1,  2,  ...  or  10  nodal  lines;  and  so  5,  o,  ...  Oj  for  the  proper  quintic  cones, 
4,  4i,  4j,  4a,  3,  3|,  2  for  the  quartic,  cubic,  and  quadric  cones,  and  1  for  the  plane,  the 
table  is 
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Circumscribed  Sextic  Cone, 


5i 

6, 

5, 

1.  2 

54 

*■,  2; 

4 

1,  1; 

3 

3 

5= 

%,  2; 

*. 

1,  1; 

3, 

3 

5. 

■t.,  2; 

4, 

1.  1; 

3, 

3.; 

3  ,  2,  1 

4. 

1.  1; 

3„  2,  1; 

3,  1,  1,  1; 
3,.  1,  1,  1; 

2,  2,  2 
2  ,  2,  1,  1 
2„  1,  1,  1,  1 
1  ,  1,  1,  1,  1,  1 

and  moreover,  in  the  cases  where  there  are  two  or  more  forms  of  the  sextic  cone, 
then  the  k  sextic  cones  may  be  of  the  different  forms  in  various  combinations.  The 
total  number  of  eases  prima  facie  possible  is  thus  very  great ;  but  only  a  comparatively 
small  number  of  them  actually  exist. 

12.  In  the  case  where  there  is  a  plane  1,  the  sextic  cone  breaks  up  into  this 
plane,  and  into  a  (proper  or  improper)  qiiintic  cone  intersecting  the  plane  in  5  lines ; 
that  is,  there  will  be  in  the  plane  6  nodes ;  the  plane  is,  in  fact,  a  singular  tangent 
plane  meeting  the  surface  in  a  conic  twice  repeated ;  and  the  6  nodes  lie  on  this 
conic.  Taking  any  one  of  these  nodes  as  vertex,  the  corresponding  sextic  cone  breaks 
up  into  the  plane,  and  into  a  (proper  or  improper)  quintic  cone. 

i;!.  In  the  cases  k  —  1,  2,  3,  4,  5,  and  k  =  15,  16,  there  is  only  one  form  of  sextic 
cone ;  so  that  each  node  (at  least  so  far  as  appears)  stands  in  the  same  relation  to 
the  surface.  Considering  the  last  mentioned  two  cases;  k  =  16, — each  of  the  16  nodes 
gives  6  singular  tangent  planes,  but  each  of  these  passes  through  6  nodes ;  therefore 
the  number  of  planes  is  =16;  similarly,  k=lb,  the  number  of  singular  tangent  planes 
is  15  X  4  4-0,  =10. 

18—2 
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For   Jc=li,  the   cones  are   3i,  1,  1,  1,  or   2,2,1,1:   it   is   easy   to   see   that   wc   have 
only  tho  three  eases 

Cones  3,,  1,  1,  1  :  2,  2,  1,  1  Singular  tangent  planes 

No.  may  be     14  ,       0         gives  (14 .  3  +    0 .  2)  -^  6,  =  7 

8  ,       G  „(  8.3+    6. 2) -6,  =6 

2  ,     12  „     (  2.3  +  12.2)-- 6,  =0 

and    we    may  in    the    like    manner    limit    the    number  of  possible    cases,  for    other    values 
of  k.     But  I  do  not  at  present  further  pursue  the  inquiry. 


As  to  the  Number  of  Gotistcmts  contained  in  a  Surface. 

14.  We  say  that  a  surface  P  =  0  contains  or  depends  upon  a  certain  number  of 
constants;  viz.,  this  is  the  number  of  constants  contained  in  the  equation  P=0  of  tho 
surface,  taking  the  coefficient  of  any  one  term  to  be  equal  to  unity ;  thus  tho  general 
quadric  surface  contains  9  constants ;  the  surface  can  in  fact  be  determined  so  as  to 
satisfy  9  conditions ;  or,  as  we  might  expi-ess  it,  the  Postutation  of  the  surface  is  =  9. 
[I  have  elsewhere  said  Posttdandum  and  Capacity :  I  prefer  this  last  expression.] 
And  if,  in  the  general  equation  so  containing  9  constants,  k  of  these  are  given,  or, 
what  is  the  same  thing,  if  the  quadric  surface  be  made  to  satisfy  any  k  conditions, 
then  the  number  of  constants,  or  postulation  of  the  surface,  is  =  9  —  k. 

15.  But  a  different  form  of  expression  is  sometimes  convenient ;  the  conditions  to 
be  satisfied  are  frequently  such  that,  being  satisfied  by  the  surfaces  P  =  0,  Q  =  0, ..., 
they  will  be  satisfied  by  the  surface  aP  +  /3Q+ ...  =  0,  where  a,  y3,  ...  are  any  constant 
multipliera  whatever.  When  this  is  so,  there  will  be  a  certain  number  of  solutions 
P  —  0,  Q  =  0, ...  not  connected  by  any  such  relation,  or  say  of  asyzygetic  solutions,  such 
that  the  general  surface  satisfying  the  conditions  in  question  is  0^  +  ^^  +  ...  =0;  and 
hence,  taking  one  of  these  coefficients  as  unity,  the  number  of  constants,  or  postulation 
of  the  surface,  is  equal  to  the  number  of  the  remaining  coefficients,  or,  ivhat  is  the 
same  thing,  it  is  less  by  unity  than  the  number  of  the  asyzygetic  solutions  P  =  0, 
Q  —  0...,  Instead  of  considering  the  number  of  constants,  or  postulation,  we  may  consider 
the  number  of  solutions  (that  is,  asyzygetic  solutions)  or  surfaces  P^O,  Q  =  0, ...  which 
satisfy  the  conditions  in  question. 

16.  Thus,  for  the  quadric  not  subjected  to  any  conditions,  there  are  10  surfaces 
(for  example,  these  may  be  taken  to  be  the  surfaces  x^  =  0,  ^  =  0,  s^  =  0,  W  =  0,  (/s  =  0, 
2x  =  0,  iH/  =  0,  3^1  =  0,  t/w  =  0,  siu  =  0) ;  and  the  general  quadric  surface  is  by  means  of 
these  expressed  linearly  in  the  form  (a,  ...'^x,  y,  z,  vSf^Q.  So  for  the  quadric  surfaces 
through  k  given  points,  the  number  of  these  is  =10  — i;  thus  for  the  surfaces 
through  4  given  points,  say  the  points  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1), 
the  6  given  surfaces  may  be  taken  to  be  yz  —0,  zx  =  0,  xy  —  0,  xw  =  0,  yw  —  0,  zw  =  0, 
and  every  other  quadric  surface  through  the  4  points  is  by  means  of  these  expressed 
linearly  in  the  form  {a,  ..."^yz,  zx,  xy,  xw,  yw,  zxi))  —  0\  for  the  quadric  surfaces  through 
8   points   there   are   two   surfaces   P  =  0,  Q  =  0 ;   and   every   quadric   surface   through   the 
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8  points  is  by  means  of  these  expressed  linearly  in  the  form  «P  +  ^Q  =  0 ;  and  (as 
the  extreme  ease)  if  the  quadric  surface  passes  through  9  given  points,  then  there  is 
the  single  quadric  surface  P  =  0. 

17.  Ill  the  questions  in  which  such  quadric  surfaces  present  themselves,  it  is  in 
general  quite  immaterial  what  particular  surfaces  are  selected  as  the  surfaces  P  =  0, 
^  =  0,...;  the  selection  may  be  made  at  pleasure  and,  being  so  made,  the  surfiices  are 
to  be  regarded  as  co[npleteIy  determinate;  viz.,  there  would  be  no  gain  of  generality 
if  these  were  replaced  by  any  other  surfaces  aP  +  ySQ ...  =  0.  For  instance,  in  the 
theory  of  the  quartic  surfaces  with  6  given  points  as  nodes,  we  have  through  the  6 
given  points  the  4,  quartic  surfaces  P  =  0,  Q  =  0,  7i  =  0,  ,S  =  0,  and  we  consider  the 
quartic  functions  {a,  .--JP,  Q,  R,  Sf  and  J  (P,  Q,  R,  S):  each  of  these  is  unaltered 
as  to  its  form  when  2',  Q,  R,  8  are  replaced  each  of  them  by  any  linear  function  of 
these  quantities;  viz,,  {a,  ■■■\P,  Q,  R,  Sy  is  changed  into  a  new  quEidric  function 
(a',  ...JP,  Q,  R,  Sy,  and  J  (P,  Q,  R,  S)  into  a  mere  constant  multiple  of  its  original 
value.  We  have  herein  a  justification  of  the  expressions  in  question,  througli  6  given 
points  there  are  4  quadric  surfaces,  &c. 

General  theory  of  the  Quartic  Surface  with  a  given  Node  or  Nodes. 

18.  A  quartic  surface  contains  34  constants;  and  the  number  of  conditions  to 
be  satisfied  in  order  that  a  given  point  may  be  a  node  is  =  4.  Hence,  if  the  surface 
has  k  given  points  as  nodes,  the  number  of  constants  is  =  34  ~  4& ;  and  it  would  at 
first  sight  appear  that  k  might  be  =  8,  and  that  with  the  8  given  points  as  nodes 
we  should  have  a  quartic  surface  containing  2  constants.  But  this  is  not  so  in  a 
proper  sense ;  for  through  the  8  given  points  we  have  2  quadric  surfaces  P  =  0,  Q  =  0 ; 
and  we  can  by  means  of  these  form  a  quartic  surface  (a,  h,  c^P,  QY  =  0,  containing 
2  constants,  and  having  in  a  sense  the  S  points  as  nodes.  This,  however,  is  no 
proper  quartic  surface,  but  is  a  system  of  2  quadric  surfaces,  each  of  them  passing 
through  the  8  points,  and  the  two  quadric  surfaces  therefore  intersecting  in  a  quadri- 
quadric  curve  through  the  8  points ;  which  curve  is  therefore  a  nodal  curve  on  the 
compound  surface ;  and  it  is  only  as  points  on  this  nodal  curve,  and  not  in  a  proper 
sense,  that  the  8  given  points  arc  nodes  of  the  quartic  surface.  The  greatest  value 
of  k  is  thus  k  —  T. 

19.  Of  course,  i(  k  =  0,  we  have  the  general  quartic  surface  If—O,  containing  34 
constants.  The  cases  k  —  1,  k  —  2,  k  —  3  (viz.,  a  single  given  node,  2  given  nodes,  3 
given  nodes),  may  be  at  once  disposed  of;  taking  for  instance  the  1st  node  to  be  the 
point  (1,  0,  0,  0),  the  2nd  node  the  point  (0,  1,  0,  0),  the  3rd  node  the  point 
(0,  0,  1,  0),  we  find  at  once  an  equation  U  =  0,  with  30,  26,  or  22  constants,  having 
the  given  node  or  nodes. 

Four  given  Nodes, 

20.  The  case  of  4  given  nodes  is  just  as  easy;  but  in  reference  to  what  follows, 
it  is  proper  to  consider  it  more  in  detail.  The  equation  should  contain  IS  constants; 
we  have  through  the  i  given  points  C  quadric  surfaces,  P  =  0,  Q  =  0,  R  =  0,  S=0,  T=0, 
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U  =0,  and  we  can  by  means  of  them  form  a  quarbic  equation  (a,  ...JP,  Q,  R,  S,  T,  f/)'  =  0, 
having  the  4  given  points  as  nodes;  this  contains,  however,  (21  —  1=)  20  constants; 
the  reduction  to  the  right  number  18  occurs  by  reason  that  the  functions  (P,  Q,  R,  S,  T,  U). 
although  linearly  independent,  are  connected  by  two  quadric  equations 

{«5P,  Q,  M,  S,  T,   Uf  =  0,     (*'5P,  Q,  R,  S,  T.   Uf  =  0; 

hence  writing  the  equation  of  the  quartic  aurfeee  in  the  form 

(o.  ...ii:,.)--x(.5..)'-f.(.5„)>-o, 

the  coefficients  X,  fL  may  be  so  determined  as  to  reduce  to  zero  the  coefficients  of 
any  two  terms  of  the  equation,  and  the  number  of  constants  really  is  20  —  2  =  IS,  as 
it  should  be. 

21.  In  proof,  observe  that,  taking  the  4  given  nodes  to  be  the  points  (1,  0,  0,  0), 
(0,  1,  0,  0),  (0,  0,  1,  0),  (1,  0,  0,  0),  the  quadric  surfaces  may  be  taken  to  be  ys  =  (i, 
zx  =  0,  xy  =  0,  aw  =  0,  yw  =  0,  smi  =  0 ;   the  equation  of  the  quartic  surface  will  thus  be 

(a,  ...'^ys,  zx,  xy,  xw,  yw,  sw)'=0; 

but  we  have  between  the  functions  xy,  &c.,  the  two  identical  relations 

xy  .  zw  —  xs  .  yw  =  0,     .'ey  .  zw  —  xw  .yz  =  0; 

and  the  number  of  constants  is  thus  =18. 


Five  given  Nodes. 

22.  In  the  case  of  5  given  nodes,  the  number  of  constants  should  be  =  14.  We 
have  through  the  5  given  points,  5  quadric  surfaces  P  =  0,  <3  =  0,  S  =  0,  jS  =  0,  ^=0, 
and  we  form  herewith  the  quartic  equation  (a,  ...JP,  Q,  R,  S,  2')^  =  0,  containing  the 
right  number  14  of  arbitrary  constants.  The  functions  P,  Q,  &e.  are  in  this  case  not 
connected  by  any  quadric  relation,  and  the  equation  just  written  down  is  in  fact  the 
general  equation  of  the  quartic  surface  with  the  5  given  nodes, 

23.  In  verification,  take  the  iirst  4  nodes  to  be  as  above,  and  tJie  5th  node  to 
be  the  point  (1,  1,  1,  1);   we  may  ivrite 

(P,  Q,  R,  S,  T)={x(y-z),  x(y-w),  y{x-z),  y{x^w),  my-m\; 

and   if    from   the   5   equations   P  =  x{y ~z),  &e.,   we   ehminate   («,   y,   z,  w),  we   obtain 
one,  and  only  one,  relation  between  the  functions  P,  Q,  R,  S,  T\   this  is  found  to  be 

PS  {Q  +  R~T)~     QRiP  +  S-T)  =  0, 

or,  what  is  the  same  thing, 

R(P  -  Q)  (S  -  T)-P(R-  S)(Q-T)  =  0: 

viz.,  it   is   a   cubic   relation,  and   tliere   is   consequently  iio   quadric   relation   between   the 
5  function.'!. 
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Six  given  Nodes. 

24.  In  the  case  of  6  given  nodes,  the  quartie  surface  should  contain  10  constants. 
We  have  through  the  6  given  points  i  quadric  surfaces  P  =  0,  Q  =  0,  R  =  0,  8  —  0., 
but  if  we  form  herewith  the  quartic  surface  (a,  ...JP,  Q,  B,  Sy  =  0,  this  contains  only 
9  constants.  It  is  to  be  shown  that  the  Jacobian  surface  J{P,  Q,  R,  8)  =  0  of  the 
4  quadric  surfaces  (or  say  of  the  6  points)  is  a  quai'tic  surface  having  the  6  given 
points  as  nodes,  and  not  included  in  the  foregoing  form  (a,  ■..'^P,  Q,  R,  iS)^=0;  this 
being  so,  we  have  the  quartic  surface 

(a,...JP,  Q,  E,  Sy  +  0J(P,  Q,  R,  S)  =  0, 

having  the  6  given  points  as  nodes,  and  containing  the  complete  number  of  constants, 
viz.,  10. 

25.  The  6  given  nodes  being  any  points  whatever,  their  coordinates  may  be  taken 
to  be  (1,  0,  0,  0),  (0,  1,  0,  0),  (0.  0,  1.  0),  (0,  0,  0,  1),  (1,  1,  1,  1),  and  {a,  yS,  7,  8).  I 
proceed  to  find  the  Jacobian  of  these  6  points.  For  this  purpose,  let  (a,  h,  c,  f,  g,  h) 
be  the  6  coordinates  of  the  line  through  the  points  (1,  1,  1,  1)  and  (a,  0,  7,  S),  viz., 

I)  —y  —  a,  g  =  ^  —S, 

C  -  a  -  y3,  h  =  y  -S. 

whence  af+hg  +  ch  —  0,  and  also 

.       /.-s  +  «  =  0, 

-  4      .  +/+  i  -  0, 
;/-/     .+0-0, 

-  „  -  6  -  c      .  -  (I, 
we  have  through  the  6  points  the  plane  pahs 

j:  (      .  —  hx  —  gi  +  aw)  =  0, 
y  (- /(*■      .    +fz  +bw)^0, 

'(  o'-fy    ■  +<»)  =  o, 

w  (— ax  —  hy  —  cz      .    )  =  0, 

where,  adding  the  four  equations,  we  have  identically  0  =  0.  For  this  reason,  wc  cannot 
take  these  to  be  the  equations  of  the  4  quadiic  surfaces,  but  we  may  take  the  first 
3  of  them  for  the  surfaces  P  =  0,  Q  =  0,  R  =  0;  and  for  the  4th  surface  S=0,  I  take 
the  quadric  cone  having  its  vertex  at  the  point  (0,  0,  0,  1);  viz.,  the  equation  is 

a-Ayz  +  h^zx  +  cyxy  =  0 ; 
that  is,  I  write 

(P,  Q,  R,  S)  =  {x(hj-gz  +  aw),  y  (- hx  +  fz  +  hw),  z(gx-fy  +  cw).  (aayz +  b0zx  +  cyxy)]. 
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26.  The  Jacobian  is  then  easily  found  to  be 

ij>j3zx  +  cyxy)  {— a,gh,  bhf,  cfg,  abc,  —  af^,  ~  gB,  hC,  aA,  li'g,  ~c'h\x,  y,  z,  luf 
+  (cyxg  +  atxyz )  {agk,  —bhf,  efg,  abc, /A,  —hg",  —kC,  —a?f,  hB,  &h  \x,  y,  z,  w)" 
+  (aays  +b^zic)(agli,  bhf,  —cfg,  abc,  —/A,  gB,  -ch-,  a%  —b^g,  cC  \x,  y,  z,  ?tr)2  =  0; 

where  for  the  moment  A,  B,  G  denote  bg  —  ch,  ck  —  af,  nf—bg  respectively.  Collecting 
and  reducing,  the  whole  divides  by  2a6c ;  and  if  finally  we  replace  a,  b,  c,  f,  g,  h  by 
their  values,  the  result  is 

,'■     il3 -  y) yz  {aw^-  -BaP)  +  (a  -  B)xw{/3sf -yf)] 

J"  =  i  +  (y  -ci)sx  (&w^  -  Bf)  +  (^  -  8)  yw  {yx-  -as'')  1-  =  0, 

I  +  («  -  ^)  a^y  (T"-'  -  2^^)  +  (y-B)^^  {af  -  ^u?)  J 

27.  It  may  be  shown  a  posteriori  that  J  is  not  a  quadric  function  of  P,  Q,  R,  8.  For, 
attempting  to  express  it  in  this  form,  J  does  not  contain  the  terms  a?i/fi,  y'^vf,  zhi>-,  and  it 
thence  at  once  appears  that  the  coefficients  of  P^,  Q*,  R-  each  of  them  vanish.  Hence, 
introducing  for  convenience  the  factor  2, 1  assume (0, 0, 0,  D,F,  G,n,L,M,I\'^P,  Q,R,  S)-=2J. 
Comparing  the  terms  in  w^{yz,  zx,  xy),  we  obtain 


hcF=  a*,     caG  ■- 

-6/3,     a6ff-C7; 

and  eonipariiig  the  coefficients  of  w  {fs,  s^a:. 

^l/:  y2^  ^^''  ^f),  i^'o  obtain 

-Ff  +  ao,M=j. 

Ff+mN~-<!^. 

-Gs  +  bl3N--f^-. 

Gs+m--'f. 

-Hk+c-,L  .!>3, 

substituting   for  F,  G,  II  their    values,   we    obtain   from    the  first    B   equations   L,  31,  i\" 

= -*     ,   —  -  ,    — r,   and   from    the   second    3    equations,   L,   M,   iV=  ^  ,    ^  ,     ',  :    that   is 
oc       ca       ab  ^  be     ca     ub'  ■ 

the   equations   are   inconsistent,  and   the    function   J  is    not    expressible   in   the    form   in 

question, 

Jacobiun  Surface  of  Six  given  Points. 

28.  The  equation  J=0  is  the  locus  of  the  vertices  of  the  quadric  cones  which 
pass  through  the  given  6  points ;  calling  these  1,  2,  3,  4,  5,  6,  we  see  at  once  that 
the  surface  passes  through  the  15  lines  12,  13,...  56,  and  also  through  the  ten  lines 
123 ,  456  (viz.,  line  of  intersection  of  the  planes  throiigh  1,  2,  3,  and  through  4,  5,  6), 
&e.  In  fact,  taking  the  vertex  at  any  point  0  in  the  line  1,  2,  the  lines  di'awn 
to  the  six  points  are  01  =  02,  03,  04,  05,  06 ;  viz.,  there  are  only  five  linos,  so  that 
these  lie   in  a   quadric  cone.     And  taking  the   vertex   at  any  point   in  the  line  123.4-36, 
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the  lines  to  the  6  points  iie  in  these  planes  123  and  456  respectively,  and  the  quadric 
cone  is  in  fact  this  plane-pair.  Moreover,  the  surface  containing  the  lines  12,  13,  14,  15,  Iti, 
must  have  the  point  1  for  a  node ;  and  similarly,  the  points  2,  3,  4,  5,  6  are  each 
of  them  a  node  on  the  surface.  It  is  to  be  added  that  the  surface  contains  the  skew 
cubic  through  the  6  points,  or  say  the  skew  cubic  123456.     See,  as  to  this,  post  No.  108. 

29.  The  surface  in  question  (the  Jaeobian  of  the  6  points)  is  a  particular  case 
of  the  Jaeobian  of  any  4  quadric  surfaces.  This  more  general  surface  will  be  considered 
in  the  sequel ;  I  only  remark  here  that  it  contains  10  lines,  corresponding  to  the 
10  lines  123.456,  &c.,  but  it  has  not  any  other  lines,  or  any  nodes. 

Jaeobian  Curve  of  Seven  given  Points,  or  of  an  Octad  of  Points. 

30.  In  connexion  with  what  precedes,  we  may  here  consider  a  curve  which  presents 
itself  in  the  sequel ;  viz.,  the  curve  which  is  the  locus  of  the  vertices  of  the  quadric 
cones  which  pass  through  seven  given  points.  The  general  case  is  when  no  one  of 
the  points  is  the  vertex  of  a  quadric  cone  through  the  other  6  points.  We  have 
through  the  7  points  the  three  quadric  surfaces  P  =  0,  Q  =  0,  R  —  0;  hence,  fonning 
the  equation  clP  +  ^Q  +  jR  =  0  of  the  general  quadric  surface  through  the  7  points, 
and  making  this  a  cone,  we  find  as  the  locus  of  the  vertex  J{P,  Q,  ii)=0;  the 
analytical  form  shows  that  this  is  a  sextic  curve.  It  appeal's,  moreover,  that  the  curve 
is  symmetrically  related  to  all  the  8  points  P  =  0,  Q=0,  P  =  0;  and  instead  of  calling 
it  the  Jaeobian  of  the  7  points,  we  may  call  it  the  Jaeobian  of  the  octad.  But  in 
further  explanation,  take  the  points  to  be  1,  2,  3,  4,  5,  6,  7  ;  the  vertex  will  lie  on 
each  of  the  Jaeobian  surfaces  123456  and  123457  ;  and  it  is  at  present  assumed  that 
7  is  not  a  point  on  the  first  surface,  nor  6  a  point  on  the  second  surface.  The  two 
surfaces  have  in  common  the  lines  12,  13,  ...45,  and  they  consequently  besides  intersect 
in  a  curve  of  the  6th  order,  or  sextic  curve,  which  is  the  locus  in  question.  At  the 
point  1  there  is  on  the  first  surface  a  tangent  cone  through  the  lines  12,  13,  14,  15,  16, 
and  on  the  second  surface  a  tangent  cone  through  the  lines  12,  13,  14,  15,  17  ;  these 
two  cones  have  for  their  complete  intersection  the  lines  12,  13,  14,  15,  which  lines 
belong  to  the  complete  intersection  of  the  two  surfaces,  but  not  to  the  sextic  curve. 
It  thus  appears,  d  posteriori,  that  the  sextic  curve  does  not  pass  through  the  point  1 ; 
and  similarly,  that  it  does  not  pass  through  any  of  the  points  2,  3,  4,  or  5.  As  to 
the  points  6  and  7,  each  of  these  is  on  only  one  of  the  quartic  surfaces,  and  there- 
fore the  curve  of  intersection  does  not  pass  through  either  of  these  points. 

31.  Suppose,  however,  that  one  of  the  seven  points  is  the  vertex  of  a  cone 
through  the  other  six ;  it  is  of  course  the  same  thing  whether  we  take  this  to  be 
one  of  the  points  1,  2,  3,  4,  5,  or  one  of  the  points  6  and  7,  but  the  result  comes 
out  more  easily  in  the  latter  case ;  viz.,  in  the  former  case,  taking  1  to  be  the  point 
in  question,  the  two  tangent  cones  at  1  are  one  and  the  same  cone,  and  all  that 
appeals  is  that  there  is  nothing  to  hinder  a  branch  or  branches  of  the  sextic  curve 
from  poising  through  the  point  1.  But  in  the  latter  case,  taking  7  for  the  point  in 
question,  then  7  lies  on  the  surface  123456,  being  a  simple  point  on  this  surface,  but 
a   node   on   the   surface   123457;    and   it   thus  appeal's    that    there    are    through   7    two 
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branches  of  the  sextic   curve ;   so  that  any  one  of  the  seven  points,  being  the  vertex  of 
a  cone  through  the  other  six,  is  an  actual  double  point  on  the  sextic  curve. 

32.  In  the  case  where  two  of  the  points  are  each  of  them  the  vertex  of  a  cone 
through  the  other  six  points,  then  the  seven  points  lie  on  a  skew  cubic;  and  the 
sextic  curve  of  the  general  case  becomes  this  skew  cubic  twice  repeated. 

Seven  given  Nodes. 

33.  In  the  case  of  7  given  nodes,  the  number  of  constants  should  be  =6;  the 
7  given  points  determine  3  quadric  surfaces  P  =  0,  Q  =  0,  Ji  =  0  :  and  we  have  hence 
the  quartic  surfece  (a,  ...JP,  Q,  RY=0,  containing  5  constants  only.  That  this  is  not 
the  general  quartic  surface  with  the  7  given  nodes,  is  also  clear  from  the  consideration 
that  the  surftice  in  question  has  8  nodes ;  viz.,  the  8  points  of  intersection  of  the 
three  quadric  surfaces.  Suppose  that  a  particular  quartic  surface,  having  the  7  given 
nodes,  but  not  of  the  last  mentioned  form,  is  A  =  0;  then  a  quartic  surface  having  the 
7  given  nodes  is 

and  this,  as  containing  6  constants,  will  be  the  general  quartic  surface  with  the  7  given 
nodes. 

34.  It  follows  that,  if  A'  =  0  be  another  quartic  surface  having  the  7  given  nodes, 
we  must  have  identically  A'  — pA  =  («5P,  Q,  R)',  where  p  is  a  determinate  constant  and 
{*5P,  Q,  Ry  a  determinate  quadric  function  of  (P,  Q,  R).  The  formula  extends  to 
the  case  where  A'  =  0  has  the  8  nodes  (P  =  0,  Q  =  0,  R  —  0),  but  we  have  then  p  —  0, 
and  the  meaning  is  simply  that  the  general  quartic  surface  having  the  8  nodes  is 
<*5P,  Q,  ii)'  =  0. 

35.  A  particular  quartic  surface  having  (in  an  improper  sense)  the  7  given  nodes, 
but  not  having  the  8th  node,  is  Mil  =  0,  where  M  =0  in  the  plane  through  any  3  of 
the  7  points  and  fl  =  0  is  the  cubic  surface  through  these  same  3  points,  and  having 
the  remaining  4>  points  as  nodes.  The  equation  of  the  cubic  surface,  if  the  4  points 
ai-e  taken  to  be  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  is  obviously  of  the  form 

-H 1 h—  =0,    (that   is,  aysw  +  hzxw  +  cxyw  +  dxijz  =  0), 

and    by   making    the    surface    pass    through    the    3    points    we    determine    linearly   the 
coefficients  {a,  b,  c,  d),  that  is,  their  ratios.     The  equation  of  the  quartic  surface  thus  is 

(ff,  ...$P,  Q,  Ry  +  0Mn  =  O, 
the   7   given   points   being   here   proper   nodes ;    and    the    formula   being   precisely    equi- 
valent to  the  preceding  one  containing  A. 

36.  We  can  with  the  7  given  points  form  85  such  combinations  Mil  =  0  of  a 
plane  and  a  cubic  surface,  and  so  present  the  equation  of  the  quartic  surface  under 
35  different  forms;  these  are  of  course  equivalent  in  virtue  of  the  before  mentioned 
formula  for  A'—pA;  viz.,  we  must  have  identically  Mil  —  pM'il' =  {'ii'^P,  Q,  Ry-.  a 
theorem  of  some  interest,  which  it  might  be  difficult  to  verify  a  posteriori. 
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Investigation  of  ilie  cases  of  8  Nodes. 

37.  It  has  ali-eady  been  shown  that  a  quartic  surface  cannot  in  a  proper  sense 
have  8  given  nodes.  In  regai-d  to  the  quartic  surfaces  with  8  nodes,  we  start  from 
the  surface  with  7  given  nodes ;   viz., 

(a....jp,  Q,  ny+os?  =0, 

or,  what  is  the  same  thing, 

(«,...5P,  Q.  Ry  +  OMa^O; 

and  we  inquire  in  what  eases  this  suiface  has  an  8th  node.  Obviously  if  ^  =  0.  that 
is,  if  the  surface  is  (a,  ...'^P,  Q,  Ry=0,  the  surface  will  have  an  8th  node,  the 
remaining  intersection  of  the  quadric  surfaces  P  =  0,  Q—0,  R  =  0  (observe  that  this  is 
a  point  in  no  wise  depending  on  the  particular  quadric  surfaces,  but  uniquely  deter- 
mined by  means  of  the  7  given  points) ;  and  we  have  thus  one  kind,  say  the 
"  octadic "  surface,  of  the  quartic  surfaces  with  8  nodes ;  viz.,  the  nodes  are  the 
8  points  of  intersection  of  any  3  quadric  surfaces,  or  they  arc  an  octad  of  points. 
By  what  precedes,  7  of  the  nodes  may  be  given  points,  and  the  remaining  node  is 
then  a  uniquely  determinate  point,  the  8th  point  of  the  octad. 

38.  But  if  0  be  not  =  0,  there  may  still  be  an  8th  node ;  viz.,  this  must  then 
be  a  point  on  the  Jacobian  surface  J(P,  Q,  R,  V)  =  0,  which  is  of  the  order  6.  It 
is  cleai'  d  priori  that  this  must  be  a  surface  depending  only  on  the  7  points,  but 
independent  of  the  particular  surfaces  P  =  0,  Q=i),  R=0,  V  =  0 ;  to  verify  this,  observe 
that,  substituting  for  V  the  function  V,  =pV+(«5-P,  Q,  Rf,  we  in  fact  leave  the 
Jacobian  unaltered ;   I  call  it  the  dianodal  surface  of  the  7  points, 

39.  I  say  that  the  8th  node  may  be  any  point  whatever  on  the  dianodal  surface  ; 
in  fact,  regarding  for  a  moment  the  coordinates  of  the  node  as  given,  and  expressing 
that  the  point  is  a  node  on  the  quartic  surface,  we  have  4  equations  containing 

aP„  +  hQ,  +  gR„,     hF,  +  bQ„-\-/R„    gP.+fQ,+  cR„ 

(Pi.  Qo,  P'a  the  values  of  P,  Q,  R  at  the  node,)  but  which,  if  only  the  point  be  on 
the  dianodal  surface,  reduce  themselves  to  three  equations ;  viz.,  we  have  between  the 
coefficients  (a,  b,  c,  /,  g,  h)  and  0  three  equations  which  being  satisfied,  the  point  in 
question  will  be  a  node.  And  it  thus  appears  that,  taking  the  8th  node  to  be  a 
given  point  on  the  dianodal  surface,  the  equation  {a,...\P,  Q,  R)-  +  0V  =  0  of  the 
quartic  surface  will  contain  3  constants.  Observe  that  we  may  through  the  8  nodes 
draw  2  quadric  surfaces  P  =  0,  Q  =  0 ;  and  this  being  so  if  A  =  0  be  a  particular  quartic 
surface  with  the  8  nodes,  then  the  general  quartic  surface  will  be 

(a,  b,  cjp,  Qy+eA  =  o, 

containing  the  right  number  3  of  constants.  But  there  is  not  here  any  simple  form 
of  the  surface  A  =  0,  such  :is  the  form  jlfil  =  0  for  the  surface  through  1  given  points. 

19—2 
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40.  It  is  clear  d,  priori  that  the  relation  between  the  8  nodes  is  a  symmetrical 
one ;  so  that  the  Sth  point  being  situate  anywhere  on  the  dianodal  surface  of  the 
7  points,  each  of  the  points  will  be  situate  on  the  dianodal  surface  of  the  remaining 
7  points.  This  is  a  remarkable  property  of  the  dianodal  surface,  which  will  have  to 
be  again  considered. 

41.  In  what  precedes,  we  have  the  second  kind  of  quartic  surfaces  with  8  nodes, 
say  the  "  dianome " ;  viz.,  each  node  is  a  point  on  the  dianodal  surface  of  the  remaining 
7  nodes ;  any  7  of  the  nodes  may  be  taken  to  be  given  points,  and  the  remaining 
node  to  be  any  point  whatever  on  the  dianodal  surface  of  the  7  points. 


The  Dianodal  Surface. 

42.  Consider  the  seven  points  1,  2,  3,  4,  .5,  6,  7.  As  already  mentioned,  through 
three  of  these,  say  1,  2,  3,  we  may  draw  a  plane  M  =  0;  and  through  the  same  three 
points,  with  the  remaining  points  4,  .5,  6,  7  as  nodes  (3  +  4 , 4  =  19  conditions),  a  cubic 
surface  fl  =  0;  this  surface  passing  through  the  six  lines,  45,  46,  ...67.  Hence  we  have 
A,  =Mn,  =0,  a  quartic  surface  with  the  seven  points  as  nodes.  And  using  this  form 
of  A,  it  may  be  shown  that  the  dianodal  J  (P,  Q,  R,  A)  =  0  passes  through  the  21 
lines  12,  13,... 67,  and  through  ^5  piano  cubics  such  as  M=0,  11  =  0;  viz.,  this  is  a 
cubic  in  the  plane  123  passing  through  the  points  1,  2,  3,  and  through  the  inter- 
sections of  the  plane  with  each  of  the  six  lines  45,  46,  ...67  (nine  points  determining 
the  cubic);  the  complete  intersection  by  the  plane  123  being  therefore  composed  of 
this  cubic  and  of  the  three  lines  12,  13,  23.  For  the  passage  through  the  cubic,  we 
have  only  to  observe  that 

J{P,  Q,  n.  Mil)^J(P,  Q,  R,  n)iM  +  J{P,  Q,  R,  M)a^O 

is  satisiied  by  j¥  =  0,  0  =  0;  and  for  the  passage  through  the  lines,  taking  x  =  Q,  y  =  0, 
3  =  0,  w  =  0  for  the  equations  of  the  planes  567,  674,  745,  and  456  respectively,  each 
of  the  functions  P,  Q,  R  is  of  the  form  ayz +  bzx  +  cxt/+fxw+gyw  +  hzw,  and  the 
function  il  is  of  the  form  Ayzw  +  Bzwx  +  Cwxy  +  Datyz.  Hence,  H'riting  in  the  derived 
ftinctions  for  instance  3  =  0,  w  =  0,  the  first  and  second  lines  of  the  determinant 
J{P,  Q,  R.  H)  will  be  of  the  form 

I  cy.     c'y,     c"y,    0  I , 


or  the  determinant  vanishes  for  e  —  0,  w=0;  that  is,  for  any  point  of  the  line  45  we 
have  n  =  0  and  also  J(P,  Q,  R,  fl)  =  0;  consequently  J(P,  Q,  R,  Mil)  =  i},  and  the 
like  for  the  other  lines.     The  theorem  is  thus  proved. 

43.     I   say   that   the   dianodal   surface   passes   through    each  of    the   7    skew   cubics, 
.such   as   123456.     To    prove   this,   it    is    only   necessary   to    show    that    the    skew   cubic 
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123456  lies  on  the  dianodal  surface.  For  this  purpose  it  will  be  enough  to  show  that 
the  skew  cubic  meets  the  plane  712  in  a  point  of  the  surface;  for  then  it  will,  in 
like  manner,  meet  each  of  the  15  planes  712,  713,  ...756  in  a  point  of  the  surface; 
that  is,  we  shall  have  15  intersections  of  the  curve  and  surface,  and  there  are,  besides, 
the  intersections  1,  2,  3,  4,  3,  6,  in  all  21  intersections ;  that  is,  the  skew  cubic  must  lie 
on  the  surface. 

44.  The  plane  712  meets  the  surface  in  three  lines  and  in  a  plane  cubic  deter- 
mined by  the  points  7,  1,  2  and  the  six  intersections  of  the  plane  with  the  lines 
-34,  35, ...  56.  We  have  therefore  to  show  that  this  plane  cubic  meets  the  skew  cubic 
123456.  Consider  for  a  moment  the  points  1,  2,  3,  4,  5,  6  and  another  point  7'.  As 
seen  above,  we  have  in  general,  through  the  points  1,  2,  7'  and  with  the  points 
3,  4,  5,  6  as  nodes,  a  determinate  cubic  surface,  which  surface  passes  through  the  lines 
34,  35, ...  56.  But  the  cubic  surface  becomes  indeterminate  if  the  points  1,  2,  7',  3,  4,  5,  6 
are  on  the  same  skew  cubic ;  that  is,  if  7'  is  any  point  whatever  on  the  skew  cubic 
123456  (the  proof  presently).  Taking,  then,  7'  as  the  intersection  of  the  skew  cubic 
by  the  plane  712,  we  have  in  this  plane  the  points  7',  1,  2,  and  the  intersections  of 
the  plane  by  the  lines  34,  35, ...  56,  nine  points  through  which  there  pass  an  infinity 
of  plane  cubics ;  that  is,  the  plane  cubic  determined  by  the  points  7,  1,  2  and  the 
six  intersections  will  pass  through  the  point  7' ;   viz.,  it  meets  the  skew  cubic  123456, 

45.  For  the  subsidiary  theorem,  taking  X,  Y,  Z,  W  as  current  coordinates,  viz., 
X  =  0,  F=  0,  Z  =  0,  If  =  0  as  the  equations  of  the  planes  456,  563,  034,  345  respectively, 
(^.  3/i.  .^i;  Wi)  and  {w,,,  y,,  s^,  wj  as  the  coordinates  of  the  points  1  and  2  respectively, 
and  (ic,  y,  s,  w)  for  those  of  7';  the  equation  of  the  cubic  surface  passing  through 
7',  1,  2,  and  having  the  nodes  3,  4,  5,  6,  is 


1 


1 


1 


1 


i  to  be  a  determinate  function  if  only 
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viz.,   considering   (x,,    y^,    z^,    w/J,   {x,,   y^,   2,,    Ws)   as    given,   this    is   a    twofold    relation 
between   the   coordinates   {x,  y,  z,  w)   of  the   point  7'.     The  relation  may  be  represented 
by  the  four  equations  {ym)  =  0,  {zw'£)  =  0,  i^nxy)  =  0,  (coys)  =  0,  if  for  shortness 
yz 


VJ     , 

wy 

IWI, 

M'.S'l 

'.W,. 

w^y. 

and  the  like  as  to  the  other  symbols.  The  four  equations  represent  quadric  surfaces, 
each  two  intersecting  in  a  line  [e.g.,  {yzni)  =  0,  {zwx)  =  0  in  the  line  3  =  0,  wi  =  0],  and 
the  four  surfaces  besides  intersecting  in  a  skew  cubic,  which  is  the  required  locus  of 
the  point  T,  and  which,  as  is  seen  at  once,  passes  through  the  points  1,  2,  3,  4,  -5,  6. 

46.  By  what  precedes,  we  have  on  the  dianodal  surface  through  the  point  1  the 
lines  12,  13,  14,  15,  16,  VI,  and  the  skew  cubics  123456,  &c.  The  six  lines  are  not  on 
the  same  quadric  cone,  and  it  thus  appears  that  the  point  1  must  be  a  cubic-node 
(point  where,  instead  of  the  tangent  plane,  M'e  have  a  cubic  cone)  on  the  surface.  It 
is  to  be  remarked  that  the  lines  12,  l-*!,  14,  15,  16,  and  the  tangent  at  1  to  tho 
skew  cubic  1234-56,  lie  in  a  quadric  cone ;  viz.,  this  tangent  is  given  as  the  sixth 
intersection  of  the  cubic  cone  with  the  quadric  cone  through  the  lines  12,  13,  14,  15,  16. 

47.  I  revert  to  the  equation  of  the  dianodal  surface  as  given  in  the  form 
J=J{P,  Q,  R,  Mn)  =  0,  where  M  =  0  is  the  plane  through  the  points  1,  2,  3,  and 
fi  =  0  the  cubic  surface  through  these  points,  and  having  the  points  4,  5,  6,  7,  as  nodes. 
We  can  find  the  oi-ders  of  the  several  functions  F.  Q.  E,  M,  li  in  the  coordinates 
{xi,  yi ,  3j,  W]),  &e.,  of  the  several  points;  viz.,  writing  for  shortness  Xi^  to  denote  the 
order  2  in  regard  to  (x,,  y,,  z,,  w^,  and  so  in  other  cases,  we  have 

P  =  y^ii  =  *'(^„  a:,,  x.fix,,  a:,,  x,,  x,f, 
M^x(x„x,,x,), 
£1  =ie>{x„  x„  x^y(x„  x^  xi,  x^f: 

{whoro,  of  course,  the  x-,  x,  x'  show  in  like  manner  the  orders  in  regard  to  the 
cun'ent  coordinates  {x,  y,  z,  iv) ;  the  proof  in  regard  to  ii  is  easily  supplied.}  The 
order  of  J  is  equal  that  of  PQRMfl,  less  4  as  regai-ds  the  current  coordinates,  by 
reason  of  the  differentiations;  that  is,  we  have  J  =  afi (XiX^x,)"* (xtX^XeXTY^ ;  and  we  thus 
see  that  the  equation  of  the  dianodal  surface  as  above  obtained  is  encumbered  with 
a  constant  factor  of  the  form  {xiX^x^y  (x,Xi,XeX,y.  In  fact,  the  relation  between  the  7 
points  and  the  current  point  (x,  y,  z,  w),  or  say  the  point  8,  as  expressing  that  the 
8  points  are  the  nodes  of  a  dianome,  should  be  a  symmetrical  one  in  regard  to  the 
cooi-dinates  of  the  several  points;  and  being  of  the  order  6  in  regai-d  to  the  coordi- 
nates (x,  y,  z,  w),  it  should  be  of  the  same  order  in  regard  to  the  other  coordinates; 
that  is,  the  true  form  would  be  J=(xXiXiXsXiX^XeXjy  =  0. 

48.  It  is  possible  that  taking  the  4  points,  say  1,  2,  3,  4,  to  be  (1.  0,  0,  0), 
(0,  1,  0,  0),  (0,  0,  1,  0).  (0,  0,  0,  1),  and  the  3  points,  say  5,  6,  7,  to  be  (1,  1,  1,  1), 
(r,    ^,    y,   S),   (a!,   j3',   y',    S'),   the    extraneous   factor   might    exhibit    itself,   and   that   the 
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equation  divested  of  this  factor  might  be  of  a  tolerably  simple  form.  I  have  not, 
however,  worked  this  out,  biit  I  have,  by  an  independent  process,  obtained  in  regard 
to  the  dianodal  surfece  of  the  7  points  a  result  which  may  be  interesting. 

49.     The  dianodal  surface,  qud  surface  having  the  first-mentioned  4  points  for  cubic 
nodes,  has  its  equation  of  the  form 


yzwiy,  . 


wf  +  zxw  {z,  X.  v)f  +  xyv)  {x,  y,  %of  +  xyz  {x,  y,  sf  ■ 


-  xyzw  (x,  y,  z,  wf  =  0 ; 
of    them  appear.      If    for 


where   in   the   cubic   functions   the   terms    a^,    y^,    ^,   v^ 

instance  w  =  0,  the  equation  becomes  («,  y,  zf  =  0,  which,  by  what  precedes,  is  a 
known  cubic  curve,  viz.,  the  curve  through  the  points  1,  2,  3  and  the  intersections  of 
the  plane  123  by  the  lines  45,  46,  47,  56,  57,  67 ;  and  we  can  by  this  consideration 
find  the  cubic  function  (a;,  y,  zf,  and  thence  by  symmeti-y  the  other  cubic  functions. 
I    take 


(a ,  6 ,  c ,  /  ,  ^ ,  /t )  "1 

(«',  h',  c',  /',  g' ,  K)  J-    for  coordinates  of  line  through 

(a,  b,  c,  f  ,  g,  h)J 

i-espectively ;   viz.,  I  ivrite 

«  =  ;S-7,    /=a-S  «'  =  /3'-7',    /'  =  «'-«' 

h—r^  —  o.,    ff  =  l3  —  B         b'—j'—a',    g'—&'—h' 

c=QL-a,     h  =  y~B         c'  ^fx'  -8'.     h'^y'  ~S' 

and  I  write  moreover 

X=      .       h-g  +  a, 

^=_h      .  -l-f-l-b, 

^=     g-f       .  +  c, 


((I,  1,  1,  1),  (a.  ^,  7,  g) 

j  (1,  I  ,  1,  1),  («',  /3',  7',  S') 

[(a,  0.  7,  S),  (a',  0',  7,  B') 

a  =  ^Sy  -  &'y,  f  =  aS'  -  a'B 

b  =  7a'  -  7'a ,  g  =  ^S'  -  /3'S 

c  =  a^'  -  a'0,  h  =  7S'  -  7'S 


50.     This  being   1 
equation  of  the  form 


the   cubic   curve   through   the  last-mentioned   six   points   has  its 


)-i'(/4 


x  +  hy  +  gz      'Kx  +  fi.y  +  vz 


and  to  make  this  j 
<y  =  0,  «  =  0),  (3  =  0,  , 
the  three  equations 


«    through    the    points    1,    2,    3,   we    write    therein    successively 
=  0),  {x  =  0,   3/  =  0) ;   viz.,   we   have   for   the   i-atios  A  :  B  :  C  :  D 
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In   eliminating,  for  instance,  B  for  the  first  and  second  equations,  the  resulting  equation 

divides    by    ab'  —  a'b,    =  a  +  b  +  c,    and    we    thus    obtain,   between    A,  C,    D,    the    three 
equations  (equivalent  to  two) 


be 

ho 

^1/ 

' 

^ 

ca 

=  0, 

A 

,3  + 

ab 

DK 

■0, 

from  which  the  ratios  A  :  G  :  D  may  be  obtained  by  actual  calculation.  After  all 
reductions,  we  have 

A=      abc  {(a'B'  +  ^'y') af  +  (^S-  +  y'a') hg  +  (7'S'  +  a'/3') chj, 
B  =  ~  a'b'c'  {(aS  +  ^y)a{+{ffS  +ya)]}g+ (jB  +  a0)ch], 
C=      abc  [(aa'X  +  0^fj.  +  yy'v  +  SSV), 
D  =  —  \fiv  [(aa's.  +  ^yST)  +  f/''^]  I 

viz.,  A,  B,  G,  D  are  proportional  to  these  values  respectively.  Multiplying  by  the  pro- 
duet  of  the  denominators,  I  find  without  much  difficulty  that  the  resulting  cubic 
function  is  divisible  by  a  +  b  +  c  ;  hence,  introducing  the  factor  ayz,  and  an  indeterminate 
multiplier  I,  I  write 

cctfz  (x,  y,  zj  =        -.      ■  ■  fl-2/s  (ax  -Vhy  ■\-  cz)  (a'x  +  h'y  +  c'z)  (&x  +  hy +  (iz){Xx+ fiy  +  vz) 


\(ui!  +  by  +  CZ     ax  +  h'y  +  c'z     Stte  +  hy  +  cz     \x  +  fiy  +  vz]  ' 

where  A,  B,  G,  B  have  the  values  above  written  down. 

.51.  Considering  the  orders  in  regard  to  (a,  /?,  7,  B),  (a',  /?',  7',  S'),  and  observing 
that  a,  b,  c  and  a',  b',  c'  are  linear  functions  of  the  two  sets  respectively,  but  that 
a,  b  ...  h,  \ ...  ■nr,  arc  linear  in  the  two  sets  conjointly,  or  say 

we   have 

Aa'aX  =  q'q'^  .  a^a''  =  a'a''', 

80  that  after  the  division  by  a  +  b  +  c,  =  ao',  the  order  will  be  a'a''.  Hence  I  will  be 
a  mere  numerical  factor,  and  the  last-mentioned  equation  gives,  without  any  extraneous 
factor,  the  terms  asyz  (x,  y,  sf  in  the  equation  of  the  dianodal  surface  of  the  seven  points. 

Octadic  Surfaces  with  d  or  10  Nodes. 

52.  In  regard  to  the  surfaces  with  9  and  10  nodes,  I  consider  first  the  octadic 
surfaces.  Starting  as  before  with  the  given  points  1,  2,  3,  4,  .5,  6,  7,  we  have  a  deter- 
minate point  8  completing  the  octad,  and  the  surface  with  the  8  nodes  is 

(a,  ...j^P,  Q,  Ky  =  0, 
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(5  coiiBtauts).  Suppose  that  there  is  another  node  9 ;  this  must  be  a  point  on  the 
Jacobian  curve  J  {P,  Q,  R)  —  0,  which  {as  was  seen)  is  a,  sextic  cui-ve  not  passing 
through  any  of  the  8  points ;  the  node  9  may  be  any  point  on  this  curve,  viz ,  taking 
its  coordinates  as  given,  the  condition  of  its  being  a  node  gives  i  equations,  and  these 
for  the  very  reason  that  the  point  is  on  the  Jacobian  curve,  reduce  themselves  to 
2  equations,  which  can  be  satisfied  by  means  of  the  constants  {a,...);  the  resulting 
equation  should   therefore   contain   3   constants, 

53.  In  order  to  find  it,  taking  as  above  9  a  given  point  on  the  Jacobian  curve, 
this  will  be  the  vertex  of  a  quadric  cone,  say  P—0,  through  the  8  points ;  we  may 
draw  through  the  9  points  another  quadric  surface  Q=0,  and  through  the  8  points  a  quadric 
surface  R  =  0-  this  being  so,  we  have  the  quartic  surface  (a,  b,  0,  0,  g,  ft$P,  Q.  RY  =  0, 
having  the  9  nodes,  and  containing,  as  it  should  do,  3  constants ;   this  may  be  written 

(aP  +  2hQ  +  2ffR)P  +  bQ'  =  (}; 

viz.,  if  bR'  -aP  +  2hQ  +  2gli,  that  is,  if  ii'  =  0  be  the  general  quadric  surface  through  the 
S  points,  then  the  equation  is  Q=  -  PR'  =  0,  where  observe  that  R'  is  considered  as 
containing  implicitly  3  constants. 

54.  If  there  is  a  10th  node,  say  10,  this  is  also  a  point  on  the  Jacobian  curve 
J{P,  Q,  R)  =  0,  and  it  may  be  any  point  whatever  on  the  curve;  taking  it  as  a  given 
point  on  the  curve,  the  resulting  equation  should  contain  1  constant.  We  may  take 
P  =  0  to  be  the  quadric  cone,  vertex  9,  through  the  8  points,  R  =  0  the  quadric  cone, 
vertex  10,  through  the  8  points,  Q  =  0  the  quadric  surface  through  the  8  points  and 
the  points  9  and  10  (viz.,  the  surface  through  9,  10  and  any  7  of  the  8  points  will 
pass  through  the  remaining  8th  point).     The  equation  of  the  quartic  surface  then  is 

(0,  b,  0.  0,  g,  0$P.  Q,  Ry  =  0: 

that  is,  bQ-  +  2gPR  =  0,  containing  1  constant ;  we  may  reduce  thi.s  to  Q'  -  PR  =  0,  the 
constant  being  considered  as  contained  implicitly  in  one  of  the  functions.  It  is  clear 
that  the  constant  cannot  be  so  determined  as  to  give  rise  to  an  11th  node,  nov 
indeed  to  any  other  singularity  in  the  surface. 

55.  In  the  case  of  the  sur&ce  with  9  nodes,  it  is  clear  that  this  is  octadic  in 
one  way  only ;  the  node  9  cannot  form  an  octad  with  any  7  of  the  remaining  nodes. 
But  in  the  case  of  the  surface  with  10  nodes,  the  question  arises  whether  the  nodes 
9  and  10  may  not  be  such  as  to  form  an  octad  with  some  six,  say  with  the  nodes 
1,  2,  3,  4,  5,  6  of  the  remaining  8  nodes;  that  is,  whether  we  can  have  1,  2,  3,  4,  5,  6,  7,  8 
forming  an  octad,  and  also  1,  2,  3,  4,  5,  6,  9,  10  forming  an  octad.  I  will  show  that 
this  is  impossible  if  only  the  points  1,  2,  3,  4,  5,  6  are  given  points,  that  is,  points 
assumed  at  pleasure  and  not  specially  related  to  each  other.  For  this  purpose,  assuming 
that  the  points  form  2  octads  as  above,  take  through  1,  2,  3,  4,  -5,  6,  7,  9  the  quadric 
surfaces  P=0,  Q  =  0,  then  each  of  these  passes  through  8,  10;  take  iJ  =  0  any  other 
quadric  surface  through  1,  2,  3,  4,  5,  6,  7,  8,  and  S=0  any  other  quadric  surface 
through    1,   2,  3,  4,   5,  6,  9,  10.     Then   P  =  0,    Q=0,    R  =  0   intei-sect   in   the    1st   octad, 

C.   VII.  '20 
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and  P  =  0,  Q=0,  jS  =  0  intersect  in  the  2nd  octad ;  the  quai'tic  surface  (if  it  exists) 
must  be  simultaneously  of  the  forms  (»5P,  Q,  R)'  =  0,  (*5P,  Q,  Sf  —  0 ;  and  this  implies 
an  identical  equation  {*^P,  Q,  S.,  Sf  =  0.  The  quadric  surfaces  are  surfaces  through 
the  points  1,  2,  3,  4,  5,  6,  and  taking  through  these  six  points  any  other  quadiie 
surfeces  A  =  0,  0=0,  E—0,  H  =  0,  we  have  P,  Q,  R,  S  each  of  them  a  linear  function  of 
A,  G,  E,  H;  and  the  relation  between  P,  Q,  R,  S  gives  a  like  relation  («5.d.  C,  E,Hy  =  0 
between  A,  G,  E,  H.  I  assume  ^  =  123.456,  £"=134.256,  i?  =  145.236,  C=1.52.346; 
viz.,  ^  =  0  is  the  plane-pair  formed  by  the  planes  through  1,  2,  3  and  4,  5,  6  respectively ; 
and  so  for  the  others :  we  have  to  show  that  there  is  not  any  such  identical  relation 
(*\A,  G.  E,  iO'='»- 

56.  We  may  through  .3  draw  the  lines  LM,  QT  to  meet  14,  2fi  and  12,  46 
respectively;  and  through  5  the  lines  RS,  NP  to  meet  14,  26  and  12,  46  respectively. 
Observe   that  the  points  0  in  the  iigure  are  apparent  intersections  oiily ;   viz.,  jVP   does 


Z 


not  meet  QT,  nor  LM  meet  RS.  In  fact,  if  NP  met  QT  it  would  be  a  line  in  the 
series  of  lines  meeting  14,  QT,  26 ;  or  5  would  be  situate  in  a  hyperholoid,  determined 
by  means  of  the  points  1,  2,  4,  6,  3;  viz.,  -5  would  not  be  an  arbitraiy  point;  and 
so  LM  does  not  meet  RS.  Now  the  quadrics  E,  H  meet  in  the  lines  14,  26,  LM,  NP, 
and  the  quadrics  A,  C  in  the  lines  12,  46,  QT,  RS.  Suppose  that  we  had  identically 
(#5^,  C,  E,  Hy  =  0;  putting  therein  E=0,  H=0,  we  should  have  (*'^A,  C)'  =  0,  viz., 
(A -i- \C)  {A  +  ftC)  =  0 ;  or  there  would  exist  quadrics  of  the  forms  A  +  XC^O  containing 
the  lines  14,  26,  LM,  NP.  Now  there  is  no  quadric  surface  A  +  XO=0  containing 
the  line  NP ;  for  A  +  XG  =  0  is  a  quadric  containing  the  sides  of  the  quadrilateral 
QR8T;  the  generating  lines  of  the  one  kind  meet  each  of  the  lines  RS,  QT:  those 
of  the  other  kind  neither.  Hence  NP,  which  meets  RS  but  not  QT,  cannot  be  a 
generating  line  of  either  kind;   and  we  have  no  identical  relation  {A,  0,  E,  H'f  =  0. 

57.  In  the  octadic  surface  with  9  nodes ;  starting  with  any  7  nodes  of  the  octad, 
9  is  not  the  8th  point  of  the  octad,  and  hence  (by  the  theory  of  the  dianome)  it 
must  he  in  the  dianodal  surface  of  the  7  points ;  that  is,  the  dianodal  surface  of  the 
7  points  must  pass  through  9,  viz.,  through  any  point  whatever  of  the  Jacobian  curve 
of  the  7  points,  that  is,  of  the  octad;  or  (what  is  the  same  thing)  the  dianodal  surface 
of  the  7  points  passes  through  the  Jacobian  curve  of  the  octad.  This  is  an  obvious 
property  of  the  dianodal  surface,  the  surface  J{P,  Q,  R,  V)  =  0  contains  the  Jacobian 
curve  J(P,  Q,  R)  =  0.  But  it  further  appears  that,  starting  with  any  6  points  of  the 
octad  and   with    the   point   9   (that   is,   any   point  whatever   of  the   Jacobian   curve),  the 
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diaiiodal  surface  of  these  7  points  must  contain  the  remaining  2  points  of  the  octad. 
And  in  the  octadic  Burfece  with  10  nodes,  starting  with  any  5  points  of  the  octad 
and  with  the  points  9  and  10  (that  is,  any  two  points  on  the  Jacobian  curve)  the 
diauodal  surface  of  these  7  points  must  contain  the  remaining  three  points  of  the 
octad.     I  have  not  attempted  to  verify  these  last  properties  of  the  dianodal  surface. 

Dianomes  with  9  or  10  Nodes. 

58.  I  now  consider  the  dianomes  with  9  and  10  nodes.  Starting  from  the  general 
form 

(a,  b,  c%P,  Qy+9^  =  0, 

where  A  =  0  is  a  particular  quartic  surface  having  the  8  nodes,  it  at  once  appears 
that  if  there  is  a  9th  node,  say  9,  this  must  be  a  point  on  the  Jacobian  curve 
J(P,  Q,  A)  =  0,  or  say  on  the  dianodal  curve  of  the  8  points,  viz.  (a  —  b=l,  c=3,  in 
the  formula  No.  5),  this  is  a  curve  of  the  order  18;  the  node  may  be  any  point 
whatever  on  this  curve,  and  taking  it  to  be  a  given  point  on  the  curve,  the  number 
of  constants  in  the  resulting  equation  should  be  1.  Hence  if  P  =  0  be  the  quadric 
surface  through  the  9  points,  and  A  =  0  a  particular  quartic  surface  having  the  9  points 
as  nodes,  the  general  equation  is  aP^  +  SA=0. 

59.  But  we  may  consider  the  question  somewhat  differently.  Starting  with  the 
7  given  points  1,  2,  3,  4,  5,  6,  7  and  with  8  a  given  point  on  the  dianodal  surface 
of  the  7  points ;  it  is  clear  that  9  must  be  on  the  dianodal  surface  1234567,  and 
also  on  the  dianodal  surface  1234.568 ;  the  complete  intersection  is  of  the  order  36, 
and  we  have  to  consider  how  this  breaks  up  so  as  to  contain  as  part  of  itself  the 
dianodal  curve  of  the  order  18. 

Dianodal  Curve  of  8  Points. 

60.  Consider  first  any  8  points  whatever  I,  2,  3,  4,  5.  6,  7,  8 ;  where  8  is  not  on 
the  dianodal  surface  1234567,  nor  7  on  the  dianodal  surface  123456S.  The  two  surfaces 
have  in  common  the  15  lines  12,  13,  ...56  and  the  skew  cubic  123456,  they  therefore 
besides  intersect  in  a  curve  of  the  order  18.  At  the  point  1  the  tangent  cubic 
cones  of  the  two  surfaces  intersect  in  the  lines  12,  13,  14,  15,  16  and  the  tangent 
to  the  skew  cubic  123456,  6  lines  lying  in  a  quadric  cone ;  they  therefore  besides 
intersect  in  3  lines  lying  in  a  plane ;  that  is,  the  point  1  is  on  the  curve  of  the 
order  18  an  actual  triple  point,  the  3  tangents  lying  in  piano;  and  the  like  of  course 
in  regard  to  each  of  the  points  2,  3,  4,  5,  6.  But  as  7,  8  lie  each  of  them  on  only 
one  of  the  two  surfaces,  the  curve  of  the  oixler  18  does  not  pass  through  7  or  8. 

61.  If,  however,  8  lies  on  the  dianodal  surface  1234567,  then  each  of  the  8  points 
will  lie  on  the  dianodal  surface  of  the  other  7 ;  and  in  particular  7  will  lie  on  the 
dianodal  surface  1234568.  The  surfaces  intersect  as  before  in  a  residual  curve  of  the 
order  18;  the  only  difference  is  that  7  and  8  are  now  points  on  each  surface;  viz., 
each  of  them  is  on  one  of  the  surfaces  an  ordinary  point,  and  on  the  other  a  cubic 
node;  the  points  7  and  8  are  thus  each  of  them  an  actual  triple  point  on  the  curve; 
and   at   each   of  them    the   3   tangent.'*   are  in   piano.     We   thus   see   that   the   dianodal 
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curve   12345678   is   a  curve  of  the  order  18,  such   that  each  uf  the  S  points  is  a  triple 
point  oa  the  curve,  the  tangents  at  each  of  them  being  in  plaiw. 

Ten  Nodes. 

62.  Suppose  there  is  a  10th  node,  say  10;  starting  from  the  equation  (t7^+5A=0 
(P  =  0  the  quadrie  surface  through  the  9  points,  A  =  0  a  particular  quartic  sur&ce  having 
the  9  points  as  nodes),  it  at  once  appears  that  the  node  must  be  one  of  the  points 
./  (P,  A)  =  0 ;  hence,  taking  it  to  be  one  of  these  points,  we  have  4  equations,  which, 
in  virtue  of  the  node  being  one  of  the  points  in  question,  reduce  themselves  to  a 
single  equation  determining  the  I'atio  aid;  we  have  thus  a  completely  determinate 
surface,  say  0  =  0  having  the  10  points  as  nodes.  The  number  of  points  J(P,  A), 
writing  in  the  formula  No.  5,  tt=l,  6  =  3,  is  obtained  as  1+3  +  9  +  ^7  =  40,  but  it 
is  to  be  observed  that  the  surface  P  =  0  passes  through  each  of  the  9  nodes  of  the 
surface  A  =  0 ;  these  coimt  twice  among  the  points  J  (P,  A)  =  0,  and  the  number  of 
residual  points  (or  say  the  dianodal  centres  of  the  9  points)  is  40  — 18  =  22 ;  viz.,  this 
is  the  number  of  positions  of  the  node  10.  [The  nine  points  count  each  three  times 
and  the  number  of  residual  points,  or  positions  of  the  node  10,  is  thus  not  40  —  18  =  22. 
but  40  -  27,  =  13.] 

Dianodal  Cevtres  of  9  Points. 

63.  In  further  explanation,  observe  that  9  is  any  point  on  the  dianodal  curve 
12345678 ;  the  node  10  must  lie  on  this  same  curve,  and  also  on  the  dianodal  surface 
1234569.  Take  P  =  0  the  quadrie  through  all  the  9  points,  Q=0  a  quadrie  through 
all  but  the  point  9,  S  =  0  through  all  but  the  point  8,  jS  =  0  through  all  but  the 
point  7.  The  dianodal  curve  12345678  is  J{P,  Q,  V)=0,  and  the  dianodal  surface 
1234569  is  J{P,  E,  S,  V)=0;  the  total  number  of  intersections  is  6x18  =  108;  these 
include  the  4  xl8  =  72  points  of  intersection  of  the  dianodal  curve  J(P,  Q,  A)  =  0  with 
the  Jacobian  surface  J{P,  Q,  R,  S)=0,  except  the  four  points  J{P,  Q)  —  0,  which  are 
the  vertices  of  the  4  quadrie  cones  through  1,  2,  3,  4,  5,  6,  7,  8  /which  4  points  are  not 
situate  on  the  curve  J (P,  R,  S)  =  0),  and  there  are  besides  40  points  [108  =  (72- 4) +  40} 
which  ai*  the  before  mentioned  points  J(P,  A)=0;  viz.,  these  are  the  9  points  each 
twice  [three  times],  and  the  residual  22  [13]  points  which  are  the  dianodal  centres  of  the 
9  points. 

General  residt  as  to  the  Dianomes. 

64.  Wo  have  thus  established  the  theory  of  the  dianomc  quartic  surfaces ;  viz.,  wc 
have 

The   octodianome,  8   nodes,  7  of  them   ai'bitrary,   and   the    8th   an   aibitraiy  point 

on  the  dianoda!  surface  (order  6)  of  the  7  points. 
The   enneadianome,    9    nodes,   the   9th   an   arbitrary   point   on   the   dianodal   cuive 

(order  18)  of  the  8  points. 
The  decadianome,  10   nodes,  the   10th   any  one  of  the  22  [13]  dianodal  centres  of 

the  9  points. 

And  as  already  mentioned,  so  long  as  the  first  7  nodes  are  arbitrary,  there  cannot 
be  moi'e  than  10  nodes  in  all. 
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The  Symmetroid. 
Tlw  Lineolinear  Correspondence  of  Quatiic  Surfc 
I   consider  four   equations   3  =  0,  T 


=  0,   [7=0, 
and   (a,  ^,  y,  S 


7  =  0,   lineolinear   in   regai'd   to 
;   viz.,   each   of  these   equations 


the  two  sets  of  coordinates  (te, 
is  of  the  form 

(.5^>,  y,  2.  !o5«,  ft  7,  8)=0. 

This  implies  that  the  point  (as,  y,  z,  w)  lies  on  a  certain  quartic  surface  0  =  0,  and 
the  point  (a,  ft  7,  h)  on  a  certain  quartic  surface  A  =  0,  and  that  the  two  surfaces 
correspond  point  to  point  to  each  other.     In  fact,  wi-iting  the  four  equations  in  the  form 

Za  +    Jlf/3  +    if7  +    PS  =  0, 

//«+  M'^+    N'y+  r^^O, 

L"a  +  M"^  +  jV'V  +  P"S  =  0, 

L-"a  +  M'"^  +  N"'y  +  P"'8  =  0, 

where  L,  Uo.,  are  linear  functions  of  (w,  y,  z,  w),  then  eliminating  (a,  /3,  7,  S),  we  obtain 

the   equation 


e- 


L 

M 

iT  , 

P 

n . 

M- 

M'  , 

P- 

L" 

M" 

N" , 

P" 

L'", 

it" 

N"\ 

P" 

=  0; 


and  similarly,  writing  the  four  equations  in   the  form 
Aai+    By+    0^+    Dm 


where   A,   &c.,   are   1 
obtain  the  equation 


0, 

A'a!+   By  +  C'i  +  Bw  -  0, 
A"x  +  F'y  +  0"z  +  -D'V  =  0, 
A"V  +  B"'j  +  B"'z+D"'w  =  0, 
functions   of  (a,  ft   7,    S),   then   eliminating   (x,   y. 


A  = 


A 

B 

G 

D 

A' 

B'  , 

C  , 

ly 

A" 

B' , 

C" 

D' 

A'" 

B", 

C", 

rr' 

=  0. 


Moreover,  0  being  =  0,  the  four  linear  equations  in  (a,  ft  7,  8)  are  equivalent  to  three 
equations,  and  give  for  instance  (a,  ft  7,  B)  proportional  to  the  determinants  formed 
with   the   matrix 

i  L'  ,    M'  ,    A"  ,    r 


L", 
L~, 


M" ,    iV".    P" 
M",    N'",     P" 
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and  similarly,  A  being  =  0,  the  four  linear  equations  in  {x,  y,  z,  w)  are  equivalent  to 
three  equations,  and  give  for  instance  («,  y,  s,  w)  proportional  to  the  determinants 
formed  with   the   matrix 

]  A' ,  B' ,  c" ,  ly 

A" .    fi",    C\    D" 

I     ^,.,^        ^„.^         g..,^        jy.„ 

whieh  establishes  the  point-to-point  correspondence  of  the  two  siirtaces. 

66.  It  would  at  first  sight  appear  that  any  quartic  surface  (*$«,  /3,  7,  &f  =  (i  what- 
ever might  have  its  equation  expressed  in  the  foregoing  determinant  form  A  =  0.  This 
eqiiation  seems,  in  fact,  to  contain  homogeneously  as  many  as  64  constants.  But  if 
we  multiply  the  determinant  line  into  line  by  a  constant  determinant 


I , 

c 

d 

V , 

e' 

d' 

4", 

e" 

i" 

li". 

c'" 

d" 

and  then  column  into  colunni  by  another  constant  determinant,  the  coefficients,  all  but 
one  of  them,  of  these  constant  determinants  may  be  used  to  specialize  the  form  of  the 
resulting  equation,  [say  they  are  apoclastic  constants] ;  this  equation  will  really  contain 
64-(2. 16-1)  =  33  constants;  and  in  order  that  the  quartic  surface  {*^a.,  &,  y,  hf  =  V> 
may  have  its  equation  expressible  in  the  form  A  =  0,  a  ^ui^\q  relation  must  hold  good 
among  the  coefficients:   but  this  in  passing {'). 


67. 

Returning  to  the  quartic  surface 

A- 

A   ,    B  . 

C 

-D      i 

A'  ,     B- , 

C 

ff 

A",    B", 

C" 

D" 

A'",     B'", 

C" 

If 

we  may  connect  this  not  only  with  the  foregoing  surface  fD=0,  but  in  a  similar 
manner  with  another  quartic  surface  <I>  =  0 ;  viz.,  taking  the  cuiTenr  coordinates  {^,  ij,  ^,  m), 
we  may  form  the  lineolinear  equations 

A^+A'v  +  A"^+A"-a,  =  0, 
B^+B'7i+B"^+B"'fo  =  0. 

l)^+iyv  +  D'%  +  D"'m  =  0, 


cubic  detenniuaiit  A=0,  t 
in  (he   form  in   question. 


:>  that  a  quadric  surface  i 


I  number  ot  constants  is  36-{2.  9-l)  =  19; 
for   the  quadric    determinant    A  — 0, 


1  the  form  in  question, 
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which,  by  the  elimination  of  (f,  ■>],  ^,  at),  give  A  =  0,  and  by  the  elimiuation  of  (a,  0,  y,  S) 
a  determinant  quartic  equation  0  =  0  between  the  coordinates  {f ,  jj,  f,  w) ;  and  of 
course  the  two  surfaces  A  =  0,  ^  =  0  have  a  point-to-point  correspondence  such  as  exists 
between  the  surfaces  0  =  0,  A  =  0.  The  relation  of  the  point  (a,  ^,  y,  S)  on  the  surface 
A  =  0  to  the  point  (x,  y,  s,  w)  on  the  surface  @  =  0,  and  to  the  point  (|,  )?,  ^,  w)  on 
the  surface  "l*  =  0,  may  be  conveniently  indicated  by  means  of  the  diagi-am 


A  , 

B  , 

0  , 

'  D     1 

A' , 

-B'  , 

C  , 

V 

A", 

B", 

C", 

D"\ 

A"'. 

B", 

C", 

U" 

68.  It  is  to  he  observed  that,  writing  for  A,  B,  ...  their  values  aa  linear  functions 
of  (a,  /3,  7,  S),  wc  have  in  all  64  constant  coefficients,  which  we  may  conceive  arranged 
in  the  form  of  a  cube,  thus : 

a       b  


and  taking  these  in  fours  height- wise,  («,  «i  a  j,)  \c  we  compose  with  them  the 
linear  functions  an ■'r ai^ -{- a^y +  a^h,  Sic,  which  entei  into  the  equation  A  =  0;  taking 
them  in  fours  length-wise,  (a,  h,  c,  d),  &c,,  we  compose  the  hnear  functions  aa:+bi/+cs+dw, 
&c.,  which  enter  into  the  equation  0  =  0  and  tiking  them  m  fours  breadth-wise 
(a,  a',  a",  a'"),  &c.,  we  compose  the  linear  fuiKtion'.  a^  +  at)  +  a  ^+a"'a),  &c.,  which 
enter  into  the  equation  4"  =  0. 

69.  The  process  may  be  indefinitely  repeated;  we  obtain  always  the  same  three 
surfaces  over  and  over  again,  but  on  them  an  indefinite  series  of  corresponding  points ; 
viz.,  we  may  write 

...0,A,4>,     ©,  A,  O,     0,  A,  *... 

■  --P],  Qi,  iii,    P,  Q,  R.    P',  Q'.  R'... 

viz.,  a  point  Q  on  A  corresponds  to  a  point  P  on  ®  and  to  a  point  iJ  on  * ;  R 
corresponds  to  ^  on  A  and  to  a  new  point  P'  on  0 ;  P'  to  iJ  on  O  and  to  a  new 
point  Q  on  A,  and  so  on.  And  in  the  opposite  direction  P  corresponds  to  Q  on  A, 
and  to  a  new  point  Ri  on  * ;  jBi  to  P  on  0  and  to  a  new  point  ft  on  A ;  and  so 
on.  And  of  course  the  correspondence  of  any  two  points  of  the  series,  whether  belonging 
to  the  same  surface  or  to  different  surfaces,  is  a  one-to-one  correspondence. 
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The  Sym/metrical  Oase ;    Synymetroid  and  JacoHan. 

70.  I  have  established  the  foregoing  general  theory;  but  it  is  only  a  particular 
case  of  it  which  connects  itself  with  the  theory  of  nodal  quartics ;  viz.,  the  cube  of 
coefficients  is  a  symmetrically  arranged  cube 

a      h      g       I 
h       b      f      m 
9       f       c       n 
I      m       n       d 

a,      /(,... 

:  1h    ft, 


or  say  its  upper  face  is  the  symmetrical  square  matrix 

a,    k,    g,      I 

h,     b.    /,  m 

g.   f,    c,     n 

i  I,    m,     11,  d 

and   the    other   horizontal   planes,   the    like   squares   with   the   several   terms    affected   by 
suffixes. 


The  surface  V  =0  is  here  a  surface  of  the  foiin 


A, 

U. 

G. 

'■ 

H, 

B. 

F. 

M 

B, 

F, 

C, 

N 

L, 

M. 

N, 

P 

[A,  B,  &c.  hneaj-  fiinctiona  of  (a,  (3,  7,  8)}  viz.,  V  is  a  symmetrical  determinant:  I  call 
this  a  Hymmetroid;  the  surfaces  V=0,  *  =  0  are  one  and  the  same  surface,  the  Jacobian 
of  4  quadric  surfaces ;  moreover  the  points  P  and  R  are  one  and  the  same  point,  and 
the  correspondence  R  to  P'  is  a  reciprocal  one ;  so  that,  instead  of  the  indefinite 
series  of  points,  we  have  only  2  points  Q,  Q'  on  the  surface  V,  and  2  points  P,  P' 
on  the  surface  0  (=  O) ;   viz.,  the  diagram  is 

...A,  0,  0,  A,  0,  0,  A... 

...Q\  p\  p,  Q.  p,  P',  q... 

moreover   the   symmeti'oid   surface    V  =  0    is   a   surface   with   10 
not  octadic,  and  which  is  therefore  the  decadianome. 


Lodew,   which   is   clearly 
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Consider  the  quadric  surfaces 

S  -  (a,  b,  c,  d,  f,  g. 

A 

I,  11 

n5«. 

y.  z.  wf-a. 

T=(iiu- 

i 

„        )'  =  0, 

U-{a,.... 

5 

„        )'=0, 

F.(a.,... 

5 

,.      )--o, 

and   a   point   (a,  ,S,  7,  8)   in   the   same   or   in  a   different   space,   such    that    the    surface 
a)S  +  /32'+7t''+ SF=0  is  a  cone,  or  say  for  shortness, 


we  establish  the  equations 


which  express  that  the  surface  is  a  cone,  then  tlie  point  {x,  y,  z,  w)  is  the  vertex  of 
the  cone.  We  have  thus  4  equations  lineolinear  in  (as,  y,  z,  w)  and  also  in  (a,  y3,  y,  S), 
so  that  the  relation  between  the  2  points  is  of  the  nature  of  that  above  considered. 
The  relation  between  (w,  y,  z,  tv)  is  given  by  the  equation 


nS  +  /9ir  +  7i7+«F.cone; 

detenniuing   point,  or   determinator   ol 

tlie  cone 

s.(iS+ffT+yn+sy)=o, 

8,(                „                 )-0, 

s.(              „              )  =  0, 

S„(                ,.                 )  =  0, 

J(S,  T,   U,  F)  =  0; 

viz.,  the  locus  is  the  Jaeobian  of  the  4  quadric  surfaces, 
is  given  by  the  equation 


The  relation  between  (a,  /3,  7,  h 


so   that   the   locus   is    (by   the    foregoing    definition)   the    Bymmetroid.      And    the    deter- 
minator point  on  the  symmetroid  thus  corresponds  to  the  cone-vertex  on  the  Jaeobian. 


/la  +  . . 

,     S" 

te    +.. 

.    f' 

/"  +.. 

,     ca 

72.     But  the  Jaeobian  may  be 

obtained  in  a  diiferont 

manner;   viz.,  if  we  establish 

the  equations 

( 

)2'  =  0, 

( 

)U=0, 

( 

)V=0, 

then    the    ehmination    of  (^,  jj,   f,    m 

leads   to   the   equatioi 

J  {8.  T.    U,   V)^0   of    the 

Jaeobian  surfiice.     And  since  each  of  the  equations  is  symnie 

trical  in  regard  to  (x,  y,  z,  w) 

C.    Vll. 

21 
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^^^  i^,  V<  K.  ").  it  appears  that  the  point  (|,  i),  f,  <o)  is  also  a  point  on  the  Jacobian 
surtiw;e.  We  have  on  the  symmetroid  a  point  related  to  (f,  ij,  ^,  a)  in  the  same  way 
that  (a,  /3,  7,  S)  on  the  symmetroid  is  related  to  the  point  {x,  y,  z,  w)\  and  this  completes 
the  system  of  the  4  points,  Q  on  the  symmetroid,  P  and  f  on  the  Jacobian,  Q'  on 
the  symmetroid;   but  in  what  follows  I  make  no  use  of  this  last  point  Q'. 

73.  The  points  (x,  y,  z,  w),  (f,  17,  %,  w)  on  the  Jacobian  correspond  in  such  wise  that, 
taking  the  polar  planes  of  either  of  them  in  regard  to  the  quadrics  iS  =  0,  2"  =  0,  (7  =  0,  F  =  0, 
these  intersect  in  a  single  point,  viz.,  in  the  other  of  the  two  corresponding  points. 
Or,  what  is  the  same  thing,  the  line  joining  the  two  points  cuts  each  of  the  four 
quadrics  harmonically,  whence  also  it  cuts  harmonically  any  quadric  surface  whatever 
of  the  series  aS  +  /92'+7P^  +  SF=0,  (a,  /3,  7,  S  being  here  arbitrary  multipliers);  viz,, 
this  property  is  an   immediate  intei-pretation  of  the  equation 

(?Si + -^Sj,  +  ^,  +  o,3,„)  («s + ^r + 7  y + s  7)  -  0, 

or,  as  this  is  more  conveniently  written, 

(a,...J{,  ,,  J,  «Ja;,  J,  «,  •»).0, 
if  for  a  moment  («., ...)  denote  the  coefficients  of  the  quadric  function  aS  +  0T  +  fU  +  BV. 

74.  Consider  any  Q  pairs  .of  points  {a^,  y„  z^,  Wj),  (^1,  j;,,  ^,,  Wi),  &c.,  related  as 
above;  the  quartic  surftices  iS  =  0,  2'=0,  U  =  0,  V~0  are  surfaces  cutting  harmonicaiiy 
the  lines  joining  the  two  pairs  of  points  respectively ;  or  say  they  are  quadrics  cutting 
harmonically  6  given  segments ;  and  the  general  quadric  surface  which  cuts  harmonically 
the  6  given  segments  is  aS  +  ^T  +  ylJ +  SV  =0.  We  thus  see  that  the  Jacobian  surface 
J(_S,  T,  U,  F)  =  0  is  in  fact  the  locus  of  the  vertices  of  the  quadric  cones  which  cut 
harmonically  6  given  segments.  The  surface  so  defined  by  M.  Chasles  {Oomptes  Rendiis, 
tom.  m.,  1861,  pp.  1157 — 62),  and  shown  by  him  to  be  a  quartic  surface,  is  thus 
identified  with  the  Jacobian  of  any  4  quartic  surfaces ;  and  included  herein  we  have 
the  particular  case,  also  considered  by  him,  of  the  locus  of  the  vertices  of  the  quadric 
cones  which  pass  through  6  given  points,  or  Jaoobian  of  the  6  given  points, 

I0.  It  is  to  be  shown  that  there  ai-e  10  systems  of  values  (a,  y9,  7,  S),  or,  what 
is  the  same  thing,  10  points  on  the  symmetroid,  for  each  of  which  the  quartic  surface 
aiS+jS2'+7^  +  SF=0  is  a  plane-pair.  For  any  such  system  of  values  the  plane-pair 
may  be  regarded  as  a  cone,  having  its  vertex  at  any  point  whatever  on  the  line 
which  is  the  axis  of  the  plane-pair;  that  is,  each  point  of  this  line  is  the  vertex  of 
a  cone  of  the  system  of  surfaces  fiS+ ^T -\-fU +hV^O;  or,  what  is  the  same  thing, 
the  axis  of  the  plane-pair  lies  on  the  Jacobian  surface ;  viz.,  thei*e  wil!  be  on  the 
Jacobian  surface  10  lines.  Moreover,  to  the  point  (a,  /3,  7,  S)  on  the  symmetroid  there 
corresponds  indifferently  any  point  whatever  on  the  axis  of  the  plane-pair.  The  analytical 
expressions  for  (a;,  y,  z,  iv)  in  terms  of  (a,  /3,  7,  B)  must  therefore,  for  the  values  in 
question  of  (a,  ^,  y,  S),  become  indeterminate ;  and  this  can  only  happen  if  for  the 
values  in  question  the  first  minors  oi'  the  determinant  V  all  of  them  vanish.  But  a 
point  (a,  d,  7,  B),  for  which  the  minors  of  V  all  of  them  vanish,  is  obviously  a  node 
on   the  symmetroid ;   and   it   thus   appears   that   there   are   on   the   symmetroid   10  nodes, 
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each  con'esponding  to   a   line   on    the   Jacobian,  and  that   the    condition    for   determining 

aS+ ^r  +  7U'+8F=s plane-pair : 

viz.,  the  values  of  (a,  ^,  y,  S),  which  satisfy  this  condition,  belong  to  a  node  of  the 
aymmetroid,  and  the  Kne  on  the  Jacobian  is  the  axis  of  the  plane-pair. 

76.  Reverting  to  the  equation  V  =  0  of  the  symmetroid,  where  V  is  a  symmetrical 
determinant  the  terms  of  which  are  linear  functions  of  the  coordinates  (a,  yS,  j,  S),  it 
has  already  been  shown,  ante  No.  7,  that  this  is  a  surface  with  10  nodes;  but  this 
may  be  also  proved  as  follows.     Writing  as  before 

a8  +  0T  +  yU+BV={A,  B,  0,  D,  F.  G,  H,  L,  M,  K^a:,  y,  z,  wf^i), 

the  condition  that  this  shall  be  a  plane-pair  implies  a  threefold  relation  between  the 
coefficients  A,  B,  &c.,  and  the  required  number  of  nodes  is  equal  to  the  order  of  this 
threefold  relation.  Establishing  between  the  coefiicients  A,  B,  &c.,  any  6  linear  relations 
whatever,  we  should  have  a  ninefold  relation  to  determine  the  ratios  of  the  10  quantities; 
and  the  number  of  solutions  would  be  equal  to  the  order  of  the  threefold  relations. 
But  taking  the  6  linear  relations  to  be  of  the  form  {A,...'^^^,  y,,  z^,  iVif^O,  the 
question  is  in  fact  to  find  the  number  of  the  plane-pairs  which  pass  through  6  given 
points;   and  this  is  clearly  =10. 

77.  Applying  the  conclusion  to  the  system  of  quadric  surfaces  aS  +  ^T  +  yU  +  &V  =  0, 
we  see  that  there  are  in  the  system  10  plane-paii's ;  and  that  the  lines  of  intersection, 
or  axes  of  the  plane-pairs,  are  lines  upon  the  Jacobian  surface, 

78.  The  equation  V  =  0  of  the  symmetroid  aecms  to  contain  homogeneously  40 
constants.  But  starting  with  any  given  symmetrical  determinant,  we  may  multiply  it 
line  into  line  by  a  constant  determinant,  and  then  column  into  column  by  the  same 
constant  determinant,  in  such  wise  that  the  resulting  product  is  still  a  symmetrical 
determinant;  and  the  coefficients  of  the  constant  determinant  may  then  be  used  to 
specialise  the  form  of  the  equation.  The  equation  V  =0  of  the  symmetroid  thus  really 
contains  40  —  16=24  constants;  this  is  as  it  should  be,  for  the  symmetroid,  qua  quartic 
surface  with  10  nodes,  contains  34  —  10  =  24  constants.    ■ 


Symmetroid  with  given  Nodes. 

79.  A  symmetroid  can  be  formed  with  7  given  points  as  nodes ;  but  there  is  no 
proper  symmetroid  with  S  given  points  as  nodes.  If  we  endeavour  to  form  such  a 
symmetroid,  we  obtain  a  system  of  2  quadric  cones,  each  of  them  passing  through  the 
8  points ;  viz.,  these  are  any  2  out  of  the  4  quadric  cones  which  pass  through  the 
8  points.  This  will  be  shown  in  a  moment;  for  the  complete  d  posteriori  identification 
with  the  decadianome,  it  would  be  necessary  to  show  that  a  symmetroid  could  be  found 
having  for  nodes  7  given  points,  an  8th  point  any^vhere  on  the  dianodal  surface,  and 
a  9th  point  anywhere  on  the  dianodal  curve;  but  thi.«  I  have  not  succeeded  in 
effecting. 

21—2 
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80.  We  have  for  any  node  (a,  0,  y,  S)  of  the  syrametroid, 

aS  +  ^r  +  7^7+ SF=  plane-pair. 

If,  then,  4  of  the  given  nodes  are  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  we 
must  have  S,  T,  U,  V  each  of  them  a  plane-pair.  We  may  without  loss  of  generality 
assume  S  =  af-l-^^,  T  =  2^  +  w^;  this,  however,  does  not  determine  the  signiiication  of 
the  coordinates  (x,  y,  z,  lu),  for  S  will  remain  unaltered  if  we  write  therein 

X  cos  ^  +  ?/  sin  ^ ,     x%va.Q  —y  cos  B    for  x,  y  : 

and  similarly  T  will  remain  unaltered  if  we  write  therein 

z  cos  Oj  +  w  sin  $, ,    z  sin  ^,  ~  id  cos  d-^  for  z,  w. 

Hence,  if  we  go  on  to  assume 

U  =  k  (x  +  m  y  +n2  +  p  w)  (a;  +  m' »/  +  n  z  +  p'  w), 

V^k,  (as  +  m,y  +  Ki«  +piw)(x  +  nviy  +  n(z  +p,'w), 

we  may  imagine  the  0,  0^  so  determined  that,  for  instance, 

m  +  m'  =  {),     p,+jji'=  0; 
we  have  thus 

T=  ^'+^\ 

U=k  ({V  +  m  y  +n  z  +  p  io)(a!  —  m  y  +  n'  z  +  p'vj), 
V=  ki(x  +  miy  +niZ+piW){x  +  mi'>/  +  niZ—piW) ; 
formula  which  contain  the  12  constants 

(k,  m,  >i,  p,  n',  p',  k,,  m,,  n,,  p,,  m/,  V)- 

This  is  right,  for  the  symmetraid  containing  24  constants,  the  symmetroid  with  4  given 
nodes  should  contain  (24—4.3=)  12  constants.  And  each  additional  given  node  will 
determine  8  constants;  hence  for  4  new  given  nodes  the  expressions  become  deter- 
minate (not  of  necessity  uniquely  so). 

81.  But   for   any  4   new   nodes,  the   equations   may  be   satisfied  by  writing   therein 
n  =  n',  p^-p',  w  =  — m,',  n,  =  «,';   viz,,  they  then  assume  the  form 

S  ^    af+  y\ 

T^  z'  +     w-\ 

U  =  {ax  +  czf  +  {hy  +  dwy, 
V  =  ia'x-\-c'zf^{b'y^d'w)\ 

containing  8  constants,  which  may  be  determined  so  that  the  nodes  shall  be  the  4  given 
points.  If  now  with  the  last  mentioned  values  we  form  the  value  of  aS  + ^T  +  ylJ +hV, 
this  ivill  consist  of  two  terms  (*5a:,  zf  and  {*^y,  wy,  the  first  of  which  will  be  a 
square  if 

(a  -I-  'fo?  +  Sa'-)  (S  +  7c^  -I-  Sc'-)  -  {yac  +  Sa'c')'  =  0,  say  thifi  is  A  =  0, 
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and  the  second  will  be  a  square  if 

(a  +  jb^ +Bb'^)(l3  +  yd'  +  Sd'')-(yhd  +  Sb'd'y  =  0,  say  this  is  A'  =  0; 

HO  that  the  eoMdition 

aS  +  0T-i-yU+SV=  cone 

will  be  satistied  if  A  =  0,  or  if  A'  =  0;  that  is,  the  equation  of  the  symmetroid  will 
he  AA'  =  0,  or  the  symmetroid  breaks  up  into  the  2  quadric  surfaces  A  =  0,  A'  =  0, 
each  of  which  is  a  cone. 

82.  It  is  to  be  further  observed  that,  considering  the  first  mentioned  4  points 
(1,  0,  0,  0),  &e.,  and  any  other  4  given  points  whatever,  the  equation  of  any  one  ol' 
the  4  quadric  cones  through  these  8  points  will  be  of  the   form 

(*i^7,  70,  a^,  aS,  0S,  7S)  =  0 ; 

viz.,  any  equation  of  this  form,  being  a  cone,  will  admit  of  being  expressed,  and  that 
in  one  way  only,  in  the  form  A  =  0.  Considei'  then  any  one  of  the  4  cones  through 
the  8  points,  and  let  its  equation  be  thus  expressed ;  we  have  the  values  of  the 
coefficients  a,  c,  a',  c',  which  enter  into  the  expressions  of  8,  T,  U,  V;  and  similarly, 
considering  any  other  of  the  4  conea,  and  expressing  its  equation  in  the  like  form,  we 
have  the  values  of  the  coefficients  b,  d,  b',  d'  which  enter  into  the  expressions  of 
S,  T,   IT,   V. 

83.  If  instead  of  taking  2  different  cones  through  the  8  points,  wc  take  in  each 
case  the  same  cone,  the  expi'essions  for  S,  T,   U,   V  would  be 

«=      *■'        ■    +      f, 
T  =■  z'   +  W-, 

lT=(ax  +  czy^(ay+  cw) 
V=  (a'x  +  c'sy  +  (a'y  +  c'wY : 
and  we  have  identically 

(ac' -  a'c)  {aa'S  - cc'T)  -  a'c' U  +  acV  =  0. 
This  solution   may  be  disregarded. 

84.  Instead  of  the  assumption  S=ai' +>/'',  T^z'  +  vfi,  we  may  take  x=0,  ^  =  0, 
3  =  0,  vj  —  0  to  be  planes  of  the  plane-pairs  S,  T,  U,  V  respectively ;  it  is  then  easy 
to  fix  the  remaining  constants  so  that  the  5th  and  6th  nodes  of  the  symmetroid  shall 
be  given  points.  Suppose  that  the  coordinates  of  the  5th  node  are  (1,  1,  1,  1);  to 
obtain  the  result  in  the  most  simple  manner,  I  take  for  the  moment  il  an  arbitiary 
quadric  function  (x,  y,  z,  liif,  and  I  write 


s  = 

.«(6.0 

4 

■h,j- 

-  gz  +  aw), 

!■  = 

:i,(S,n- 

-ht 

+fi  +  610), 

0-. 

•-S    ip;^    +(/«- 

-fs 

+  a»), 

V. 
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where  the  coeiEcients  are  arbitrary.  We  have  identically  S+  T-h  U+  F'=2n;  wherefore 
the  giveu  point  (1,  1,  1,  1)  will  be  a  node  of  the  symmeti-oid  if  only  11  =  0  be  a 
plane-pair ;  and  it  is  eaay  to  see  that  we  may  without  loss  of  generality  take  one 
factor  to  be  ic  +  p  +  z  +  w,  and  write 

n  =  (w  +  'y+z  +  w)  {l.'c  +  my  +  nz  -|- pw)  ; 

viz.,  n  having  this  value,  the  symmetroid,  aS  +  ^?'+7f7+ SV=  cone,  will  have  the  5 
given   nodes ;    the  equation  contains,  as  it  should  do,  9  constants. 

85.  In  order  that  the  symmetroid  may  have  a  6th  given  node  (oj,  /3,,  7,,  81),  I 
observe  that  the  constants  may  be  determined  so  that  a^S  +  ^tT  + -^iU  +  ^V  shall  be 
equal  to  an  arbitrary  quadric  function,  say 

aiS-l-Ar  +  7,a+S,F=(a,  b,  c,  d,  f,  g,  h,  1,  m,  n$a',  y,  z,  w)=: 
this  in  fact  gives 


,,  ,      /a      b       c      dv 

"'■"''"■P^^U'   %'    7.'   ^J'- 


and  then,  completing  the  comparison. 


-^It 


-^{b^.-^,(|-S]-L 


"1-71      ai-7:Wi      7i/J  L"^!  -  Oj      a,  -  S,  V«,      hj 

ft  ]" 


^b 


-M[^;-.".(^;)]^4.-ft-.^(^s)]^ 

L7i  J  L7i  -  oi      7i  -  Oi  \7i      "1  /J     ) 

ir     21  a,      /d       a\"|  r    2m  /3,      /d       b  \1 

+  |_s~~7rsT^,  (s; +7-)] "+  [i  J  ™i  • 

viz.,  these  values  give 

.S+      T+     U+    7=(.  +  ^+.  +  w)(%-H|y+^^.  +  ^S.), 

a^S  +  0/r  +  y,U  +  S,V  =  {&,  b,  c,  d,  f,  g,  h,  1,  m,  n^x,  y,  z,  w): 

hence,  taking  the  function  {a,  ...'^x,  y,  s,  loy  to  be  a  plane-pair  equal  to  (x  +  iy  +jz  +  kw) 
{a!  +  i,y+jiZ  +  k,w)  suppose,  or  considering  the  coefficients  (a,...)  as  given  functions  of 
{i,  j,  k,  i),  jj,  &,),  we  have  the  symmetroid  having  the  6  given  nodes  and  containing  the 
last  mentioned  6  constants. 
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Tlie  Jacobian  with  given  Lines. 

86.  The    Jacobian    contains    24    constants ;    obviously   it   is   uniquely   determined   if 

4  of  the  plane-pairs  thereof  are  given ;  and  it  is  also  determined,  but  not  uniquely, 
if  6  of  the  lines  thereof  are  given.  We  may  enquire  how  many  given  nodes  of  the 
symmetroid  may  be  considered  as  corresponding  to  given  plane-pairs,  or  lines  of  the 
Jacobian.  Take  as  given  any  4  nodes  of  the  symmetroid ;  the  corresponding  4  plane- 
paii'S  may  be  taken  to  be  given  plane-pairs ;  and  we  may  besides  take  as  given  a 
5th  node  of  the  symmetroid.  For  let  the  first  4  nodes  of  the  symmetroid  be  (1,  0,  0,  0), 
(0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1);  the  given  piano-pairs  PiQ,^0,  P^Q^^O,  P,Q,  =  (i, 
PiQ,=0;   (/,,  ^3,  ^3,  li)  any  system  of  values  such  that  we  have 

U\Q,  +  hP^Q^  +  kP,Q^  +  kP>Q.  =  plane-pair ; 

and  (1,  1,  1,  1)  the  5th  node  of  the  symmetroid;    we  have  only  to  assume 

(S,  T,  U,  V)^{kP,Q„  l,P,q„  kP,Q„  hP^Q.). 

87.  Suppose,   however,  that  on  the  Jacobian  we  have  given,  not  the  4  plane-pairs, 
but   only   the   4   axes   of  the   plane-pairs;    the   plane-pairs   may   be   taken   to   be 

(:,  i„  c,$-F„  Q0-  =  0, (1,  6„  c^P,,  Q.Y^O, 

where  the  8  constants  {b,,  b^,  b,,  b^,  c,,  c-i,  c^,  c,)  are  in  the  first  instance  undetermined. 
If  we  attempt  to  find  l,,  l^,  k,  k,  so  that 

Zi(l,  6i,  c,5Ai  Qif +^4(1,  hi,  c^Pi,  Q4)- =  plane-pair  of  given  axis, 

we  have  between  the  coefficients  {b,  c)  4  equations ;  and  similarly,  if  we  attempt  to 
find  «!i,  JWj,  mj,  nii  such  that 

Hii(l,  &i,  CiJPi,  Qif +  'rt-i(l,  ^4.  ci^Pi,  Q4)'' =  plane- pair  of  another  given  axis, 

we  have  4  more  equations  between  the  coefficients  {b,  c) ;  viz.,  these  will  be  deter- 
mined by  the  8  equations  (this  is  in  fact  the  before  mentioned  property  that  6  lines 
of  the  Jacobian  may  be  taken  to  be  given  lines).  But  considering  only  the  firet 
system  of  equations;  in  order  that  to  the  given  axis  may  correspond  a  given  node 
on  the  symmetroid,  say  the  node  (1,  1,  1,  1),  we  have  only  to  write 

S  =  l,{l,  h,  cJP,,  Q,y, V^I,{1,  b„  c,\P„  Q,f; 

that   is,   we   may   take    as    given    -5    nodes    of   the    symmetroid,   and    the    corresponding 

5  lines  of  the  Jacobian ;  the  formuiie  will  contain  4  constants ;  we  may  by  means 
of  them  make  the  Jacobian  have  a  6th  given  line,  thus  determining  the  constants : 
or  we  may  make  the  symmetroid  have  a  6th  given  node,  leaving  in  this  case  one 
constant   arbitrary. 
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Correspondence  on  the  Jacfbian:    Lines  and  Skew  Cabics. 

88.  I  consider  the  eorreapondence  of  two  points  on  the  Jacobiaii :  it  is  to  be 
shown  that  when  one  of  the  points  is  on  a  line  of  the  Jacobian,  the  corresponding 
point  will  be  on  a  skew  cubic ;  that  is,  that  corresponding  to  each  line  of  the 
Jacobian  we  have  (on  the  Jacobian)  a  skew  cubic.  Call  the  plane-pairs  of  the  system 
of  quadric  suriaces  1,  2,  3,  ...10;  selecting  any  4  of  these,  say  1,  2,  3,  4,  the  polar 
planes  of  any  point  of  the  Jacobian  in  regard  to  these  4  plane-pairs  mil  meet  in  a 
point  which  will  be  the  required  corresponding  point.  And  observe  that,  in  regard 
to  any  one  of  the  plane-pairs,  say  1,  the  polar  plane  of  a  point  P  is  the  plane 
through  the  axis  harmonic  to  the  plane  through  the  axis  and  the  point  P.  Hence, 
for  a  point  on  the  axis  of  1,  the  polar  plane  in  regard  to  1  is  indeterminate ;  the 
polar  planes  in  regard  to  the  plane-pairs  2,  3,  4  respectively  meet  in  a  point  which 
is  the  required  corresponding  point.  We  may  for  any  point  whatever  take  the  polar 
planes  in  regard  to  the  plane-pairs  2,  3,  4  i-espectively,  and  call  the  intersection  of 
these  planes  the  corresponding  point ;  this  being  so,  if  the  first  mentioned  point 
moves  along  a  line,  the  corresponding  point  moves  along  a  curve,  which  is  easily 
shown  to  be  a  skew  cubic  cutting  the  axis  of  each  plane-pair  twice ;  that  is,  in 
regard  to  the  plane-pairs  2,  3,  4,  the  locus  corresponding  to  any  line  whatever  is  a 
skew  cubic  cutting  the  axis  of  each  piano-pair  twice.  In  particular,  the  corresponding 
curve  of  the  axis  of  1,  is  a  skew  cubic  cutting  the  axis  of  the  plane-pairs  2,  3,  4 
each  twice ;  but  the  axis  of  1  does  not  stand  in  any  special  relation  to  the  plane- 
pairs  2,  3,  4,  as  distinguished  fi'om  the  remaining  plane-pairs  5,  6...  10;  we  have 
therefore  the  more  complete  theorem,  that  the  skew  cubic  cuts  the  axes  of  the  plane- 
pairs  2,  3, ...10  each  twice;  or,  instead  of  the  plane-pairs,  speaking  of  the  line  1,  2, 
3,  ...10,  we  may  say  that  corresponding  to  any  one  of  the  lines  we  have  a  skew  cubic 
meeting  the  other  9  lines  each  of  them  twice. 

89.  I  stop  for  a  moment  to  prove  the  subsidiary  theorem  assumed  in  the  fore- 
going demonsti-ation,  Let  the  3  plane-pairs  be  PQ=0,  RS  =  0,  TU=0,  and  let  the 
line  be  that  joining  the  points  (cco,  y^,  s„,  w„)' and  {xi,  t/t,  s,,  w,);  the  coordinates 
of  any  point  in  the  line  may  be  taken  to  be  X«o  +  ^i,  3^-2/0  + MJ/i.  '>^z,.+ f^i,  Xw„ -|- /tWi ; 
and  hence  for  the  polar  plane  in  regard  to  the  plane-pair  PQ—  0  we  have 

[(?uc„ -I- ii.v,) B^...  +  (\vj„  +  fivj,) S„,|  PQ  =  0 : 

viz.,  this  equation  may  bo  written 

X  (PQ,  +  P„Q)  +  ^  (PQ,  +  P,Q)  =  0 : 

forming    the     like    equations    in    regard    to    the    other    2    plane-pairs    respectively,   and 
eliminating  A,,  ft,  we  obtain  for  the  required  locus 

\  PQ,+P,Q,    RS,  +  R,S,     TU,  +  T,u\\ 
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a  skew  cubic ;   aod  on  writing  herein  P  =  0,  Q  =  0,  the  equations  become 

I  RS,  +  Ii,S,     TU,+  TJJ  '  =  0; 

I  RS,  +  M,S,     TU,  +  T,U  ' 

viz.,   the   line   (F  =  0,   Q  =  0)  meeta   the   skew  cubic  in   the  points  where   the  line  meets 
the   quadric  surface  determined  by  this  last  equation,  that  is  in  2  points. 

90.  We  have  thus  on  the  Jacobian  the  10  Hues  1,  2,  ...9,  10,  and  corresponding 
thereto  respectively  the  10  skew  cubics  1',  2',  ...9',  10',  where  each  line  meets  twice 
each  of  the  skew  cubics  except  that  denoted  by  the  same  number;  a  relation  similar 
to  that  which  exists  between  the  lines  1,  2,  3,  4,  5,  6  and  1',  2',  3',  4',  5',  6',  which 
compose  a  double-sixer  on  a  cubic  surface. 

Suppose  that  there  are  given  on  the  Jacobian  the  lines  1,  2,  3,  4,  5,  6 ;  meeting 
each  of  these  twice,  we  have  the  skew  cubics  7',  8',  9',  10';   and  then 

7  8',     9',  10' 

9',  10',     T 


so   that   the   determination    of    the   remaining   4   lines   depends   upon   that   of  the   skew 
cubics  7',  8',  9',  10',  which  meet  each  of  the  given  lines  twice. 

91.  To  detei-mine  a  skew  cubic  cutting  twice  each  of  6  given  lines,  I  proceed 
as  follows.  Let  the  lines  be  1,  2,  3,  4,  5,  6;  take  (/■  =  0  the  genera!  quadric  surface 
through  the  lines  1  and  2,  V=0  the  general  quadric  surface  through  the  lines  1, 
S  (the  equations  contain  each  of  them  homogeneously  4  constants).  The  2  surfaces 
intersect  in  the  line  1,  and  in  a  skew  cubic  cutting  twice  each  of  the  lines  1,  2,  3; 
we  have  therefore  to  determine  the  constants  so  that  the  2  surfaces  may  meet  the 
line  4  in  the  same  2  points,  the  line  5  in  the  same  2  points,  the  line  6  in  the 
same  two  points.  Imagine  for  a  moment  the  equations  of  any  one  of  the  lines  4, 
5,  6  to  be  3  =  0,  w  =  0;  the  equations  of  the  2  surfaces,  substituting  therein  these 
values,  would  assume  the  forms 


(a,  b.  c$^,  ^)=  =  0,     (a\  b\  c%x,  yf  =  i); 


P 


'b' 

suppose.  This  is  in  fact  the  fonn  of  the  conditions,  understanding  a,  6,  e  to  be  linear 
functions  of  the  coefficients  of  U,  and  a',  b',  c'  to  be  linear  functions  of  the  coefficients 
of  V.  We  have  in  this  manner  3  sets  of  equations  involving  respectively  the  indeter- 
minate quantities  p,  q,  r;   viz.,  these  may  be  represented  by 

a  — pa,    b=pb',    c—pc'\     d  —  qd',    e  =  <ie',  f=  qf ;     g  =  rg,    h=rh',    i  =  ri'; 

where   the   unaccented    letters   a,  h,  ...i   arc    linear   functions   of   the    coefhcicnts    of     U, 

and  the  accented  letters  «',  h',...i'  linear  functions  of  the  coefficients  of  V.     Eliminating 

c.   VII.  22 
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the   eoe£ficicnts   of   U,   V,   we   have   between  p,   <j,   r   a   twofold   relation,   which   may   be 
i  follows : 

|,  1  1  1  1  1  1  1  1  1 
111111111 
111111111 
111111111 
p  p  p  (J  <J  q  r  r  r 
pppqqqrrr 
pppqqqrrr 
pppqqqrrr 

it  being  understood  that  the  I's  represent  constants,  and  the  p's,  q'a,  and  r's  linear 
functions  of  these  variables  respectively.  The  several  equations  of  the  system,  regarding 
therein  p,  q,  r  as  coordinates,  represent  each  of  them  a  quartic  curve;  any  2  of  these 
intersect  in  16  points;  but  the  number  of  points  common  to  all  the  curves  is  =  10. 
But  each  of  the  curves  passes  through  the  3  points  (1,  0,  0),  (0,  1,  0),  (0,  0,  1);  these 
are  consequently  included  among  the  10  points,  but  they  do  not  give  a  proper  solution 
of  the  question;  and  the  number  of  solutions  is  thus  reduced  to  10  —  3  =  7.  There 
is  yet  another  solution  to  be  rejected;  viz.,  U  —  0  being  a  quadi-ic  surface  through 
the  lines  1,  2,  and  F=0  the  quadric  surface  through  the  lines  "I,  3,  it  is  possible 
to  determine  the  coefficients  of  U,  V  so  that  each  of  these  surfaces  shall  be  the 
quadric  surface  through  the  lines  1,  2,  3;  and  if  we  then  have  identically  U^6V, 
it  is  clear  that  corresponding  values  of  p,  q,  r  are  p  =  q  =  r{=6).  We  have  thus  the 
point  p  —  q  =  r  common  to  all  the  curves  of  the  system ;  this  solution  counts,  I  believe, 
once   only,   and   the   number  of  relevant   solutions   is   7  —  1=6. 

92.  It  may  be  observed,  in  regard  to  the  foregoing  solution,  that  if  we  take 
123=0  as  the  equation  of  the  quadric  surface  through  the  lines  1,  2,  3,  and  so  in 
other   cases,  then   the   equation   of  the   surfaces'   U—0   and   F  =  0   may  bo   taken    to   be 

X.  123  +  ^  .  124  +  c  .  125+/3  .  126  =  0, 

v.  132  +  /.  ISi  +  i-'.  I'io  +  p'.  136  =  0, 
respectively,  the   coefficients   of  the  two   surfaces   being   here   put   in    evidence.     And   it 
is   clear  that   for  fi,=  p  =  p  =  0,   fi  =v'  =  p  =Q,   the   surfaces    become    each    of    them    the 
surface  through  the  lines  1,  2,  8. 

93.  The  conclusion  is,  that  touching  twice  each  of  the  six  lines  1,  2.  3,  4,  5,  6, 
we  have  six  skew  cubics;  it  would  appear  that  any  four  of  these  may  be  taken  for 
the  skew  cubics  7',  8',  9',  10'  (so  that  there  are  15  such  tetrads  of  cubics).  I  am 
not,  however,  able  to  verify  that  we  then  have  the  remaining  4  lines  each  cutting 
twice  3  of  the  4  skew  cubics ;  assuming  that  for  each  system  of  4  skew  cubics  there 
is  one  and  only  one,  such  system  of  hnes,  then  of  course  to  the  given  system  of 
hnes  1,  2,  3,  4,  5,  6,  there  ivill  belong  15  systems  of  lines  7,  8,  9,  10,  and  there- 
fore also  15  Jacobian  surfaces. 
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Further  Investigations  as  to  the  JacoUan,  &c. 

94.     Taking  (|,  i;,  f,  m)  as  plane -coordinates,  two  quadric  surfaces 

(a.    h,    c,    d,   f,    g,    k,    I,    m,   jilJI,  ij,  ^,  w)=  =  0 
and 

(A.  B,  G,  D,  F.  G,  H.  L,  M,  N^x.  y.  2,  w)^  =  0 

are  said  to  be  interverts   (or   interverse)   one   of  the   other,   when   we   have   between   the 
coefficients  the  relation 


that  is 


(a,  b,  c,  d.  f,  g,  h,  I,  m,  n'^A,  B,  C,  D,  F,  G,  H,  L,  M,  N)  =  0, 
ttA-l-...+2/y+...  =  0. 


The  condition  that  the  two  surfaces  may  be  interverts  of  each  other  is  linear  in 
regard  to  the  coefficients  of  each  surface  separately;  hence,  using  a  before  explained 
locution,  we  may  say — interverse  to  a  given  quadric  surface  we  have  9  quadrics ; 
interverse  to  two  given  quadrics  8  quadrics ;  or  generally,  that  interverse  to  k  given 
quadrics  we  have  10  — &  quadrics.  And,  moreover,  if  the  quadrics  of  the  two  systems 
be  Z=0,  M=i),  &a,  and  g  =  0,  T=0,  U  =  0,  &c.,  then  every  quadric  \i  +  /*j(f  + ...  =0 
is  interverse  to  each  of  the  quadrics  aS  +  ^T  +  yU  +  ...  =  0. 

If  the   quadric   («,... $|^,  i),  ^,  af^O   be   an   intervert   of  the   plane-pair 

(la:  +  my  +  m  +  ptv^l'x  +  m'y  -|-  it's  -|-  p'w)  =  0, 


the  condition  is 


(a,  ..  \l,  m, 


[V,  m'.  n',  p')  =  0; 


viz.,  this  expresses  that  the  two  planes  are  harmonics  in  regard  to  the  pair  of  planes 
drawn  through  the  axis  of  the  plane-pair  to  touch  the  quadric  surface ;  or  say,  that 
the  plane-pair  is  harmonic  in  regard  to  the  quadric. 

95.     To   apply   this   to   the   Jacobian   surface,  I  recall  that,  starting  with  the  given 
quadric  surfaces  8  =  0,  T=0,   [7  =  0,  V=  0,  and  taking  (a,  0,  y,  B)  to  be  such  that 

aS  +  0T+  yU+  SF=  plane-pair, 

there  are  10  such  plane-pairs,  and  that  the  axes  of  these  are  the  lines  of  the  Jacobian. 
If  instead  of  the  given  quadric  surfaces,  we  consider  the  six  intei-verse  surfaces 
(a„  ...5?.  V,  t  <o)^  =  0,  ...(Os,  ...5?,  v-  K>  w)^  =  0,   then   the   condition   is   that  the  plane- 


pair   shall   be   harmonic   ■ 
be  called  1,  2,  3,  4,  5,  i 
plane-pair  is   harmonic   in 
plane-pair    draw   tangent 
planes  is   harmonic  in 


regard  to  each  of  these  surfaces.  Let  the  quadric  surfaces 
;  then,  attending  to  any  three  of  these,  say  1,  2,  3,  the 
regard  to  these  three  surfaces.  Through  the  axis  of  the 
lanes  to  1,  2,  and  3  respectively;  each  of  these  pairs  of 
j^  to  the  planes  of  the  plane-pair;  that  is,  the  three  pairs 
of  tangent  planes  are  in  involution ;  or,  as  we  may  also  express  it,  the  axis  is  {quoad 
its  planes)  in  involution  in  regard  to  the  three  quadric  surfaces.  Conversely,  when 
the    axis    is    thus    in     involution    in    regaixi    to   the   surfaces    1,   2,   and   3,   we   may   by 

22—2 
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means  of  tlic  surfaces  1  and  2  determine  the  two  planes  of  the  plane-pair,  and  then 
these  m]\  be  harmonies  in  regard  to  the  surface  3.  It  thus  appears  that  the  axis 
is  given  as  a  line  which  is  (quoad  its  planes)  in  involution  in  regard  to  the  surfaces 
1,  2,  3,  to  the  surfaces  1,  2,  4,  the  surfaces  1,  2,  5,  and  the  surfaces  1,  2,  C, 
respectively ;  or,  as  we  may  express  it,  as  a  line  which  is  (qmad  its  planes)  in 
involution  in  regard  to  the  surfaces  1,  2,  3,  4,  5,  6. 

96.  It  is  substantially  the  same  thing,  but  it  is  rather  easier,  to  consider  the 
whole  question  under  the  reciprocal  form;  viz.,  instead  of  a  plane-pair  and  a  quadric 
siu^ace  represented  by  an  equation  in  plane -coordinates,  to  take  a  point-pair  and  a 
quadric  surface  represented  by  an  equation  in  point-coordinates  ;  we  have  thus  a  line 
which  is  {quoad  its  points)  in  involution  in  regard  to  three  given  quadric  surfaces, 
or  as  we  may  more  simply  express  it,  which  cuts  in  involution  the  three  given  surfaces ; 
and  we  thus  arrive  at  the  problem  of  finding  a  line  which  cuts  in  involution  six 
given  quadric  surfaces;  viz.,  this  is  equivalent  to  the  above  problem  where  the  line 
has  to  satisfy  (quoad  its  planes)  the  like  condition;  and  in  each  problem  the  number 
of  solutions  should  be- 10. 

97.  Consider  a  line  which  cuts  in  involution  the  three  given  surfaces  («,,...  Ja:, ^,2,  w;)=0, 
(««,  ...Ja;,  y,  z,  'wf  =  0,  (oj,  ...Jj.^,  y,  z,  wf  =  ^.  I  will  presently  show  that  this  implies 
a  cubic  relation  { «■  Ja,  b,  c,  f,  g,  h)"  between  the  six  coordinates  of  the  line.  But 
assuming  it  for  the  moment,  suppose  that  the  line  cuts  in  involution  the  three 
surfaces  and  a  fourth  quadric  surface  (a^,  ...'^x,  y,  3,  •wf=^.  Considering  the  line  as 
cutting  in  involution  the  surfaces  1,  2,  4,  we  have  between  the  six  coordinates  a 
second  cubic  relation;  there  is,  however,  a  reduction,  and  the  oi'der  of  the  resulting 
twofold  relation  between  the  coordinates  is  3.3-4  =  5.  To  explain  this,  observe 
that  everj'  line  which  cuts  in  the  same  two  points  the  surfaces  1  and  2  respectively 
(that  is,  which  cuts  the  curve  of  intersection  twice)  will  in  an  improper  sense  cut  in 
involution  the  surfaces  1,  2,  3,  and  also  the  surfaces  1,  2,  4.  There  is  thus  a  reduction 
equal  to  the  order  in  the  six  coordinates  of  the  twofold  relation  which  expresses 
that  the  line  cuts  twice  the  curve  of  intersection  of  the  surfaces  1  and  2.  Join 
hereto  the  relations  that  the  line  meets  each  of  two  given  lines ;  the  cooi-dinates  of 
the  line  are  determined  by  the  twofold  relation  (say  its  order  is  =\)  two  linear 
equations,  and  the  universal  equation  af-t-bg  + ch  =  0;  the  number  of  solutions  is  =  2\. 
But  the  number  of  solutions  is  equal  to  that  of  the  lines  which  meet  the  quadri- 
quadric  curve  of  intersection  twice,  and  meet  also  each  of  two  given  lines ;  or  what 
is  the  same  thing,  it  is  equal  to  the  order  of  the  sci'oll  generated  by  the  lines  which 
meet  the  curve  twice,  and  also  a  given  line.  We  have  for  the  curve  of  intersection 
(m  the  order,  /i  the  number  of  apparent  double  points)  jk  =  4,  A  =  2 ;  whence  order  of 
the  screll  is  2-1-^.4.3=8;   that  is,  2\  =  S,  or  ^  =  4,  which  is  the  required  reduction. 

98.  If  the  line  cut  in  involution  5  given  quadric  surfaces  fsay  the  .5th  surface  is 
(<Xi,..^'§x,  yy  z,  w'f  =  (i];  then  we  have  between  the  6  cooiMlinates  a  threefold  relation, 
the  order  of  which  is  3.5  — reduction.  This  should  be=10,and  consequently  the  reduction 
=  5;  for  admitting  the  value  to  be  10,  the  order  (in  the  ordinary  sense)  of  the  scroll 
generated   by  the   lines  which   cut   in    involution    the    o    given   (juadrics   should  be  =20; 
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and  conversely.  But  the  value  20  may  be  veiified  without  difficulty.  For  the  question 
may  be  transformed  as  follows : — If  a  point-pair  be  harmonic  in  regard  to  each  of 
5  given  quadricB,  how  many  of  the  axes  (or  lines  through  the  2  points  of  a  point- 
pair)  cut  a  given  line.  Take  {x,  y,  z,  w),  (x',  y',  z',  w')  as  the  coordinates  of  the 
2  points  of  a  point-pair;  the  hai-monic  condition  in  regard  to  a  quadric  surface  XT=0 
is  x'BxU  +  y'ByU +  s'BzU  +  w'B,oU  =  0  {where  U  is  regarded  as  a  function  of  the  {x,y,s,w) 
belonging  to  a  point  of  the  point-pairj ;  the  condition  for  the  intereection  with  a  given 
line  is  a  lineolinear  equation  in  the  coordinates  («,  y,  z,  w)  and  {x',  ^,  z',  w'),  or  say 
it  is  Lx' +My' +  N^ +  Pw' ^a,  where  L,  M,  N,  P  are  linear  functions  of  the  coordi- 
w)  the  threefold  relation 


we  have  thence  for  (a 


B,jU, 


B^^U,,    B^U,,    B^U„     KU, 


=  0, 


which  denotes  a  system  of  ^ .  t> .  5  . 4  =  20  points. 

It  would  seem  that  if  the  line  cuts  in  involution  6  given  quadrics,  thei'e  should 
be  between  the  6  coordinates  a  fourfold  relation  of  the  oixier  J.  10  =  5;  this  would  imply 
a  reduction  25,  viz.  we  should  have  5  =  3.10—25.  I  do  not  understand  this,  and  I  drop 
the  question. 

99.     I  return  to  the  question  to  find  the  I'elation  between  the  cooi^dinatcs  (a,  b,  c,  f,  g,  h) 
line  which  cuts  in  involution  the  3  quadric  surfaces 


of 


..-$_x,y,, 


(a..  6.  c„  d„f„  g„  K  l„  «*,,  n,^x,  y,  z.  w)=  =  0,  (a„  ...J^,  y.  z,  wf^^,   (a. 
Writing  down  any  two  of  the  equations  of  the  line,  for  instance 
h.y  —  gz  +  nw  =  0, 
-  ha:       +{z  +\>w=0, 
if  we  substitute   the  values   of  (x,  y)  in   the  equation    of  tin:  first  surface,  it  becomes 

(((,,  ■■■Jfs  +  bw,  gz  —  aw,  ha,  b)w)^=Oj 
or  if  we  write  for  shortness 

n  -(i;  g,  h,  o),  n-  =  (b, -a,  o,  h), 

then  the  equation  is 

(a„...jn)-.#  +  2(o jiiisir). »»+(«„. ..jn')'.,»-.o, 

and   forming  the   like   equations   for   the   other   two  surfaces,  the  condition  ol'  involutii 
is  at  once  found  to  be 

(a.,...5n)',   (o„...jnjsn'),   {^....jay  ^,o. 
l(a„...5n)-.    (a„...5njm,   («„...5n')' 
K....5n)',   (.......jnjn').   ^..-jn')- 
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100.  It  is  convenient,  in  working  this  out,  to  consider  11,  11'  as  standing,  in  the 
first  ii^tance,  for  (a:,  y,  z,  w),  {of,  y',  /,  «/),  these  symbols  being  ultimately  replaced  by 
the  above-mentioned  values.  Writing  also,  for  shortness,  {abc)  to  denote  the  deter- 
minant ai{b.fi3~ hfi^ ■\- iic,  and  so  in  other  cases,  it  is  at  once  seen  that  the  function 
on  the  right-hand  side  is  a  sum  of  such  determinants  each  into  a  proper  factor,  con- 
taining the  coordinates  (a,  b,  c,  f,  g,  h),  originally  of  the  order  6,  hut  where  each  term 
contains  the  factor  h^  which  may  be  omitted ;  or  finally  the  result  is  of  the  order  3 
in  the  coordinates.     Thus  we  have  a  term 

{ahc)  ■  3?,     xx',     x'-  I 

where  the  second  factor  is 

it^!/V  iyz'  -  y'z)  +  fz'x'  {zaf  -  zw)  +  z-x'y'  {xy  -  x'y),     =  z^xy'.iccy'  -  x'y), 

=  h=  (-  ab)  (-  af  -  bg).     =  -  abcV, 

or,  omitting  the  factor  —  h*,  the  term  is  (ate)  abc. 

101.  There  are  in  all  120  terms,  but  16  of  these  arc  found  to  vanish  (viz.,  these 
are  the  terms  in  agh,  bhf,  cfg ;  ahl,  hfm,  cgn ;  agl,  bhm,  cfn  ;  dmn,  dnl,  dim ;  fgn,  ghl,  hfm). 
The  final  result  contains  therefore  104  terms ;  viz.,  as  a  further  abbreviation  writing 
aba  &c.,  instead  of  {ahc)  &c.,  to  denote  the  above-mentioned  determinants,  the  equation  is 


oftc 

.  abc  -  bed .  agh  -  cad .  bhf  -  ahd 

.cfg 

iof 

.  a^     +  caff  .  b=     -1-  abh .  c'    +  adl 

.f^  - 

abn 

.c(bg-af)-j-  (trf/.f  (ch-bg) 

bcl 

■  cam 

.a(ch-bg)-|-ic;^  .g(af-ch) 
.h(B,(~ch)  +  cdh  .h(bg-:if) 

beg 

.  a%  -  bch .  arc  +  bcm  .  a-g  -  bcn  . 

a=h 

■  call 

.  b^c  -  caf.  b^  -1-  can  .  b^h  -  ml  . 

b=f 

■abf 

.  c=a  -  abg .  c%  -F  abl   .  c^f  -  abm . 

c=g 

—  adg  .  bf  -I-  adk .  cf-  -|-  adm .  Pg  +  adn .  Ph 

—  bdh  .  eg"  +  bdf .  ag^  +  bdn  .  g=h  +  bdl  .  g=f 

—  erf/  .  ah^  -t-  cdg  .  bh^  -|-  cdl  .  Wf  -I-  cdm .  h'g 

(      affi  .Vc  ~afh  .  hc^  +  afl   .  bef-  afm.  c=h  -  afn  -b-g") 

^  i  +  M*  ■  <^'^  —  ^9f  ■  '^^  +  ^3™  ■  cag  —  hgl  .  s?i  -  hgl  .  c=h  j 

V  +  ^^'f  ■  ii^ib  ""  '^^^9  ■  ^^^  +  f^^'"  ■  abh—  chm .  b^g  —  chin .  a°f  ; 
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agm  .  bcf  —  a^n .  b^'f  —  ahm  .  c^f  +  ahn  .  bcf  "t 
fiAn  . c&g ~ bf I  .c^g—bf II  .al'g-i-bfl  .eag  '> 
f  cfl  .  abh—  chm.  a%  —  c^^  ,  b=h  +  cgm .  abh  J 
( —  am)i .  af  -  awi  .  bf^  -  aim  .  cP  +  dfg  .  ch^  "1 
+  2  -j  —  6>ii  ,  bg=  —  him  .  cg^  —  hmn .  ag^  +  dgh  .  af  -  i 
(,  —  dm  .  ch^  —  cmn .  ah^  —  cnl  .  bh'  +  rfA/' .  bg' ) 
^-rf/^.fgh-#;^.g=h-d>.gh^j 
+  2-!  -d<jmAg\i~dgn.)\H-dgl  .  hf=  j- 
I,  —  dkn  .  fgh  —  dAi  .  Pg  ~  dhm.  fg=  ; 

'    fgh  .bch-/sfm.ach-/m)i.agh-//ii  .bgh -/;»!. cgh 
+  4  I  +  jrAwi . caf  —  ^/m  ,baf— j(ft^  .  bhf  —  ^/tjt . chf  —(/ma.ahf 
t+A/n  .abg  — /{/i  .cbg— A/m.cfg  —  hmn . aig  —  hnl  .big 
—  4^A .  abc  =  0. 

And  observe,  by  what  precedes,  this  triple  system  of  lines  contains  each  of  the  following 
double  systems:  viz.,  the  lines  which  meet  the  quadriquadrie  curve  (2,  3)  twice,  those 
which  meet  the  curve  (3,  1)  twice,  those  which  meet  the  curve  (1,  2)  twice. 

Persyinmetncal  Case :   the  Hessian  of  a  Cubic. 

102.     Reverting  to  the  general  equation 

a:^  +  /3f +  7f/  +  8F  =  cone, 
which  connects  the  symmetroid  and  Jacobian,  it  is  evident  that  if  S,  'I',  U,  V  are  the 
derivatives,  in  regard  to  the  coordinates,  of  a  single  cubic  function  U,  ={»'^ic,  y,  s,  wf, 
then  the  symmetroid  and  the  Jacobian  become  one  and  the  same  surface;  viz.,  this  is 
the  Hessian  surface  H—0  derived  from  the  given  cubic  surface.  The  two  corresponding 
points  on  the  symmetroid  and  the  Jacobian  respectively,  and  the  two  corresponding 
points  on  the  Jacobian,  become  one  and  the  same  pair  of  corresponding  points  on  the 
Hessian ;  viz.,  either  of  these  points  is  such  that  its  first  polar  surface  in  regard  to 
the  cubic  is  a  quadrie  cone  having  for  its  vertex  the  other  corresponding  point.  And 
the  Hessian  surface  unites  the  properties  of  the  Jacobian  and  the  symmetroid,  viz.,  it 
has  10  nodes  and  10  lines.  It  is,  in  fact,  known  that  there  are  five  planes  such  that 
the  intersection  of  every  two  of  them  is  a  line  on  the  Hessian  surface,  and  the  inter- 
section of  every  three  of  them  a  node  on  the  surface ;  viz.,  if  the  equations  of  the  five 
planes  are  « =  0,  y  =  0,  s  =  0,  w;  =  0,  v,  =  0,  then  the  equation  of  the  Hessian  surface  is 
/a     b      c     d      e\      „ 

«!/™»(i  +  j+^  +  S  +  ;)-''. 

a  form  which  puts  in  evidence  the  properties  just  referred  to. 
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Qua7-tics  with  11  or  more  Nodes. 


[445 


10-i.  I  mention  two  results  which,  although  they  relate  to  quadrie  siii-faces  with 
more  than  10  nodes,  present  themselves  in  such  immediate  connexion  with  the  present 
Mcmoii',  that  it  is  natural  to  speak  of  them.     If,  in  the  equation 

^0. 


^, 

H,    G, 

L 

If. 

-B,     *', 

M 

e. 

f.    0. 

N 

/., 

M.    S, 

D 

of  the  symmetroid  (^4,  B, ...  linear  functions  of  the  coordinates),  we  have  identically 
A  —  0,  then  the  surfeee  has  evidently  a  node  H  =  0,  G  =  0,  L  =  0;  viz.,  this  is  a 
uode  in  addition  to  the  usual  10  nodes,  or  the  surface  has  in  all  11  nodes.  And  so 
also  if  (identically  in  eveiy  case)  B  is  =0,  there  are  12  nodes;  if  C  is  =0,  there  are 
13  nodes ;  and  if  i)  is  =  0,  there  are  14  nodes.  These  are,  in  fact,  quartic  surfaces 
with  11,  12,  13.  and  14  nodes  respectively,  mentioned  in  Rummer's  Memoir. 

104.  We  may  consider  the  symmetroid  derived  from  the  quadrie  surfaces  which 
pass  through  6  given  points;  viz.,  taking  as  before  (see  No.  25)  the  coordinates  of  the 
6  points  to  be  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  (1,  1,  1,  1).  (a,  ^,  y,  S), 
and  (a,  b,  c,  /,  g,  h)  as  the  cooi-dinates  of  the  line  joining  the  last-mentioned  two 
points ;  and,  to  avoid  confusion,  taking  for  the  present  purpose  (X,  Y,  Z,  'W)  instead 
of  (a,  /3,  7,  fi)  for  the  coordinates  of  a  point  on  the  symmetroid,  the  equation  is  obtained 
by  arranging  in  the  form  of  a  determinant  the  coefficients  of  the  quadrie  form 


viz.,  the  equation 


or,  as  it  may  be  more  simply  written, 

'^aK\f\Y  -"2)  +  ao.  W\  +  ^hY\g{Z-X.)^b^W\  +  -^cZ  {X(^  -F)  +  C7TP}  =  0. 

This  is,  in  fact,  a  surface  with  16  nodes.  It  would  appear  that  additional  no< 
to  the  six  common  intersections  of  the  quadrie  surfeecs,  or  nodes  of  the  Jacobian; 
and  it  would  seem  that  for  four  quadrie  surfaces  having  in  common  1,  2,  3,  4,  5,  or 
6  points,  the  corresponding  symmetroid  would  have  11,  12,  13,  1*,  15,  or  16  nodes. 
But  I  reserve  this  for  future  consideration. 


&( 

h 

-     S' 

-\-aw) 

+  ys(- 

h,; 

+    fi 

+  bw) 

+  Zz  ( 

ff^-       /!/ 

+  cw) 

+  W  (fla  yz  +  hS  zie 

+  Cya:y 

) 

1,1  i„ 

question 

is 

,  h(X 

-r)+crH' 

siz- 

X)* 

fW. 

oX 

h(X 

-r)  +  C7 

W, 

/(?- 

Z)  + 

a.  If, 

hY 

SiH 

-X)  +  iffW,  f(Y 

--Z)  +  mW 

eZ 

aX 

br 

cZ 
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I  take  the  opportunity  of  mentioning  some  results  which  have  a  connexion,  although 
not  an  immediate  one,  with  the  subject  of  the  present  Memoir. 


Quiidric  Surface  through  three  given  Lines. 

105.  To  find  the  equation  to  the  quadric  surface  through  the  three  lines 
(di,  b„  Ci,  /,,  01,  h,),  (((a,  6a,  Ca,  /a,  ff^,  h^),  (oj,  b^,  Cj,  f,  g-i,  Ag).  Take  on  one  of  the  lines 
the  points  (a,  |S,  7,  S)  and  (a',  ^',  7',  S');  then  the  equation  of  a  quadric  surface  through 
this  line  will  be  of  the  form 


j  x"  f  ^-  w''  yz  zx 

\  a-  ^^  7-  S-  /37  7a 

!  2'ja'  20/?  277'  2SS'  (3y'  +  l3'y  ya  - 

,  a'5  ^2  fy'^  S'''  I6'y'  y'a' 


xy  xw  yw  zw 

ct0  aS  /3S  yS 

a0'  +  a'0  «S'  +  a'S  0B' + /3'B  7^' +  7'^ 

:<'/3'  a'S'  /3'S'  7'S' 


-0; 


and  if  we  form  thus  a  determinant  with  three  of  its  lines  relating  to  the  line  1, 
three  of  them  to  the  line  2,  and  three  to  the  line  3,  we  have  the  equation  of  the 
quadric  surface  through  the  three  lines.  But  considering  in  the  determinant  the  three 
lines  which  refer  to  the  line  1,  it  is  clear  that  the  determinant  is  a  function  of  the 
onler  3  of  the  coordinates  {a,,  bi,  c,.  fi,  g-,,  A,)  of  the  line  in  question;  and  the  like 
as  regards  the  other  two  lines  respectively.  Now  observe  that  if  two  of  the  lines 
intersect,  the  problem  becomes  indeterminate  (in  fact,  the  plane  of  the  intersecting 
hues,  and  any  plane  whatever  through  the  third  line,  constitute  a  solution) ;  the  con- 
dition for  the  iutersection  of  the  lines  1  and  2  is  (hf3  + '^2/1  + biffs  +  b^gi  +  Cih,  +  c,h^  =  0  ; 
hence,  if  this  condition  be  satisfied,  the  determinant  must  vanish ;  it  therefore  divides 
by  the  factor  a,f2  +  &c.\  but,  similarly,  it  divides  by  the  factors  0./,  +  &c.  and  aa/i  +  fec; 
and  throwing  out  the  three  factors,  the  result  should  be  of  the  order  1,  that  is 
linear,  in  regard  to  the  three  sets  of  coordinates  respectively.  I  have  obtained  this 
reduced  result  in  my  "Memoir  on  the  Six  Coordinates  of  a  Line"  {Gamb.  Phil.  Trans., 
t.  xr.,  1869,  p.  311  [435]);  viz.,  writing  (abc)  to  denote  the  determinant  a,  (b^,  —  b^c^)  +  &c., 
and  so  for  the  othei'  like  determinants,  the  result  is 

{agh)a?-{-(bhf)f  +  (c/g)  i' +  (abc)  W- 
+  [(abg)  ~{cah)]m>  +  Wg)  +(ch/)]yz 
+  [ibch)  --{ab/)]yw+[(cgh)  +(afg)]zx 
+  [(ar/)     -(bcg)]zw  +  [{akf)    +(bgh)]xy  =  0. 


Condition  that  five  given  lines  may  lie  in  a  Cubic  Surface. 

106.     Taking   the   lines   to   be   (a,,    6„    Cj,  f,   g„    A,),  ...(«„  6b,    c^,  f,   g^,   A.),   and 

(a,  0,  y,  B),  («',  0',  7',  B")  the  coordinates  of  any  two  points  on  one  of  the  lines,  the 
equation  of  a  cubic  surface  through  this  line  would  be 

c.  VII.  23 
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"V, 

2»//3+a";3', 

«'/3  7  +  a  (3'7  +  J/3  y, 

2««'/3-  +  n"/9, 

a/5V  +  «'/37'  +  "/3V, 

-■=/3', 

»/3¥. 

and    hence    ib    at    once    appears    that,    forming    a    determinant    of    20    Knes,    wherein    foui- 

lines    relate    to    the    line    1,  four    to    the    line    2, ,    four    to    the    line    5,    and  equating,' 

this  to  zero,  we  have  the  required  condition.  But  the  condition  so  obtained  is  of  the 
order  (J4 . 3  =)  6  in  regard  to  the  coordinates  of  each  line ;  and,  as  for  the  quadric,  it 
is  satisfied  identically  if  we  have  any  such  equation  as  a^/^  +  &e.  =  0 ;  it  consequently 
contains  the  several  factors  Oj/j  +  &c.,  which  can  be  formed  with  the  coordinates  of  any 
two  of  the  five  lines ;  and  throwing  out  the->e  factors,  the  condition  should  be  of  the 
order  2  in  regard  to  the  coordinates  of  eat-h  line  We  in  fact  know  that  the  required 
relation  between  the  five  lines  is  that  the\  ';hall  ill  of  them  be  cut  by  a  sixth  line ; 
and  moreover  that,  writing  a,/^  +  0^/1  +  b,g  +  iij<7i  + c,/i2  +  cA  =  12,  &c.,  then  that  the 
condition  for  this  is 

,     12,     13,     "14, 


21, 


23,     24,     25 


41,     42,     43,        ., 
51,     52,     53,     54, 
being,  as  it  should  be,  of  the  01-der  2  in  regard  t<i  the  coordinates  of  each  line. 


Condition  that  7  given  lines  shall  lie  on  a  Quartic  Surface. 

107.  Taking  the  lines  to  be  (a„  bj,  c„  /,,  g„  A,),  ...  (a,,  b,,  c,,  f„  g,,  /*,),  then  in 
precisely  the  same  way  we  form  a  determinant  of  the  oMer  (^5.4=)  10  in  regard 
to  the  c(K)rdinates  of  each  line ;  this  determinant  however  divides  out  by  the  several 
factors  (tiyj  +  &c.,  which  can  be  formed  with  the  seven  lines;  or  throwing  these  out 
and  equating  the  quotient  to  zero,  we  have  an  equation  of  the  oixler  4  in  regarf  to 
the  coordinates  of  each  line.  It  would  not  be  practicable  to  obtain  the  reduced 
equation  in  this  manner,  and  I  do  not  know  how  to  obtain  it  otherwise,  but  the 
material  conclusion  is  that  the  order  is  =4. 


The  Jucobian-  of  (i  points. 


108.     Any    6    points    whatever    may    be    re 
the   coordinates   (,«,    y,    s,    w)    may   be   taken 


wded    as    points   on    a    skew    cubic ;    and 
■   tliat   the   equations   of  the   skew   cubic 


shall  be  |  =  0.     This  being  so,  the  coordinates  of  the  6  given  points  may  be 

taken  to   be  (1,  (1,  V,  ti'),...(l,  4,  V,  U')',   and   the  equation  of  the  Jacobian  surface  of 
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the  6  points  can  then  be  expressed  in  a  very  simple  foiin,  putting  in  evidence  the 
passage  of  the  surface  through  the  skew  cubic ;   viz.  writing 

moreover, 

Q  =  ^  (Gsryjw  -  4a^2'  -  iy'it-  +  Sy'^z-  —  mV), 
and  therefore 

Sj;  D  =  —     ww^  —  2^^     +  3y3w, 

S„D=       :ii/ifl  -  difw  +  Zxzw, 

t^U=       Zfz  -  %x^  +  Zmyz, 

«„a  =  -     3,^-2/     +  %xyz ; 
then  the  equation  of  the  Jacohian  surface  is 

+     (  22pa  -  wp^  hy  D 

+    (  ^5  -  ^p,  )  \  □ 

+  3  (2icp„  -    y^j  -  wp.,)  S„  n  =  0. 

There  is  not  much  difficulty  in  the  direct  investigation;  but  a  simple  verification  may 
be  obtained  by  showing  that  the  surface  contains  upon  it  the  15  Hues  12,  13,  ...ofi. 
Write  in  the  equation 

(a;,   y,  z.  w)^{\+  ,i,  \s  +  fit,  \s^  +  fiP,  Xs"  +  iji% 

the  vahies  SjD  dre.  are  found  to  contain  the  factor  \ij,{s  —  ty,  and  omitting  this  common 
factor  tiie   values  are  as 

1  (Xs"  -  fit^),     -  (Xa^  -  nt%     (Xs  -  jxt),     - 1  (\  -  /( ) ; 
the  equation  thus  becomes 

[X  (-  is:'     +    s-%  +    p,)  +  /^  (-  2t'    +     fp,  +    p,)}  (Xs"  -  IJ.t') 
-|X(-  s=/),  +  2«^p,  )-l-^(-    t=p,  +  2t'%  )](X^~t^Pj 

+  [X{-2sp,+     p,  )  +  ^(_2(p,  +    p,  )](Xs~,Lt) 

-{X(-  s'p,-    f,p,,  +  2p„)  +  ^(-   (>3-     tp^+2p^)](X    -/i  )  =  0, 
viz.,  collecting  the  terms,  the  coefficient  of  X/j.  vanishes,  and  the  whole  is 
-2\={1,  p,.  Pi,  p3,  p„  pj,  pe$s,  -  ly 
+  2^'(1,  pi,  jjj,  pf,  p„  p^,  2)eSi<  —  1)"  =  0  ; 

viz.,  this  equation  is  satisfied  if  s  denote  any  one  of  the  quantities  {t,,  t^,  ta,  (.,  t^,  te), 
and  t  any  one  of  the  same  6  quantities ;  that  is,  the  equation  of  the  surface  is  satisfied 
when  (w,  y,  z,  w)  are  the  coordinates  of  a  point  on  the  line  joining  any  2  of  the  C 
points. 

23—2 
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Locus  of  the  vertex  of  a  Quadric  Gone  which  totiches  each  of  Six  given  Lines. 

109.  Representing  as  before  each  Hue  by  means  of  its  six  coordinates,  let  {x,  y,  z,  w) 
be  the  coordinates  of  the  vertex,  and  {X,  Y,  Z,  IT)  current  coordinates.  Suppose  that 
{a,  h,  c,  f,  g,  h)  are  the  coordinates  of  auy  one  of  the  Hues,  the  equation  of  the  phinc 
through  this  line  and  the  vertex  is 

a{xW-'wX).\-b{yW-wY)  +  c{zW  -wZ) 

■Vf  (yZ-zY)-^g{zX   -xZ)^■h{xY  -yX)=(S\ 

or,  what  ia  the  same  thing,  writing  for  shortness 

P  =       .       /fy  —  gz  +  aw, 

q^-htB      .    +fz  +  bw, 

R=    gx  —f'j       .    +  cw, 

S  =^  ~ax—  by  —  cz     . 
the  equation  is 

PX+QY  +  RZ  +  SW  =  0. 

The  plane  in  question  is  a  tangent  plane  to  the  coTie  touched  by  the  6  lines.  Now 
when  6  planes  touch  a  quadric  cone,  their  traces  on  any  plane  whatever  touch  a  conic 
the  intersection  of  the  cone  by  that  plane.  Hence  taking  tlie  plane  F"=0,  the  equation 
of  the  trace  is 

PX  +  QY+RZ^O, 

and  forming  in  like  manner  tne  equations  belonging  to  each  of  the  given  lines,  the 
condition  that  the  6  traces  may  touch  a  conic  is 

(P=,  Q',  R\  QR,  RP,  PQ)  =  0, 

where   the   left-hand   side   represents   a   determinant   of   6    lines,   the   several    lines   being 

respectively  Pi",  Qi°,  R',  QiRi,  RiPi,  PiQi,  P-i',  &c Or  more   simply  we  may  denote 

the  equation  by 

[(P.  e,  Rn-i). 

To  ascertain  the  form  of  this,  write  for  a  moment  y  =  0,  z  =  0;    the  equation   is 

[(aw,  —hx  +  hw,  gx+cwY\  =  (i, 

or  attending  only  to  the  highest  and  lowest   powci-s  of  w,  this  is 

vi'-'lia,  b,  c)-]...+w^^[(a,  ~h,  gf]^<i; 

and  it  is  thence  easy  to  infer  that  the  whole  equation  divides  by  vj';  so  that,  omitting 
this  faotor,  the  form  of  the  equation  is 

((«,  b,  c.f.g.  t)'5«:,  J,  ,,  «,)'.0; 

viz.,  the  equation  is  of  the  order  8  in  the  coordinates  {x,  y,  z,  w),  and  of  the  degree 
2   in   the   coordinates   (a,    b,    c,  f,   g,   h)   of  each    of   the   lines.     It    would   not    be    very 
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difficult  to  actually  develope  the  equation ;  in  fact,  starting  from  the  terra  w*  [{a,  b,  c)']  the 
other  terms  are  obtained  therefrom  by  changing  a,  b,  c  into  a+  —  Qiy—gz),  b+  —  (—kx+fz), 
Q ^  —  (^gx  —  fy)  respectively:   the  equation  may  therefore  be  written  in  the  symbolic  fonn 

W .  exp.  ~  \{hy  -  <jz)  Ba  +  (-  '-^  +A)  h  +  {y^  -fn)  ^  ■  [(«,  b,  cf]  =  0. 
or,  what  is  the  same  thing, 

w' .  exp.  i  [j:  (gB,  -  hh)  +  y  {hB,  -JB,}  +  ^(fBt-  </S„)) .  [(a,  b,  cf]  =  0, 

where  exp.  6  (read  exponential)  denotes  e*,  and  [(«.,  b,  cf]  represents  a  determinant  as 
above  explained.     The  equation  contains,  it  is  clear,  the  four  terms 

«•[(»,  -A,  yfl +  }•[(-*,  I,  -/W +  «•[(- J,/,  c)-] +  »■[(■.,  6.  en 

I  am  not  sure  whether  this  surface  of  the  eighth  order  has  been  anywhere  considered. 
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446. 


ON  THE  MECHANICAL  DESCIUPTION   OF  A  NODAL  ElOIRCULAR 
QUARTIC. 


[From    the  Proceedings   of  the  London  Mathematical  Society,  vol.  in.  (1869 — 1871), 
pp,  100—106.] 

The  ingenious  method,  devised  by  Mr  S.  Roberts  {Proceedings,  vol.  ii.  p.  133)  for 
the  description  of  a  nodal  bicircular  quartic  suggests  a  further  investigation.  Wc  have 
a  quadrilateral  OAA'O',  in  which  the  adjacent  sides  OA,  AA'  are  equal  to  each  other, 
and  the  other  two  adjacent  sides  00',  O'A'  are  also  equal  to  each  other :  0,  0'  are 
fixed   points;   and   we   have   thus   a   link   A  A',   the   extremities   of  which    are   connected 


with  the  radii  OA,  O'A'  respectively,  and  consequently  describe  circles  about  the  centres 
0,  C  respectively,  the  radius  OA  of  the  one  circle  being  equal  to  the  length  AA'  of 
the  link,  and  the  radius  O'A'  of  the  other  circle  being  equal  to  the  distance  00'  of 
the  centres.  The  theorem  is,  that  any  point  0,  rigidly  connected  with  the  link  AA', 
describes  a  nodal  bicircular  quartic,  that  is,  a  quartic  curve  with  three  nodes  (or 
unicursal  quartic),  two  of  the  nodes  being  the  circular  points  at  infinity.  Any  .such 
curve  is  the   inverse   of  a   conic,  and   it  is   also  the  antipode   of  a  conic  ;    viz.,  if  at  each 
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point  of  the  curve  we  draw  a  line  at  right  angles  to  the  radius  vector  from  the  node, 
these  lines  envelope  a  conic  having  for  its  pedal  the  curve  in  question.  It  is  worth 
noticing  at  the  outset  that  to  a  given  position  of  A'  there  correspond  two  positions 
of  A,  viz.,  the  broken  line  OAA'  may  occupy  two  positions  situate  symmetrically  on 
the  opposite  sides  of  the  line  OA'.  But  to  a  given  position  of  A,  there  con-esponds 
only  one  position  of  A';  viz.,  the  broken  line  AA'O'  is  situate  symmetrically  with  AOO' 
on  the  opposite  side  of  the  axis  of  symmetry  O'A  ;  the  only  other  position  would  be 
A'  coinciding  with  0,  that  is,  A  A'  with  AO,  and  the  locus  of  C  would  then  be  a 
circle.  If  the  equalities  OA  =AA',  O'A' =  00'  did  not  subsist,  then  to  a  given  position 
of  A'  there  would  con-espond  two  positions  of  A,  and  to  a  given  position  of  A  two 
pasitioiis  of  ^1',  and  the  locus  of  G  would  be  of  a  higher  order  than  in  the  actual 
problem. 

I  have  called  AA'  the  link  ;  00'  may  be  called  the  bar.  OA  is  then  the  link- 
radius,  O'A'  the  bar-radius;  moreover  AA'C  may  be  called  the  constant  triangle;  and, 
producing  OA,  O'A'  to  meet  in  K,  then  AA'K  may  be  called  the  variable  triangle. 
Since  at  any  instant  the  motion  of  A  is  normal  to  KA,  and  the  motion  of  A'  normal 
to  KA',  it  is  clear  that  the  motion  at  that  instant  of  the  constant  triangle  is  a  motion 
of  rotation  about  the  point  K. 

Imagine  any  two  positions  of  the  link  ;  say  these  are  A, A,',  and  Ac^A.j.  Join 
AiA^,  and  at  its  mid-point  draw  a  perpendicular  thereto  ;  join  in  like  manner  A/A^', 
and  at  its  mid-point  draw  a  perpendicular  thereto ;  and  let  these  two  perpendiculars  meet 
in  T;  we  have  the  two  equal  triangles  A,AiT,  A^A.fV  (viz.,  rA^^FA^.  r.di'  =  r.d/, 
A,A,'  =  AiAi)  with  the  common  vertex  T,  and  which  may  be  brought  to  coincide  with 
each  other  by  a  finite  rotation  about  this  point  F.  Considering  any  particular  given 
position  of  T,  if  we  take  the  constant  triangle  AA'C  equal  to  AjAiT  or  A^A^T 
(viz.,  AG=Air,  A'C=Ai'T),  then  the  constant  triangle  AA'C  will,  in  the  course  of 
its  motion,  come  at  two  different  times  to  coincide  with  the  triangles  AjAjT  and 
A^A^T  respectively;  that  is,  P  will  be  a  node  on  the  locus  described  by  the  point 
C;  and  moreover,  if  Z^i  and  K^  be  the  corresponding  positions  of  K,  then  by  what 
precedes,  the  directions  of  the  motion  (or  tangents  at  the  node)  will  be  normal  to  K,r 
and  K^T  respectively. 

It  is  to  be  observed  that  the  point  F  is  determined  by  means  of  two  arbitrary 
positions  AiAj,  A^A^'  of  the  link ;  that  is,  the  position  of  T  depends  upon  two 
arbitrary  parameters,  and  therefore  F  may  be  any  point  whatever  in  the  plane  ;  if,  for 
an  assumed  position  of  F,  the  two  positions  A,A,',  A^A^'  of  the  link  are  real,  then  F  is 
a  crunode  on  the  locus ;  but  if  imaginary,  then  F  is  an  acnode  on  the  locus.  The 
transition  case  is  when  the  two  positions  AtA^.  A^A^,  coincide  with  each  other,  F  being 
in  this  case  a  cusp  on  the  locus.  But  from  the  foregoing  general  construction  for  F, 
it  appears  that  when  AiAi  and  A^A^'  coincide,  F  is  in  fact  the  point  K,  the  vertex 
of  the  variable  triangle.  I  find  that  the  locus  of  iT  is  a  nodal  bicircular  quaitic, 
symmetrical  in  j-egard  to  the  axis  00',  and  having  the  point  0  for  a  node ;  viz.,  when, 
as  in  the  figure,  AA'  is  <00',  then  the  point  0  is  an  acnode,  but  when  AA'  is  >00', 
then   the   point    0   is   a   criinode.      The   curve   in   question — say   the   "  cuspidal   locus " — 
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is  a  curve  such  that  any  point  whatever  thereof  is  a  cusp  on  the  curve  described  by 
some  point  C;  it  separates  those  points  T,  such  that  each  of  them  is  a  crunode  on 
the  curve  described  by  some  point  G,  from  the  points  T  which  are  such  that  each  of 
them  is  an  acnode  of  the  curve,  described  by  some  point  C.  If  (as  in  the  figure) 
AA'  is  <  00',  then  the  cuspidal  curve  is  a  closed  curve  (the  inverse  of  an  ellipse), 
the  interior  region  being  crunodal,  and  the  exterior  region  acnodal.  If  AA'  is  >  00', 
then  the  cuspidal  curve  is  a  figure  of  eight  (inveree  of  a  hyperbola),  the  two  interior 
regions  being  crunodal,  and  the  exterior  region   acnodal. 

Passing  now  to  the  analytical  investigation,  I  take  the  origin  at  0,  the  axis  of 
X  being  in  the  direction  from  0  to  0',  and  the  axis  of  y,  at  right  angles  thereto, 
upwards  from  0.  The  inclinations  of  OA,  AA',  O'A'  to  the  axis  Ox,  are  taken  to  be 
d,  0,  6'  respectively,     I  write  also  OA  —  AA'  =a,  and  00' —  0' A' =  a' ;   and 


or,  what  is  the  same  thing, 

m  :  1   :  1  +  m  :   1  -  wt  =  o'  -  a  :  «'  +  a  :   2(7'  :  2((  ; 

and  finally  AB^h.  BC  ^  c. 

Observing  that  the  angle  AA'O'  is  —  0,  we  have  6'—$  +  ^;  and  then,  in  the 
quadrilateral  OAA'O',  the  angles  A,  0'  are  =7r  — ^+^.  7r  —  0~<b  respectively;  whence, 
projecting  on  the  diagonal  OA',  we  have 

a  cos  ^(0  —  il>)  =  a'  cos  ^(B  +  ^), 

which,  attending  to  the  value  of  m,  is 

tan  idta.n^(j>=m; 
whence,  writing 

tan  ^0  =  u, 
we  have 

tan  ^0  =  — , 

and  the  sines  and  cosines   of  the  angles  0,  <f>.  0'  can  be  all  of  them  expressed  in  tenns 
of  the  single  parameter  u. 

For  the  locus  of  C  we  have 

J-  =  ((  cos  ^  +  i  cos  1^  —  c  sin  i^, 

y  =  a  sin  ^  +  6  sin  <j>  +  c  cow  (fi, 

or,  instead  of  0,  <f>  introducing  w,  we  have 

w^  —  1     ,  u^  —  m^  2mu 

x  =  -a    ,  ,  -,  +0-^. — i-c-7- — : 

2m        ,    2mu  u^  —  m- 
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which,  in  fact,  show  that  the  locus  is  a  bicircular  quartic.  To  put  in  evidence  the 
third  node,  I  a^ume  that  the  values  belonging  thereto  are  u  =  v^,  u  =  u,i,  and  that 
the  coordinates  of  the  node  are  a,  /3 ;    we  have  thus 

V  —  1     I  "i  -^  ""^^  'imu, Ma°  — 1     ,  u.f  -  m?  _    _2m«^ 

These  give  b,  c,  a,  0  in  terms  of  a,  m,  m,,  li^;  and  we  may  then  express  the  values 
of  ic  — a,  y  —  ^  in  terms  of  a,  m,  u,,  Mj,  m.     I  find 

-S{       ov+w-VdC    -(».  +  ».)(».-..,..)    ]}; 

and  then 

"--%-i^^g{-'^<+T)w+i)K'-+"->-+<'-->'^-''-''-MlSTi!l 


m  1  (m,=  +  1)  (((j'  +  1)  ■■ 

2m         a  f    ,  m  +  1  r,  v„     /,         wn  m1     2)jiM 

a  [  m+1 


»(«.-+i)(.t?+i) 


[        -(«.  +  ».)(.»-».«,)       ] 


"-» -(..-  +  1)^+1)  <"■+«■  >(•»  +  "■«'>> 
and  then 

<''-'^>'-(VyTH■'■V^H»^+i^|-;-^)"«^'^  +  ^'^    >("'  +  '»)-('-'»)P  -«*)«]. 

where,  of  course,  the  factors  (w  —  w,),  (?t  —  Jts)  indicate  the  node  {a,  0).     We  have  moreover 

4(m+l>'a^     (m-w,)'(m-m,)= 
1-  vy  -  p;"  =  I      "  "  —  

so  that,  writing 

x-a  ^  _  1  [(1  -  M,M^)  (u^  +  m)  +  (1  -  m)  (m.  +  u^)  u] 

(^-«)=  +  (*/-"^)=         2(m  +  l)«;"  («-«(,)(«- HO 

_</_-y3__^__      1       _  [(«,  +HO(it=  +  m)-(l^m)(l^H,H,)..] 
(a:-ar  +  (y-0r         2(m  +  l)«      '  (.-hOO^-«0 

C.    VII. 
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we  have  the  locus  as  the  inverse  of  a  conic.  To  exhibit  it  as  the  antipode  of  a  conic, 
taking  X,  Y  as  current  coordinates  measured  from  the  node  as  origin,  the  equation  of 
the  hne  through  a  point  of  the  locus,  at  right  angles  to  the  radius  vector  from  the 
node,  is 

Z(a!-a)+r(;,-«-(«,-«)--(y-«.  =  0; 

or,  substituting  for  («-«),  (y-^j  tlieir  values,  this  is 

X  [(1  -  «,«,)  («>  +  «,)  +  (!-  m)  (a,  +  «,)  u] 

+  Y[(u,+u.   )(a'  +  m)-(l-m)(l  -«,ii,)ii]  +  2(»,+ l)o(»-«.)(i.-«,)=0  ; 

and  the  antipodal  conic  is  thus  the  envelope  of  the  line  represented  by  this  equation. 
Putting  ibr  shortness 

P-Z(l  -.,»,)+F(»,  +  «,    ),      (3=.X(«,  +  a,    )-r(l  -»,»,), 

the  equation  is 

u''{P+2(m  +  l)a]+u\(l-m)Q~2{m+l)a(u,^^^)]+mP  +  2(rn  +  l)au,u,  =  0. 
and  the  equation  of  the  conic  therefore  is 

4  {P  +  2(m  +  l)a\[mP  +  2(m+l)au,u,}-{(l-m)Q-2{m  +  l)a(u,+u,)Y  =  0, 

BO  that  the  conic  touches  each  of  the  lines  P  +  2(m+l)a  =  0,  ntP  +  2(m  +  l)au,Us  =  0 
at  its  intersection  with  the  line  (1  — m)  Q  ~  2  (m  +  l)aM,  =0.  If  these  lines  were  con- 
structed, one  other  condition  would  suffice  for  the  construction  of  the  conic. 

The  before-mentioned  equations 


give 

and  thence 


oi'  +  U'     (m  +  l)a  m  +  u,u,_' 

which  determine  Ui  +  u^  and   %i(2    rationally    in    terms    of  a,  yS,     For    the    cuspidal 
writing  «,  =  Wj  =  v,  we  have 

a      _       m         1  —  v' 

§ m  ___     2v 

0Li  +  j3-'~{m  +  i)am  +  if' 


m(«,'+lK«,-+t)'^^ 

-Ml 

„,)(„ 

'+« 

.»,), 

»  +  l 

. +w„ 

)(» 

l  +  U 

m(a,-  +  I)(i.,'  +  l)^ 

(m  +  iy 

+  M, 

«■)■; 

m"(«"+l)(«,'+l)*   ■ 

m         1    -WjWs 

m           w,  +  Ma 
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which  show  that  the  cuspidal  curve  is  the  inverse  of  a  conic  (viz.,  of  an  ellipse,  if, 
as  in  the  figure,  m  is  positive).  The  result  in  the  very  same  form  would  be  obtained 
by  considering  the  curve  as  the  locus  of  the  vertex  K  of  the  variable  triangle. 

If  we  imagine  a  plane  rigidly  connected  with  the  link  AA',  and  carried  along 
with  it,  then  (b,  c)  are  the  coordinates  of  the  point  G  in  this  moveable  plane ;  and 
if,  as  above,  (a,  ,S)  are  the  coordinates  of  the  node,  then  (b,  c)  and  also  (a,  /3),  are 
given  functions  of  {u„  %).  We  have  thus  {b,  c)  functions  of  (a,  y3),  and  reciprocally 
(a,  /3)  functions  of  (b,  c) ;  that  is,  we  have  a  correspondence  between  the  points  of  the 
fixed  plane  and  those  of  the  variable  plane.  It  is  worth  while  to  investigate  the  nature 
of  this  correspondence,  although  the  result  does  not  appear  to  be  one  of  any  elegance. 

Writing 

(m  +  1)  a        a 


we  may,   in   place   of  (a,  ^),  consider   the   point   in  the   fixed   plane   as   given  by  means 
of  the  inverse  coordinates  {A,  B).     And  then,  if  p^Ui  +  u^,  g  =  l  — iii^tj,  we  have 

m  +  l  -  q  m  +  l  —q 


(m+V)B  _(m  +  2M 

'^         1  +  A     •         '^      1  +  A     • 


which  determine  (b,  c)  in  terms  of  (p,  q);    that  is,  of  (A,  B)  or  of  (a,  ^). 

In  reference  to  some  other  constructions  given  in  Mr  Roberts'  paper,  it  may  be 
remarked  that  if  we  have  a  moveable  plane  TIi  always  coincident  with  a  fixed  plane 
n,  and  if  a  condition  of  the  motion  is  that  a  circle  d,  fixed  in  the  plane  II,  and 
carried  along  with  it,  always  touches  a  fixed  circle  G  in  the  plane  11,  then  this  same 
condition  may  be  expressed  indifferently  in  either  of  the  forms — (1)  a.  circle  Ci  in  the 
plane  H,  always  passes  through  a  fixed  point  of  11  ;  (2)  a  point  in  the  plane  11]  is 
alwa}^  situate  on  a  fixed  circle  C  in  the  plane  11.  But  if  either  of  the  circles  C,  0, 
reduce  itself  to  a  line,  then  we  have  two  distinct  forms  of  condition ;  viz.,  first,  if  a 
fixed  line  L,  in  the  plane  Hi  always  touches  a  fixed  circle  G  in  the  plane  FT,  this 
is   equivalent   to    the    condition    that    a    iixed    line    L^    in   the    plane    111   always    passes 

24—2 
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through  a  fixed  point  of  the  plane  IT.  And  secondly,  if  a  fixed  circle  Ct  in  the  plane  ITi 
always  touches  a  fixed  line  L  in  the  plane  11,  this  is  equivalent  to  the  condition  that 
a  fixed  point  in  the  plane  IT,  is  always  situate  in  a  fixed  line  i,  in  the  plane  Hi. 
The  different  forms  of  condition  therefore  are  : 

(a)  A  fixed  circle  C^  in  the  plane  Hi  always  touches  a  fixed  circle  C  in  the 
plane  11  (where,  as  above,  either  circle  indifferently  may  be  reduced  to  a  point). 

(yS)  A  fixed  line  i,  in  the  plane  ITi  always  passes  through  a  fixed  point  C  in 
the  plane  H. 

(fy)  A  fixed  point  C,  in  the  plane  Hi  is  always  situate  in  a  fixed  line  L  of  the 
plane  II. 

Hence,  if  the  motion  of  the  plane  IIi  satisfy  any  two  such  conditions  (of  the 
same  form  or  of  different  forms,  viz.,  the  conditions  may  be  each  a,  or  they  may  be 
a  and  ^,  &c.),  then  the  motion  of  the  plane  11,  will  depend  on  a  single  variable 
parameter,  and  the  question  arises  as  to  the  locus  described  by  a  given  point,  or 
enveloped  by  a  given  line,  of  the  plane  11 ;  and  again  of  the  locus  traced  out,  or 
enveloped,  on  the  moving  plane  Hi  by  a  given  point  of  the  plane  II.  The  case  con- 
sidered in  the  present  paper  is  of  course  a  particular  case  of  the  two  conditions  being 
each  of  them  of  the  form  a. 

It  may  be  remarked,  that  if  the  two  conditions  be  each  of  them  0,  then  there 
will  be  in  the  plane  11,  a  fixed  point  C,  which  describes  a  circle  ;  and  similarly,  if 
the  two  conditions  be  each  of  them  7,  then  there  will  be  in  the  plane  D,  a  fixed 
point  (?!  which  describes  a  circle(');  that  is,  the  combination  ^yS  is  a  particular  case 
of  10,  and  the  combination  -y^  ^  particular  case  of  ay. 

1  The  thepiem  16,  that  it  an  iBoaceles  triangle,  on  the  base  AA'  and  with  angle  =2u  at  the  vertex  C, 
slide  between  two  lines  OA.  Ui'  ini,lmed  to  each  other  at  an  angle  w,  in  siieh  mannet  that  C  is  the  centre 
of  the  (.]i,.le  LiiLiimsf  ril  cd  ahout  Oii  .  then  the  locus  of  C  is  a  circle  having  0  for  its  centre. 
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[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  iii.  (1869—1871), 
pp.   127—180.     Account  of  the  Paper  given  at  the  Meeting  11  March  1869.] 

Two  figures  are  rationally  transformable  each  into  the  other  (or,  say,  there  is  a 
rational  transformation  between  the  two  figures)  when  to  a  variable  point  of  each  of 
them  there  correspond.'^  a  single  variable  point  of  the  other.  The  figures  may  be 
either  loci  in  a  space,  or  loctis  in  quo  of  any  number  of  dimensions;  or  they  may 
be  such  spaces  themselves.  Thus  the  figures  may  be  each  a  line  (or  space  of  one 
dimension),  each  a  plane  (or  space  of  two  dimensions),  or  each  a  space  of  three 
dimensions;  these  last  are  the  cases  intended  to  be  considered  in  the  present  Memoir, 
which  is  accordingly  entitled,  "  On  the  Rational  Transformation  between  Two  Spaces." 
I  observe  in  explanation  (to  fix  the  ideas,  attending  to  the  case  of  two  planes),  that 
any  rational  transformation  between  two  planes  gives  rise  to  a  rational  ti'ansformatiou 
between  curves  in  these  planes  respectively  (one  of  these  curves  being  any  curve  what- 
ever) :  but  non  constat,  and  it  is  not  in  fact  the  case,  that  every  rational  transformation 
between  two  plane  curves  thus  arises  out  of  a  rational  transformation  between  two 
planes.  The  problem  of  the  rational  transformation  between  two  planes  (or  generally 
between  two  spaces)  is  thus  a  distinct  problem  from  that  of  the  rational  transformation 
between   two   plane   curves   (or  loci   in   the   two   spaces   respectively). 

I  consider  in  the  Memoir,  (1)  the  rational  transformation  betweeu  two  lines ; 
this  is  simply  the  homographic  transformation:  (2)  the  rational  transformation  between 
two  planes;  and  here  there  is  little  added  to  what  has  been  done  by  Prof  Cremona 
in  his  memoirs,  "Sulle  Trasformaj;ioni  Geometriche  delle  Figure  Plane,"  {Mem,  di 
Bologna,  t.  ii.,  1863,  and  t.  v.,  1863;  see  also  "On  the  Geometrical  Transformation 
of  Plane  Curves,"  Brtish  Assoc.  Report,  1864) :  (3)  the  rational  transformation  between 
two  spaces;  in  regard  hereto  I  examine  the  general  theory,  but  attend  mainly  to 
what    I    call    the    liueo-linear    transformation ;    viz.,    it   is   assumed   that    the    coordinates 
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of  a  point  in  the  one  space,  and  the  coordinates  of  the  corresponding  point  in  the 
other  space  are  connected  by  three  lineo-linear  equations  (that  is,  each  equation  is 
linear  in  the  two  sets  of  coordinates  respectively).  The  lineo-linear  transformation 
presents  itself  in  the  preceding  two  cases ;  viz.,  between  two  lines,  the  homographic 
transformation  (which,  as  already  mentioned,  is  the  only  rational  transformation)  is 
lineo-linear;    and    between    two    planes,    the    lineo-linear    transformation    is    in    fact    the 

well-known   inverse   transformation   fa;'  :  /  :  /  =  -  i  -  :    -j .     As  regards   two  spaces,  the 

lineo-linear  transformation  has  not,  I  think,  been  discussed  in  a  general  manner,  and 
it   gives   rise   to   a   theory  of  some   complexity,   and   of  great   interest. 


Tlie   General   Principle   of  the   Rational   Transformation   between.   Two   Spaces. 

1.  In  all  that  follows,  the  two  spaces  (lines,  planes,  or  three  dimensional  spaces, 
as  the  case  may  be),  or  any  corresponding  loci  in  the  two  spaces  respectively,  are 
referred  to  as  the  first  and  second  figures  respectively.  The  two  figures  are  in  general 
considered,  not  as  superimposed  or  situate  in  a  common  space,  but  as  existing,  each 
independently  of  the  other,  as  a  separate  locus  in  quo  or  figure  in  such  locus.  The 
unaccented  coordinates  (x,  y),  (x,  y,  z),  or  {x,  y,  z,  w\  as  the  case  may  be,  refer 
throughout  to  a  point  of  the  first  figure ;  the  accented  coordinates  refer  in  like 
manner  to  the  corresponding  point  of  the  second  figure (^),  Moreover  X,  F, ...  are 
used  to  denote  functions  of  the  same  order,  say  m,  of  the  coordinates  (a;,  y,...);  viz., 
(X,  Y)  are  each  of  them  of  the  form  {%^x,  y)";  (X,  Y,  Z)  each  of  the  form 
l*\x,  y,  z)»,  (X,  F,  Z,  W)  each  of  the  form  (*5a;,  y,  z,  w)",  as  the  case  may  be; 
and  in  like  manner  X',  F', ...  are  used  to  denote  functions  of  the  same  order,  say 
«.',  of  the  coordinates  («',  y\  ...).     This  being  so : 

The  condition  of  a  rational  transformation  is  that  we  have  simultaneously 

'J  •  y',...  =  X  :   F,  ...;  x  :  y,  ...=X'  :    F',  ... 

viz.,  these  equations  must  be  such  that  either  set  shall  imply  the  other  set. 

2.  If,  to  fix  the  ideas,  we  attend  to  the  case  of  two  planes,  or  take  the  sets 
to  be 

x'  :  y'  :  z'  =  X  :   Y  :  Z;         x  :  y  :  z^X'  :   Y'  :  Z'. 

Th  d      t       (        )     f    a    J       t  1         mas    le    conce  ved    ^&    jro).  3  tional    to   gnei     m  lit  pies 

(     tm        ;9  tm    )     f  th     d  f    li     I       '  f         t»(i  fixed  poinls  on  the  Ime     b  m  krly  the  o  ird  lates 

(y)flt  pi  a  pp  It  n   multiples   (a  t  meR    ,3  t  nes     /  timea}  of  the  perpen- 

duldtacefthptfcti  dl  n   the   plane      and    the   ooordinates    [x   y   i    i  )    a{    a, 

pntn         p  ppt        Itfe  inltpl(     times    (3  times    y  times     5  timesl   of  the  perpendicular 

ditn  fthi       tfmt         fid  plan      in    h      pace      Obserre   that  even   if  tlie  eoocdinates  [z   y)  and 

(j)ftth        ml  Itth        mtw     fixed  points,  in   thib   line    they  are  not  of  necessity  the 

m  dl     t  th     facto      f  j  m  j   h  ^    and  those   for   r    y    may   be  a    ^     If  theae  are 

t    p    t    n  1   (VI        f  |3-         ff)      h  n   [        /)       11  be  the  sane  coordinates  of  P    that   (x   y)   are   of  J*; 

a  d         th  b  t       t     tl   r\  th      q  v     -c  ;-0  will  imply  the  coino  d'-n  e    f  the  points  P    P. 

Th    Ik  k      pily  t    tl  d      t      (      /     1       I  (J    «         IE) 
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then  starting  with  the  set  a^  :  y  \  z' =  X  :  Y  :  Z,  for  any  given  point  (a:,  y,  z)  what- 
ever in  the  first  figure,  we  have  a  single  corresponding  point  (x',  if,  /)  in  the  second 
figure ;  but  for  any  given  point  (a;',  y,  z)  in  the  second  figure,  we  have  primd  facie 
a  system  of  rf  points  in  the  second  figure,  viz.,  these  are  the  common  points  of 
intersection  of  the  curves  x'  :  y'  :  z'  =X  :  Y  :  Z  (in  which  equations  a:',  y' ,  z'  are 
regarded  as  given  parameters,  x,  y,  z  as  current  coordinates,  and  the  equations  there- 
fore represent  curves  of  the  order  n  in  the  first  figure).  The  curves  may  however 
have  only  a  single  variable  point  of  intersection;  viz.,  this  will  be  the  case  if  each 
of  the  curves  passes  through  the  same  «=  — 1  fixed  points  (points,  that  is,  the  positions 
of  which  are  independent  of  of,  y',  ^) ;  and  in  order  that  the  curves  in  question  may 
each  pass  through  the  n"  —  1  points,  it  is  necessary  and  sufficient  that  these  shall  be 
common  points  of  intersection  of  the  curves  X  =  0,  F=0,  Z'=0.  {Observe  that  the 
condition  thus  imposed  upon  the  curves  ^=0,  F=0,  Z—0  will  in  certain  cases 
imply  that  the  curves  have  Ji^  common  intersections ;  or,  what  is  the  same  thing,  that 
the  functions  X,  Y,  Z  are  connected  by  an  identical  equation,  or  syzygy,  aX-'r  ^Y+'^Z  =  0. 
This  must  not  happen ;  for  if  it  did,  not  only  there  will  be  no  variable  point  of 
intersection,  and  the  transformation  will  on  this  account  fail  ;  but  there  would  also 
arise  a  relation  ax  +  ^j/  +  ya'  =  0  between  (a/,  y',  z),  contrary  to  the  hypothesis  that 
(of,  y',  z')  are  the  coordinates  of  any  point  whatever  of  the  second  figure.  It  thus 
becomes  necessary  to  show  that  there  exist  curves  X  =  0,  Y=0,  Z  =  0,  satisfying  the 
required  condition  of  the  n"  —  I  common  intersections,  but  without  a  remaining  common 
intersection,    or,    what    is    the    same    thing,    without    any    syzygy    aX  +  ^Y ■{- yZ  =  0.\ 

3.  The  curves  x  :  y'  :  z"  =  X  :  Y  :  Z  having  then  a  single  variable  point  of 
intei-section,  if  we  take  (x,  y,  z)  to  be  the  coordinates  of  this  point,  the  ratios  a>  :  y  :  z 
will  be  determined  rationally ;  that  is,  as  a  consequence  of  the  first  set  of  equations, 
we  obtain  a  second  set  x  :  y  :  s  =  X'  :  Y'  :  Z',  where  X',  Y',  Z'  will  be  rational 
and  integral  functions  of  the  same  order,  say  w',  of  the  coordinates  {x',  y,  /) ;  that 
is,  we  have  a  second  set  of  equations,  and  consequently  a  rational  transformation,  as 
mentioned  above. 

4.  It  is  easy  to  see  that  we  have  w'  =  ?i ;  in  fact,  consider  in  the  first  figure 
a  curve  aX  +  y3  F  +  7^  =  0,  and  an  arbitrary  line  ax-k-hy  ■\-cz  =  0  \  to  these  respec- 
tively correspond,  in  the  second  figure,  the  Hnc  ax  -|-  ^y'  +  72'  =  0,  and  the  curve 
aX' +  bY' +  cZ' =  0;  the  curves  are  of  the  orders  «,  n'  respectively,  or  the  curve  and 
line  of  the  first  figure  intersect  in  n  points,  and  the  line  and  curve  of  the  second 
figure  intersect  in  n  points;  which  two  systems  of  points  must  correspond  point  to 
point  to  each  other;  that  is,  we  must  have  n'  —  n.  It  will  presently  appear  how 
different   the   analogous   relation   is   in   the   transformation   between   two   spaces. 


5.     Ascending  to  the  case  of  two  spaces,  we  have  hero  the  two  sets 

x'  :  y'  :  z'  :  w' =  X  :   Y  :  Z  :    W ;         x  :  y  :  z  :  w  =  X'  :   Y'  :  Z'  :   W, 

the  theory'  is  analogous;  the  surfaces  x'  :  y'  :  z'  :  w"  =  X  :  Y  :  Z  :  W  (surfaces  of  the 
order  n  in  the  first  figure)  must  have  a  single  variable  point  of  intersection,  and  they 
must   therefore   have  a   common    fixed   intersection   equivalent   to   n'— 1    points  of  inter- 
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section :  I  say  equivalent  to  n"  —  !  points,  for  this  fixed  intersection  need  not  be 
n'  —  I  points,  tut  it  may  be  or  include  a  curve  of  intersection (^).  The  surfaces 
X  =  0,  F=0,  Z=0,  W=0  must  consequently  have  a  common  intersection  equivalent 
to  n'  —  1  points ;  there  is  (as  in  the  preceding  case)  a  cause  of  failure  to  be  guarded 
against,  viz.,  the  condition  as  to  the  intersection  must  not  be  such  as  to  imply 
one  more  point  of  intersection,  that  is,  to  imply  an  identical  equation  or  syzygy 
aX  + ^Y  +  yZ  +  BW=0  between  the  functions  X,  Y,  Z,  W;  but  it  is  assumed  that 
they  are  not  thus  connected.  There  is,  then,  a  single  variable  point  of  intersection  of 
the  surfaces  a/  :  y'  :  s'  :  w'  =  X  :  Y  -.  Z  -.  W;  or  taking  the  coordinates  of  this  point 
to  be  (ai,  y,  z,  w),  we  have  the  ratios  x  :  y  :  z  :  w  rationally  determined ;  that  is,  we 
have  a  second  set  of  equations  x  :  y  :  z  :  ■w  =  X'  :  Y'  :  Z'  :  W,  where  X',  Y',  Z',  W 
are  rational  and  integral  functions  of  the  same  order,  say  n',  in  the  coordinates 
(x',  y,  s',  vf) ;  viz.,  we  have  the  rational  transformation,  as  above,  between  the  two 
Spaces. 

6.  Suppose  that  the  common  intersection  of  the  surfaces  X  =  0,  Y=0,  Z  —  0,  W  —  0 
is  or  includes  a  curve  of  the  order  v ;  and  consider  in  the  first  figure  the  two  surfaces 

aX  +  0Y+r,Z+hW^O,     a,X  +  0,Y+y,Z+B,W=O, 

and  the  arbitrary  plane  ax  +  by  +  cs  +  dw  =  0.  The  two  surfaces  intersect  in  the  fixed 
curve  V,  and  in  a  residual  curve  of  the  order  n^  —  v;  hence  the  two  surfaces  and  the 
plane  meet  in  v  points  on  the  fixed  curve,  and  in  n'  —  v  other  points.  Corresponding 
to  the  surfaces  and  plane  in  the  first  figure,  we  have  in  the  second  figure  the  two 
planes 

oai'-f  /3y'+72'  +  8jy'=  0,      ai^'  +  yS.i/  +7,3'  +  Siw'  =  0, 

and  the  surface  aX' +  bY' +  cZ' +  dW' =  0  of  the  order  n':  these  intersect  in  n'  points, 
being  a  system  corresponding  point  to  point  with  the  n''  —  v  points  of  the  first  figure ; 
that  is,  we  must  have  n'^n^—v.  And  conversely,  it  follows  that  in  the  second  figure 
the  common  intersection  of  the  surfaces  X'  =  0,  T'  =  0,  2'  =  0,  If '  =  0  will  be  or  include 
a  curve  of  the  order  v  :   and  that  we  shall  have  11  —  n'^  —  v.     Hence  also 

v-v'  =  {n-n')in  +  n'  +  \). 

7.  The  principle  of  the  rational  transformation  comes  out  more  clearly  in  the 
foregoing  two  cases  than  in  the  case  of  two  lines,  which  from  its  very  simplicity  fails 
to  exhibit  the  principle  so  well ;  and  I  have  accordingly  postponed  the  consideration  of 
it :  but  the  theory  is  similar  to  that  of  the  foregoing  cases.  We  must  have  the 
two  sets  {each  a  single  equation)  x'  :  y  =  X  :  F,  and  x  :  y  =  X'  \  Y'.  The  equation 
i^  :  y'  =  X  :  Y  must  give  for  the  ratio  as  :  y  a.  single  variable  \alue  mz  there  must 
be  n  —  1  constant  values  (values,  that  is,  independent  of  «  y)  thi&  can  only  be  the 
case  by  reason  of  the  functions  having  a  common  factor  M  of  the  order  n  —  l  but 
this  being  so,  the  common  factor  divides  out,  and  the  equation  assumes  the  form 
x'  :  y'  =  X  :   Y,  where  X,  Y  are  linear  functions  of  (x,  y):  and  we  have  then  recipiocally 

1  The  curve  of  iiiterEeotioa  may  coasist  of  distinct  curves,  each  or  aii>  of  whli-h  ma>  be  a  ■iiiigihi 
curve  of  any  kind  in  regard  to  tiie  several  surfaces. 
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X  :  y=X'  :  Y',  where  X',  1"  are  linear  functioDS  of  (ip',  y').  Thus  in  the  present  case, 
instead  of  an  infinity  of  transformations  for  different  values  of  n,  n',  we  have  only  the 
well-known  homographic  transformation  wherein  n=n'=l. 

8.  In  the  discussion  of  the  foregoing  cases  of  the  transformation  between  two 
planes  and  two  spaces,  it  was  tacitly  assumed  that  n  was  greater  than  1,  and  the 
transformations  considered  were  thus  different  from  the  homographic  transformation; 
but  it  is  hardly  necessary  to  remark  that  the  homographic  transformation  applies  to 
these  cases  also ;  viz.,  for  two  planes  we  may  have  of  :  y'  :  /  =  X  :  Y  :  Z,  and 
X  :  y  :  z  =  X'  :  Y'  :  Z',  where  {X,  Y,  Z),  (X',  Y',  Z')  are  linear  functions  of  the  two 
sets  of  coordinates  respectively  ;  and  similarly  for  two  spaces  af  :  i/  :  z' :  w'  =  X  :¥  :  Z  -.W 
a.nd  us  :  y  :  z  :  w  =  X'  :  Y'  :  Z'  :  W.  where  {X,  Y,  Z,  W),  {X',  Y',  Z' ,  W)  are  lineal' 
functions  of  the  two  sets  of  coordinates  respectively.  We  may,  if  we  please,  separate 
off  the  homographic  transformation  (as  between  two  lines,  planes,  and  spaces  respectively), 
and  restrict  the  notion  of  the  rational  transfoimation  to  the  higher  or  non-linear  trans- 
formations; in  this  point  of  view,  the  case  of  two  lines  would  not  be  considered  at 
all,  but  the  theory  of  the  rational  transformation  would  begin  with  the  case  of  the 
two  planes.  Such  severance  of  the  theory  is,  however,  somewhat  arbitrary ;  and  more- 
over the  homographic  transformation  between  two  lines  (being,  as  mentioned,  the  only 
rational  transformation)  is  analogous  not  only  to  the  homographic  transformation  between 
two  planes,  and  to  the  homographic  transformation  between  two  spaces,  but  it  is  also 
analogous  to  the  lineo-linear  (or  quadric)  transformation  between  two  planes,  and  to  the 
lineo-linear  (which  is  a  cubic)  transformation  between  two  spaces. 

9.  For  the  sake  of  bringing  out  this  analogy,  I  shall  consider  in  some  detail  the 
homographic  transformation  between  two  lines ;  but  as  regards  the  homographic  trans- 
formations between  two  planes  and  between  two  spaces  respectively  (although  there  is 
room  for  a  like  discussion)  the  theories  may  be  considered  as  substantially  known,  and 
I  do  not  propose  to  go  into  them. 

The  Hoinograpkic  Transformation  between  Two  Lines. 

10.  By  what  precedes,  it  appears  that  we  have  x'  :  y'  =  X  :  Y,  where  (X,  Y)  are 
linear  functions  of  {x,  y) ;  and  conversely,  x  :  y  —  X'  :  Y\  where  X',  Y'  are  linear 
functions  of  (a^',  y')\  or  what  is  the  same  tiling,  the  relation  is  expressed  by  a  single 
equation 

(o«  +  ij)«'  +  (»+<i,)y'  =  l)i 

or.  as  this  may  conveniently  be  written, 

or,  when  the  expression  of  the  actual  values  of  the  coefficients  is  unnecessary, 

(.J^,  y)(*',  !,')-0. 

We  thus  sec  that  the  rational  transformation  between  two  lines  is  in  fact  the  homo- 
graphic  transformation;    and  also  that  it  is  the  Hneo-linear  transformation. 

0.  VII.  25 
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A  special  case  is  when 


ad  —  be  =  0. 
d  b' 


Writing  here 

the  equation  is 
that  is 

viz.,  either  aa;  +  6y  =  0,  without  any  relation  between  w',  y' ;  or  else  a'x  +  b'y'  =0, 
without  any  relation  between  x,  y\  that  is,  to  the  single  point  ax-lhy^O  of  the  first 
figure  there  corresponds  any  point  whatever  of  the  second  figure ;  and  to  the  single 
poiut  a'x  +  b'i/  =  0  of  the  second  figure  there  corresponds  any  point  whatever  of  the 
first  figure. 

12.  In  the  general  case  where  «d  — ic^O,we  may  either  by  a  linear  transformation 
(ax-^by,  cx  +  dy  into  y,  —x  or  into  x,  —y)  of  the  coordinates  of  a  point  of  the  first 
figure,  or  by  a  linear  transformation  {tuv'  +  cy',  bx' +dy'  into  y,  —x'  or  into  x',  ~y')  of 
the  coordinates  of  a  point  in  the  second  figure  (or  in  a  variety  of  ways  by  simultaneous 
linear  transformations  of  the  two  sets  of  coordinates)  transform  the  relation  indifferently 
into  either  of  the  forms  xy'  —  x'y  =  0,  xx'  —  yy'  =  0 ;  the  former  of  these,  or  x'  :  y'  =  x  :  y,  is 

the  most  simple  expression  of  the  homographic  transformation  ;  the  latter,  or  j/  :  y'  =  -  :  - , 
is  its  expression  as  an  inverse  transformation. 

13.  If,  to  fix  the  precise  aignificatioii  of  the  coordinates  {x,  y),  we  employ  the 
distances  from  a  fixed  point  0  in  the  line ;  taking  the  distances  of  the  two  fixed 
points  (say  A,  B)  to  be  a,  0,  and  that  of  the  variable  point  i*  to  be  p,  then  we 
have  X,  y   proportional   to   given  multiples  p(p-a),  q(p—^)   of  the   distances   from   the 

two    fixed    points;     or   writing    -  =  n,    we    may    say    that    the    coordinate    -    of    the    point 

P    is    = 'ft—   7,1     or    in    particuhir,    if    ri=l,    then    the    coordinate     is    =  ,.      If    for 

p-^'  ^  p-li 

n --    r,    we    write    -        - -^ ,  and    then    take    8=x:,   we    see  that    in   a    particular  system 
p-13  p-0  "^  ■* 

of  coordinates,   A    at   0,  B   at    x ,   the   coordinate   -    is    =  p.      Proceeding    in    the    same 

manner    in    regard    to    the    coordinates    (x',    y'),    for    a    particular    wystcm    of    coordinates, 

A'   at    0',   5'   at    oo,    the    coordinate    —   of   P'   will    be    —  p'.     And   the    correspondence 

of  the  points  P,  P'  will  be  given  by  an  equation 

app'  +  bp'  +  cp  +  d  =  0. 

14.  The  equation  just  mentioned  is  often  convenient  for  obtaining  a  precise  statement 
of  theorems.  Thus  taking  A,  B  at  pleasure  on  the  first  line.  A',  B'  the  corresponding 
points  on  the  second  line,  we  have 
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and   thence 


and   consequently 


which  is  of  the  form 


aa  +  6' 

cfi  +  d 
a^  +  b' 

i(Kl-hc)(  p- 

") 

(ii!.+6)(op  + 

!>)• 

{ad -l>c)(  f- 

«, 

{afl  +  6 )  (op  + 

!>)• 

0,3  +  4  p^» 
'  av.  +b  p-ji' 

where  (the  correspondence  app  -\- hp'  -^  cp -\- d  =  {I  being  given,  and  also  the  fixed  points 
A,  B)  m  has  a  determinate  value  not  assumable  at  pleasure.  If,  however,  the  fixed 
points  A,  B  be  not  given,  then  we  may  determine  a  relation  between  them,  such  that 
m  shall  have  any  given  value  not  being  =  I ;    we  have  in  fact  only  to  write 

rt/3  +  6  =  m  ((t*  +  h), 
that    is 

a(^-flia)  +  6(l-m)  =  0, 

(7K=1  would  give  «  =  ,8  and  the  transformation  would  fail).  In  particular  we  may  write 
m  =  — 1,  we  have  then 

a  (a  +  ^)  +  26  =  0  ; 


transformation ;    one  of    these    points    being    assumed    at    pleasure,    the    other    is    known ; 
the  points  A',  B'  are  also  known,  and  the  equation  of  correspondence  is 


easy  to  show  that  we  have 

<((«'  + ^)  +  2c  =  0. 

15.  In  what  precedes,  the  two  lines  are  considered  as  distinct  lines,  not  ot 
necessity  existing  in  a  common  space.  But  they  may  be  considered,  not  only  as 
existing  in  the  common  space,  but  as  superimposed  the  one  on  the  other.  Suppose 
this  is  so,  and  moreover  that  the  fixed  points  A',  B'  coincide  with  A,  B  respectively, 
and  that  the  coordinates  (x,  y)  and  (*■',  y')  are  the  same  coordinates;  so  that  the 
equation  xy'  -  x'y  =  0  will  imply  the  coincidence  of  the  points  P,  F'. 

25—2 
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16.  If  axl  —  hc  —  0,  the  equation  of  correspondence  becomes 

{ax  +  hy)  {a'x'  +  h'y')  =  0, 

and  as  before,  to  a  single  given  point  ax  +  hy=(i,  considered  as  belonging  to  the  first 
figure,  there  corresponds  every  point  whatever  of  the  line,  or  second  figure :  to  a 
single  given  point  a'af  +  b'y'  =  0  (the  same  as,  or  different  from,  the  first  point), 
considered  as  belonging  to  the  second  figure,  tliere  con-esponds  evei-y  point  whatever 
of  the  line,  or  first  figure. 

17.  Eseludiiig  the  foregoing  case,  or  assuming  ad  —  bcj^O,  there  are  in  general  on 
the  line  two  points  such  that  to  each  of  them  considered  as  belonging  to  either 
figure  there  corresponds  the  same  point  considered  as  belonging  to  the  other  figure, 
or  say  there  are  two  united  points;  in  fact,  writing  a/  :  y'=x  :  y,  we  find 
aaf  +  {b  +  c)ayy  +  dy^  =  0,  a  quadric  equation  for  the  determination  of  the  points  in 
question.  Unless  iud  —  {b  +  cf  —  0,  this  equation  will  have  two  unequal  roots ;  and 
taking  the  two  points  so  determined  for  the  fixed  points  A  =  A',  B  —  B',  the  equation 
of  correspondence  will  assume  the  form  xy'  —  kafy  =  0.  In  this  equation  k  cannot  be  =  1 ; 
for  if  it  were  so,  the  equation  would  be  xy'  —  x'y  =  0 ;  that  is,  the  points  P,  F  would 
be  alwavs  one  and  the  same  point.  The  equation  may,  however,  be  xy'  +  x'y  =  0 ;  the 
points  P,  P"  are  then  harmonics  in  regard  to  the  fixed  points  A,  B.  It  is  to  be 
observed,  that  if  the  equation  xy'  —  kx'y  =  0  be  unaltered  by  the  interchange  of  {x,  y) 
and  (x',  y')  we  must  have  ^  —  1  =  0,  or  since  =  1  is  excluded,  we  must  have  k—  —  l. 

18.  The  original  equation  {ax +  hy)  x' +  (ex  +  dy)  y' =  <)  is  unaltered  by  the  inter- 
change, only  if  6  —  c  =  0 ;  the  equation  iad  —  (6  +  c)=  =  0  becomes  in  this  case  ad  — he  —  0, 
which  by  hypothesis  is  not  satisfied;  the  two  distinct  points  A^A',  B  =  B'  consequently 
exist.  That  is,  if  the  correspondence  between  the  two  points  P,  P'  is  such  that 
whether  P  be  considered  as  belonging  to  the  first  figure  or  to  the  second  figure, 
there  corresponds  to  it  in  the  other  figure  the  same  point  P' — or  say  if  the 
correspondence  between  the  points  P,  P'  is  a  symmetrical  correspondence — -then  as 
united  points  in  the  superimposed  figures  we  have  the  two  distinct  points  A,  B: 
and  the  correspondence  of  the  points  P,  P'  is  given  by  the  condition  that  these  are 
harmonics  in  regard  to  the  points  A,  B. 

19.  There  is  still  the  case  to  be  considered  where  4^0(1  — {b-Vcf  =  0;  the  equation 
(ijc'  +  (&  +  c)  a:y  -}-  dy  =  0  has  here  equal  roots,  or  the  two  united  points  coincide 
together,  or  form  a  single  point.  Taking  this  point  to  be  the  point  A,  the  coordinate 
whereof  is  ic  :  y  =  0  :  1,  we  must,  it  is  clear,  have  rf  =  0,  and  therefore  also  &  +  c  =  0 : 
the  relation  between  the  coordinates  {x,  y)  and  {x',  y')  is  then  axx'  +  b  (xy'  —  x'y)  —  0 ; 
viz.,  this  is  the  form  assumed  by  the  equation  of  correspondence  when  instead  of  two 
united  points  there  is  a  double  united  point,  and  this  is  taken  to  be  the  fixed 
point  A. 

20.  It  is  to  be  observed,  that  we  cannot  have  either  6  =  0,  for  this  would  give 
xx'  =  0,  which  belongs  to  the  excluded  case  ad~bc=(i;  nor  a  =  0,  for  this  would  give 
xy'-x'y^O:   excluding   these  cases,    the  equation    is   of  necessity   altered   by  the   inter- 
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change    of   {a:,  y)    and   (x',   y') ;    that    ia,   in    the    case    of    a    double    united    point,   the 
transformation  is  essentially  unsym metrical. 

By  what  precedes,  if  the  other  fixed  poitit  be  taken  to  be  at  infinity,  the  coordi- 
nates X  :  y  and  x'  :  y'  may  be  taken  to  be  p,  p'  respectively ;  viz.,  p,  p  will  denote 
the  distances  of  the  points  P,  J"  from  the  double  united  point  A  ;  and  the  equation 
of  correspondence  then  becomes  pp'  +  h(p  —  p')=0;   that  is,  (p  —  b)  (p'  +  b)  +  b'  —  0. 

21.  The  original  equation  axx  +  byaf  ■\- cxy' +  dyy  =  0  can  be  reduced  to  the 
inverse  form  xx'  —  yy'  =  0  only  (it  is  clear)  in  the  symmetrical  case  b=c;  here,  trans- 
forming to  the  united  points,  the  equation  is,  by  what  precedes  (ante,  No.  17)  xy'+x'y—O. 
This  equation  can  be  written  (Ix  +  my)  {Ix'  +  my')  —  {Ix  —  my)  {Ix  —  my')  =  0,  where  I  :  m 
is  arbitrary  ;    viz.,  we  have  thus  an  equation  of  the  required  form. 

22.  In  further  explanation,  start  from  the  equation  app'  +  h{p-\-p')  -H  d  =  0 ;  that 
is,  (ap-\'b){ap' +  b)-¥ad  —  b^  —  (i,  or  say  {p —a)(p' —  a.)  —  i?  =  0\  this  may  be  reduced  to 
pp'  —1  =  0;  viz.;  the  point  0  from  which  are  measured  the  distances  p,  p  is  here  the 
mid-point  between  the  two  united  points  A,  B ;  and  the  unit  of  distance  is  ^.dfi; 
the  equation  expresses  that  the  points  P,  P',  hai'nionics  in  regard  to  the  two  points 
A,  B,  are  the  images  one  of  the  other  in  regard  to  the  circle  described  upon  AB 
as  diameter.  Take  any  two  corresponding  points  L,  L' ;  if  the  distances  of  these  be 
X,  \',  we  have  W  =  1  ;    and  hence 

(p  -  X  )  (p'  -  X  )  =  1  -  X  (p  +  p')  +  V  =  X  (X  +  \'-p-  p), 

(p  _  X')  (p'  -  X')  =  1  -  X'  (p  -H  p')  +  X'-'  ^\'(\  +  \'~p-p'); 

and  consequently 

which,  writing 


X     p'- 
X'-p'- 

-X 
-X' 

X 
"  V' 

-X) 
X'    ' 

y'~ 

,k(p'- 
P'- 

-X) 
■X' 

^■^  =  ^{80  that  h'^1);    or,  k=^X^^,, 

becomes  xx'  —  yy'  =  0;  tliat  is,  the  correspondence  of"  the  points  F,  P'  being  symmetrical, 
if   the   coordinate    -   of    P   be   taken    to   be   a   multiple   of    the    ratio    of    the    distances 

y 

PL,  PL'  of  P  from  any  two  corresponding  points  i,  L'  (and  of  course  the  coordinate 
— ,  of  P'  to  be  the  same  multiple  of  the  ratio  of  the  distances  P'L,  P'L'),  the  equation 
of  correspondence  is  obtained  in  the  inverse  form  xx'  —  yy'=0. 

The  Rational  Transformation  between   Two  Planes. 
23.     Starting  from  the  equations  x'  :  y"  :  ^  =^X  :   Y  :  Z,  where   Z  =  0,   r  =  0,  2=0 
are   curves   in   the   first   plane,   of    the   same    order   n,   it   baa   been    seen   that    in    order 
that  we   may  thence    have  a  rational  transformation  between   the   two   planes,  the  curves 
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X  =  0,  ¥—0,  Z  =  0  must  have  a  cominon  intersection  of  ti^—l  points,  and  no  more; 
that  is,  they  must  not  have  a  complete  cominon  intersection  of  •n?  points.  In  the  case 
ji  =  2,  taking  the  n*  —  1  points  in  the  first  plane  to  be  any  three  points  whatever,  the 
condition  that  the  curves  shall  be  conies  passing  through  the  three  points  does  not  in 
anywise  imply  that  the  conies  shall  have  a  common  fourth  point  of  intersection ;  and 
we  have  thus  a  rational  transformation  as  required ;  viz.,  the  first  set  of  equations  is 
x'  '.  y'  :  z  ^X  :  ¥  :  Z,  where  X=^0,  ¥=0,  Z^O  are  conies  passing  through  the  same 
three  points  of  the  first  plane ;  and  as  it  is  easy  to  see  {but  which  will  be  subsequently 
shown  more  in  detail),  the  second  set  is  the  similar  one  x  :  y  :  z  =  X'  :  Y'  :  Z',  where 
X'  =  0,  F'  =  0,  Z'  =  (i  are  conies  passing  through  the  same  three  points  in  the  second 
plane ;   this  may  be  called  the  quadric  transformation  between  the  two  planes, 

24.  But  the  like  theory  would  not  apply  to  the  case  ?i  =  3 ;  if  the  n^  —  1  points 
in  the  first  plane  were  any  eight  points  whatever,  the  cuhics  X  =  0,  F  =  0,  Z  =  0, 
intersecting  in  these  eight  points,  would  have  a  common  ninth  point  of  intersection, 
and  the  transformation  would  fail ;  and  so  for  any  higher  value  of  m,  taking  at  pleasure 
any  \n{n  +  h)  —  l  of  the  w^  —  1  points  of  the  first  plane,  the  curves  X  =  0,  Y  =  0,  Z  =  0 
of  the  order  n  passing  through  these  ^Ji()H-3)  — 1  points,  would  have  in  common  all 
their  remaining  points  of  intersection,  and  the  transformation  would  fail.  A  trans- 
formation can  only  be  obtained  by  taking  the  n"  —  I  points  in  such  wise  that  these 
can  be  made  to  be  the  common  intersection  of  the  curves,  and  at  the  same  time  that 
the  number  of  conditions  imposed  upon  each  of  the  curves  X—0,  Y~0,  Z  =  0  shall  be 
at  most  =^n(ji.  +  3)-l. 

25.  And  this  requirement  may  bo  satisfied ;  viz.,  the  number  of  conditions  may 
be  made  to  be  =Jn(w  +  3)  — 1,  by  assuming  that  certain  of  the  Ji=— 1  points  of  inter- 
sections are  multiple  intersections  of  the  curves.  For  if  we  have  a  given  point  which 
is  an  a-tuple  point  on  each  of  the  curves  X  =  0,  Y  =  {i,  Z  —  O,  then  this  counts  for 
a^  points  of  intersection  of  any  two  of  the  curves,  and  thus  for  a^  points  of  the  n'—l 
points :  but  the  condition  that  the  given  point  shall  be  on  any  one  of  the  curves, 
say  the  curve  X  =  0,  an  a-tuple  point,  imposes  on  the  curve,  not  a^  but  only  ^a(a-l-l) 
conditions :  and  we  have  in  this  way  a  reduction  whereby  the  number  of  conditions 
for  passing  through  the  n^-~  1  points  can  be  lowered  from  n^—  I    to  the  required  number 

26.  In  particular,  for  n—'S,  we  may  for  the  ri'  —  l  points  of  the  first  plane  take  a 
point  as  a  double  point  on  each  of  the  cubic  curves  X  =  0,  ¥  =  0,  Z={)  (which  therefore 
reckons  as  four  points),  and  take  any  other  four  points.  Each  of  the  curves  is  determined 
by  the  conditions  of  having  a  given  point  for  double  point,  and  of  passing  through 
the  same  four  other  given  points ;  that  is,  by  .'5-1-4  =  7  conditions ;  and  the  three  cubic 
curves  X  =  0,  ¥=Q,  Z—O  have  for  the  common  intersection  the  double  point  reckoning 
as  four  points,  and  the  given  other  four  points;  that  is,  they  have  a  common  inter- 
section of  4-1-4=8  points ;  but  this  does  not  imply  that  they  have  a  common  ninth 
point  of  intersection ;  we  have  therefore  a  rational  transformation  as  required ;  viz.,  the 
first  set  of  equations  is  x'  :  y  :  ^  =  X  :  Y:  Z;  where  A'' =  0,  i'=0,  ^=0  are  cubics 
in   the   first  plane   having   each   of  them   a  double   point  at   the    same  given   point   and 
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also  each  passing  through  the  same  four  given  points;  the  second  set  of  equations  is 
a>  :  y  :  z  =  X'  :  Y'  :  Z\  where  ^'  =  0,   F' =  0,  Z'  =  0  are  like  cubics  in  the  second  plane. 

27.  Generally  suppose  that  the  n.'  —  1  points  in  the  first  plane  are  made  up  of 
fti  points,  which  are  simple  points ;  a,  points,  which  are  double  points ;  o,  points,  which 
are  triple  points, ...  o^,  points,  which  are  (k  — l)tuple  points  (a^,  =  l  or  0),  on  each  of 
the  three  curves ;   these  will  represent  a  system  of  n^  —  1  points  if  only 

„,  +  4^^+  9a, ...  +        („  -  1)=  j„_,  =  „s_  1, 

The  number  of  conditions  imposed  on  each  of  the  curves  .^  =  0,  F  =  0,  Z  —  0  will  be 
Oi  +  3a5+6a3 ... +  ^)i(w— 1)q,^_i  ;  for  the  reason  presently  appearing,  I  exclude  the  case 
of  this  being  <^is(«  +  3)-2:  and  therefore  assume  it  to  be  =  \n {n -\- 'S)  —  1.  In  fact, 
writing 

a,  +  iia,  +  (ia,...  +i„(«-l)  a,,_,  =  h,niv +Z)- i, 

this  combined  with  the  former  equation  gives 

<^  +  :ia,...+^{n~\){n-t)  a„_,  =  H''~l)('^-2); 

viz.,  the  singularities  are  equivalent  to  |()i-l)(n~2)  double  points,  that  is,  to  the 
maximum  number  of  double  points  of  a  curve  of  the  order  n;  or  say  each  of  the 
curves  X  =  0,  Y=0,  Z  =  0  is  a  curve  of  the  order  n  having  a  deficiency  =0;  that  is, 
it  is  a  unicursal  curve  of  the  order  n.  Hence  also,  taking  (a,  b,  c)  any  constant  factors 
whatever,  the  curve  aX  +  bY+cZ=0  is  unicursal. 

28.  It  is  important  to  remai-k  that  the  conclusion  follows  directly  from  the  genera! 
notion  of  the  rational  transformation;  in  fact,  the  equation  aX  +  bY  +  cZ=0  is  satisfied 
if  X  :  y  :  s  =  X'  :  Y'  :  Z' ;  aa/  +  by'  +  cs'  =  0.  The  last  of  these  equations  determines 
the  ratios  x'  :  y'  :  z'  in  terms  of  a  single  parameter  (e.g.  the  ratio  x'  :  y),  and  wc 
have  then  x  :  y  :  z  expressed  as  rational  functions  of  this  parameter;  that  is,  the  curve 
is  unicursal. 

2!J.     Suppose  for  a  moment  that  it  was  possible  to  have 

a,  +  3^.  +  6..  . . .  +  \n  («  ^  1) a„_,  <\n{n-\-^)  ~  2. 

Combining  in  the  same  way  with  the  first  equation,  it  would  follow  that 

which  would  imply  that  the  curves  Z=0,  Y -i),  Z=^0  break  up  each  of  them  into 
inferior  curves:  but  more  than  this,  the  coefficients  a,  b,  c  being  arbitrary,  it  would 
imply  that  the  curve  aX  +  bY-^cZ  =  0  breaks  up  into  inferior  curves;  this  can  only  be 
the  case  hS  X,  Y,  Z  have  a  common  factor,  say  M\  that  is,  if  X,  Y,  Z=  MX-,,  MY,,  MZ,\ 
but  we  could  then  omit  the  common  factor,  and  in  place  oi  x'  :  y'  :  z  =  X  :  Y  :  Z 
write  X  :  y'  :  z'  =  X,  :  7,  :  Z-y.  where  Zi  =  0,  Y^  =  0,  Z,  =  0,  are  proper  curves,  not 
breaking  up ;    the  above  supposition  may  therefore  be  excluded  from  consideration. 
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30.  We  have  thus  a  transformation  in  which  the  first  set  of  equations  is 
x  :  y'  :  ^  =  X  :  Y  :  Z,  where  X  ~0,  Y=0,  Z=0  are  curves  in  the  first  plane,  of  the 
same  order  n,  having  in  common  a„  (^...^„^i  points  which  are  simple  points,  double 
points,...  (ji  —  i)tuple  points  respectively  on  each  of  the  curves;  these  numbers  satisfy  the 
conditions 

a,  4-  4a^  +  9o, . . .  +  (n-l  Y  a„_^  =  ji'  -  1, 

a,  +  3a,  +  6«, ...  +  \n{n-\)  a„_,  =  i  («=  +  3m)  -  2  ; 

conditions  which  give,  as  above, 

a,+  3«,...+i(«-l)(«-2)a^,=^(7J-l)(«-2), 
and  also 

a,  +  2c(,  +  Sas  ■ .  -  +  (n  -  1)  '^n-,  =  3ji  -  3  ; 

so  that  the  relations  between  a,,  a,,  ,,,a„_|  are  given  by  any  two  of  these  four  equations. 

31.  The  second  set  of  equations  then  is,  cc  ;  y  :  z  —  X'  :  Y' :  Z'  where  X'=0,  ^'=0,  Z'=0 
are  curves  in  the  second  plane,  of  the  same  order  n;  and  t  is  clear  that  these  must 
he  curves  such  as  those  in  the  first  plane ;  viz.,  they  must  ha  e  en  non  Oj',  a/, . .  I'^^-i 
points,  which  are  simple  points,  double  points,  ...{n  —  l)tuple  points  respectively  on  each 
of  the  curves,  the  relations  between  these  numbers  being  exp  e  sed  by  any  two  of  the 
four  equations 

a,'  +  la/  +  92/  .. .  +  in  -  If  a'„_,  =  n,'  -  1, 

a,'  +  3a,'  +  6a;...+  ^<(.(n-l)  a'^,^\n{n  +  -i)-2. 

«',  +  3V...+i(«-l)(n-2)«V.=i(«-l){"-2), 
ai'  +  2a/  +  3a/...+  (w-1)  aVi=3ji,-S. 

32.  To  any  line  (w:  +  by'  +  cs'  =  0  in  the  second  plane  there  corresponds  in  the 
first  plane  a  curve  aX  +  hY-^cZ  of  the  order  n;  and  to  any  line  a'x +  b'y ■\-c'z  =  0  in 
the  first  plane  there  corresponds  in  the  second  plane  a  curve  a'X'  -i-h'Y'  -\^'Z'  =  Q  of 
the  same  order  n;  the  curves  aX  +  bY  +  cZ  =  0  in  the  first  plane  are,  it  is  clear,  a 
system,  and  the  entire  system,  of  curves  each  satisfying  the  conditions  which  have 
been  stated  in  regard  to  the  individual  curves  X  =  0,  Y  =Q,  Z  —  0,  and  being  as 
already  mentioned  unicursal;  and  similarly  the  curves  a'X' +  b'Y  +  c'Z" —  0  in  the  second 
plane  are  a  system,  and  the  entire  system,  of  curves  each  satisfying  the  conditions 
which  have  been  stated  in  regard  to  the  individual  curves  X'=0,  Y  =  0,  Z'  —  O;  and 
being  also  unicursal.  We  may  say  that  to  the  lines  of  the  second  plane  there 
corresponds  in  the  first  plane  the  reseau  of  curves  aX  +  bY+cZ  =  0;  and  to  the  lines 
of  the  first  plane  there  corresponds  in  the  second  plane  the  reseau  of  curves 
a'X'+b'Y'+c'Z'  —  G;  these  reseau  being  systems  satisfying  respectively  the  conditions 
just  referred  to. 

33.  We  have  next  to  enquire  what  are  the  curves  in  the  second  plane  which 
correspond  to  the  3i+ 9, ...  + 'j„_i  points  of  the  first  plane.  I  remark  that  the 
Ki  +  a, . . .  +  a,^_i  points  are  termed  by  Cremona  the  principal  points  of  the  first  plane, 
and   the   corresponding   curves  the  principal  cui-ves  of  the  second  plane.     But   it  will  be 
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more  convenient  to  say  that  the  Oi  +  Ob... +  a^i  points  are  the  principal  system  of  the 
first  plane,  and  the  corresponding  curves  the  principal  counter-system  of  the  second 
plane.  And  of  course  the  «/  + o^'...  +  a'^,  points  will  be  the  principal  system  of  the 
second  plane,  and  the  corresponding  curves  the  principal  counter-system  of  the  first 
pk„e. 

34.  The  Jacobian  (curve)  of  the  curves  X  =  0,  F=0,  Z  =  0  is,  of  course,  the 
Jacobian  of  any  three  curves  aX  +  hY+  cZ  =  0  of  the  first  plane,  or  it  may  be  called 
the  Jacobian  of  the  rcseau  of  the  first  plane ;  and  similarly,  the  Jacobian  of  the  curves 
X'  =  0,   F'  =  0,  Z'  =0  is  the  Jacobian  of  the  rcseau  of  the  second  plane. 

35.  I  say  that  to  each  point  a^  of  the  first  figure  there  corresponds  in  the  second 
figure  a  line;  to  each  point  a,  a  conic;  to  each  point  a^  a  nodal  cubic;  ...  and 
generally,  to  each  point  «,  a  unicursal  r-thic  curve ;  the  entire  system  of  the  curves 
corresponding  to  the  eti  +  a5  + a^ ...  +  a,^.  points,  that  is,  the  principal  counter- system  of 
the  second  plane,  is  thus  made  up  of  a,  lines,  a^  conies,  «„  nodal  cubics,  ...a,  uni- 
cursal r-tbics,  ...o,j_i  unicursal  ()i-l)thics.  It  is  thus  a  curve  of  the  aggregate  order 
ai  +  2aj  +  3«3 ... +(n— l)a^i,  =3ji-3;  and  it  is  in  fact  the  Jacobian  of  the  reseau  of 
the  second  plane ;  as  such,  it  passes  through  each  point  a/  two  times,  each  point  a/ 
five  times, ...  each  point  a^'  Sr  —  l  times, ...  each  point  c^,^j  3m  — 4  times. 

36.  The  reciprocal  theorem  is  of  course  true.  The  Jacobian  of  the  reseau  of  the 
first  plane  is  thus  made  up  of  a/  lines,  a/  conies,  a/  nodal  cubics, ...  a,'  unicursal 
r-thics,  . . .  o:',j_i  unicursal  (ji  —  l)thics.  Calculating  the  Jacobian  of  the  reseau  of  the 
first  plane,  we  have  thus  the  numbers  a,',  a/, ...  a'„_i,  which  determine  the  nature  of 
the  principal  system  of  the  second  plane, 

37.  I  indicate  as  follows  the  analytical  proof  of  the  theorem  that  to  a  principal 
point  Or  of  the  first  plane  there  corresponds  in  the  second  plane  a  unicursal  r-thic. 
Consider  the  simplest  case,  r  =  1 ;  if  in  the  equations  x'  :  y'  :  s'  =  X  :  ¥  :  Z  the 
coordinates  (w,  y,  £}  are  considered  as  belonging  to  a  point  eti,  these  values  give  identi- 
cally X  =  0,  F=0,  /^O;  hence  for  the  consecutive  point  x-\-hx,  y+By,  s-i-Ss,  if 
(A,  B,  C)  denote  the  derived  functions  of  X,  (A„  £^,  0,)  those  of  F,  {A.„  B„  Q  those 
of  Z,  we  have 

of  :  y'  :  z'=      A  Sx-\-BSy  +  GBz 

:  A.Bx  +  B,Sy  +  C,Bz 
:  A^Bx  +  B^Bt/ +  G^Ss. 


We  have 


=  0,   for    the    determinant    is    the    value,   at    the    point 


question,   of   the   Jacobian   of  the   reseau   of    the   first   plane ;    and   the    Jacobian    curve 
;  through  a,  (in  fact,  having  there  a  double  point),  the  value  is  =  0. 


38.     Hence  x',  y',  /,  considered  as  corresponding  to  a   point  indefinitely  near  to  «!, 
are   connected   by  a   linear   equation.     Corresponding  to   Oi  we  have  in  the  second  figure 
C.  VII.  26 
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a  line.  But  it  is  to  be  observed,  further,  that  the  equation  of  the  line  is  that 
obtained  by  writing  in  the  foregoing  equations,  say  Sz  =  0,  and  eliminating  the  remaining 
quantities  Sib,  Sy.  or,  what  is  the  same  thing,  we  may  consider  the  equation  of  the 
line  as  given  by  the  equations 

w':y':/=      ABx  +  BBy 
:  A,Sx  +  B,8y 
:  A.,Bso  +  B^Bi/. 
where  Bx,  By  are  indeterminate  parameters  to  be  eliminated. 

39.  In  the  case  of  a  point  a,  we  have  in  like  manner 

«!':j';/-  (»  ,  ...5S».,  8y,  8.)' 
;(i.„...JS»,  %,  S^)' 
■  (<*£i  ...JSai,  By,  Bz)'\ 

where  (a,...),  {a,,...),  (a^, ...)  ai-e  the  r-th  derived  functions  of  X,  Y,  Z  respectively. 
In  virtue  of  the  relation  of  the  point  a^  to  the  curves  X  =  0,  F=0,  2  =  0,  the  coeiScients 
will  be  such  ■  as  to  allow  of  the  simultaneous  elimination  from  these  efjuations  of  the 
three  quantities  Bx,  By,  Bz.  The  result  of  the  elimination  will  be  the  same  as  if, 
writing  say  Bz=0,  we  eliminate  Sw,  By;  or,  what  is  the  same  thing,  the  relation  of 
a/,  y',  z'  may  be  regarded  as  given  by  the  equations 

»,':,■:/=  (a,...5S«,,  Sj)' 
:  (fli,  ...JSa:,  Byf 
■■  («2.  ...JSa^,  ByY, 

where  Bx,  Bi/  are  indeterminate  parameters.  These  equations  obviously  express  that  the 
point  (ic',  y',  S')  is  situate  on  a  unicursal  curve  of  the  order  r. 

40.  It  is  further  to  be  shown  that  the  r-thic  curve  thus  corresponding  to  a,  is 
part  of  the  Jacobian  of  the  reseau  of  the  second  plane.  The  Jacobian  in  question  is 
the  locus  of  the  new  double  point  of  those  curves  of  the  reseau  which  have  a  new 
double  point;  that  is,  a  double  point  not  included  among  the  Oi'  +  aa'. ..+ a'„_i  singulai' 
points  of  the  principal  system  of  the  second  plane.  But  a  curve  of  the  reseau  being 
unicursal,  can  only  acquire  a  new  double  point  by  breaking  up  into  inferior  curves. 
Consider,  in  the  first  figure,  any  line  through  a^,  the  corresponding  curve  in  the  second 
figure  is  made  up  of  the  unicursai  r-thic  curve,  which  corresponds  to  the  point  a,., 
together  with  a  residual  curve  variable  with  the  line  through  a,;  this  is  a  unicursal 
curve  of  the  order  n—r.  The  aggregate  curve  of  the  order  r+(n  —  r)  has  singular 
points  equivalent  to  ^(n~-l){n -2)+l  double  points(');  that  is,  the  singularities  are 
those  belonging  to  the  principal  system  of  the  second  plane,  together  with  a  new  double 

1  In  general,  if  r  +  r'=n,  and  the  curves  r,  t'  are  each  unicursal,  then  the  aggregate  singularity  arising 
from  the  singularities  of  the  two  ourvea  and  from  their  intersections,  is  equivalent  to  J(i*  -  1)  (r- 2)  + 
i(7-'-l)(r'-3)+7^-',  that  is,  to  >  (r  +  /- 1)  (r  +  r' -2)  +  l,  or  J(«_l)  (n-2)  + 1  double  points. 
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point  constituted  by  an  intersection  of  the  curves  r,  n-r.  {Observe  that  the  two  curves 
have  only  this  single  intersection;  viz.,  the  remaining  r(n  —  r)—l  intersections  are 
at  points  a/ +  a,' . . .  +  a'„_i  of  the  principal  system  of  the  second  plane.}  We  have  thus, 
ill  the  second  plane,  a  series  of  curves,  each  of  them  having  a  new  double  point ; 
viz.,  these  are  the  several  curves  which  correspond  to  the  lines  through  a,  in  the  first 
figure.  Each  of  the  curves  is  a  fixed  curve  r  together  with  a  variable  curve  n  —  r. 
The  new  double  point  is  an  intersection  of  the  two  curves ;  that  is,  it  is  a  variable 
point  on  the  curve  r.  The  locus  of  the  new  double  point  is  thus  the  curve  r ;  therefore 
the  curve  r  is  part  of  the  Jacobian  of  the  reseau  of  the  second  plane.  Since  ea«h 
point  ctr  gives  a  curve  r,  the  curves  in  question  form  an  aggregate  curve  of  the  order 
«i  +  2aj... +  (ji  — l)an_i,  =3w— 3;  viz.,  this  is  the  order  of  the  Ja«obian;  or,  as  stated, 
the  curves  r  (that  is,  the  principal  counter- system  of  the  second  plane)  constitute  the 
Jacobian  of  the  reseau  of  this  plane. 

41.     The   numerical   systems   (a,,  o^...a,^,)   and  (a,',  o„' ...  a',i_i)  are   each  of  them  a 
solution  of  the  same  two  indeterminate  equations 

2rtv  =  n=-  1.     ^rct^  =  3w  -3, 

but  not  every  solution  of  these  equations  is  admissible;  for  instance,  if  r>^n,  then 
cir  is  =0  or  1,  for  1X^  =  2  would  imply  a  curve  of  the  order  n  with  two  r-tuple  points, 
and  the  line  joining  these  would  meet  the  cui've  in  more  than  r  points ;  similarly, 
r>^n.  Or  is  =4  at  most,  for  0^  =  5  would  imply  a  curve  of  the  order  n  with  five 
r-tuple  points,  and  the  conic  through  these  would  meet  the  curve  in  more  than  2n 
points ;  and  there  are  of  course  other  like  restrictions.  The  different  admissible  systems 
up  to  m  =  10  are  tabulated  in  Cremona's  Memoir ;  and  he  has  also  given  systems 
belonging  to  certain  specified  forms  of  n :  these  results  are  as  follows : 
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"p     =      0 

3 

«;,     =      0 

6 

"..1=       0 

1 

*.„- 

=      0 

1 

o^     =       0 

3 

■V    =      0 

I 

'^.,-      0 

I 

«.p^ 

1=      1 

0 

"«,-.=  1 

0 

"4.-,=         1 

0 

o^     -       0 

' 

a^.i-       1 

0 
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n  =  ip+\ 

O-i 

=     0 

2p-3 

a, 

--      2 

2p--2 

«! 

-      3 

2^,-3 

«. 

=      7 

2^-1 

as 

=     3 

0 

<h 

=      3 

0 

". 

=      4 

0 

"j 

--.2^-1 

0 

«, 

=      3 

0 

"j 

=      1 

0 

«, 

=^-2/,-3 

0 

«, 

-      0 

7 

«4 

=  2p-3 

0 

"4 

=  2p-2 

0 

o^ 

-      0 

i 

■^i,. 

=      0 

1 

«P 

=     0 
-      0 

1 

3 

, 

=      0 
=      0 

3 

1 

"p^i 

=      0 
=      0 

3 
1 

-xjp^ 

=      1 

0 

ap+ 

"^ 

=      0 

3-         1 

3 
0 

-^ 
•>^^ 

=      0 
=      0 

2 

1 

".„- 

3=        1 

0 

<^4p- 

".p- 

-    1 

0 

n  = 

ip  +  2 

% 

=      0 

2;,- 4 

<»i 

=       1 

2p--2 

a,        =       3 

2j,-l 

«, 

=      4 

2p-2 

«a 

=      7 

0 

". 

=      3 

0 

a,       =      3 

0 

"3 

=      3 

0 

«4 

-2p-4 

0 

"3 

=      2 

0 

a,        =2p-i 

0 

«4 

=  2;. -.2 

0 

«;.. 

=      0 

7 

"4 

=  2^.-2 

0 

s-     =     0 

3 

a. 

-      0 

3 

«3J 

-      0 

1 

". 

=      0 

1 

S-n  =      0 

1 

%. 

=      0 

4 

"..- 

,=      1 

0 

«5J. 

-      0 
=     0 
=     0 

3 
1 

2 

3 
0 

o-ip 

=      0 

«=    1 

I 
0 

a^^- 

2=    1 

0 





'_. 

"- 

4p  +  3 

«,      -     0 

2;j-2 

«,      =     9 

2y-3 

a,       =      2 

2,-1 

-1 

-=      S 

1p-l 

.,     .     3 

0 

u,      =     6 

0 

.,     .     3 

» 

". 

.      2 

0 

<■,      .     3 

0 

a,        =2p-8 

0 

■h      =     1 

0 

.. 

.2;,-l 

0 

«4     =2p-2 

0 

"p+1  =     0 

6 

.,     .2p-l 

0 

«!. 

.     0 

2 

«„.=     0 

3 

"„,  -     0 

1 

0,-0 

1 

'n 

=      0 

5 

"„.  -     » 

1 

«,,!  -        0 

1 

",.,  =     0 

3 

<hp^ 

=      0 

1 

«,..=     0 

3 

0 

o,;,-!  =         1 

0 

2 
1 
0 

'.,- 

=    1 

0 

",-,  =   1 

' 
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42,  The  system  (a,,  a^ ...  a^,)  geometrically  determines  completely  the  system 
(a/,  a/ ...  a'„_i);  it  ought  therefore  to  determine  it  arithmetically;  that  is,  given  the 
one  series  of  numbers,  we  ought  to  be  able  to  determine,  or  at  least  to  select  from 
the  table,  the  other  series  of  numbers.  Cremona  has  shown  that  the  two  series 
consist  of  the  same  numbers  in  the  same  or  a  different  order.  By  examination  of  the 
tables,  it  appears  that  there  are  certain  columns  which  are  single  (that  is,  no  other 
column  contains  in  a  different  order  the  same  numbers),  others  that  occur  in  pairs, 
the  two  columns  of  a  pair  containing  the  same  numbers  in  a  different  order.  Where 
the  column  is  single,  it  is  clear  that  this  must  give  as  well  the  values  of  (a/,  a,'  ...(/a-i) 
as  of  (ctj,  a^...a,^,).  Where  there  is  a  pair  of  columns,  as  far  as  Cremona  has 
examined,  if  the  one  column  is  taken  to  be  (a,,  a^...an-,)  the  other  column  is 
(Oi',  Os  ...  a'j^i);  it  appears,  however,  not  to  be  shown  that  this  is  universally  the  case; 
viz.,  it  is  not  shown  but  that  the  two  columns,  instead  of  being  reckoned  as  a  pair, 
might  be  reckoned  as  two  separate  columns,  each  by  itself  representing  the  values  as 
well  of  (a,,  Oj. ..«„_,)  as  of  (a/,  a^' .-■«'„_,) ;  neither  is  it  shown  that  there  ai-e  not, 
in  any  case,  more  than  two  columns  having  the  same  numbers  in  different  orders. 
It  seems,  however,  natural  to  suppose  that  the  law,  as  exhibited  in  the  tables,  holds 
good  generally;  viz.,  that  the  tables  contain  only  single  columns,  each  giving  the  values 
as  well  of  (a^,  a^...a„^i)  as  of  (a/,  Oa' . . .  a'„_i) ;  or  else  pairs  of  columns,  one  giving 
the  values  of  (a^,  Oj ...  a^,),  and  the  other  those  of  «,  a^' ■■■  a'nr-i);  or,  say,  that  the 
partitions  are  either  sibi-redprooal,  or  else  conjugate. 

43.  Assuming  that  the  two  systems  (a,,  a^. ..«„_,)  and  (a,',  Oa'...  «'„_,)  are  each 
known,  there  is  still  a  question  of  grouping  to  be  settled;  viz.,  the  Jacobian  of  the 
first  plane  consists  of  a/  lines,  Oj'  conies, ...  a'„_i  unicursal  (H-l)-thics;  each  line,  each 
conic,  &c.,  passes  a  certain  number  of  times  through  certain  of  the  points  a,,  ix^.-.a^i-i: 
but  through  which  of  them  ?  For  instance,  each  of  the  a,'  lines  will  pass  through  two 
of  the  points  aj,  a^,  ...a^i;  will  these  be  points  a^,  or  points  a,,  &c.,  or  a  point  a, 
and  a  point  a^,  &c.  ?  The  mere  symmetry  of  the  different  groups  of  points  determines 
certain  conditions  of  the  solution  (');  for  instance,  if  any  particular  one  of  the  a/  lines 
passes  through  two  points  a^,  then  each  of  the  a,'  lines  must  pass  through  two 
points  Or',  find  since  the  points  a^  are  symmetrical,  we  must  in  this  way  use  all  the 
pairs  of  points  a^;  that  is,  if  a,' =  ^  0^(0^+ 1),  but  not  otherwise,  it  may  be  that  each 
of  the  a,'  lines  passes  through  two  of  the  points  o^..  In  the  case  of  an  equality 
a^  =  ag  we  could  not  hereby  decide  whether  the  line  passed  through  two  points  a^  or 
through  two  points  a^.  So,  again,  if  any  one  of  the  a^'  lines  pass  through  a  point  a,. 
and  a  point  a^,  then  each  of  the  a,'  lines  must  do  so  likewise,  and  we  must  hereby 
exhaust  the  combinations  of  a  point  a,,  with  a  point  Oj;  viz.,  the  assumed  relation 
can  only  hold  good  if  ai'  =  arOj.  Similarly,  each  of  the  a/  conies  will  pass  through 
five  of  the  points  «[,  a^...aLa~i',  each  of  the  ct^'  nodal  cubics  will  pass  twice  through 
one  (have  a  double  point  there)  and  through  six  others  of  the  points  a,,  CL,...cin~i' 
which  are  the  points  so  passed  through  ?  I  do  not  know  how  a  general  solution  is 
to   be   obtained,  but   most   of   the   cases   within   the   limits   of   the   foregoing   table   have 

'  It  is  by   such  considerations  of  aymmetry  that   Cremona  has  demonBtrated  the  before  mentioned  theorem 
of  the  identity  of  tlie  numbers  (oj,  o.^...  o„_i)  aad  (a,',  a,/  ...  a'„_j). 
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been  investigated  by  Cremona,  The  results  may  convenieBtiy  be  stated  in  a  tabular 
form;  the  tables  exhibit  in  the  outside  upper  line  the  values  of  a,,  a3...a,i_i,  and  in 
the   outside   left-hand   line   the   values   of    a,',   a/...a'jj_i,   and    they  are    to   be    read   as 

(a,'  lines 
follows :  Each  of  the  \  a^  conies  f-  passes  (     )  times  through  (     )  of  the  points  Oi ,  Oj . . .  a,t_ 


respectively;  the  numbers  in  the  table  being  those  of  the  points  passed  through,  and 
the  indices  in  the  table  (index  =  1  when  no  index  is  expressed)  showing  the  number 
of  times  of  passage,  that  is,  showing  whether  the  point  is  a  simple,  double,  triple,  &c., 
point  on  the  curve  referred  to. 

44.  Thus  (in  the  tables  which  follow)  the  last  of  the  tables  si  =  6  gives  the  con- 
stitution of  the  Jaeobian  of  the  first  plane,  where  the  principal  system  is  (3,  4,  0,  1,  0); 
and  it  is  to  be  read: 

of  the  points  Mi  and  through  the  point  a^; 
of  the  points  a^  and  through  the  point  a^^, 
of  the  points  fli,  4  of  the  points  a^,  and  twice 
through   the   point   a,  (that  is,  a,  is  a  double 
point  on  each  cubic). 
It   is   hardly  necessary  to   remark  that   the   tables  are   sibi-reciprocal,   or   else   conjugate, 
as  appears  by  the  outer  lines  of  each  table. 

Table  n=2. 


Each  of  the  4  lines  passes  through  1 

The  1  conic       „  , 

Each  of  the  3  cubics     „ 


triginally  printed,  3.] 


2        3 
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Tables  n  =  h. 


8 

0 

0 

1 

3 

3 

1 

0 

a/ ^8 

1  1 

1 

3 

I 

1 

Oj'-O 

3 

1 

3 

1 

«,'^0 

: 

i 

3 

3 

P 

a;  =  i 

8 

V 

0 

ai       a^         03       a* 
0         6  0        0 


5 


10 

0 

0 

0        1 

«i'  =  10 

1 

1 

02'=    0 

1 
1 

•^^    0 

a;^  0 

j 

a,'=     1 

10 

1 

i 

2 

0 

0 

3 

3 

2 

_l_ 

4 

1^1* 

— 

— 

4 

1 

3 

0        0 

/=   3 

2 

='=4 

1 

1 

3 

3=0 

1 

V=    1 

4 

1 

3= 

1 

3'=    0 

! 

■ 

3 

4        0 

1 

0 

4 

1 

1 

1 
3 
0 

■2 

4  ; 

4 

1 
1= 

~ 

0 

i 

1 

*  Read,   "Each  of    the   two   cubica  paaaea  through  the   poiat   a,,   the   four    points  a,,   and,   (1-,    1), 
through  one  and  once  through  the  other  of  the  points  n^." 
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45.  It  is  to  be  remarked  upon  the  tables — first,  as  regards  the  lines:  if  wo  add 
the  numbers  in  each  line,  reckoning  mfi  as  mp,  (that  is,  each  multiple  point,  according 
to  the  number  of  branches  through  it,)  the  sums  for  the  successive  lines  are 
2,  5,  8,  11,  14,  &c. ;  that  is,  each  line  passes  through  2  points,  each  conic  through 
5  points,  each  cubic  through  8  points,  each  quartic  through  11  points,  &c.  But  if  we 
add  the  numbers  reckoning  m**  as  7n.^p{p+l),  (that  is,  each  multiple  point  according 
to  its  effect  in  the  determination  of  the  curve,)  then  the  sums  are  2,  5,  9,  14,  20,  &c., 
that  is,  all  the  curves  are  completely  determined,  viz.,  the  line  by  2  conditions,  the 
conic  by  5  conditions,  the  cubic  by  9  conditions,  &c.  Secondly,  as  regards  the  columns, 
if  for  any  column,  reckoning  mi'  as  mp,  we  multiply  eajih  number  by  the  corresponding 
outside  left-hand  number,  add,  and  divide  the  sum  by  the  outside  number  at  the  head 
of  the  column,  the  successive  results  are  2,  o,  8,  11,  14,  fee;  this  merely  expresses  the 
known  circumstance  that  the  Jacobian  passes  3r— 1  times  through  each  point  0^. 

46.  The  analogous  tables  showing  the  passage  of  the  Jacobian  through  the 
principal  system,  in  the  solutions  belonging  to  certain  special  forms  of  n,  are 


2p-2      1" 


=     0 
=     3 


3 

2p-2 

0 

0 

1 

1 

j 
1 

1 

•ip-^ 

lp-= 

2 

2^  ^2 

lS-1 

1 

2p--2 

0 

1 

3 

0 

3 

i 

2 

p-2 

1 

1       1 
1 

3 

0 

0 

i 

1 

2^.-2 

i'-^ 

gj,-, 
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Tables  n  =  2,p  + 1. 


'      =2p-l 

1 

1 

,'      =     0 

p'      -     3 

1 

2p-l 

p-i 

p+i  =     1 

3 

•2p-l 

1" 

!P-I-       0 

«; 

=     3 

=     0 
=     0 
,=     1 

1 

1 

V 

1 

3 

1 

-v' 

! 

"V 

! 

-^-.v- 

■2p-l 

3^-1 

1*' 

Tables  n  =  3/>. 


a/     =     0 


1 

4 

2;, -3 

0 

0 

0 

1 

3 

j       1 

1 

i 

2p-Z 

i 

p-i 

1 

4 

%p-Z 

P 

1 

4 

\2p-if 

1^-s 
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a,  «n  Uj  Qj,  Qp^i  (L;p_,  Oiip. 

2p-3        0  0  4  1  1  0 


:=2p-3 


1            1 

3 

1 

1 

1 

4 

1 

1« 

2j»-3 

4J.-1 

IP 

JS^-S 

Oa'  =  0 
«/  =  0 
a'_,  =       1 


4 

1        2^-2 

0 

0 

0 

1 

,       1 

1 

2p-2 

1J.-S 

1 

1        2^-2 



1»-1 

4 

1      |(2p-2)^ 

1^-2 

i 
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=      4 
=      1 

=      0 

^      0 
=      0 

,=    1 

2p-2 

0 

0 

1 

4 

1 

0 

"l' 

1 

1 

<h 

4 

1 

<h' 

1 

I 

4 

P 

<- 

"p 

lp-= 

a'^ 

"V 

2p-2 

4P-1 

!«.-= 

47.  The  before  mentioned  theorem,  that  {a^,  aj,.,a„_,)  and  (Vj  <*/-■■ '^'n-i)  »re  the 
same  series  of  numbers,  of  course  implies  2a,  =  So,' ;  this  relation  Cremona  demonstrates 
independently,  by  conaideration  of  the  pencil  of  curves  (aX  +  bY+cZ)  +  0(aiX  +  biY+CiZ)=0, 
(6  a  variable  parameter,)  which  corresponds  in  the  first  plane  to  the  pencil  of  lines 
(cue'  +  by'  +  cs")  +  0  (a,a^  +  b^'  +  g,/)  =  0,  which  pass  through  a  fixed  point  (ax'  +  by'  +  c/  =  0, 
«!«' +  iiy  +  Cis' =  0)  in  the  second  figure.  In  general,  in  the  pencil  f/+^F=0  ((7,  V 
given  functions  of  the  order  n)  there  are  3  (« —  1)^  values  of  &,  each  giving  a  nodal 
curve.  But  in  the  present  case  each  of  the  curves  U  =  0,  V=0  has  multiple  points 
at  the  principal  points  o^  of  the  first  plane :  the  question  is  to  obtain  the  number  of 
values  which  give  a  curve  having  one  new  double  point ;  and  this  is  found  to  be 
=  S{n-iy-l.{r-l)(Sr  +  l)ar.  We  have  Sr^a^  ^  n^  -  1,  Sro^  =  Sn  -  3  ;  or,  substituting, 
the  value  of  0  is  =20,.  But  the  curves  which  have  an  additional  double  point  are 
those  which  correspond  to  the  lines  which  in  the  second  figure  pass  through  one  of 
the  principal  points  a,';  viz.,  these  are  the  lines  drawn  from  the  point  (cu:' +  bi/ +  cs' —  0, 
Oi*'  +  b^y'  +  els'  =  0)  to  the  several  principal  points  a/ ;  and  the  number  of  them  is 
=  2a,'.     We  have  thus  the  required  relation  Sor  —  2a/. 


The  Quadric  Transformation  between  Tivo  Planes. 

48.  This  is  of  course  given  by  what  precedes.  The  principal  system  in  each  plane 
is  a  set  of  three  points ;  and  the  Jacobian  of  the  same  plane  is  the  set  of  three 
lines  joining  each  pair  of  points;  that  is,  the  three  lines  of  either  plane  are  the 
principal   counter-system   of   the   other   plane.     But   to   give   the    analytical    investigation 
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directly:  taking  the  coordinates  (x,  y,  z)  to  refer  to  the  principal  system  of  the  first 
plane  (viz.,  taking  the  three  points  to  be  the  vertices  of  the  triangle  formed  by  the 
lines  ic  =  0,  y=0,  3=0),  then  X  =  0,  Y=0,  Z=0  being  conies  through  the  three  points, 
the  functions  X,  Y,  Z  will  be  each  of  them  of  the  form  fyz  +  gsx  +  hxy ;  of,  y',  z' 
being  proportional  to  three  such  functions,  there  will  be  linear  functions  of  of ,  y',  ^ 
proportional  to  yz,  zx,  xy ;  or  taking  these  linear  functions  of  the  original  {x',  y',  /)  for 
the  coordinates  {x,  y',  /)  of  a  point  in  the  second  plane,  the  formulse  of  transformation 
will  be  x'  :  y'  :  ^  =  yz  :  zx  :  xy,  and  we  have  then  conversely  x  :  y  :  z  =  y'z'  :  ^x'  :  of 'if ; 
that  is,  the  formulfe  for  the  transformation  in  questiou  are 

x'  :  y'  :  zf  =  yz  :  zx  :  xy,  and  x  :  y  :  z=  y'z'  :  s V  :  x'y. 

We  at  once  verify  ti  posteriori  that  the  Jacobian  in  the  first  plane  is  xyz  =  0,  and 
that  in  the  second  plane  is  x'y'z'  =  0. 

The  eqnations  may  be  written 


»■:/:/. 

^  -  :  -  :  - ,  and  x 

X     y     z 

or,  if  we   please 

,  ^^'-j/.^j'; 

the    transformati 

foimation. 

is   thus   given   as   an 

{49,  With  respect  to  the  metrical  interpretation  and  actual  construction  of  the 
transformation,  it  is  to  be  observed  that  if  x,  y,  z  be  taken  to  be  proportional  {not 
to  given  multiples  of  the  perpendicular  distances,  but)  to  the  perpendicular  distances 
of  P  from  the  sides  of  the  triangle  in  the  first  plane,  and  similarly  a/,  y',  z'  to  be 
proportional  to  the  perpendicular  distances  of  F"  from  the  sides  of  the  triangle  in  the 
second  plane,  then   in  general   the   equations   of  transformation   must  be   written,  not  as 

above,  but  in  the  form     .  —^=  — -,  involving  arbitrary  multipliers  f  ■  g  '■  li-     We  may 

J        V        "- 
imagine   in   the   second   piano   a   point   P"   determined   by   coordinates   {x",   y",   z"), — the 
same   coordinates   as   {x ,   y',   z"),   that   is,  proportional   to   the   perpendicular    distances   of 
P"  from   the   sides   of   the   triangle   in   the   second   plane, — which   point   P"   corresponds 

homographically   to   P   in   such    wise    that  -^  :-  :  ^==0^'  :  y"  :  z".     We    have    then,   in 

the  second  plane,  the  two  points  F",  P"  corresponding  to  each  other  in  such  wise 
that  x'x"  =  y'y"  —  z'z" ;  and  either  of  these  points  being  given,  the  other  can  at  once 
be  constructed;  viz.,  it  is  obvious  that,  joining  P" ,  P"  with  any  vertex,  say  A',  of  the 
triangle  A' BIG',  the  lines  A'P",  A'P"  are  equally  inclined  to  the  bisectors  of  the 
angle  A';  and  consequently,  P'  being  given,  we  have  the  three  lines  A'P",  B'P",  OP" 
intersecting  in  a  common  point  P",  which  is  therefore  determined  by  means  of  any 
two  of  these  lines.  We  have  thus  a  geometrical  construction  of  the  transformation 
between  P  and  P'.) 

50.  The  analysis  assumes  that  the  principal  points  A,  B,  C  of  the  first  figure 
are  three  distinct  points ;  but  they  may  two  of  them,  or  all  three,  coincide.  In  the 
first  case,  say  if  P,  (7  coincide,  the  line  BG  is  still  to  be  regarded  as  having  a 
definite   direction;   and   taking   x  =  0   for   this    line,  j/  =  0   for  the   line   joining   A    with 
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(BC),  and  ^  =  0  an  arbitrary  line  through  A,  the  functions  X,  Y,  Z  will  be  each  of 
them  of  the  form  hy^  +  ^gz3s  +  '^xy ;  and  replacing,  as  before,  the  original  a^,  y',  sf  by 
linear  functions  of  these  quantities,  these  linear  functions  being  taken  for  the  coordinates 
(«',  y',  z'),  we  may  write  x'  :  "if  :  z'  -=  y^  :  xy  :  xz.  Forming  the  converse  system,  the 
equations  for  the  transformation  are 

x'  :  y'  :  ^  =  y'^  :  xy  :  xz,  and  x  :  y  :  z  =  y"'  :  x'y'  :  x'z', 
80   that   the   points   A',   J¥,   C   in   the   second   plane    are   related    as   the    points   in   the 
first  plane ;   viz.,  B',  C  coincide,  the  line  B'd  being  definite. 

It  is  easy  to  verify  that  the  Jacobian  in  the  first  plane  is  xy^  —  0,  and  the 
Jacobian  in  the  second  plane  is  x'y'^  =  0. 

51.  Secondly,  if  A,  B,  C  all  coincide,  these  being  however  consecutive  points  on 
a  curve  of  finite  curvature,  or  say  on  a  conic ;  then,  taking  x  =  0  for  the  tangent  at 
{ABO),  z  =  0  for  any  other  tangent,  and  y  =  0  for  the  chord  of  contact,  the  functions 
X,  Y,  Z  will  bo  of  the  form  oaf' +  b  (y' ~  zx)  +  2hxy ;  whence  we  may  write 
x'  :  y'  :  z  =a?  :  xy  :  y^  —  xz.  Fornung  the  converse  equations,  the  equations  of  trans- 
formation are 

x'  :  y"  :  /  —  af  :  xy  :  y'  —  xz,  and  x  :  y  ;  z  =  x'^  :  x'y'  :  y'^  —  x'z' ; 
so   that   the   points  A',   B",   G'   in   the   second   plane   are    related   as    those   of    the   first 
plane;   viz.,  they  are  the  consecutive  points  of  a  curve  of  continuous  curvature. 

We  may  verify  that  the  Jacobian  of  the  first  plane  is  ic'  =  0,  and  the  Jacobian 
of  the  second  plane  x'^—Q. 


The  Lineo-Unear  Transformation  between  Two  Planes. 
52.     We  have  two  equations  of  the  ibrm 

{a,...Jx,  y,  z\af,  y' ,  2')  =  0, 

{a,,...\^,y,z\x\i,^)  =  <i; 

writing  these  m  the  form 

P^+Qy'  +  B^^O, 

where  (P,  Q,  R,  P,,  Q,,  Ri)  are  linear  functions  of  (x,  y,  s),  we  have 

I  P ,    Q .    -fi  j 
Q„    R,  II ' 

that  13    to    X  :    Y  :  Z,  where    X  —  0,   F=0,  Z  =  0    are    conies    each    passing    through    the 
same  three  points  in  the  first  plane. 


And  conversely,  wi-iting  the  equations  in  the  form 

P'x  +  Q'y  +  R'z^O, 
Pj'x+Q,-y  +  R,'z=0, 
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where  (P',  Q",  R',  P,',  Q,',  iJ/)  are  linear  functions  of  (x',  y\  /),  we  have 

X,  v.  z  proportional  to  ,  , 

I  A',     Q,',     -R/  'I 

that   is  to  X\  y ,  Z',  where   X'  =  0,  F'  =  0,  ^'  =  0   are   conies   each  passing   through   the 
same  three  points  in  the  second  plane. 

53.  The  lineo-linear  transformation  is  thus  the  same  thing  as  the  quadric  trans- 
formation. It  is,  moreover,  clear  that  the  equations  must,  hy  linear  transformations  on 
the  two  sets  of  variables  respectively,  and  by  linear  combination  of  the  two  equations, 
be  reducible  into  forms  giving  the  before-mentioned  values  oi  x  :  y  \  z  and  x'  :  ij  :  s^ 
respectively.  Thus,  in  the  general  case,  where  in  each  plane  the  three  points  are 
distinct  points,  the  lineo-linear  equations  will  be  reducible  to 

xaf  —  yy'  =  0,     xx'  —  zz'  —  0; 

in  the   case  where   B,  G  in  the  first  plane,  and   B',  C  in  the  second  plane  respectively 
coincide,  the  forms  will  be 

xx'-yy'-^O,     yz'-y'z^O; 

and   in   the  case  where  A,  B,  G  in   the   first   plane,  and   A',  B',  C"  in  the  second  plane 
respectively  coincide,  the  forms  will  be 

xy'  —  yx'  —  0,     xz  —  yy'  +  zx'  =  0. 

The  determination  of  the  actual  formulte  for  these  reductions  would,  it  is  probable, 
give  rise  to  investigations  of  considerable  interest. 


The  General  Rational  Transformation  between  Two  Planes  (resumed). 

54.  Consider,  as  above,  the  first  plane  or  figure  with  a  principal  system  (a,,  ai...c!,i_i), 
and  the  second  plane  or  figure  with  a  principal  system  (aii,  a/...  o:'n_i).  To  a  line  in 
the  second  plane  there  corresponds  in  the  first  plane  a  curve  of  the  order  n  passing 
1  time  through  each  of  the  points  a^,  2  times  through  each  of  the  points  Oj,  3  times 
through  each  of  the  points  Oj,  &c. ;   or,  as  we  may  write  this: 

First  figure.  Second  figure. 

Points    %     Oj     a^  ■■■  0,1-1  Pouits    a/     a/     a,'...a'„_. 


viz.,  the  I's  denote  the  number  of  times  which  the  curve  of  the  order  n  passes  through 
the  several  points  a,  respectively ;  the  2's  the  number  of  times  which  the  curve  passes 
through  the  several  points  Oj  respectively ;   and  so  on. 
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55.  We  may,  in  the  second  figure,  in  the  place  of  a  line  consider  a  curve  of 
the  order  k'.  If  the  equation  hereof  is  {*'^ic\  y',  /f  =  0,  then  the  corresponding  curve 
in  the  first  figure  is  {*\X,  F,  Z)^  =  (i\  viz.,  this  is  a  curve  of  the  order  k^nk'.  If, 
however,  the  ourve  in  the  second  figure  passes  once  or  moi'e  times  through  all  or  any 
of  the  points  a,',  a/,  ...a',i_i,  then  there  will  be  a  depression  in  the  order  of  the 
corresponding  curve  in  the  first  figure ;  and,  moreover,  this  curve  will  pass  a  certain 
number  of  times  through  all  or  some  of  the  points  a.,,  a^,  aj,...«,i_i.  The  diagram  of 
the  correspondence  will  be : 


First  figure. 


6,      h,      h,      K_, 


[-   curve  order  k 


Second  figure. 


K     h'     6/        b\,. 


where  a^,  b„  c,...  denote  the  number  of  times  that  the  curve  of  the  order  k  passes 
through  the  several  points  fli  respectively,  (viz.,  the  number  of  the  letters  Oi,  &i,  Ci.. 
is  —ail,  ^ny  or  all  of  them  being  zeros,)  a^,  b^,  c^...  the  number  of  times  that  th( 
curve  passes  through  the  several  points  ct,  respectively,  (viz.,  the  number  of  the  letters 
tts,  63,  C3...  is  =£(2,  any  or  all  of  them  being  zeros,)  and  so  on;  and  the  like  for  the 
curve  in  the  second  figure. 

56.  By  what  precedes,  it  is  easy  to  see  that,  if  the  curve  k'  passes  through  a 
point  a,',  then  the  curve  k  throws  off  a  line,  and  the  depression  of  order  is  =  1 ;  so, 
if  the  curve  passes  2  times,  3  times,...  or  a^'  times  through  the  point  in  question, 
then  the  curve  throws  off  the  line  repeated  2  times,  3  times, ...ra,'  times,  or  the 
depression  of  order  is  =2,  3, ...or  a^';  and  the  like  for  each  of  the  points  a,';  so 
that,  writing  for  shortness  «/+ V  +  Ci'+ ■■■  =  2«i',  the  depression  of  order  on  account 
of  the  pass^es  through  the  several  points  Oi  is  =  Xa/.  Similarly,  for  each  time  of 
pas.sage  through  a  point  o:/,  there  is  thrown  off  a  conic;  or  if  (ia'4-6a'  + ..-  =  2a./,  then 
the  depression  of  order  is  —  22a/,  and  so  ou ;  and  the  like  for  the  figui'e  in  the 
other  plane;   and  we  thus  arrive  at  the  equations 


k  =A/w-£(a/  +  2aa'  +  3a/  ... 
kf  =  kn  —  t  (a,  +  2ai  +  Sas  ...  ■ 


<i-la 


57.     The   simplest   case   is    when   the   curve   k    does    not   pass   through   any   of    the 
points  a/,  a/,  ...tf'n-i.     We  have  then 

a,'  =  6/  =  c,'...  =  0,  %'  =  6/ ...  =  0,  (jVi  =  ^'»-i---=0; 

consequently  k  =  k'n.     And,  moreover,  it  is  easy  to  see  that 

ai^bi...^k',    a.,^b,...=2k',  a,^,  =  f<„_i ...  =(m- 1)  A;' ; 

c.  VII,  28 
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SO  that  the  correspondence  is : 

First  Figure.  Second  Figure. 


«a,  ■ 


K     2f 

Si- 

(«-!)*■ 

t'     2i' 

Si' 

(..-l)*- 

^e  have 

0        0       0  0    1 

:irder  k  =  nk'      0        0       0  0    |   cm've  order  k'. 


S«i  =  ;fc'ai,     ^a.,=  2k'a,,  la,  (a,  -  1)  =  h'  <k' -  I)  a,,  &c., 

and  the  formula!  for  k,  k'  become 

k^k'n,     k'  =  kn~k'  {a.,  +  ^a., ...  +  {n~~Vf<Xn-ri ; 

viz.,   the   second   equation   is   here   k' =  kn  —  k' {n'^~\);   that   is,  ¥n''  —  kn,   agreeing,   as   it 
should  do,  with  the  first  equation. 

58.     Moreover,  the  deficiency- relation  is 

is{k-l){k~-i)~X\{k'  {k'  -l)-\-2k'  m  -1)  ...+n-^\k'  i^^lk'  -\)}=\(k'  -l)ik'  -2); 

or,  what  is  the  same  thing,  this  is 


{nl.'  -  1)  {i,U  -  2)  -  (i-  -  1)  (f  -  2) . 

i'"(«i  +  *«.--.  +  (n-l)' 

-i'  (■■,+  2a,...+()i-l) 

The  right-haod  side  is 

i''(»--l)-i'(3,i-3)  =  ( 

:«-l)|(»+U."-3i')), 

and  we  have  thus  the  identical  equation 

(lit' -  1)  (iii' -  2)  -  (f  -  1)  (i- -  2)  =  ( 

ii-l)i'|<«+l)i'-3j.. 

59.  It  should  be  possible,  when  the  nature  of  the  correspondence  between  the 
two  planes  is  completely  given,  to  express  each  of  the  numbers  o^,  6,,  Ci,...fl„_,,  6,j_i,... 
in  terms  of  k',  a/,  bi',  c/,  ...  a',^i,  6'„_i,  ...;  and  reciprocally  each  of  the  numbers 
«i'i  V>  Ci'>  ■■■  o^'n-M  6'n-ii  ■■■  in  terms  of  k,  Oi,  hi,  Ci, ...  a,i_,,  &,j_],  ... ;  thus  completing  a 
system  of  relations  between  the  two  sets 

{k,  a,,  6i,...a„_i,  i„-„...),         {k',  a/,  6/, ...  a'„_i,  6'„_,,...); 

but   even   if    the    theory  was   known,   there   would   bo   considerable   difficulty   in   forming 
a  proper  algorithm  for  the  expression  of  these  relations. 

60.  The  two  curves  must  have  each  of  them  the  same  deficiency.  It  is  to  he 
noticed,  that  if  the  curve  in  the  first  plane  passes  any  number  of  times  through  a 
point  P,  which  is  not  one  of  the  points  Hi,  a^,  Oj, ...  or  a„_,,  then  the  coiTesponding 
curve  in  the  second  plane  will  pass  the  same  number  of  times  through  the  corre- 
sponding   point   P',   which    point   will    not    be    one   of   the   points   a/,   o^',  ...aVi-     The 


Hosted  by 


Google 


447]  ON    THE   KATIONAL   TRANSFORMATION   BETWEEN    TWO    SPACES.  219 

points  P,  P'  will  therefore  contribute  equal  values  to  the  deficiencies  of  the  two  curves 
respectively ;  so  that,  in  equating  the  two  deficiencies,  we  may  disregard  P,  P",  and 
attend  only  to  the  points  a,,  Oj,  ...«„_!  of  the  first  plane,  and  o/,  03',  ,..«'„_,  of  the 
second  plane.     The  required  relation  thus  is 


=  i(&'-l){K-2)-2i(a,'(«,'- 


l)  +  (i,  (a,  -l)...  +  a„_.  (a,^, -1)) 
1)  +  M2'(aa'  - 1) ...  +»'„_!  (aVi  -  1)}. 


61.  In  the  case  of  the  quadric  transformation  n  —  2,  we  have  in  the  first  plane 
the  three  points  a^,  say  these  are  A,  B,  C;  and  in  the  second  plane  the  three  points 
a,',  say  these  are  A',  B',  C.  And  if  in  the  first  plane  the  curve  of  the  order  k 
passes  a,  h,  c  times  through  the  three  points  respectively,  and  in  the  second  plane 
the  corresponding  curve  of  the  order  k'  passes  a',  b',  c'  times  through  the  three  points 
respectively,  then  it  is  easy  to  obtain 


h' 


2k - 
a'=  k- 
h'=  k~ 
c'=    k~ 


k  =  2¥  -  a'  - 
a  =    k'  —  b'  - 

b=  k-  -e  - 

c  —   k'  -  a  - 


b'- 


The  Qimdric  Transformation  any  number  of  times  repeated. 

62.     We  may  successively  repeat  the  quadric  transformation  according  to  the  type : 

First  Fig.  Second  Fig.  Third  Fig.  Fourth  Fig. 

A.  B,  C  A',  B',  C 

D',  E',  F  D",  E",  F" 

G",  H",  I"  G"\  H'",  T" 

viz.,  in  the  transformation  between  the  first  and  second  figures,  the  principal  systems 
are  ABG  and  A'B'C  respectively;  in  that  between  the  second  and  third  figures, 
they  are  D'EF'  and  B'E"F"  respectively ;  in  that  between  the  third  and  fourth 
figures,  they  are  G"I{"I"  and  G"'Il"'l"'\  and  so  on.  And  it  is  then  easy  to  see  that 
between  the  fii'st  and  any  subsequent  figure  we  have  a  rational  transformation  of 
the   order   2   for  the  second  figure,  4   for   the  third   figure,  8  for   the   fourth   figure,  and 

6.3.  But  to  fiirther  explain  the  relation,  we  may  complete  the  diagram,  by  taking, 
in  the  transformation  between  the  second  and  third  figures,  A",  B",  C"  to  correspond 
to  A',  B',  C;  similai-ly,  in  that  between  the  third  and  fourth,  A'",  B"',  0'"  to 
correspond  to  A",  B",  C" ;  and  D'",  E'",  F'"  to  correspond  to  D",  E",  F".  And  so  in 
the    transformation    between    the    second    and     third    figure,    we    may    make     (?',    H',    I' 

28—2 
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CMJirespond   to    G",   H",  I",   and    between    the    first   and    second   figures    make   D,   E,   F 
■correspond  to  D',  E\  F,  and  O,  H,  I  to  G',  H',  I',  the  diagram  being  thus: 


Fiist  Fig, 

Sec. 

Mid  Fig. 

Thii-d  Fig 
A",  B",  0" 

Fourtii 
A'".  B" 
D-.  E" 

Fig. 

\A,  B,  G 

A', 

if,  c- 

,  C" 

D,  E,  F 

[z,-, 

E.  F 

D",  E",  f  j 

J... 

e,  H,  I 

G', 

H',  r 

G",  H",  r 

G'",  H'" 

,  /"' 

Observe  that  in  the  principal  systems  (for  instance,  A,  B,  G  and  A',  B',  C)  the  points 
A,  B,  G  coiTespond,  not  to  the  points  A',  B',  C,  but  to  the  Unes  B'G',  G'A',  A'B' 
respectively;   and  so  in  the  other  case. 

64.  Consider  now  a  Hne  in  the  first  figure  r  there  corresponds  hereto  in  the 
second  figure  a  conic  through  the  points  A',  B',  (7;  and  to  this  conic  there  corre- 
sponds in  the  third  figure  a  quartic  curve  passing  through  each  of  the  points 
A",  B",  G"  once,  and  through  each  of  the  points  D",  E",  F"  twice.  And  conversely, 
to  a  line  in  the  third  figure  corresponds  in  the  second  figure  a  conic  tJirough  the 
points  jy,  N,  F' ;  and  hereto  in  the  first  figure  a  quartic  through  the  points  L,  E,  F, 
once  and  through  the  points  A,  B,  G  twice;  that  is,  we  have  between  the  first  and 
third  figures  a  quartic  transformation  wherein  a,  =  cu  —  'i  and  aj  =  a/  =  3,  or  say  a 
quartic  transformation  3i3j  and  SiSg.  In  like  manner,  passing  to  the  fourth  figure,  to 
a  line  in  the  first  figure  con-esponds  in  the  fourth  figure  an  octic  curve  passing 
through  A"',  B'",  G"'  once,  through  D'",  E'",  F"  twice,  and  through  Q'",  H'",  I'"  four 
times ;  and  conversely,  to  a  line  in  the  fourth  figure  there  corresponds  in  the  first 
figure  an  octic  curve  passing  through  the  points  G,  H,  I  once,  the  points  B,  E,  F 
twice,  and  the  points  A,  B.  G  four  times;  that  is,  between  the  first  and  fourth  figures 
we  have  an  octic  transformation,  wherein  a,  =  a^  =  a,=  3,  a/ =  a,' =  a/ =  3,  or  say  a 
transformation,  order  8,  of  the  form  3i3j3j  and  3i3a3,.  And  so  between  the  first  and 
fifth  figures  there  is  a  transformation,  order  16,  of  the  form  3i3j343b  and  3|3.j3j3a. 

65.  It  is,  moreover,  easy  to  find  the  Jacobians  or  counter-systems  in  the  several 
transformations  respectively.  Thus,  in  the  transformation  between  the  first  and  second 
figures,  in  the  second  figure  the  Jacobian  consists  of  3  lines  such  as  B'G'  (viz.,  these 
are,  of  course,  the  lines  B'G',  G'A',  A'B).  Hence,  in  the  transformation  between  the 
first  and  thii'd  figures,  the  Jacobian  in  the  third  figure  consists  of 

3  conies       B"G"(D"E"F'), 
3  lines  D"E"; 

viz.,  one  of  the  conies  is  that  through  the  five  points  B',  C",  D",  E",  F',  one  of  the 
lines  that  through  the  two  points  B",  E".  And  so  in  the  fourth  figure,  the  Jacobian 
consists  of 

3  quartics  B"'G"' {D"'E"'F"'),(G"'B"'r"%, 

3  conies  D"'E"'         {G"'H"'r"\, 

3  lines  G'"jr"; 
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viz.,  one   of  the  quartics  passes  through  5"',  C";   through  D'",  E'",  F'"   each  once;   and 
through  G'",  H"\  I'"  each  twice.     And  so  in  the  fifth  figure  the  Jacobian  consists  of 

3  octics      B""0""  {D""E""F""),  (G""H""r"\  {J""K""L""\, 
3  quartics  D""E""  {G""H""r"\  {J""K""L"'%, 


3  conies 
3  hnes 


0""H"" 


{J""K""L""\, 
r"K"'\ 


66.     The   conditions   are   in   each   case  s 
This  depends  on  the  numerical  relation 

4+3(1.2+2.3  +  4.5+8.9. 


ifficient  for  the   determination  of  the  curve. 
.  +  2''(2»  +  l)]=2''+^(2''+'  +  3). 


1  +  4  +  16  ...  +  2-« 
+  1  +  2+    4...  +  2^ 


-1 


which  i 


=  I  [^■'«+''  +  3  .  2*+'  -  4] ; 
and  the  relation  is  thus  identically  true. 

67.     Conversely,    in    the    transformation    between    the    first    figu: 
othei'  figures  respectively,  the  Jacobian  of  the  first  figure  is 


and    the    several 


3  conies       DE{ABC\ 
3  lines  AB 

3  quartics  GH(DEF),(ABC), 
3  conies  DE      (ABC), 

3  lines  AB  J 

3  octics       JK  (GHI),  (DEF)^  {ABC),  ^ 
3  quartics  OH      {DEF),  (ABC)-, 

3  conies  DE      (ABC\  j 

3  lines  AB       J 

and  so  on. 


for  order  2,  betvi^ecu  first  and  second  figures; 
■   for  order  4,  between  first  and  thiitl  figures ; 

for  order  8,  betiveen  first  and  fourth  figures; 
for  order  16,  between  first  and  fifth   figures; 


Hosted  by 


Google 


222  ON   THE    RATIONAL   TSAXSFOKMATION    BETWEEN    TWO    SPACES.  [447 

Special  Cases — Reduction  of  the  Qeneral  Rational  Trannfoi-ination  to  a  Series  of  Quadnc 
Transformations. 

68.  It  was  remarked  by  Mr  Clifford  tliat  any  Cremona-transformation  whatever 
may  be  obtained  by  this  method  of  repeated  quadric  transformations,  if  only  the 
principal  systems,  instead  of  being  completely  arbitrary,  are  properly  related  to  each 
other.     To  take  the  simplest  instance ;   suppose  that  wc  have 


First  figure. 

Second  figure. 

Third  figut 

A,  B,  C 

A',  B',  C 

B",  C" 

E,  F 

D',  E',  r 

D",  E",  F" 

viz.,  in  the  transformation  between  the  first  and  second  figures,  we  have  the  principal 
systems  ABG  and  A'B'G'  (arbitrary  as  before);  but  in  the  transformation  between  the 
second  and  third  figures,  the  principal  systems  are  D'E'F'  and  D"E"F",  where  i)', 
instead  of  being  arbitrary,  coincides  with  A'.  And  we  then  have  B",  C"  in  the  third 
figure  corresponding  to  B',  C  in  the  second  figure,  and  E,  F  in  the  first  figure  corre- 
sponding to  E',  F'  in  the  second  figure.  This  being  so,  to  a  line  in  the  first  figure 
corresponds  in  the  second  figure  a  conic  through  A',  B',  C.  But  A' —  ly  \  viz.,  this 
conic  passes  through  a  point  D'  of  the  principal  system  of  the  second  figure,  in  regard 
to  the  transformation  between  the  second  and  third  figures.  That  is,  {h,  a,  b.  c  referring 
to  the  second  figure,  and  k',  a',  b',  c'  to  the  third  figure,  k  =  %  a—\,  6  =  0,  c  =  0,  and 
therefore  &' =  3,  a'=%  b' -\y  c"  =  1,)  corresponding  to  the  conic  we  have  in  the  third 
figure  a  curve,  order  3  (cubic  curve),  passing  twice  through  D'\  but  once  through  E" 
and  F"  respectively;  this  cubic  curve  passes  also  through  the  points  S',  C"  which 
correspond  to  B',  C  respectively;   that  is, 

cubic  passes  through  E",  F",  B",  G"  each  1  time 
„  „  D"  2  times ; 

or,  corresponding  to  a  lino  in  the  first  figure,  we  have  in  the  third  figure  a  curve, 
order  3,  passing  through  four  fixed  points  each  1  time,  and  through  one  fixed  point 
2  times.  That  is,  we  have  m  =  3,  a,' =  i,  a^'—l.  And  in  the  same  manner,  to  a  line 
in  the  third  figure  there  corresponds  in  the  first  figure  a  cubic  through  four  fixed 
points  (viz.,  B,  C,  E,  F)  each  1  time,  and  through  one  fixed  point.  A,  2  times;  so 
that  also  a,  —  i,  Oj  =  1.  The  transformation  is  thus  of  the  order  3,  and  the  form 
4il5  and  Ijlj  (this  is  in  fact  the  only  cubic  transformation;  see  the  Tables,  (Wiie,  No.  41). 

69.  Mr  Clifford  has  also  devised  a  very  •  convenient  algorithm  for  this  decom- 
position of  a  transformation  of  any  order  into  quadric  transformations.  The  quadric 
transfoi-mation  is  denoted  by  [3],  the  cubic  transformation  by  [41],  the  (juartic  trans- 
formations by  [601],  [330],  the  quintic  ones  by  [8001],  [3310],  [0600],  and  so  on ;  see 
the  Tables  just  referred  to.  (This  is  substantially  the  same  as  a  notation  employed 
above,  the  zeros  enabling  the  omission  of  the  suffixes;  viz.,  [8001]  =  8,  I4 ;  and  so  in  other 
cases.) 


Hosted  by 


Google 


447]  ON    THE   RATIONAL   TRANSFORMATION   BETWEEN    TWO   SPACES.  223 

70.  The  foregoing  result  is  represented  thus  [4,  1]  =  [3J0,  0,  1),  which  I  proceed 
to  explain.  Consider  in  the  first  figure  a  line ;  the  symbol  [3]  denotes  that  in  the 
second  figure  we  have  a  conic  with  three  points  (a/).  We  are  about  to  apply  to  this 
a  quadric  transformation ;  (0,  0,  0)  would  denote  that  the  three  points  of  the  principal 
system  in  the  second  figure  were  all  of  them  arbitrary;  (0,  0,  1)  that  one  of  these 
points  was  a  point  a/ ;  {0,  1,  1)  that  two  of  them  were  points  a{ ;  (1,  1,  1)  that  all 
three  of  them  were  points  1^ ;  (0,  0,  2)  would  denote  that  one  of  the  points  was  a 
point  Oj';  only  in  the  present  case  we  can  have  no  such  symbol,  by  reason  that  there 
are  no  points  a/.  Hence  [3J001)  denotes  that  the  conic  has  applied  to  it  a  quadric 
transformation  such  that,  in  the  transformation  thereof,  one  point  of  the  principal  system 
coincides  with  one  of  the  points  (a/)  on  the  conic.  To  [3],  qud-  quadric  transformation, 
belongs  the  number  2;  and  from  2,  (001)  we  derive  3,  (112),  {in  general  k,  {a,  b,  c) 
gives  k',  {a',  b',  c'),  where  h'  —  2k—a  —  b~c,  a'  —  k~-b  —  c,  b'^k—c—a,  c'  =  k  —  a—b]. 
k=2  corresponds  to  a  symbol  [3]  of  one  number,  k'  ^3  to  a  symbol  of  two  numbers ; 
viz.,  we  change  [3]  into  [30];  we  then,  in  the  aymbots  (112)  and  (001),  consider  the 
frequencies  of  the  several  numbers  3,  2,...  taking  those  in  the  first  symbol  as  positive, 
and  those  in  the  second  symbol  as  negative ;  or,  what  is  the  same  thing,  representing 
the  frequency  as  an  index,  we  have  P2',  1~' ;  or,  combining,  l''""^2^;  these  indices 
arc  then  added  on  to  the  numbers  of  [30] ;  viz.,  the  index  of  1  to  the  first  number, 
the  index  of  2  to  the  second  number  (and,  in  the  case  of  more  numbers,  so  on) : 
[30]  is  thus  converted  into  [41],  and  we  have  the  required  equation 

[41]  =  [31001), 

where  the  ratioiude  of  this  algorithmic  pi'ocess  appears  by  the  explanation,  ante,  No.  68. 

71.  As  another  example  take 

[8001]  =  [6013:003). 

To  [601],  qua  quartic  transformation,  belongs  the  number  4;  and  from  4,  (003)  we  form 
.5,  (114) ;  where  the  5  indicates  that  [601]  is  to  be  changed  into  [6010] ;  then  (114), 
(003),  writing  thom  in  the  form  1=2''3~'4',  show  that  to  the  numbers  of  [6010]  we  are 
to  add  2,  0,  —  1,  1  ;  thus  changing  the  symbol  into  [8001],  so  that  we  have  the  required 
relation. 

72.  Mr  Clifford  calculated  in  this  way  the  following  table,  showing  how  any  trans- 
formation of  an  order  not  exceeding  8  can  be  expressed  by  means  of  a  series  of  quadric 
transformations;  the  symbols  Cr.  3,  Cr.  4  . 1  ;  4.2,  &c.,  refer  to  the  order  and  number 
of  Cremona's  tables,  ante.  No.  41. 

Cr.  3  .      =  [  41]  =  [3J001), 

Cr.  4  .  1  =  [601]  -  [413;002)  =  [33;001  $002), 

4.2  =  [330]  =  [  3^000)  =  [41J011)  =  [SJOOlJOll), 
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=  [3([001J000), 


-  [eOlJOOS)  =  [3J0015002J003), 

-  [  41J001)  =  piJOOl  JOOl), 
=  [3301111)  =[31000J111)  =[31001 5011  Jill), 

-  [8001J004)        =  [3I001J002J003J004), 
-[3301011)        -[33:0005011)  -[3J001JO11J011), 

-  [  (ioifoii)      -  [33;ooijoo2jon)^ 

=  [33103;022)  ■  [3J0015001 J022)/  ' 

=  [  3301002)  =  [SJOOOJOOZ), 

-  [3310J013)  =  [3I001J0015013). 
=  [lO.OOOlJOOo)  =  [3I001J002J003J0045005), 
=  [SJOOOJOOl)  .  [232100], 
-[3310J111)  -  [3£001J001Jin), 

.  [  ooijooi)      =  [33;ooijoo2jooi). 

-  [33101003)  =  [3JOOI5OOIJOO3), 
.  [  3|;001J0025003J004J005J006), 
=  [     3310£002)    -  [33;0014001ji002), 

-  [     3310J011)    =  [3J001J001  JOll), 

-  [0340001222)    .  [SJOOlJOOlJlll  J222), 

-  [  340101004)    -  [330J002J004)         =  [33;O0OJOO2JOO4). 

-  [       601 JOOO)    =  [3(i;001J002JOOO), 
=  [     0600J002)    -  [33;000J111J222), 

-  [  41300J112)    =  [3J001JOOOJ112), 

-  [  3I0O0JOO0JOOO). 

73.  The  reduction  as  above  of  a  transformation  to  a  series  of  quadric  transfor- 
mations, enables  tlie  determination  of  the  reciprocal  transformation ;  or,  what  is  the 
same  thing,  the  determination  of  the  Jacobian  of  the  Hvst  figure;  see  the  example, 
ante.  No.  67,  where  it  appears  that  the  reciprocal  transformation  of  [41]  is  [41].  But 
I  do  not  see  any  easy  algorithmic  process  for  the  determination  of  the  reciprocal  trans- 
formation, or  stiil  less  any  general  form  in  which  the  result  can  be  expressed ;  and 
I  do  not  at  present  pursue  the  inquiry. 


.5.1  =  [8001] 
5.2  =  [3310] 
5.3-  [0600] 

.6,1-  [10,0001] 
6.2  =  [14200] 
6.3-  [41300] 

6.4  =  [31010] 

.7.1-  [12,00001] 

7.2  =  [3301001) 
7.3-  [034000] 

7.4  =  [503100] 

7.5  =  [350010] 
.8.1-  [14,000001] 

8.2-  [3230100] 

8.3  =  [1322000] 

8.4  =  [0070000] 

8.5  =  [3600010] 
8.6-  [6013000] 

8.7  =  [0520100] 

8.8  =  [2051000] 

8.9  =  [3303000] 


The  Hationat  Transformation  hetiijeen  Two  Spaces. 

74.  The  general  principles  have  been  already  explained :  the  two  systems 
x'  :  y  :  2'  :  w' =  X  :  Y  :  Z  :  W  axA  x  :  y  :  z  :  m>=X'  :  Y'  :  Z'  :  W  must  be  derivable 
the   one   from   the   other ;   and   starting   with   the   first   system,   this  will   bo   the   case   if 
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only  the  surfaces  X=0,  Y  =  0,  Z  =  0,  W=0  have  a  commoa  intersection  equivalent  to 
7i'— 1  points  of  intersection,  but  not  equivalent  to  a  complete  common  intersection  of 
n^  points.  The  last-mentioned  circumstance  would  arise,  if  the  condition  of  the  common 
intersection  should  impose  upon  the  surface  more  than  ^(n  +  l)(n+2)(n  +  S)  —  i  con- 
ditions ;  viz.,  the  surfaces  would  then  be  connected  by  an  identical  equation  or  syzygy 
aX+ ^Y+y2+BW=0.  The  common  intersection  is  a  figure  composed  of  points  and 
curves ;  say  it  is  the  principal  system  in  the  firet  space  ;  the  problem  is,  to  determine 
a  principal  system  equivalent  to  n^—1  points  of  intersection  but  such  that  the  number 
of  conditions  to  be  satisfied  by  a  surface  passing  through  it  is  not  more  than 

i(»  +  l)(»  +  2){«  +  3)-l. 

75.  The  following  locutions  are  convenient.  We  may  say  that  the  number  of 
conditions  imposed  upon  a  surface  of  the  order  n  which  passes  through  thi  common 
intersection  is  the  Postulation  of  this  intersection ;  and  that  the  nunibei  of  points 
represented  by  the  common  intersection  (in  regard  to  the  puiut^  of  mtet  section  of  any 
three  surfaces  each  of  the  oi-der  n  which  pass  through  itj  is  the  Equivalence  of  this 
intersection.     The  conditions  above  referred  to  are  thus 

Equivalence  =Ji^  —  1, 

Postulation  >•  ^  (w  -|- 1)  (n  -|-  2)  (n  +  3)  -  4. 

76.  It  would  appear  by  the  analogy  of  the  rational  transformation  between  two 
planes,  that  the  only  cases  to  be  considered  are  those  for  which 

Postulation  =  ^  (ji  -|- 1)  (w  +  2)  (n  -f  3)  -  4  ; 

but  I  cannot  say  whether  this  is  so. 

77.  In  the  transfoi'mation  between  two  planes,  the  two  conditions  lead,  as  was 
seen,  to  the  result  that  the  curve  aX  +  bY+cZ^O  is  uuicursal.  I  do  not  see  that 
in  the  present  case  of  two  spaees,  the  two  conditions  lead  to  the  corresponding  result 
that  the  surface  aX +  bY+cZ  +  dW=0  is  unicursal;  that  this  is  so,  appears,  however, 
at  once  from  the  general  notion  of  the  rational  transformation.  In  fact,  the  equation 
in  question  aX +  bT+cZ+dW  —  0  is  satisfied  by  ;»  ;  y  :  s  :  w=X'  :  ¥'  :  Z  :  W  and 
aaf  +  by'  +  cs'  +  d«/  =  0 ;  the  last  equation  determines  the  ratios  x'  :  y'  :  ^  :  w'  m  terms 
of  two  arbitrary  parameters  (say  these  are  af  :  y'  and  of  :  /),  and  we  have  then 
x-.y-.z-.v!  proportional  to  rational  functions  of  these  two  parameters ;  that  is,  the  surface 
aX-VbY '\-cZ-\-AW  =  ^  is  unicursal.  And  similarly  the  surface  ctX'-l-6F'-Hc2''  +  (?TF'  =  0 
is  unicursal. 

78.  In  the  most  general  point  of  view,  the  principal  system  will  contain  a  given 
number  of  points  which  are  simple  points,  a  given  number  which  are  quadriconical 
points,  a  given  number  which  are  cubiconical  points,  &c.  &c.,  on  the  surfaces;  and 
similarly  a  given  number  of  curves  which  are  simple  curves,  a  given  number  which 
are  double  curves,  &c.  &c.,  on  the  surfEices.  But,  to  simplify,  I  will  consider  that  it 
includes   only   points   which    are   simple   points,   and   a    curve   which    is   a    simple   curve 

C.   vri.  29 
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on  the  surfaces:  this  curve  may,  however,  break  up  into  separate  curves,  and  we  thus, 
in  fact,  admit  the  case  where  there  aro  any  number  of  separate  curves  each  of  them 
a  simple  curve  on  the  surfaces.  It  is  right  to  remark  that  we  cannot  assert  a  priori — 
and  it  is  not  in  fact  the  ease — that  the  principal  system  in  the  second  space  will  he 
subject  to  the  like  restrictions :  starting  with  such  a  principal  system  in  the  first 
space,  we  may  be  led  in  the  second  space  to  a  principal  system  including  a  curve 
which  is  a  double  curve  on  the  surfaces ;    an  instance  of  this  will  in  fact  occur. 

T9.  It  is  shown  (Salmon's  8olid  Geometry,  2nd  ed.,  p.  283,  [Ed.  4,  p.  321]),  that  in 
the  intersection  of  three  surfaces  of  the  orders  /i,  v,  p  respectively,  a  curve  of  inter- 
section of  the  order  m  and  class  r  counts  as  m(/j.  +  v  +  p  —  2}  —  r  points  of  intersection. 
For  a  curve  without  actual  double  points  or  stationary  points,  we  have  r  =  tn  (m.  —  1)  —  2h, 
where  h  is  the  number  of  apparent  double  points;  or,  substituting,  we  have  the  curve 
counting  for  ^.{fi,  +  f  +  p  —  2) —  m{m  —  l)  +  2h  points  of  intersection ;  this  is  in  fact  a 
more  general  form  of  the  formula,  inasmuch  as  it  extends  to  the  case  of  a  curve  with 
actual  double  points  and  stationary  points.  Or,  what  is  the  same  thing,  the  three 
surfaces  intersecting  in  the  curve  of  the  order  m  with  h  appai-ent  double  points,  will 
besides  intersect  in  fivp  —  m(fi.+  v  +  p  —  2)  +  m(m  —  l)  —  2h  points;  viz.,  the  curve  may, 
besides  the  apparent  double  points,  have  actual  double  points  and  stationary  points; 
but  these  do  not  affect  the  formula. 

80.  Some  caution  is  necessary  in  the  application  of  the  theorem.  For  instance, 
to  consider  cases  that  will  present  themselves  in  the  sequel :  let  the  surfaces  be  cubics 
(fj,:^p  =  p  =  S);  the  number  of  remaining  intersections  is  given  as  =21  —  7m  ■\-7n(m  —  l)—2h. 
Suppose  that  the  curve  consists  of  four  n  on -intersecting  lines,  m  =  4,  A  =  6,  the  number 
is  given  as  =  —  1.  But  observe  in  this  case  there  are  two  lines  each  meeting  the 
four  given  lines ;  that  is,  any  cubic  surface  passing  through  the  four  given  lines  meets 
these  two  lines  each  of  them  in  four  points,  that  is,  the  cubic  passes  also  through 
each  of  the  two  lines ;  the  complete  cwrwe-intersection  of  the  surfaces  is  made  up  of  the 
six  lines  m  =  6,  /t  =  7  (since  each  of  the  two  lines,  as  intersecting  the  four  lines,  gives 
actual  double  points,  but  the  two  lines  together  give  one  apparent  double  point), 
and  the  expression  for  the  number  of  the  remaining  points  of  intersection  becomes 
=  27  —  42+30  —  14=1,  which  is  correct, 

81.  Similarly,  if  the  given  curve  of  intersection  be  a  conic  and  two  non-intersecting 
lines,  there  is  here  in  the  plane  of  the  conic  a  line  meeting  each  of  the  two  given 
lines,  and  therefore  meeting  the  cubic  suifitce,  in  four  points,  that  is,  lying  wholly  in 
the  cubic  surface :  the  complete  cwnie-intersection  consists  of  the  conic,  the  two  given 
lines,  and  the  last- mentioned  line,  m  =  .5,  A  =  5,  and  the  number  of  points  of  intersection 
IS  =  27  —  35  -1-  20  —  10,  —  2,  which  is  correct.  Again,  if  the  given  curve  of  intersection 
be  two  conies,  here  the  line  of  intersection  of  the  planes  of  the  conies  lies  in  the 
cubic  surface ;  or,  for  the  complete  cwrj^e- intersection  we  have  m  =  5,  ^  =  4  ;  and  the 
number  of  points  is  27  —  35  +  20  -  S,  —4.  If  in  this  last  case  each  or  either  of  the 
conies  become  a  pair  of  intersecting  lines,  or  if  in  the  preceding  case  the  conic  becomes 
a  pair  of  intersecting  lines,  the  I'esults  remain  unaltered. 
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82.  If  a  surface  of  the  order  fi  pass  through  a  curve  of  the  order  m  and  class 
r  without  stationary  points  or  actual  double  points,  this  imposes  on  the  surface  a 
number  of  conditions  =(^+l)m  — ^r.  In  the  case  in  question,  the  value  of  r  is 
=  m(m  — 1)  — 2A;  or,  substituting,  the  number  of  conditions  is  =(/*+ l)m  — Jm(m— l)+fi  ; 
and  the  formula  in  this  form  holds  good  even  in  the  case  where  the  curve  has 
stationary  points  and  actual  double  points.  Thus  ^  =  3,  the  number  of  conditions  is 
=  4m  — 4«*(™  — 1)  +  /*-  If  the  curve  be  a  line,  m  =  l,  A  =  0,  number  of  conditions  is 
=  4 ;  if  the  curve  be  a  pair  of  non-intersecting  lines,  m  =  2,  A  =  1,  number  of  con- 
ditions is  —  8.  And  so  in  general,  if  the  curve  consist  of  k  non -intersecting  hnes 
(^=4  at  most),  then  m^k,  h  —  ^k{k~l),  and  the  number  of  conditions  is  —  ik.  If 
the  curve  be  a  conic,  or  a  pair  of  intersecting  lines,  m  =  2,  A=l,  and  the  number  of 
conditions  is  =7.  If  the  curve  consist  of  k  line.s,  such  that  there  are  8  pairs  of  inter- 
secting lines,  then  m.  =  k,  h  =  ^k{k  —  l}—  0,  and  the  number  of  conditions  is  —4^—^. 
It  is  obvious  that,  the  number  of  conditions  for  a  line  being  =  4,  that  for  the  k  lines 
with  6  intersecting  pairs  must  have  the  foregoing  value  ik  —  0.  In  fact,  when  the 
lines  do  not  intersect,  we  take  on  each  line  4  points,  and  the  cubic  surfece  passing 
through  any  such  4  points  will  contain  the  line ;  but  for  two  lines  which  intersect, 
taking  this  point,  and  on  each  of  the  intersecting  lines  3  other  points,  the  cubic 
surface  through  the  7  points  will  pass  through  the  two  lines ;   and  so  in  other  cases. 

83.  The  formula  must,  in  some  instances,  be  applied  with  caution.  Thus,  given 
five  non-intersecting  lines  &  =  5,  ^  =  0,  and  the  number  of  conditions  is  =  20 ;  and  a 
cubic  surface  cannot  be,  in  general,  made  to  pass  through  the  lines.  But  if  the  five 
lines  are  met  by  any  other  line,  then  a  cubic  surface,  if  it  pass  through  the  five 
lines,  will  pass  through  this  sixth  line ;  for  the  six  lines  ^  =  6,  0  =  o,  and  the  number 
of  conditions  is  24  —  5  =  19;  so  that  there  is  a  determinate  cubic  surface  through  the 
six  lines,  and  therefore  through  the  five  lines  related  in  the  manner  just  referred  to. 

84.  Recurring  to  the  problem  of  transformation,  it  appears  by  what  precedes,  that 
if  the  principal  system  in  the  first  plane  consists  of  a,  points,  and  of  a  curve  of  the 
order  nii  with  h^  apparent  double  points  (the  a,  points  being  simple  points,  and  the 
curve  a  simple  curve  on  the  surfaces),  then  the  conditions  for  a  transformation  arc 

(3rt  -  2)  m,  -    Mil  {m,  -1)+  2k^  +  a,  =  n'~l, 

(  )i  +  l)m,-im,(m,-l)+   h,  +  a,^^,(n +  l)(n  +  2)(n  +  S)-'k, 

where,  in  the  second  line,  instead  of  :^  I  have  written  =.  I  remark,  in  passing, 
that  I  have  ascertained  that  an  actual  triple  point  counts  as  an  apparent  double 
point ;  or,  what  is  the  same  thing,  that  if  the  curve  has  t,  actual  triple  points,  then 
we  may,  instead  of  hi,  write  hi  +  t,.     The  equations  give 

m,{4,n~5-m)^i{n-l)(5n'~   n-l2)-2h„ 

to  which  may  be  joined 

(3«  -I-  8)m,  -  2m,  (m,  -  1)  -I-  ili,+  oa,  =  {n~l)  (6b  +  17). 


Hosted  by 


Google 


228                  ON   THE   RATIONAL    TRANSFORMATION  BETWEEN    TWO    SPACES.               [447 

The  first  two  equations  for  the  successive  values  of  n  give 

m  =  2,     m,(  3-?it,)=      2-2Ai,  2mi  +  a,= 

n  =  3,     jfij  (  7  -  mO  =    20  -  2h„  mj  +  a,= 

n  =  4>,    m,  {11 -»«,)=    64-2A,,  «!  =  - 

ji  =  5,     m,{15-m,)  =  14*-2Ai,  -    m,  +  a,=  -- 

n  =  6,    TOi{19-m,)  =  270-2/<„  -  2m,  +  Oj  = - 

&c.                          &c.  &c. 

85.  It  is  remarkable  that  for  jj  =  4  there  is  no  solution  of  the  geometrical 
problem;  in  fact,  a,  =  —  1,  a  negative  value  of  a,,  shows  that  this  is  so.  For  the 
higher  values  of  n,  there  seem  to  be  solutions  with  large  values  of  m,,  hi,  a,;  for 
example,  n  =  5,  we  have  mj  =  20  +  ai,  is  =20  at  least.  Writing  )jii  =  20,  we  have 
-]00  =  144-2A^,  or  2^1  =  244.  The  highest  value  of  2/ii  is  =  (m,  -  1)  {m,  -  2),  which 
for  Ml  =  20  is  =842;  or  the  foregoing  value  2fti  =  244  is  admissible.  Thus  mi  =  20, 
A,  =  122,  ai  =  0  gives  a  solution;  and,  moreover,  any  larger  value  of  wij,  say  mi  =  20  +  a, 
gives  an  admissible  solution,  mi  =  20  +  a,  Ai  =  122  +  Ja(a  + 25),  a^^a.  And  so  for  w  =  6, 
&c. ;  but  I  have  not  further  examined  any  of  these  cases,  and  do  not  understand 
them. 

There  remain  the  cases  Ji  =  2,  n  =  3.  For  n  =  2,  since  2mi  +  Oi  =  -5,  we  have  m,  =  0, 
1,  or  2 ;  mi  =  0  gives  Ii,  =  0,  which  is  not  admissible.  The  remaining  solutions  are 
mj=l,  ^  =  0,  ai  =  3;   and  nii  =  2,  hi  =  0,  ai  =  l. 

For    n=3,   since    «ii+ai  =  6,   we    have    m,  =  0,   1,   2,  3,   4,   5,   or    6.      m]  =  0    gives 

Ai  =  10 ;   m,  =  1   gives   A,  =  7  ;   TOi  =  2   gives   h,  =  5;   m,  =  3  gives   A,  =  4 :   these  values  are 

not    geometrically   admissible.     The    remaining    cases    are  m,  —  i,   A,  =  4,   a^  =  2 ;    mi  — 5, 
Ai  =  5,  Qi  =  l;  TO:  =  6,  Ih  =  1,  a,  =  0. 

86.  The  reciprocal  transformation  is  in  every  case  of  the  order  n' =  n'' —  m,. 
Hence  considering  the  quadric  transformations: 

First,  the  case  w  =  2,  «ii  =  l.  A]  =  0,  0:1=  3;  the  reciprocal  transformation  is  of  the 
order  n'  =  S.  Suppose  for  a  moment  that  the  principal  system  in  the  second  space  is 
of  the  same  nature  as  that  above  considered  in  the  first  space,  consisting  of  a,' 
points,  and  a  curve  of  the  order  ni,'  with  /i/  apparent  double  points  (the  ai'  points 
each  a  simple  point,  and  the  curve  a  simple  curve  on  the  surfaces  X'  —  0,  &c). 
Passing  back  to  the  original  transformation,  we  should  have  2  =  9  —  m,',  that  is,  m,'  =  7. 
But  it  has  just  been  seen  that,  for  n=3,  the  only  values  of  m,  are  4,  5,  6;  hence 
for  n'  =  S  we  cannot  have  m/  =  7.  The  explanation  is,  that  the  principal  system  in 
the  second  space  is  not  of  the  form,  in  question;  it,  in  fact,  consists  (as  will  appear) 
of  three  lines  each  a  simple  line,  and  of  another  line  which  is  a  double  line  on  the 
surfaces  X'  =  0,  &c.  In  the  intersection  of  any  two  of  these  surfaces,  the  three  lines 
count  each  once,  the  double  line  four  times,  and  the  order  of  the  curve  of  intersection 
is  thus  3  +  4  =  7,  as  it  should  be.  The  principal  system  may  be  characterized  a,'  =  0, 
nil'  =  3,  A,'  =  3,  1114  —  1.  ^'2'  =  0. 
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Next,  the  ease  Ji  =  2,  m,  =  2,  Ai  =  0,  fli  =  1 :  the  reciprocal  transformation  is  of  the 
order  n'  =  2;  it  is  evidently  not  of  the  form  above  considered  (for  this  would  make 
the  original  transformation  to  be  of  the  order  3).  Hence,  assuming  (as  it  seems 
allowable  to  do)  that  the  principal  system  does  not  contain  any  multiple  point  or 
curve,  the  reciprocal  transformation  will  be  of  the  same  form  as  the  original  one ; 
viz.,  we  shall  have  n'  =  2,  mi'  =  2,  hi'  =  0,  a,'  =  1. 

87.  Considering  next  the  cubic  transformations,  or  those  belonging  to  w  =  3 ;  in 
the  case  mi  =  4,  Ai  =  4,  a]  =  2,  the  reciprocal  transformation  is  of  the  order  9  —  4,  =-5; 
and  in  the  case  m]  =  5,  A,  =  5,  a^  =  1,  the  reciprocal  transformation  is  of  the  order 
9  — 5,  =4:  I  do  not  consider  these  cases.  But  ?%=6,  hj  —  T,  ai=0,  the  reciprocal 
transformation  is  of  the  order  9  —  6,  =  3 ;  and  assuming  (as  seems  allowable)  that  the 
principal  system  does  not  contain  any  multiple  point  or  curve,  it  must  be  of  the 
same  ibrm  as  the   original   transformation,  that   is,  we    must    have    «'  =  3,  m,'  =  6,  h,'  =  7, 

8S.  The  transformations  to  be  studied  ai'e  thus, — 1°  The  quadri-quadric  trans- 
formation n=%  m]  =  2,  /i,  =  0,  a,=  l,  and  n'  =  2,  m/  =  2,  A|'  =  0,  ai'=l;  the  principal 
system  in  each  space  consists  of  a  point  and  of  a  conic  (which  may  be  a  pair  of 
intersecting  lines) ;  and  the  surfaces  are  quadrics.  2°  The  quadri-cubic  transformation 
n,  =  2,  mi  =  l,  Ai  =  0,  a,  =  3,  and  n'  =  3,  a,'  =  0,  m,'  =  3,  V  =  3,  m/  =  l,  h^'  =  0:  in  the  first 
space  the  principal  system  consists  of  three  points  and  a  line,  and  the  surfaces  are 
quadrics :  in  the  second  figure,  the  principal  system  consists  of  three  simple  lines  and  a 
double  line;  and  the  surfaces  are  cubic  surfaces  passing  through  this  principal  system, 
that  is,  they  are  cubic  scrolls.  3°  The  cubo-cubic  transformation  n  =  5,  Oi  =  0,  wi^  =  6, 
h,  =  7,  and  n'  —  3,  a/  =  0,  m,'  =  6,  Aj'  =  7  ;  in  each  space  the  principal  system  is  a  sextic 
curve  with  seven  apparent  double  points  (but  there  are  different  cases  to  be  considered 
according  as  the  sextic  curve  does  or  does  not  break  up  into  inferior  curves),  and 
the  surfaces  are  cubic  surfaces  through  the  sextic  curve. 

The  Qiiadri-quadric  Transformation  between  Two  Spaces. 

89.  Starting  from  the  equations  of  :  y'  :  sf  :  w'  =  X  :  Y  :  Z  :  W,  we  have  here 
X  =  0,  &c.,  quadric  surfaces  passing  through  a  given  point  and  a  given  conic  (which 
may  be  a  pair  of  intersecting  lines).  Take  x  =  Q,  y  —  0,  z=0  for  the  coordinates  of 
the  given  point ;  w  =  0  for  the  equation  of  the  plane  of  the  conic ;  the  conic  is  then 
given  as  the  intersection  of  this  plane  by  a  cone  having  the  given  point  for  its 
vertex;  or  say  the  equations  of  the  conic  are  w  —  0,  (a,...'^a:,  y,  zy  =  0;  the  general 
equation  of  a  quadric  through  the  point  and  conic  is  w  (a*  +  ^y  +  yz)  +  h{a,  ...^x,  y,  zf  =  0) 
and  it  hence  appears  that  the  equations  of  the  transformation  may  be  taken  to  be 

x'  :  y'  :  £  :  w'  =  xiv    :  yw     :  zw     :  (a,  ...\x,  y,  a)^; 

these  give  at  once  a  reciprocal  system  of  the  same  form ;   viz.,  the  two  sets  are 

sf  :  y'  :  z'  :  w'  =  am!    :  yw    :  zw    :  {a,  ...\x ,  y ,  zy, 
and 

X    :  y    :  z   '■  w  =x'vj    :  y'w'  :  s'w'  :  (a,  ...  Ja;',  y',  z'y. 
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90.  The  Jacobiaii  of  the  first  space  ia  at  once  found  to  be 

w^(a,  ...Jic,  y,  zf  —  0; 
that  of  the  second  space  is  of  course 

»'•(«,  ■•■$«■.  !/.^)'-0. 
The  two  spaces  are  similar  to  each  other;  we  may  say  that  there  is  in  each  of  them 
a  principal  point  and  a  principal  conic ;  that  the  plane  of  the  conic  is  the  principal 
plane,  and  the  cone  having  its  vertex  at  the  point  and  passing  through  the  conic  is 
the  principal  cone.  To  the  principal  point  of  either  space  coire.^onds  any  point 
whatever  in  the  principal  plane  of  the  other  space;  and  conversely.  More  definitely,  the 
points  of  the  one  principal  plane  and  the  infinitesimal  elements  of  direction  through  the 
principal  point  of  the  other  space  correspond  according  to  the  equations  x  -.y  :  z  =  a^  -.i/  :  s/. 
To  any  point  on  the  principal  conic  of  either  space  corresponds  in  the  other  space,  not 
a  mere  element  of  direction  through  the  principal  point  of  the  other  space,  but  a 
line  of  the  principal  cone ;  that  is,  to  the  points  of  the  principal  conic  of  the  one 
space  correspond  the  lines  of  the  principal  cone  of  the  other  space.  The  Jacobian 
of  either  space,  consisting  of  the  principal  plane  twice,  and  of  the  principal  cone,  is 
thus  the  principal  counter-system  of  the  other  apace. 

91.  [Writing  (a,  ...J^c,  y,  zf  =  a?-\-y--\-z'',  w=m;'  =  1,  the  equations  of  transformation 
become 

x'  :  y'  :  z    :  \  =  x    :  y    :  s    :  sf  +  y"  +  s- , 
and 

a:    :  y    :  z    :  1  —  x    :  y'  :  s/  ;  x'-  +  y"'  +  z'~-, 

or,  what  is  the  same  thing,  if  for  shortness 

a;^ + ;/'  +  2^  =  J■^  x'- + ;/'= + /^ = /^ 

the  equations  are 

,      X  ,      y         ,      z  ,  a^  y  / 

3;=— ,     y  —-^ ,     z  ——;    and    x=^,,     y—-^,     z  =  —r.^, 

whence  also  J7-'  =  1 ;   this  is  the  well  known  transformation  by  reciprocal  radius  vectors.} 

92.  The  principal  conic  may  be  a  pair  of  intersecting  tines ;  taking  its  equations 
to  be  w  =  0,  xy  =  0,  the  equations  of  transformation  here  become 

x'  :  y'  :  z'  :  w'  =  xvj     :  yw     :  zw     :  xy, 
and 

X    :  y   :  z    :  w  =  a^w'  :  y'w   :  z^w'  :  x'y'. 

There  is  no  difficulty  in  the  further  development  of  the  theory. 

The  Qaadri-cvhic  Transformation  between  Two  Spaces. 

93.  It  will  be  convenient  to  have  the  unaccented  letters  (x,  y,  z,  w)  referring  to 
the  cubic  surfaces.  I  will  therefore  take  the  quadric  surfaces  in  the  second  figure ; 
viz.,   I   will   start   from   the   equations   x  :  y   :  z  :  w  =  X'  :   Y'  :  Z'  :   W,   where   X'  —  0, 
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y  =  0,  Z'  =  0,  W  —  O  are  quadric  surfaces  passing  through  three  fixed  points  (say  tlie 
principal  points)  and  through  a  fixed  line-  (say  the  principal  line)  in  the  second  figure. 
Taking  x' =  0,  y'  =  0  for  the  planes  passing  through  the  priucipal  line  and  through 
two  of  the  principal  points  respectively ;  /  =0  for  the  plane  pacing  through  the 
three  principal  points,  w'  =  0  for  an  arbitrary  plane  passing  through  the  first  mentioned 
two  principal  points,  the  implicit  factors  of  x',  y,  w'  may  he  so  determined  that  for 
the  third  principal  point  x'  ==y'  ^  —  w.    That  is,  we  shall  have 

for  principal  line        x'  =  0,  i/  =  Q, 
for  principal  points  {sf  —  d,  y  =  0,  w'  =  0), 
(/=0,  /-O,  w'=0). 

and  this  being  so,  the  equation  of  a  quadric  surface  through  the  principal  points  and 
line  will  be 

(ax'  +  ^y')  sf  +  rfx  (y'  +  w'}  +  By'  (x'  +  w'), 

and  the  equations  of  transformation  may  be  taken  to  be 

x  :  y  :  z  -.w  =^x'sf  :  //  :  x'(y'^-w')  :  j/ (cr/ +  w). 

94.  Writing  these  in  the  extended  form 

X  :  y  :  z  :  w  :  x-y  :  z-w^x'z'  :  y'/  :  x' (ij +  w')  :  i/ (x  +  ^u')  :  z' {x  -  ij)  :  v/ (x'  -  y') 

and  forming  also  the  equation 

xy  :  (xw  -  yz)  =  z'  :  x'  ~  y', 

we  at  once  derive  the  reciprocal  system  of  equations 

al  :  y-  :  z'  :  V)'  =x{xw-yz)  :  y{xw  -  yz)  :  (x-y)xy  :  (z  -  w)  xy, 

80  that  this  is  a  cubic  transformation.  And  the  cubic  surface  in  the  first  space 
(corresponding  to  an  arbitrary  plane  oaf  +  by'  +  cz'  4-  dw'  =  0  of  the  second  space)  is 
((Lx  +  by){xw~yz)  +  c{x  —  y}xy  +  d(2:  —  io)xy  —  0;  viz.,  this  is  a  cubic  surface  having 
the  fixed  double  line  (a:  =  0,  y  =  0),  the  fixed  simple  lines  («  =  0,  z  —  0),  {y  —  O,  w  =  0), 
and  (x  —  y^O,  ir  — w  =  0);  it  has  also  the  variable  simple  line  (dz  +  cx  —  0,  dw  +  cy  =  0). 
The  principal  figure  of  the  first  space  thus  consists  of  the  three  simple  lines  (x  =  0, 
z  =  0),  (s^  =  0,  w  =  0),  (x-y  =  0,  ^-w  =  0),  and  of  the  line  (x^O,  y  =  0),  a  double  line 
counting  four  times  in  the  intersection  of  two  of  the  cubic  surfaces. 

95.  The  cubic  surfoce  as  having  the  double  line  (x  =  Q,  y  —  0)  is  a  cubic  scroll, 
and  this  line  is  the  nodal  directrix  thereof;  the  line  {dz  +  cx  =  0,  dw+cy  —  O)  is  the 
simple  directrix;  the  lines  (^  =  0,  z  —  0),  {y  =  0,  wi  =  0),  {x  —  y=0.  z  —  w=0)  are  at  once 
seen  to  be  lines  meeting  each  of  these  directrix  lines ;  and  they  are  generating  lines 
of  the  scroll.  To  explain  the  generation  of  the  scroll,  observe  that  the  section  by 
any  plane  is  a  cubic  curve  having  a  given  double  point  (viz.,  the  intersection  of  the 
plane   with  the   nodal  directrix) ;   and   three  other  given   points  (viz.,  tlie   intersections  of 
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the  plane  with  the  three  generating  lines  respectively);  this  cubic  also  passes  through 
the  intersection  of  the  plane  with  the  simple  directrix.  Conversely,  if  the  plane  be 
assumed  at  pleasure,  and  if,  taking  for  the  simple  directrix  any  line  which  meets  the 
given  generating  lines,  we  draw  a  cubic  as  above,  then  the  scroll  is  the  scroll 
generated  by  a  line  which  meets  each  of  the  directrix  lines,  and  also  the  cubic. 

If  the  plane  be  taken  to  pass  through  any  generating  line,  then  the  cubic  section 
breaks  up  into  this  line,  and  a  conic;  the  conic  does  not  meet  the  simple  directrix, 
but  it  meets  the  nodal  directrix ;  and  any  such  conic  will  serve  as  a  directrix  ;  viz., 
the  scroll  is  generated  by  the  lines  which  meet  the  two  directiix  lines  and  the  conic. 

96.  Any  two  scrolls  as  above  meet  in  the  three  iixed  generating  lines,  and  in 
the  nodal  directrix  counting  four  times;  they  consequently  meet  besides  in  a  curve  of 
the  second  order,  which  is  a  conic  (one  of  the  conies  just  referred  to).  In  order  to 
further  explain  the  theory,  suppose  for  a  moment  that  the  two  scrolls  had  only  a 
common  nodal  directrix ;  they  would  besides  meet  in  a  quintic  curve ;  this  curve  would 
meet  the  nodal  directrix  in  four  points,  viz.,  the  points  at  which  the  two  scrolls  have 
a  common  tangent  plane.  Now  if  at  any  point  of  the  nodal  directrix  the  two  scrolls 
have  a  common  generating  line,  then  the  plane  through  this  line  and  the  nodal  line 
is  one  of  the  two  tangent  planes  of  each  scroll;  that  is,  the  scrolls  have  this  plane 
for  a  common  tangent  plane.  Hence,  in  the  case  of  the  common  three  generating 
lines,  the  points  where  these  meet  the  nodal  line  are  three  of  the  four  points  just 
referred  to ;  there  remains  therefore  one  point,  which  is  the  point  where  the  conic 
meets  the  nodal  line ;  through  this  point  there  are  for  each  of  the  scrolls  two 
generating  lines;  one  of  these  for  the  first  scroll,  and  one  for  the  second  scroll,  lie  in 
a  plane  with  the  nodal  line ;  the  other  two  determine  the  plane  of  the  conic ;  and 
the  tangent  to  the  conic  at  its  intersection  with  the  nodal  line  is  the  intersection  of 
the  plane  of  the  conic  with  the  plane  of  the  first- mentioned  two  generating  lines. 

97,  Analytically  we  have  the  two  equations 

c  {x-y)aiy  +  (aa:  +  by ) (xw -  ys)  +  d  {z-'w)xy  =  0, 
c'ia!-y)xy  +  (a'x  +  b'y}(asii!-yz)  +  d'{z-w)xy==0; 

or,  combining  these  equations  so  as  to  eliminate  successively  the  terms  in  x{xw  —  yz) 
and  y  {xw  —  yz),  and  for  this  purpose  writing 

{6c' -  6'c,  ea' -  c'a,  uh'  —  a'b,  ad' ~  ad,  bd'  —  b'd,  cd'  -  c'd)  =  (a,  b,  c,  f,  g,  h), 

and  therefore 

af-l-bg-|-ch  =  0, 
we  have 

b  (iB  —  y)  «  —  c  (iW  —  ^3)  —  f  (s  -  w)  a;  =  0, 
-&{x-y)y  +  c{xw-yz)-^{z~w)y  =  ii, 

and  multiplying  the  first  of  these  by  c  +  g  and  the  second  by  c  —  f,  and  adding,  the 
whole  divides  by  x  —  y,  and  the  final  result  is 

(c  +  g)  {kc  -  fs)  -  (c  -  f)  (a?/  +  gw)  -  0  ; 
viz.,  this  is  the  equation  of  the  plane  of  the  conic. 
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98.  Any  two  scrolls  as  above  meeting  in  a  conic,  a  third  scroll  will  meet  the 
conic  in  six  points;  but  these  include  the  point  on  the  nodal  directrix  twice,  and 
the  points  on  the  three  fixed  generating  lines  each  once ;  there  is  left  a  single  point 
of  intersection,  viz.,  this  is  the  one  variable  point  of  intersection  of  the  three  scrolls ;. 
which  is  in  accordance  with  the  theory. 

99.  For  the  Jacobian  of  the  second  space,  we  have 


1    » 

j  /  +  « 
I       / 


that  is,  Sa/y's'  («'  —  i/)  =  0 ;  viz.,  z'  =  0  is  the  plane  containing  the  three  principal 
points ;  and  a!'  =  0,  ^  =  0,  a/  —  y'  ^0  are  the  planes  which  pass  through  the  principal 
line  and  the  three  principal  points  respectively. 


100.     For  the  Jacobian  of  the  first  space, 

2aw  —  i/s,  —  xz    , 

yw     ,  xw  —  2i/z, 

2xy  —  y'  ,  a;'  —  2xp, 

(z^^)y,  (e-w)a:. 


^' 


-xy 


that  is,  Sai^  (x  —  i/Y  (am!  —  yz)  =  0 ;  viz.,  a:  =  0,  y  =  0,  x  —  y  =  0  are  the  planes  through  the 
nodal  directrix  and  the  three  fixed  generators  respectively  (each  plane  therefore  occurring 
twice) ;  and  xvi  —  yz=(i  is  the  quadric  scroll  generated  by  the  lines  which  meet  each 
of  the  three  generators  (a;=0,  s  =  0),  (y=0,  w  =  0),  {»  — y  =  0,  2  — w  =  0);  this  scroll 
0  through  the  nodal  directrix  a^  =  0,  y  =  0. 


The  Cubo-mbic  Transformation  between  Two  Spaces. 

101,  The  principal  system  in  the  first  space  is  a  sextic  curve  with  7  apparent 
double  points;  but  this  curve  may  be  either  a  single  curve,  or  it  may  break  up  into 
inferior  curves.  I  have  not  examined  all  the  cases  which  may  arise ;  but  the  two 
extreme  cases  are — (A)  The  sextic  curve  breaks  up  into  six  lines,  viz.,  two  non- 
intersecting  lines,  and  four  other  lines  each  meeting  each  of  the  two  lines  (this 
implies  that  no  two  of  the  four  lines  meet  each  other):  here  the  two  lines  give 
I  apparent  double  point,  and  the  four  lines  give  6  apparent  double  points;  total 
number  is  =  7,  as  it  should  be.  (B)  The  curve  is  a  proper  sextic  curve,  with 
7  apparent  double  points :  this  gives,  as  will  be  shown,  the  genera!  Hneo-linear  trans- 
formation.    The  two  cases  are  each  of  them  symmetrical. 

c.  VII.  30 
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(A)     The  Principal  System  consists  of  Six  Lines. 

102.  Taking  in  the  first  space,  for  the  equations  of  the  two  lines,  (s)  =  0.  y  =  0)  and 
(s  =  0,  w  =  0),  and  for  the  equations  of  the  four  lines,  (x=0,  z  =  0),  (y  =  0,  w  =  0), 
(iC  — y  =  0,  z-w  =  0),  (x—py=0,  z—qw  =  0),  then,  if  the  equations  of  transformation 
are  taken  to  be 


-py 


'.  lead  conversely  (S' 
X  ~py    : 


-qw 


{a: 


-py){  xw~   yz) 

-  y){qxw-pyz) 
-qw){  xw-   yz) 

-  w)  {qxiv  —  pyz) ; 


!  post,  No.  104)  to  a  like  system, 

s  -y    :  z  -qw    :  z  ~w  ^       (x'-py')M' 


-  qw')  M" 

-  w')N', 


where  for  shortness 


M'  =  p{q-\f^w'  -qip-lfy'z  +{pq-l){p-q)^w\ 
N'=     {q-\yx'w'-     (p~\yy'^  +  {pq-l){p~q)y'v/; 
or.  as  these  are  better  written, 

M'=-q{p-\)^[ip^\)z'-ipq-\)w'\+p{q-\)w'[{q-V)x--{pq-l)^\, 
ir  =  -     {p-V)y-  \{p~l)^  -{j>q-\)v,']-V     {q-\)v/  {{q-r)a/  -{pq-l)y% 

Hence  the  principal  system  in  the  second  plane  is  composed  of  the  two  non-inter- 
secting lines  {x'=0,  y  =  0),  {z  =0,  w/  =  0)  and  the  four  Imes  [{p  —  \)z'  —  {pq  —  \)v}'  =  (i, 
{q-r)x'-{pq-l)y-  =  (i],  (/  =  0,  w  =  0),  (ic' -/  =  0,  2--^'  =  0),  {x' -py' ^0,  z' -qm' ^0), 
each  meeting  each  of  the  two  lines. 


103.     The  Jacohian  of  the  first  space 

2xw  —  yz  —  pyw  ,      ~xz  —  pxw  +  ^pyz 

2qxw  —  pyz  —  qyw,    —  pxz  —  qxw  +  2pys 

w(z  —  qw)       ,  —z{z~  qw) 

qw  (z-w)        ,  —pz  (z  —  w) 

this    is    xyzw{x-y){x-py)(z-w){z 


-y(x  -py)      , 

-py(x-y)      , 

xw  —  2yz  +  qyw  , 

qxw  —  'S.pyz  +pyw, 


x(x-py) 

qx  {x  -  y) 

xz  —  SjafU)  -I-  qyz 

qxz  —  2qimi  +pyz 


passing  through  one  of  the  four 

Similarly,  the  Jacobian  of  the  second  space  is 

|(j-i)»/-(M-i)y'H(j'-i)^'-(p«-i)"'l(«'-»')(»' 


qw)  =  0,   the    equation    of    the    planes   ■ 
and  one  of  the  two  lines. 


u')  («'  -  p'l/)  (/  —  quf)  y'v/  =  0 ; 


viz.,   this   is   the   equation   of    the   eight   planes   each   passing    through   one   of    the   four 
lines  and  one  of  the  two  lines. 
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104,     To  effect  the  foregoing  transformation,  writing 

x'  :  y'  :  z    :  vf  =      {.v-py)i  aw-    ys) 

■  (^-  y){q^'W-'py^) 


r  what  will  ultimately  1 


:  (3  -  qw)  (  WW  -  yz) 
:  {z-  w){qam)-pyz); 
!  the  same  thing,  but  it  is  more  convenient  for  ' 
x'  =  {x-])y){  aw-  yz), 
y  =  ('»-  y){qxw-pyz), 
/  =  {z-qw){  xtu-  yz), 
w'=  (z  —  w)  (qxw  ~  pys) ; 
these  give 

X  —  py  =  M'x', 

X—    y  =  N'y", 

z  —qw  =  M'z', 

z  —    w  =  Wio' , 
where  M' ,  N'  are  quantities  which  have  to  be  determined ;  and  thence 
(1  -p)x  =  M'x  -  pN'y, 
{l-p)y  =  M'x'-    N'y, 
{\-q)z  =  M'z'  -  qN'w', 
(1  _  g)  w  =  M'z'  -   iVw' ; 


(rking  with. 


whence  also 

(l-y)(1^5)(« 
(l_y)(l_,)(5a, 

but  we  have 
or,  substituting, 


pyz)  =  W  [~  (j)  -  3)  «//»•  +  Km  -  9)  «W  -  (PS  -y)  V'A  ■*"]  i 


xw  —  yz    _ 
qxw—  pyz 


'N'i 


M'{     (5-1)  «W  -  (p  -  1)  jV|  +  if'  (p  -  5)  ym' 
=  M'  [-  (p  -  q)  x'z'l  +  N"  [(pq  -  q)  s/v/  -  (pq  ~p)  y'/] ; 
that  is 

jr  ((}  -  1)  x'w-  -  (p  -  1)  y'z'  +(p-q)  !i'z']  =  N'  [(fq  -  q)  m'w'  -  (pq  -  p)  y'z'  -(p-q)  y'vi 
or,  what  is  the  same  thing, 

M'  =  (pq-q)  x'w'  -(pq-p)y'z'-(p-q)  y'w', 
Jf'  =  (    q-l)xW-(  p~l)yW +  (p-q)x'z'; 

30—2 
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viz.,  M',  N'  having  these  values,  the  original  equations 


If,  in  these  equations,  in  place  of  (te,  y',  s 
the  new  values  of  M' ,  N'  are  found  to  be 


(x  -  py)  (  (ew  -    yz) 

■  (^-  y){p^-qyz) 

:  {z  —  qvj)  (  ano  ~    yz) 

:  {z-   w){p!cw-qyz), 
-w^M'x'  :  N'y'  :  M'£  :  N'w'. 
,  w')  we  write  (.r  —  py',  x'  —  y",  . 


-ijy}',  /— w'). 


M'  =  p{q-\y  x'w'  -q{p^\f  y'z-  +  (p5  -  1)  {p  -  5)  y'w', 
N'=     (q-lfx'w--     {p-lfy'z'  +  (pq-\)(p-q)y'w', 
and  we  have  the  formulte  of  No.  102. 


(B)     The   Principal   , 


of  a   Proper   Sexttc   Curve;    the   Lineo-linear   Transformation 
between  Two  Spaces. 

105.  I  start  with  the  Uneo-Iinear  transformation,  and  show  that  this  is  in  fact 
a  transformation  such  that  the  principal  system  in  either  space  is  a  sextic  curve  with 
seven  apparent  double  points.  I  do  not  attempt  any  formal  proof,  but  assume  that 
the  lineo-linear  transformation  is  the  most  general  one  which  gives  rise  to  such  a 
principal  system. 

We  have  between  (x,  y,  z,  w),  (x',  y',  z,  w')  three  lineo-linear  equations ;  writing 
these  first  under  the  form 

{-Pi,  Q.,  iii,  S.5a:',  y,  s',  m/)  =  0, 

(-P.,  a.  ^3,  S;^^;,  if,  5',  «'')  =  0, 

■  =  X   :    Y  :   Z  :    "IT,    where    X,    Y,    Z,    If   are    the    determinants 
n)  formed  out  of  the  matrix 


{each  with  its  proper  f 


P„    ft.    R,. 
I  F„     ft,     ii, 

I  ft,   ft,   fl„ 

106.     Each   of    the   surfaces   X  =  0,    F  =  0,   ^=0,    ir=0,   or   generally  auy  surface 
oX  +  &F+cZ+dH^=0,  is  thus  a  cubic  surface  passing  through  the  curve 

P,.     a.     iJ„     «,      -0, 

F„     ft,     R,,     S, 
R,.     ft,     R,.    S, 


Hosted  by 


Google 


447] 


OS-   THE   RATIONAL   TRANSFORMATION   BETWEEN   TWO    SPACES. 


which   is 

at 

once 

seen    to 

be   of  the    order    6. 

In 

it)  stance 

Q„     R,    =0     and 

ft,    R.- 

Pi, 
Pu 

liave  in 

common  a 

cu 

ve 

I  p„   p„    p,  II  -  0, 

a,  ft,  a  1 


which  is  of  the  order  3;  they  consequently  besides  intersect  in  a  curve  of  the  order  6, 
which  is  the  before  mentioned  curve  of  intersection  of  all  the  surfaces.  And  it  further 
appears  that  the  number  of  the  apparent  double  points  is  —T;  in  fact  the  formula 
ill  the  ease  of  two  surfaces  of  the  orders  fi,  v,  the  complete  intersection  of  which  consists 
of  a  curve  of  the  order  m  with  k  apparent  double  points,  and  of  a  curve  of  the 
order  m'  with  h'  apparent  double  points,  the  numbers  m,  m',  h,  k'  are  connected  by  the 
equation  2{k-h')  =  {m-m')(f/.-l)(v  ~1).  (Salmon's  Solid  Geometry/,  2nd  Ed.,  p.  273 
{Ed.  4,  p.  311]).  Hence,  in  the  case  of  the  two  cubic  surfaces  intersecting  as  above  (since 
for  the  cubic  curve  we  have  iti'  =  3,  h'  —  l,  and  for  the  sextic  to=6),  the  formula  becomes 
2(A— 1)  =  12,  that  ia  ^  =  1  +  6  =  7;   or  the  number  of  apparent  double  points  is  =7. 

107.  It  thus  appears  that  the  principal  system  in  the  first  plane  is  a  curve  of 
the  order  fi,  with  seven  apparent  double  points ;  it  is  to  be  added  that  there  are 
not  in  general  any  actual  double  points  or  stationary  points,  so  that  the  class  of  the 
curve  is  6.5  —  2.7,  =16,  and  its  deficiency  is  ^5.4  —  7,  =3.  For  convenience  I  will 
refer  to  this  as  the  curve  S. 

The  transformation  is  obviously  a  symmetrical  one ;  hence  the  principal  system  in 
the  second  space  is  in  like  manner  a  curve  of  the  order  6,  with  seven  apparent 
double  points ;  say  it  is  the  curve  S'. 


108.     Considet 
three  equations 


(P., 


in   the  first   space  any  point   P  on  the   curve  2 ;   for   this   point   the 

,  Qi,  R,,  S'.Ja;',  i/,  /,  w')  =  0, 
,  Q„  R,,  S,5  „  )  =  0, 

,  Q>,  R,,  S,f  „  )  =  0, 

are  not  independent,  but  are  equivalent  to  two  linear  equations  in  (x',  y,  ^,  vj) ; 
that  is,  to  the  point  P  on  the  curve  2  there  corresponds  in  the  second  space,  not 
a  determinate  point  P',  but  any  point  whatever  on  a  certain  line  L' ;  or  say  to  the 
point  P  on  2  there  corresponds  a  line  L' ;  and  as  P  describes  the  curve  2, 
L'  describes  a  scroll  n';  that  is,  to  the  curve  S  there  corresponds  a  scroll  11',  the 
principal  counter -system  in  the  second  space.  Similarly  to  the  curve  2'  there  coiTesponds 
a  scroll  n,  the  principal  counter-system  of  the  first  space. 

109.     The   scroll    11    is  the   Jacobian   of  the   first   space ;   and   as   such    it   is  of  the 
■order   8,  having   the   curve   2   for  a  triple   line — and  it   thus  appears   that   the  Jacobian 
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of  the  first  space  is  a  scroll  (a  theorem  the  analytical  verification  of  which  seems  by 
no  means  easy).  But  without  assuming  the  identity  of  the  scroll  11  with  this  Jaeobian, 
or  taking  the  order  of  the  scroll  to  be  known,  I  proceed  to  show  that  the  scroll  11 
is  the  scroll  generated  by  the  lines  each  of  which  meets  the  curve  S  three  times; 
it  will  thereby  appear  that  the  order  is  =  8,  and  that  the  curve  is  a  triple  line  on 
the  scroll. 

Consider  a  point  P"  on  S',  and  the  corresponding  line  L  of  the  first  space :  take 
0'  a  plane  in  the  second  space ;  corresponding  to  it  the  cubic  surface  0  in  the  first 
space.  By  imposing  a  single  relation  on  the  coefBcients  (a,  b,  c,  d)  in  the  equation 
0^  +  iy  +  Cit'  +  dtt/  =  0  of  the  plane  0',  we  make  it  pass  through  the  point  P" ; 
therefore  by  imposing  this  same  single  relation  on  the  coefficients  (a,  h,  c,  d)  of  the 
cubic  surface  0,  we  make  it  pass  through  the  line  L;  %  is  a  cubic  surface  through  S ; 
and  it  is  easy  to  see  that  the  effect  will  be  as  above  only  if  the  line  L  cuts  the 
curve  2  three  times;  this  being  so,  the  general  cubic  surface  0  meets  L  in  three 
points  (viz.,  the  three  intersections  of  L  with  S),  and  if  0  be  made  to  pass  through 
a  fourth  point  on  the  line  L,  it  will  pass  through  the  line  L;  it  thus  appears  that 
the  line  L  meets  2  three  times,  ajid  consequently  that  the  scroll  II  is  generated  by 
the  lines  which  meet  2  three  times. 

110.  The  theory  of  a  scroll  so  generated  is  considered  in  my  "Memoir  on  Skew  Surfaces, 
otherwise  Scrolls"(i).  Writing  m=6,  A  =  7  and  therefore  if  [= -im(m- 1)  + A],  =  -8, 
the  order  of  the  scroll  is  (^[mP  +  (m  — 2)  JI/  =  40  — 32)  =  8 ;  but  calculating  the  values  of 
MG  (m>)  =  4  [mp+  6m+  ^(3  [m]'  -  12ni  +  33)  +  Jf^ .  3, 

Jfi?(m=)  =  T!5[m]''  +  |[mp-iH»-37«  +  Jlf(HmP-K™?-4«^'  +  8'«~20)+ilfn4W-2m); 
these  are  found  to  be  respectively  =0;  viz.,  there  are  no  nodal  generators,  and  no 
nodal  residue ;  the  sextic  curve  2  is  a  triple  curve  on  the  surface,  and  there  is  not 
any  other  multiple  line. 

111.  It  may  be  remarked  that  any  plane  ©'  meets  the  sextic  curve  2'  in  six 
points ;  hence  the  corresponding  cubic  surface  0  contains  six  lines,  generatrices  of  11, 
and,  therefore,  each  meeting  the  curve  2  three  times ;  say  six  lines  L.  Through  one 
of  these  lines  L,  draw  to  the  cubic  surface  0  a  triple  tangent  plane  meeting  it  in  the 
line  L  and  in  two  other  lines,  say  M,  N;  this  plane  must  meet  2  in  three  new  points 
which  must  lie  on  the  lines  M,  N ;  viz.,  one  of  these  lines  must  pass  through  two 
of  the  points,  and  the  other  hne  through  the  third  point. 


Addition — September,  1870, 

[Some  corrections  have  been  made  in  accordance  with  the  concluding  paragraph  of  a 
paper  "  Note  on  the  Rational  Transformation  and  on   Special  Systems  of  Points,"  450.] 

The   formula   of  No.  84   are   included   in   the  following  more   general  formulae ;  viz., 
if    the    principal    system    consist    of    a,    points,   ench    a   simple   point,   Oj  points   each    a 

1   Phil.   Trans,   vol.    cLiu.    1M63,  pp.   i33-^e3,  [339].     See  the  Table   S  (m»)  <fco.,    p.   467;   in  tbe  value  ot 
NB{ni^)  instead  of  term   +3ni  cead  -3m.     [Thia  correction  ahould  have  heen  made  in  the  present  Beprint.J 
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quadri-conical  point,  a,  points  each  a  cubi -conical  point,  &c.,  and  of  a  simple  curve 
order  m,  with  /t,  apparent  double  points,  a  double  curve  order  mij  with  /i,  apparent 
double  points,  and  so  on;  and  if  moreover,  the  curves  mj,  mj  intersect  iu  k,^,  points, 
the  curves  mi,  m^  in  k^^s  points,  &c. ;  then  writing  in  general  p  =  ^m(m  —  l)—h;  that 
is,   p,  =  ^m,(m,—  l)  —  hi,  pj  =  ^?ii5(ma  — 1)  — Aj,  &c,   I   find   that   the   general   condition   of 


t-i(n  +  l)(»  +  2)(«  +  3 


a,  +  (  3m-    2)?71i-    2/j, 
+  Sos  +  (12k  -  16)  J71,  -  16p, 

+  1^0,  +  (3r=M  -  2r')  wv  -  Sr'pr 
-5i,,,-8i],,,...-(3>--l)i,,, 
-28fe,, 

...-i'(Sr-s}k.„('<r}l 
and  that  the  general  condition  of  postulation  is 
a,  +  (  w  +  1)  «(i  -    pi 

+  [^r{r+l)n-ir(r+l)(2r-5)]m^ 

-^[{r-l){r~2)(r  -3)(r  -4,) 

+  ir(r  +  l)(2r  +  l)]p. 


in  which  formulae  it  is  however  assumed  that  the  curves  have  not  any  actual  multiple 
points.  This  implies  that  if  any  one  of  the  curves,  say  mv,  ^break  up  into  two  or 
more  curves,  the  component  curves  do  not  intersect  each  other ;  for,  of  course,  any 
such  point  of  intersection  would  be  an  actual  double  point  on  the  curve  m,.  I  believe, 
however,  that  the  formulae  ivill  extend  to  this  case  by  admitting  for  s  the  value  s  =  r; 
viz.,  if  we  suppose  the  curve  mr  to  be  the  ag;gregate  of  the  two  curves  ?«/,  m,"  inter- 
secting in  Kr  points,  then  that  the  corresponding  terms  in  the  equivalence -equation  are 

(3r=w  -  2*^)  (m/ -I-  mv")  -  Sr"  (p/  -I-  /-,")  -  2r-'K^, 
and  that  those  in  the  poatulation-equation  are 

[i  r  (r  +  1) »  -  Jr  (r  +  1)  (2r  -  5)]  (m,'  +  <') 

-*[(>■- l)('--2)('--3)(f-4)  +  *i-{r+l)(2r  +  l)](p;  +  ft") 
-ir(r+l)(ir  +  l)K,. 
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Let  the  j'-tnple  curve  consist  of  three  right  lines  meeting  in  a  point:  this  is  an 
actual  triple  point,  and  the  formuiEe  do  not  apply.  But  calculating  the  postulation- 
terms  by  the  formula,  we  have  my  =  3,  p,.  =  ^3,2-  0,  =3;   and  the  terms  are 

[ir(,r+\)n-ir{r  +  l){2r-oy]S-il(r-l)(r-2){r-S){r-t)  +  ir{r+l}(ir  +  l)l 

which  are 

=  iK>-  +  l)(S»-lr  +  l)-i(r-l)(r-2)(,--3)(r-l). 
or  say 

^^r{r+  1)  (3rt  -  4r  +  4)  +  ^  (-  7^  +  lOr'  -  S5r^  +  50r  -  24). 

I  have  found  by  an  independent  investigation  that  this  value  requires  the  correction 

+  ^  [r*  -  8r=+  30j^  -  56r  +  24  +  ^  (1  -  (-)■■  1)], 
and  that  the  true  value  of  the  postulation  is 

=  Jr(r+l)(3ji-4r  +  6)  +  K         2/^-5r=    -  6r  +^(l-(„)ai], 

viz.,  that  this  is  the  number  of  the  conditions  to  be  satisfied  that  a  surface  of  the 
order  n  may  have  for  an  r-tuple  curve  three  given  right  lines  meeting  in  a  point. 
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NOTE    ON    THE    CARTESIAN    WITH    TWO    IMAGINARY    AXIAL 

FOCI. 

[From  the  Proceedings  of  the  Lmidon  Mathematical  Society,  vol,  iii,  (1S69 — 1871), 
pp.  181,  182.     Read  June  9,  1870.] 

Let  a.  A',  B,  B'  be  a  pair  of  points  and  antipoints  ;  viz., 

{A ,  A')  tho  two  imaginary  points,  coordinates  (+  0i,  0), 

(B,  B')  the  two  real  points,  coordinates  (0,  +  ,8) ; 

and  write  p,  p',  rr,  a'  tor  the  distances  of  a  point  {x,  y)  from  the  four  points  respectively ;. 
say 

p  =  ■^{x+ 0if +f,  ^  =  v^.' + (2/ + ;S)^ 


We  have 


■  say 


f' + p'-- = 2»" + iif  -  w  -"•+ »'■  -  iff: 

pp'  -  ■/{x+ffi  +  t,i)(ii  +  /3i-yi)(!(!-fii+si>(ic-fii-i/:)  -  o 

(f+pj -(<,  +  „')• -iff; 

(p-rt==  („-„■)■ -4/3-; 


p  +  p    .V(»  +  ^')<- 


i(p-p').V4/3'-(<r-,7')'. 
The  equation  of  a  Cartesian  having  the  two  imaginary  axial  foci  A,  A'  i 
(p  +  qi)p  +  (p~qi)p'  +  il^  =  0; 
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■viz.,  this  is 

p(p  +  p)  +  qi(p~  p)  +  2i:=  =  0  ; 

or,  what  is  the  same  thing,  it  is 

p  V(V+7y+ 4^=  +  q  V4/3=-(<r-a-7  +  2A-^  =  0, 

which  is  the  equation  expressed  in  terms  of  the  distances  a,  a'  from  the  non- axial 
real  foci  B,  B'.  Of  course,  the  radicals  are  to  he  taken  with  the  signs  ±.  This 
equation  gives,  however,  the  Cartesian  in  combination  with  an  equal  curve  situate 
symmetrically  therewith  in  i-egard  to  the  axis  of  y. 


The   distances   a,  a    may   conveniently   he   expressed 
parameter  B ;    in  fact,  we  may  write 


terms   of  a   single   variable 


that    : 


y*/ 


so    that,    assigning    to    6    any    given    value,    we    have    a,    a', 

the   point   on  the   curve.     We   may   draw   the   hyperbola  y^  —  4y3^  + 


Lud    thence    the   position   of 


and  the   ellipse 


y-' =  40^  —  ■ ,  a:" ;   and   then    measuring   off  in   these   two   curves   respectively  the   ordinates 
which   belong  to   the   abscissfe   k  +  $   for   the   hyperbola,   k  —  d   Jbr    the   ellipse,   we   have 


the  values  a  +  a-'  and  tr  —  a',  which  determine  the  point  on  the  curve.  Considering 
k,  p,  q,  ^  as  disposable  quantities,  the  conies  may  be  any  ellipse  and  hyperbola  whatever, 
having   a   pair    of    vertices   in    connnon ;    and    the   complete   construction    is, — From   the 
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fixed  point  K  in  the  axis  of  x,  measure  ofi^  in  opposite  directions  the  equal  distances 
KM,   KN,   and  take 

cr  +  <r'  the  ordinate  at  M  in  the  hyperbola, 
+  (o-  -  o-')         „  „         iV       „         ellipse ; 

where  a;  a  denote  the  distances  of  the  required  point  from  the  fixed  points  B  and  B' 
respectively,  the  distance  of  each  of  these  from  the  origin  being  =  ^  the  common 
semi-axis.  We  may  imagine  J\'  travelling  from  one  extrenaity  of  the  ic-axis  of  the 
ellipse  to  the  other,  the  value  of  <s-  +  a'  will  be  real  and  greater  than  BB',  that  of 
a  — a'  real  and  less  than  B^ ,  and  the  point  (<r,  rr)  will  be  real.  The  construction 
gives,  it  will  be  observed,  the  two  symmetrically  situated   curves. 

The  iC-semi-axis  of  the   ellipse   is  %  2jS,  and    the    form  of  the   curve  depends  chiefly 
on   the   value  of  the  ratio  h  :  \^&',   ur,  what   is  the  same  thing,  k''  :  20q.     We  see,  for 

instance,  that,  in  order  that  the  curve  may  meet  the  axis  of  y  in  two  real  points 
between   the   foci,    the   value    6  =  —  k   must   give   a   real   value   of  tr  —  a' ;    viz.,   that   we 

must  have  4^^>     „-;   that  is,  ^q^>k',  or   k^K^q.     If  k  has  this  value,  viz.,  &=^|2y3  = 

^  semi-axia,  the  curve  touches  the  axis  of  y  at  the  origin ;  if  k<^  semi-axis,  the  curve 
cuts  the  axis  of  y  in  two  real  points  between  the  foci ;  if  k  >^  semi-axis,  the  curve 
does  not  cut  the  axis  of  y  between  the  foci. 
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449. 

SKETCH    OF    BEOENT    EESEARCHES    UPON    QUAETIC    AND 
QUINTIC    SURFACES. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  iii.  (1869 — 1871), 
pp.   186—195.     Read  Nov.  10,  1870.] 

The  classification  of  quartic  surfaces  is  even  as  to  its  highest  divisions  incomplete ; 
and  it  is  by  no  means  easy  to  make  it  at  once  exhanstive  and  precise ;  an  enumera- 
tion of  all  the  pri/md  facie  possible  cases  would  include  forms  which  do  not  really 
exist.  Thus  the  singular  curve  (if  any)  is  of  the  order  1,  2,  or  3— but  in  the  case 
where  the  order  is  =  3,  the  curve,  as  is  at  once  evident,  cannot  be  a  plane  cubic, 
nor  (among  other  excluded  forms)  a  system  of  three  non- intersecting  lines.  And  certain 
forms  of  the  singular  curve,  e.g.  all  but  one  of  the  admissible  forms  of  a  curve  of 
the  order  3,  make  the  surface  to  be  a  scroll,  so  that,  if  (as  is  convenient)  we  wish  to 
separate  the  scrolls,  certain  forms  otherwise  admissible  must  be  excluded.  The  expression 
"  singular "  means  double  or  cuspidal,  or  refers  to  a  higher  singularity,  but  the  cases 
of  higher  singularity  are  very  special.  I  will,  at  the  cost  of  some  inaccuracy,  use  the 
expression  "  nodal "  as  meaning,  in  general,  double,  hut  as  including  the  signification 
"  cuspidal " ;  and,  if  there  are  any  cases  of  higher  singularity,  as  extending  to  cases  of 
higher  singularity :  and  I  provisionally  arrange  the  non-scrolar  quartic  surfaces  as  follows : 

1.  Without  a  nodal  curve. 

2.  With  a  nodal  line. 

3.  With  a  nodal  conic,  or  line-pair  (pan'  of  intersecting  lines). 

4.  With  three  nodal  lines  (not  in  the  same  plane)  meeting  in  a  point. 

(Observe  that  the  omitted  cases  are  cases  which,  as  I  believe,  ought  to  be  omitted  ; 
thus  the  case  of  a  nodal  skew  cubic  is  omitted,  because  the  surface  is  then  of  necessity 
a  scroll.)     And  to  these  I  join : 

5.  The  quartic  scrolls; 
omitting  altogether  the  torse  and  conea 
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The  references,  by  the  name  of  the  author,  and  number  (if  any)  of  his  paper,  are 
to  the  subjoined  list  of  Memoirs. 

As  to  the  scrolls,  we  have  Cayley  (3)  and  (4),  and  Cremona ;  the  division  into 
12  species  is,  I  believe,  complete :  see  post,  the  remarks  upon  Schwarz's  paper  on 
quintic   scrolls. 

As  regards  the  non-scrolar  surfaces : 

1.  Without  a  singular  curve.  The  surface  may  be  without  a  cnicnode  (conical 
point),  or  it  may  have  any  number  of  cnicnodes  up  to  16,  Cayley  (7) :  the  cases  of 
singularity  higher  than  a  cnicnode  are  probably  very  numerous,  but  they  have  been 
scarcely  at  all  examined.  The  memoir  just  referred  to  relates  chiefly  to  the  several 
cases  of  not  more  than  10  nodes;  the  cases  of  11,  12,  13,  14,  15  16  nodes  are  con 
sidered  incidentally,  Kummer  (2),  but  it  was  not  the  object  of  his  paper  to  make  an 
enumeration,  and  there  may  be  cases  which  are  not  considered  the  di'.cussion  of  the 
cases  considered  is  very  full  and  interesting.  The  case  of  16  nodes  is  also  cinhideied 
Kummer  (1).  As  to  the  surface  with  16  nodes,  it  is  to  be  remtiked  that  the  wave 
surface,  or  generally  the  surface  obtained  by  the  homographic  defoimation  of  the  v.&\e- 
surfece — called,  Cayley  (1),  the  "  tetrahedroid"^ — is  a  special  form  of  surface  with  16 
nodes :   its  relation  to  the  general  surface  is  explained,  Cayley  (2). 

2.  Quartic  surface  with  nodal  line :  considered  incidentally,  Clebsch  (2)  and  (3). 
There  are  through  the  nodal  line  8  planes,  each  meeting  the  surface  in  a  line-pair : 
considering  any  7  of  these,  and  taking  out  of  each  of  them  a  line,  the  7  linos  are 
met  by  a  conic  which  also  meets  a  determinate  line  out  of  the  remaining  line-pair ; 
there  are  thus  on  the  surface  2',  =128,  conies;  viz.,  these  form  64  pairs,  each  pair 
lying  in  a  plane,  and  being  the  complete  intersection  of  the  surface  by  such  plane ; 
the  number  of  these  planes  is  of  course  =  64. 

Although  not  properly  included  in  the  present  case,  I  mention  the  quartic  surface 
which  is  the  reciprocal  of  the  cubic  surface  XIX  =  12  —  B^  —  G.^,  Cayley  (5):  the  nodal 
curve  is  here  an  oscnodal  line  counting  as  three  nodal  lines, 

3.  Quartic  surfaces  with  nodal  conic.  Such  a  surface  may  be  without  cnicnodes, 
or  it  may  have  1,  2,  3,  or  4  cnicnodes ;  the  cases,  other  than  that  of  3  cnicnodes,  are 
mentioned,  Kummer  (3);  but  the  question  is  examined,  and  the  remaining  case  of  3 
cnicnodes  established,  Cayley  (6). 

The  general  case  of  the  nodal  conic  without  cnicnodes  is  elaborately  considered, 
Clebsch  (1):  it  is  shown  that  there  are  on  the  surface  16  lines,  each  meeting  the 
conic,  and  which  in  their  arrangement  are  strikingly  analogous  to  the  27  lines  on  a 
cubic  surface ;  viz.,  if  on  a  cubic  surface  we  select  at  pleasure  any  one  of  the  27 
lines,  and  through  this  line  draw  a  plane  which  besides  meets  the  cubic  surface  in  a 
conic;  then,  disregarding  the  line  in  question  and  the  10  lines  which  meet  it,  the 
remaining  16  lines  each  meet  the  conic,  and  are  related  to  it  and  to  each  other  in 
the   same   manner   that   the    16    lines   of    the   quai'tic   surface   are    related    to    the    nodal 
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conic  and  to  each  other.  And  the  ground  hereof  appears,  Geiser;  viz.,  it  is  shotvn 
that  the  quartic  surface  with  the  nodal  conic,  is  rationally  transformable  into  a  cubic 
surface,  the  16  lines  and  the  nodal  conic  coiTesponding  respectively  to  the  16  lines  and 
the  conic  of  the  cubic  surface. 

The  several  cases  of  1,  2,  3,  and  4  cnicnodes  are  considered,  Komdorfer. 

In  the  case  where  the  nodal  conic  is  the  circle  at  infinity,  the  surfaces  have  been 
termed  "  anallagmatic "  (perhaps  "  bicircular "  would  be  a  more  convenient  name),  and 
a  great  deal  has  been  written  upon  these  surfaces  by  Moutard,  Clifford,  and  oth.ei's. 
Such  a  surface  may  of  course  have  1,  2,  3,  or  4  cnicnodes;  these  surfaces,  viz.  the 
arise   from   the   inversion   of   a    quadric   surface   by   the 

ua  vectors   (that  is,  by  the  change  of  x,  y,  z  into  — ,    ~,    — ) : 

node  on  the  quartic  surface.  If  the  quadric  surface  is 
a  cone,  there  is  another  node,  the  inverse  point  of  the  vertex ;  if  the  quadric  surface 
is  one  of  revolution,  there  are  two  other  nodes;  and  if  it  is  a  cone  of  revolution, 
there  are  three  other  nodes — viz.,  in  all,  four  nodes.  The  last- mentioned  surface  is,  or 
includes,  the  Cyelide ;  viz.,  this  is  a  quartic  surface  having  the  circle  at  infinity  for 
a  nodal  curve,  and  having  besides  four  nodes,  which  are  a  system  of  skew  antipoints. 
The  surface  was  first  considered  by  Dupin  {Applications  de  Geometrie  &e.,  1822)  as  the 
envelope  of  a  sphere  touching  three  given  spheres — its  lines  of  curvature  are  thus 
circles;  and  the  surface  has  been  very  frequently  considered  in  reference  to  this 
property  and  otherwise:  see  Maxwell,  where  a  classification  {not  quite  complete)  is  made 
of  the  different  forms  of  the  surface,  and  also  stereographic  drawings  given.  It  is  to 
be  observed,  that  one  interesting  form,  the  parabolic  cyelide,  is  not  a  quartic  but  a  cubic 
surface. 

In  the  class  of  surfaces  which  have  been  under  consideration,  the  cnicnodes  have 
been  points  not  on  the  nodal  conic — in  fact,  a  point  on  a  nodal  curve  cannot  be, 
properly  speaking,  a  cnicnode,  though  it  may  be  a  point  of  higher  singularity  in  the 
nature  of  a  cnicnode ;  viz.,  there  may  be  on  the  nodal  curve  points  which,  in  the 
classification  of  the  surfaces,  must  be  counted  as  cnicnodes.  Such  a  case  presents  itself 
in  the  "  Conic  Torus,"  or  surface  generated  by  the  rotation  of  a  conic  about  a  line 
whether  not  in  or  in  the  plane  of  the  conie.  The  surface  has  been  considered, 
De  la  Gournerie  (1),  although  more  in  reference  to  the  constructions  of  descriptive 
geometry  than  as  a  theory  of  pure  geometry,  and  Cayley  (6).  The  surface  has  a 
nodal  circle,  and  upon  it  two  singular  points,  the  circular  points  at  infinity;  so  that 
ifc  belongs  to  the  case  of  a  nodal  conic  with  two  cnicnodes.  In  the  particular  case 
where  the  axis  of  rotation  is  in  the  plane  of  the  conic,  then  there  are  on  the  axis 
two  cnicnodes ;  so  that  the  case  is  that  of  a  nodal  conic  and  four  cnicnodes ;  and 
when  the  generating  conic  is  a  cu-cle,  viz.,  when  the  surface  is  the  ordinary  torus,  or 
anchor  ring,  generated  by  the  rotation  of  a  circle  about  a  line  in  its  own  plane,  then 
the  nodal  conic  is  the  circle  at  infinity  having  upon  it  two  cnicnodal  points  (its  inter- 
sections by  the  planes  at  right  angles  to  the  axis)  and  the  surface  has  also  two 
cnicnodes   on   the  axis:   the  surface,  although  presenting  considerable  peculiarity,  may  be 
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regarded  as  a  particular  case  of  the  cjclide.  In  reference  to  the  plane  sections  of  the 
conic  torus  and  its  various  particular  cases,  see  De  la  Goumerie  (2) ;  the  ordinary 
torus  has  been  the  subject  of  numerous  papers  by  Darboux  and  others,  and  possesses 
very  interesting  properties. 

In  connexion  with  the  foregoing,  I  apeak  of  the  surfaces  having  a  cuspidal  conic: 
the  general  case  is  briefly  referred  to,  Cayley  (6);  viz.,  this  is  the  surface  (AA)  the 
equation  of  which  is  V  —  a,"// =  0,  and  which  it  is  shown  has  a  reciprocal  of  the  order  6. 
A  special  case  is  the  surface  (AB)  having  a  I'eciprocal  of  the  order  3 ;  viz.,  the 
quartic  surface  is  here  the  reciprocal  of  the  cubic  surfece  XX  =  12  — J/,,  Cayley  (5). 
And  it  appears  from  the  memoir  last  referred  to,  that  there  is  another  cubic  surface, 
XVII  =  12  -  25,— Ca,  the  reciprocal  of  which  is  a  quartic  surface  having  a  cuspidal 
conic.  But  the  theory  of  the  quai'tic  surfaces  with  a  cuspidal  conic  has  been  hardly 
at  all  considered. 

I  do  not  know  that  anything  has  been  done  in  regard  to  the  quartic  surfaces 
where  the  nodal  conic  becomes  a  line-pair ;  that  is,  where  we  have  two  intersecting 
nodal  lines.  Although  not  pi-operly  belonging  to  the  case  in  question,  T  mention  here 
the  quartic  surface  which  is  the  reciprocal  of  the  cubic  surface  XYTLl  — 12  —  B^  —  2G~, 
Cayley  (5) ;  the  nodal  curve  consists  of  two  intersecting  lines,  but  one  of  them  is 
tacnodal,  counting  as  two  nodal  lines. 

4.  Quartic  surface  with  three  nodal  lines  (not  in  the  same  plane)  meeting  in  a 
point.  This  is,  in  fact,  Steiner's  quartic  surface ;  and  it  has  been  the  subject  of 
numerous  investigations. 

The    equation    of  the  surface    may  be    taken    to  be    v''*''  +  V^  +  \^'^  +  V^  =  0  ;    and  the 

sui-fa«e    thus   presents    itself    as    the   reciprocal    of    the    cubic    surface    -H 1 [-     =0, 

^  ^  K!      y      2      w 

<XVI  =  12-4(7j,)  with  four  cnicnodesO). 

It  was  convenient  to  make  the  foregoing  enumeration  before  speaking  of  Kummer's 
paper  (3),  and  of  the  several  memoirs  which  relate  to  the  Abbildung  of  certain  quartic 
and  quintic  surfaces. 

As  regards  Kummer's  paper,  the  object  appears  by  the  title,  viz.,  he  considers  in 
what  cases  a  quartic  surface  has  upon  it  a  system  of  conies;  or,  what  is  the  same 
thing,  in  what  cases  there  is  a  system  of  planes  each  intersecting  the  surface  in  two 
conies.  It  is,  in  the  first  place,  remarked  that  there  is  no  proper  quartic  surface  cut 
by  every  plane  in  a  pair  of  conies,  or  even  a  proper  quartic  surface  cut  in  a  pair  of 
eonics  by  every  plane  through  a  iixed  point.  The  cases  considered  are^I.,  where  the 
planes  are  non-tangent  planes ;  II.,  where  they  are  single  tangent  planes ;  and  III., 
where  they  are  double  tangent  planes.  The  case  I.  is^l)  when  there  is  a  nodal  conic 
and  two  cnicnodes ;  viz.,  any  plane  through  the  2  cnicnodes  gives  a  section  with  4 
Modes,   therefore    a    pair    of    conies,   (and    the    special    case    of    4    cnicnodes    is    noticed 

'  The  Author  exhibited,  aiid  poiateil  out  some  ot  the  properties  of,  a  model  of  Steiner's  surface. 
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incidentally) ; — (2)  when  there  is  a  nodal  line ;  any  plane  through  the  nodal  line  1 
meets  the  surface  in  a  conic ; — (3)  when  the  surface  has  two  "  Selbs the riihrungspu note" ; 
viz.,  either  of  these  is  a  point  where  the  tangent  plane  is  replaced  by  two  coincident 
planes,  and  which,  when  a  plane  passes  through  it,  gives  in  the  section  a  tacnode, 
=  2  nodes ;  the  section  by  a  plane  through  two  such  points,  consists  of  two  conies 
touching  each  other  at  the  point  in  question:  the  equation  of  such  a  surface  is 
tf,^  =  (*^p,  qf,  where  ^  is  a  quadric  function,  and  p,  q  linear  functions  of  the  coordinates. 
In  all  the  cases  the  planes  pass  through  a  iixed  line,  and  the  surface  may  be  con- 
sidered as  the  locus  of  a  variable  conic,  the  plane  of  which  always  passes  through 
such  line.  II,  is — (1)  Steiner's  surface,  where  every  tangent  plane  meets  the  surfece 
in  a  pair  of  conies ;  and  (2)  surface  with  a  nodal  conic  and  one  cnicnode,  where  everj' 
tangent  plane  through  the  cnicnode  meets  the  surface  in  a  pair  of  conies.  And 
III.  is  (1)  the  surface  with  a  nodal  conic,  where  every  double  tangent  plane  meets 
the  surface  in  a  pair  of  conies :  it  is  shown  that  there  are  5  quadric  cones,  such  that 
a  tangent  plane  of  any  one  of  these  cones  is  always  a  double  tangent  plane  of  the 
surface.  Or  the  surface  is  (2)  a  quartic  scroll ;  any  plane  through  two  intersecting  lines 
of  the  surface  besides  meets  the  surface  in  a  conic. 

It  is  in  the  paper,  Cayley  (6),  remarked,  that  the  quartic  surface  (*^U,  V,  Wy=0 
can  also  be  expressed  in  the  form  UW—V'  =  0;  under  which  form  the  surface  is 
seen  to  be  the  envelope  of  the  series  of  quadric  surfaces  (U,  V,  W^O,  1)^  =  0;  and 
by  reason  of  this  property  it  is  very  easy  to  find  the  equations  of  the  reciprocal 
surfaces,  or  plane-equations  of  the  quartic  surfaces  in  question.  And,  in  the  same  paper, 
it  is  noticed  that  the  surfaces  of  the  form  in  question  include  the  reciprocals  of 
several  interesting  surfaces  of  the  orders  6,  8,  9,  10,  aad  12;  viz.,  order  6,  parabolic 
ring ;  order  8,  elliptic  ring ;  order  9,  centro- surface  of  paraboloid :  order  10,  parallel 
surface  of  paraboloid ;  envelope  of  planes  through  the  points  of  an  ellipsoid  at  right 
angles  to  the  radius  vectors  from  the  centre:  order  12,  centro-suvface  of  ellipsoid; 
parallel  surface  of  ellipsoid. 

It  will  be  noticed  that  several  of  the  papers  by  Clebsch  and  others  refer  in  their 
titles  to  the  "Abbildung"  of  a  surface;  viz.,  they  show  that  a  (1,  1)  correspondence 
exists  between  the  points  of  the  surface  and  the  points  of  a  plane.  The  most  simple 
instance  is  the  quadric  surface ;  here,  taking  any  fixed  point  0  on  the  surface,  the 
line  OP  drawn  to  any  point  P  on  the  surfece  meets  a  plane  in  a  point  P',  and  the 
points  P,  P'  have,  it  is  clear,  a  (1,  1)  correspondence.  And,  of  course,  to  any  curve 
on  the  quadric  surface  there  corresponds  a  curve  on  the  plane,  and  the  discussion  of 
the  nature  of  the  plane  curves  which  correspond  to  the  different  curves  on  the  quadric 
surface  would  constitute  a  theory  of  the  Abbildung  of  the  quadric  surface. 

Similarly,  as  remarked,  Clebsch  (2),  for  a  cubic  surface,  taking  upon  it  any  two 
lines  which  do  not  meet,  if  from  a  point  P  on  the  surface  we  draw,  meeting  each 
of  the  two  lines,  a  line  to  meet  the  plane  in  P',  then  the  point  P  on  the  cubic 
surface  and  the  point  P'  on  the  plane  will  have  a  (1,  I)  correspondence;  and  we  have 
thus  a  like  theory  for  the  cubic  surface.  The  Abbildung  of  a  cubic  surface  had  been, 
however,  previously  effected  by  Clebsch  |in    the  paper   "Die   Geometrie  auf  den  Flacheu 
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dritter   Ordniiiig,"  Crelle,  t.  lxv.   (1866),  pp.  359—380},  and  by  Cremona,   in   a   different 
and  really  the  moat  simple  manner  ('),  but  having  a  less  obvious  geometrical  signiiication. 

For  surfaces  of  the  higher  orders,  it  is  only  certain  surfaces  which  admit  of  an 
Abbildung,  or  (1,  1)  correspondence  of  the  points  thereof  with  the  points  of  a  plane ; 
viz.  (in  the  same  way  as  a  plane  curve,  in  order  to  its  being  unicursal,  must  have  a 
sufficient  number  of  nodes  or  cusps)  a  surface,  in  order  that  it  may  thus  correspond 
with  the  plane  (or  say,  in  order  that  it  may  be  unicursal),  must  have  a  sufficient 
singularity  in  the  way  of  a  nodal  or  cuspidal  curve.  The  quartic  and  quintic  surface.'^ 
considered  in  the  enumerated  memoirs  are  there  considered  for  the  sake  of  the 
Abbildung  theory  which  they  give  rise  to ;  whereas,  in  the  present  sketch,  the  Abbildung 
theory  is  considered  only  for  the  sake  of  the  quartic  and  quintic  surfaces  to  which 
the  theory  has  been  applied.  But  the  methods  of  the  theory  furnish  results  in  relation 
to  these  surfeces;   and  it  is  proper  to  give  some  account  of  them. 

Olebsch's  memoirs  (2)  and  (3)  relate  to  the  same  subject,  which  is  elaborately 
treated  in  the  latter  of  them :  the  former  of  them  contains,  however,  some  valuable 
remarks  which  are  not  reproduced  in  the  other.  In  these  memoirs  (2)  and  (3),  after 
explaining  the  above  method  of  the  transformation  of  a  cubic  surface  by  means  of 
two  of  the  lines  thereof,  the  author  goes  on  to  notice  that  the  like  method  is 
applicable  to  certain  quartic  and  quintic  surfaces;  viz.,  (1)  quartic  surface  with  a  nodal 
conic r  there  are  here,  as  already  mentioned,  16  lines,  each  meeting  the  conic;  if, 
selecting  any  one  of  these,  from  a  point  P  on  the  surface  we  draw,  meeting  the  line 
and  the  conic,  a  line  to  cut  the  plane  in  P',  then  the  points  P  on  the  surface  and 
P'  on  the  plane  have  a  (1,  1)  correspondence.  (2)  Quartic  surface  with  a  nodal  line: 
as  already  mentioned,  there  are  on  the  surface  128  conies,  each  meeting  the  nodal 
line ;  selecting  any  one  of  these,  if  from  a  point  P  of  the  surface  we  draw,  meeting 
the  nodal  line  and  the  conic,  a  line  cutting  the  plane  in  P',  then  the  point  P  on 
the  surface,  and  the  point  P'  on  the  plane,  have  a  (1,  1)  correspondence. 

Similarly,  (3),  for  a  quintic  surface  having  a  nodal  skew  cubic ;  then  if  from  a 
point  P  on  the  surface  we  draw,  meeting  the  skew  cubic  twice,  a  line  to  cut  the 
plane  in  P',  the  point  P  on  the  surface  and  the  point  P"  on  the  plane  have  a  (1,  1> 
correspondence.  The  nodal  skew  cubic  may  break  up  into  a  conic  and  line  which 
meets  it,  or  into  three  lines,  two  of  them  not  meeting  each  other,  but  each  met  by 
the  third  line ;   and  the  like  theory  applies  to  these  quintic  surfaces. 

h        b  )    h      b  ods  of  Abbildung, 

g  g    f:  (      explained  in  the 

regoing  cases  (1), 

IS  b        d  h  s   now  under  con- 

(  )]       K  d  by  its  title,  relates 

h        g  d        2    3    or  4  enienodes. 


b 

d 

h 

h 

Dl 

P 

Th 

[* 

Hosted  by 


Google 


250  SKETCH    OP    RECENT    RESEARCHES    UFON  [449 

Clebsch's   paper  (4)   relates  to  the  Abbildung  of  a  quartic  scroll. 

As  regards  quintic  surfaces  (not  being  scrolls),  we  have,  so  fai'  as  I  am  aware, 
only  the  be  fore -mentioned  paper,  Clebach  (3),  relating  to  quintic  surfaces  with  a  nodal 
skew  cubic ;  and  the  paper,  Clebsch  (5),  which  relates  to  the  Abbildung  of  a  quintic 
surface  having  a  nodal  quadriquadric.  The  method  employed  i=  thit  ot  a  preliminary 
Abbildung  upon  a  twofold  plane  (2-blattrige  Ebene)  thit  i**  it  consisti  m  est iblishing, 
in  the  first  instance,  a  (1,  2)  correspondence  between  the  suifice  and  the  pkne ;  and 
by  means  hereof  it  is  shown  that  there  exist  on  the  '.uiface  the  comes  K  and  G 
presently  referred  to,  and  which  give,  ultimately,  an  oidmarj  Abbildung  oi  (1  1)  corre- 
spondence of  the  points  of  the  surface  with  those  of  the  plane ;  viz.,  this  final  result 
is  as  follows : 

There  is  on  the  surface  a  system  of  conies  K,  such  that  their  planes  pass  through 
a  point  and  envelope  a  ({uadriconc ;  and  also  64  conies  C  each  meeting  each  of  the 
conies  ^  in  a  single  point :   we  select  one  of  these  and  call  it  the  conic  G. 

Take  now  the  plane  B,  of  a  conic  .ff,  of  the  series  of  conies  K,  which  plane  Bi 
passes,  of  course,  through  the  vertex  V  of  the  cone  enveloped  by  the  planes  of  the 
conies  K;  viz.,  these  planes  intersect  the  plane  B^  in  a  series  of  lines  passing  through 
the  point  V. 

Take  a  point  P  on  the  surface ;  this  lies  on  a  conic  K  meeting  the  conic  G  in 
a  point  ^-f  and  if  we  draw  the  line  ^P  to  meet  the  plane  Bj  in  P",  then  P  on 
the  quintic  surface,  and  P'  on  the  plane  Bi,  will  have  a  (1,  1)  correspondence;  in 
feet,  it  appears  that,  given  P,  there  exists  a  single  position  of  P' ;  and  conversely, 
given  P',  this  lies  on  a  line  VP"  thi'ough  which  there  passes  the  plane  B,  and  one 
other  tangent  plane  of  the  cone:  this  tangent  plane  contains  a  conic  K  meeting 
the  conic  C  in  a  point  ^;  and  joining  ^P',  this  meets  the  conic  K  in  one  other  point  P; 
viz.,  given  P",  there  is  a  single  position  of  P ;  and  there  is  thus  a  (1,  1)  correspondence. 

There  are,  as  originally  shown  by  Sehlafli,  and  as  further  appears  by  my  memoir 
on  cubic  surfaces,  Cayley  (5),  3  kinds  of  cubic  surfaces  of  the  class  a  ;  viz,,  these  are 
the  surfaces  Xlll=\2-B^-W...  XIY  =  12- B,-G.^,  and  XV  =12-  E7, ;  for  each  of 
these  the  reciprocal  surface  is  a  quintic  surface  of  the  class  3,  having  a  nodal  line 
and  a  cuspidal  quartic  curve.  For  the  reciprocal  of  XIII,  the  cuspidal  curve  is  a 
quadriquadric ;  for  that  of  XIV,  the  cuspidal  curve  breaks  up  into  the  nodal  line  (viz., 
this  is  a  cuspnodal  line)  and  into  a  skew  cubic ;  for  that  of  XV,  the  cuspidal  curve  is 
a  cuspidal  quadriquadric,  or  curve  of  intersection  of  tivo  (^uadric  surfaces  with  singular 
contact. 

It  only  remains  to  speak  of  Schwarz's  memoir  on  quintic  scrolls :  it  is  to  be 
remarked  that  the  theory  of  scrolls  is  allied  more  closely  with  that  of  plane  curves 
than  with  that  of  surfaces ;  viz.,  considering  any  plane  section  of  the  scroll,  the  lines 
of  the  scroll  have,  in  general,  a  (1,  1)  correspondence  with  the  points  of  the  plane  section, 
and  the  scrolls  of  any  given  order  are  properly  arranged  according  to  the  deficiency 
of  the   plane   section.      This   is   what    is    done    by    Cremona   in    the    memoir    on   quartic 
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scrolls  above  referred  to ;  viz.,  for  a  quartic  scroll  the  deficiency  is  either  0  or  1 : 
and  of  the  12  species,  there  are  10  for  which  the  deficiency  is  =  0  (or  which  are 
unicursal),  and  2  for  which  the  deficiency  is  =1.  And  this  is  the  principle  of  classi- 
fication in  Schwarz's  memoir;  viz.,  for  a  quintic  scroll  the  deficiency  is  =0,  1,  or  2; 
the  number  of  species   established  being  10,  4,  and  1  for  these  deficiencies  respectively. 
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NOTE  ON  THE  THEORY  OF  THE  RATIONAL  TRANSFORMATION 
BETWEEN  TWO  PLANES,  AND  ON  SPECIAL  SYSTEMS  OF 
POINTS. 

[From  the  Proceedings  of  tlie  London  Mathematical  Society,  vo!.  rii.  (1869—1871), 
pp.  196—198.     Read  December  8,  1870.] 

In  Prof.  Cremona's  theory  of  the  transformation  of  plane  curves,  the  fundamental 
equatious  are  taken  to  be 

a,  +  4a2  +  9o:3+...=«'-l  (1), 

a,+  So,  +  6a.  +  ...  -  k  («'+  3«)  -  2  (2) ; 

and  from  these  we  have  as  a  conBeqiiencc 

a,  +  3a,  +  . . .  =  ^  (h  - 1 )  («  - 1 )  (3) ; 

viz.,  the  first  equation  expresses  that  any  two  cui'ves  of  the  system  intersect  in  a 
single  variable  point ;  the  second,  that  the  curves  form  a  reseau,  or  system  containing 
two   arbitrary  parameters;   and  the  third,  that  the  curves  are  unicui'sal. 

In  the  equivalent  theory  of  the  rational  transformation  between  two  planes,  as 
given  in  my  "  Memoir  on  the  Rational  Transformation  between  Two  Spaces,"  [447],  we 
have  the  equation  (1);  but  instead  of  the  equation  (2),  it  would  prima  facie  appear 
to  be  sufficient  if  we  had  the  inequation 

a,  +  3a,  +  6<x,  +  ...  =  ^  (n'+  ^n)  -  2  ; 

but  on  the  ground  there  explained,  the  case 

is  excluded,  and  we  thus  have  the  equation  (2),  giving  with  (1)  the  equation  (3). 
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I  believe  the  better  course  is  to  assume  (1)  and  (3)  as  the  fundamental  equations, 
from  them  deducing  (2) ;  and  we  thus  also  get  over  a  difficulty  presently  referred  to, 
but  which  did  not  occur  to  me  when  the  memoir  was  written. 

In  fact,  starting  with  the  equations  x'  :  ^  -.  sf  =  X  :  Y  :  Z  (which  are  to  give 
X  :  y  :  z^X'  :  Y'  :  Z'),  we  have  in  the  first  instance  the  equation  (1).  Moreover, 
establishing  for  a^,  y',  s'  a  linear  equation  ajc' +  i/ +  c/ =  0,  we  have  corresponding  hereto 
a   curve   aX  +  bY+cZ  —  0,   and   the   coordinates  a;,   y,   a   of   a   point   on   this  curve   are 

proportional   to  X'  :  Y  :  Z' ;   that   is,   substituting   for  /   the   value (ax'  +  hj/),  they 

are  proportional  to  rational  and  integral  (homogeneous)  functions  of  (ic",  y'),  that  is,  to 
rational  and  integral  functions  of  the  single  parameter  a^  :  y' ;  wherefore  the  curve 
aX  +  hY •\- cZ  =  d  is  unicursal;  whence  the  equation  (3).  The  like  change  may  be 
made  in  the  theory  of  the  rational  transformation  between  two  spaces ;  and  it  is  in 
this  case  a  more  important  one. 

The  difficulty  is  as  follows:   It  is  not  self-evident  that  wc  are  at  liberty  to  assume 

0,  +  30^  +  fitts  . . .  ^  i  ('1'  +  Sji)  -  2  ; 

for  imagine  that  we  had  a  system  of  (aj,  a^,  Oa,...)  points,  such  that  01  +  405+  ■--  being 
=  H=  — 1,  and  a, +  3a2  +  ...  being  >  ^ {/t^  +  3n)  —  2,  the  points  were  such  that  the  conditions 
in  question  (viz,,  the  condition  that  the  curve  passes  once  through  each  of  the  points  Oj, 
twice  through  each  of  the  points  a^...)  should  be  less  than  01  +  302+...,  and  in  fact 
=  or  <  ^  {n^  +  3m)—  2 ;  then  the  functions  X,  Y,  Z  would  not  of  necessity  be  connected 
by  a  linear  relation  XX  +  fiY+vZ—O,  and  the  ground  for  the  assumption  in  question, 
01  + 332  + ...  ^i()i^  +  3n)  — 2,  would  no  longer  exist.  And  except  by  the  process  now 
adopted  of  deriving  the  equation  (2)  from  the  equations  (1)  and  (3),  I  do  not  know 
how  the  impossibility  of  such  a  system  is  to  be  established ;  viz.,  I  do  not  know  how 
we  are  to  prove  the  following  theorem; — There  is  not  any  system  of  {ol,,  a~,  cr.....) 
points,  where 

ai  +  4o,,+  yo.  ...  =m'-  1, 


such  that  (for  a  curve  of  the  order  n  passing  once  thiough    each   point  a,,  twice  through 
each   point   a..,...)   the   number   of   conditions   actually    imposed    on    the    curve    is    =    or 

A  system  of  (Oj,  a^...)  points  such  that  the  number  of  actually  imposed  conditions 
is  less  than  tti  +  3as+...,  may  be  termed  a  special  system;  we  have,  of  course,  the 
well-known  case  (Oi  =  n?)  of  a  system  of  n-  points,  such  that  any  curve  of  the  order  n 
passing  through  ^  {■n?  +  3m)  —  1  of  these  passes  through  all  the  remaining  points  {or  what 
is  the  same  thing,  where  the  number  of  conditions  actually  imposed  is  =^(ji^+3ji)  — Ij ; 
and  wc  have  the  following  special  system,  which  presented  itself  to  Dr  Clebsch,  in 
his   researches   on    the    Abbildung   of  a   quintic   surface   with   two  non -intersecting  nodal 
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lines;  viz.,  "a:j  =  12,  05=2.  We  may  have  12  points  and  2  points  such  that,  for  a 
quintic  curve  passing  once  through  each  of  the  12  points  and  twice  through  each  of 
the  2  points,  the  number  of  conditions  actually  imposed  (instead  of  being  12  +  3.2,  =18) 
is  =17."  The  construction  is  as  follows:  viz.,  starting  with  the  2  points  and  any 
10  points,  we  may  draw  a  quartic  passing  twice  through  the  first  of  the  2  points, 
once  through  the  second  of  them,  and  through  the  10  points;  and  another  quartic 
passing  twice  through  the  second  of  the  2  points,  once  through  the  first  of  them,  and 
through  the  10  paints :  the  two  quarties  intersect  in  the  2  points  each  twice,  in  the 
10  points,  and  in  2  new  points,  forming,  with  the  10  points,  a  system  of  12  points; 
and  the  first- mentioned  2  points  and  the  12  points  form  the  system  in  question. 

A  more  complicated  case,  «i  =  10,  02  =  6,  aj  =  l,  occurs  in  Dr  Nsther's  paper,  "Ueber 
Flachen,  welche  Schaaren  rabionaler  Cnrven  besitzen,"  [Math.  Ami.,  t.  iir.  (1871),  pp. 
161 — 227].  Except  these  two,  I  do  not  know  any  other  case  of  a  special  system  for 
which  Oj,  Oj...  are  not  all  =0;  the  investigation  of  such  systems  would,  I  think,  be  very 
interesting. 

[A  concluding  paragraph  of  seven  lines  gave  some  coirections  to  the  "Memoir  on 
the  Rational  Transformation  between  Two  Spaces,"  4:4:7,  which  corrections  arc  made  in 
the  present  reprint  of  that  paper.] 
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A   SECOND   MEMOIE   ON    QUARTIC   SURFACES. 


[From   tlie   Proceedings   of  the  London   Mathematical   Society,  vol.    iii.   (1869 — 1871), 
pp.  198—202.     Read  December  8,  1870.] 

In  my  Memoir  on  Quaitic  Surfaces,  ante  pp.  19 — 69,  [445],  although  remarking  (see 
No.  79}  that  the  identification  was  not  completely  made  out,  I  tacitly  assumed  that  the 
syrametroid  and  the  decadianome  (each  of  them  a  quartic  surface  with  10  nodes)  were 
in  fact  identical.  There  is  yet  a  good  deal  which  I  cannot  completely  explain ;  hut  the 
truth  appears  to  be,  that  the  decadianome  includes  two  cases  of  coordinate  generality, 
say  the  sextic  decadianome,  and  the  bicubic  decadianome  =  symmetroid :  viz.,  in  the  first 
of  these  the  circumscribed  cone,  having  for  vertex  any  one  of  the  10  nodes,  is  a  proper 
sextic  cone  with  9  double  lines;  in  the  second  it  is  a  system  of  two  cubic  cones, 
intersecting,  of  course,  in  9  lines,  which  are  double  lines  of  the  aggregate  sextic  cone : 
or,  in  the  notation  of  the  Table  No.  11,  in  the  case  of  the  sextic  decadianome,  the  cir- 
cumscribed cones  are  each  of  them  6, ;  in  that  of  the  bicubic  decadianome  =  symmetroid, 
they  are  each  of  them  (3,  8).  Wc  thus  arrive  at  a  very  remarkable  system  of  10  points 
in  space,  viz.,  giviug  the  name  "  ennead "  to  any  9  points  in  piano,  which  are  the 
intersections  of  two  cubic  curves,  or  to  any  9  lines  through  a  point  which  are  the 
intersections  of  two  cubic  cones;  the  10  points  in  space  are  such  that,  taking  any  one 
whatever  of  them  as  vertex,  and  joining  it  with  the  remaining  points,  the  9  lines  form 
an  ennead.  I  purpose  in  the  present  short  Memoir  to  consider  the  theories  in  question : 
the  paragraphs  are  numbered  consecutively  with  those  of  the  Memoir  on  Quartic 
Surfaces. 

Plane  Sertic  Curve  with  9  Nodes. 

110.  A  sextic  curve  contains  27  constants;  and  the  number  of  conditions  to  be 
satisfied  in  order  that  a  given  point  may  bi-  a  node  is  —  3.  Hence  it  would  at  first 
sight  appear   that   the   curve   could   be   found   so   as  to   have  9   given  nodes ;   this  would 
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be  9  X  3,  =  27  conditions,  or  the  curve  would  be  completely  determinate.  But  observe 
that  through  the  9  given  points  we  have  a  determinate  cubic  curve  U=0;  we  have 
therefore  17^  =  0  a  sextic  curve,  and  the  only  sextic  curve  with  the  9  given  nodes; 
that  is,  there  is  not  in  a  proper  sense  any  sextic  curve  with  the  9  given  nodes.  The 
number  of  given  nodes  is  thus  =  8  at  most. 

111.  The  sextic  curve  with  8  given  nodes  should  contain  27  —  3.8  =  3  constants. 
We  may  through  the  8  given  points  draw  the  two  cubics  P  =  0,  Q=0;  and  we  have 
then  (a,  b,  cJP,  Qf  =  0,  a  bicubic,  or  improper  sextic  curve  having  the  8  nodes,  and 
also  a  ninth  node,  viz.,  the  remaining  point  of  intersection  of  the  two  cubic  curves, 
or  say  the  remaining  point  of  the  ennead.  Hence  if  V  =  0  be  any  particular  sextic 
curve  having  the  8  given  nodes,  we  have 

(a,  b,  c\P,  Qf+ev=0 

a  proper  sextic  curve  having  the  8  given  nodes;  and  this,  as  containing  the  right 
number  (=3)  of  constants,  will  be  the  general  sextic  curve  having  the  8  given  nodes. 

lliJ.  There  will  be  a  ninth  node  if  ^  =  0;  viz.,  the  curve  ia  then  (a,  b,  cJP,  Q)^  =  0, 
a  bicubic,  or  improper  sextic  curve,  having  for  nodes  the  9  points  of  the  ennead. 
Observe  that  the  ninth  node  is  here  a  point  completely  and  uniquely  determined  by 
means  of  the  given  8  nodes.  Moreover  the  number  of  constants  is  =  2,  so  that  we 
have  here  a  general  (improper)  solution  of  the  question  of  finding  a  sextic  curve  with 
9  nodes,  8  of  them  given. 

113.  But  if  0  is  not  =  0,  then  the  ninth  node  must  be  a  point  on  the  curve 
J(F,  Q,  V)  =  0;  viz.,  this  is  a  curve  of  the  order  9,  determined  by  means  of  the 
given  8  points ;  say  it  is  the  "  dianodal  curve "  of  these  8  points,  and,  as  ia  easy  to 
see,  it  has  each  of  these  8  points  for  a  node.  The  ninth  node  of  the  sextic  may  be 
any  point  whatever  on  the  dianodal  curve;  and  regarding  it  as  a  given  point,  the 
sextic  will  still  contain  1  constant ;  that  is,  we  have  the  general  solution  of  the 
problem  of  finding  a  sextic  curve  with  9  nodes,  8  of  them  given,  and  the  9th  a  given 
point  on  the  dianodal  curve. 

114.  So  long  as  the  8  points  are  arbitrary,  the  dianodal  curve  does  not  pass 
through  the  9th  point  of  the  ennead,  and  the  two  cases  above  considered  are  mutually 
exclusive.  It  will  be  noticed  how  closely  analogous  this  theory  of  the  plane  sextic 
with  9  nodes,  is  to  that  of  the  quartic  surface  with  8  nodes. 

115.  Of  course,  instead  of  the  plane  sextic  curve,  we  may  have  a  sextic  cone; 
such  a  cone  has  at  most  8  given  double  lines ;  and  if  there  be  a  9th  double  line, 
then  there  are  the  two  cases  of  coordinate  generality ;  viz.,  (1),  the  new  double  line 
is  the  ninth  line  of  the  ennead,  the  cone  being  in  this  case  not  a  proper  sextie  cone,  but 
a  bicubic  cone ;  (2),  the  new  double  line  may  be  any  line  whatever  on  the  dianodal 
cone,  (cone  of  the  order  9  determined  by  the  8  given  lines,  and  having  each  of  these 
for  a  double  line,)  and  regarding  it  as  a  given  line  on  the  dianodal  cone,  the  sextic 
cone  contains  1  constant. 

c.  VII.  33 
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Each  circumscribed  cone  of  the  Symmetroid  is  (3,  3). 

116.  Using  (x,  y,  s,  w)  as  current  coordinates  of  a  point  of  the  syminetvoid,  I 
take  8,  T,  U,  V  to  be  quadric  functions  of  the  coordinates  (a,  0,  y,  B) ;  the  eiiiiatioii 
of  the  symmeti-oid  is  therefore  given  by 

a;S  +  i/T  +  zU  +  wV=  cone, 

and  the  nodes  thereof  arc  determined  by 

xS  +  yT  +  zU+wV=  plane-pair. 

Suppose  that  a  node  is  {a:  =  0,  y  =  0,  w  =  0);  the  condition  for  this  is  ]'"=  plane-pair ; 
and  we  may  without  loss  of  generality  write  V=y-  +  B^.  Hence,  putting  for  shortness 
fi^xS  +  yT+sU,  that  is  0  a  quadric  function 

(«,  b,  c,  d,  f,  g.  h,  I,  »,  »5«,  g,  7,  sy, 

wherein  the  coefficients  a,  b,...  are  arbitrary  linear  functions  of  (x,  y,  z),  but  not  con- 
taining VI,  the  equation  of  the  symmetroid  is  given  by 

fi)  + jy  (7^+^-)=  cone. 

117.  It  follows  that  the  equation  is 


liT.     /. 


where   V   denotes   the   foregoing   determinant,  wi-iting  therein  w  =  0.     Or,   observing  that 
V   contains  c  and  A  each  only  linearly,  the  equation  may  be  written 

V  +  w  (g,  -1-  Sd)  V  +  vflKhg^  =  0, 

(liiartio  surface  having,  as  it  should  have,  the  point  (0,  0,  0)  for  one  of  its 


ifh   is   i 


118.     The  equation  ol'  the  circumscribed  cone  is 

(S,V  -|-SrtV)=-4      V.8,grfV  =0; 
or,   what  is  the  same  thing,  it  is 

But  we  have  identically 
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SO  that  the  eciuation  is 

(a,V-SrfV)=i4-(SnV)^  =  0; 

a  sextic  cone  breaking  up  into  the  two  cubic  cones 

S,V  -S^V  +iS„V  =0, 

so  that  the  eone  is  (3,  3).  And  since  clearly  the  point  (0,  0,  0)  may  be  regarded  as 
representing  any  one  whatever  of  the  10  nodes,  it  follows  that  for  any  node  whatever 
of  the  symmetroid,  the  circi\mscribed  cone  is  {3,  3),  so  that,  as  stated  above,  bicubio 
decadianome  =  symmetroid. 

Dediictions  fr<mi  the  foregmng  theori/. 

11!J.  Referring  to  No.  85  of  the  original  memoir,  it  appears  that,  with  6  given 
points  as  nodes,  we  can  actually  find  for  the  symmetroid  an  equation  containing  6  con- 
stants. I  cannot  discover  any  ground  for  doubting  that  3  of  these  may  be  determined 
so  as  to  give  to  the  symmetroid  a  seventh  given  node ;  and  I  therefore  assume  that 
with  ^  given  points  as  nodes,  an  equation  can  be  found  with  3  constants.  The 
symmetroid  is  certainly  not  octadic,  hence  the  eighth  node  must  lie  on  the  dianodal 
surfece  of  the  7  given  points.  I  can  discover  no  ground  for  doubting  but  that  two 
of  the  constants  may  be  determined  so  that  the  eighth  node  shall  be  any  given  point 
whatever  on  the  dianodal  surface  of  the  7  points ;  and  (this  being  so)  that  further 
the  remaining  constant  may  be  determined  so  that  the  ninth  node  shali  be  any  given 
point  whatever  on  the  dianodal  curve  of  the  8  points.  But  if  all  this  be  so,  the 
consequence  is  very  remarkable ;  the  tenth  node  is  not  any  one  whatever  of  the  22 
dianodal  centres  of  the  9  points,  but  it  is  a  uniquely  determinate  "enneadic  centre," 
viz.,  we  must  have  the  following  theoiem : 

120.  "Take  any  7  points;  an  eighth  point  at  pleasure  on  the  dianodal  surface 
oi  the  7  points ;  a  ninth  point  at  pleasure  on  the  dianodal  curve  of  the  8  points. 
In  the  system  of  9  points  so  determined,  take  any  one  as  vertex,  and  joining  it  with 
the  remaining  8,  construct  the  ninth  line  of  the  ennead.  Performing  this  construction 
with  each  of  the  9  points  successively  as  vertex,  we  obtain  9  lines  passing  through 
the  9  points  respectively.  These  9  lines  meet  in  a  point  which  is  the  'enneadic 
centre '  of  the  9  points :  and  further,  the  10  points  form  a  completely  symmetrical 
system,  so  that  each  one  of  them  is  the  enneadic  centre  of  the  remaining  9." 

121.  Assuming  that  the  9  lines  do  intersect  so  as  to  give  rise  to  an  enneadic 
centre,  there  is  no  difficulty  in  conceiving  that  the  !oci,  which  by  their  intersection 
determine  the  dianodal  centres,  do  each  of  them  pass  through  the  enneadic  centre ; 
so  that  this  enneadic  centre  counts  once  or  more  among  the  dianodal  centres,  and  the 
number  of  proper  dianodal  centres,  instead  of  being  =  22,  will  be  suppose  =  22  —  tu, 
and  if,  further,  the  9  points,  together  with  the  enneadic  centre,  are  the  nodes  of  a 
symmetroid,  but  the  9  points  together  with  any  one  of  the  22  —  (o  dianodal  centres 
arc  the  nodes  of  a  sextic  decadianome,  then  we  must  also  have  as  follows : 

33—2 
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122.  "Considering  any  9  points  as  above;  taking  any  one  as  vertex,  and  joining 
it  with  the  remaining  8,  these  8  lines  determine  a  dianodal  ninthic  cone.  We  have 
thuH  9  dianodal  cones,  which  cones  pass  all  of  them  through  the  same  22  —  w  points," 

123.  I  am  not  able  to  verify  these  theorems  a  posteriori.  It  appeal's  to  me  that 
the  theorem  in  regard  to  the  enneadic  centre  subsists  for  a  system  of  9  points  such 
as  referred  to  in  the  statement ;  but  that  if  by  possibility  the  statement  be  too  general, 
the  theorem  must,  at  all  events,  subsist  for  a  more  special  system  of  9  points;  and 
that  there  certainly  exist  systems  of  10  points,  such  that  each  9  of  the  points  have 
as  an  enneadic  centre  the  tenth  point.  {I  have  since  ascertained  that  if  a  quartic 
surface  with  10  nodes  has  a  single  node  (3,  3),  the  surface  is  a  symmetroid ;  whence, 
by  what  precedes,  the  remaining  nine  nodes  are  each  of  them  (3,  3).  Added  25  March, 
1871.] 

124.  I  notice,  as  a  subject  of  investigation,  the  following  system  of  correspondence 
viz.,  given  any  8  points  in  space :  then  to  every  point  in  space  corresponds  a  line 
through  this  point,  viz.,  the  ninth  line  of  the  ennead  obtained  by  joining  the  point 
with  the  8  given  points  respectively;  and  to  each  line  in  space  a  point  or  points  on 
the  line,  viz.,  the  point  or  points  for  each  of  which  the  line  is  the  ninth  line  of  the 
ennead  obtained  by  joining  the  point  with  the  eight  given  points  respectively. 
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452. 


ON  AN  ANALYTICAL  THEOREM  FROM  A  NEW  POINT  OF  VIEW. 


[From  the  Proceedings  of  the  L&ndon  Matkentatical  Societ.i/,  vol.  in.  (1869 — 1871), 
pp.  220,  221.     Read  February  9,  1871.] 

The  theorem  is  a  well-known  one,  derived  from  the  equation 

(az-  +  2bz  +  c)  Mi=  4-  2  (ftV  +  2b's  +  c')  w  +  a"z^  +  2&"s  +  c"  =  0  ; 

viz.,  considering  this  equation  as  establishing  a  isolation  between  the  variables  s  and  xv, 
and  writing  it  in  the  forms 

2v.  =  AW  +  2Bw  +C=A'z'  +  •2B's  +  C  =  0, 

(where,  of  course,  A,  B,  0  are  quadric  functions  of  s,  and  A',  £',  C  quadric  functions 
of  IV,)  we  have 

U  =  t-  diu  +  $-'  dz.  =  (Mo  +  B)dw  +  (A'z  +  B')  dz; 
dvj  dz 

butin  viiiue  of  the  equation  w  =  0,  wehave  ^w  +  if  =  ViP-^(7,  and  A's  +  B'  =  ^B'' -  A'C , 
and  the  differential  equation  thus  becomes 

dw  dz       ^  „ 

'JB^'^AV'     '^W^AC~    ' 

where  B'^—A'G'  and  B'-AG  are  quartic  functions  of  w  and  z  respectively.  This  is, 
of  course,  integrabte  (viz.,  the  integral  is  the  original  equation  u  =  0) ;  and  it  follows, 
fi-om  the  theory  of  elliptic  functions,  that  the  two  quartic  functions  must  be  linearly 
transformable  into  each  other ;  viz.,  they  must  have  the  same  absolute  invariant  P  -i-  J^. 
It  is,  in  fact,  easy  to  verify,  not  only  that  this  is  so,  but  that  the  two  functions 
have  the  same  quadrin variant  /,  and  the  same  cubinvariant  J. 
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The  new  point  of  view  is,  that  we  take  the  coefficients  a,  b,  fee,  to  be  homogeneous 
functions  of  («,  y),  their  degrees  being  such  that  the  equation  ^^  =  0  is  a  quartic 
equation  (*5«,  y,  z,  w)*=0:  viz.,  this  equation  now  represents  a  quartic  suiface  having 
a  node  (conical  point)  at  the  point  (je  =  0,  2/  =  0,  z  =  0),  and  also  a  node  at  the  point 
(*■  =  0,  y  =  0,  w  =  0),  say,  these  points  are  0,  0'  respectively.  The  equation  JJ"-  —  A'C  =  0 
gives  the  circumscribed  sextic  cone  having  0  for  its  vertex,  and  the  equation  &  —  AC=0 
the  circumscribed  sextic  cone  having  0'  for  its  vertex ;  each  of  these  cones  has  the 
line  00'(x  =  0,  y  —  0)  for  a  nodal  line,  as  appears  geometiically,  and  also  by  the 
equations  containing  z,  w  respectively  in  the  degree  4.  Considering  B'^  —  A'C"  as  a 
quartic  function  of  z,  its  quadrin variant  is  a  function  (x,  yf,  and  its  cubinvariant  a 
function  {x,  y)'-;  and  similarly,  considering  B^  ~  AG  as  a  quartic  fvtnction  of  w,  its 
invariants  are  functions  {x,  yf  and  (ce,  yf-.  We  have  thus,  between  the  two  cones,  a 
geometrical  relation  answering  to  the  analytical  one  of  the  identity  of  the  invai'iants ; 
but  the  nature  of  this  geometrical  relation  is  not  obvious ;  and  it  pi-esents  itself  as  an 
interesting  subject  of  investigation. 
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453. 

ON    A    PROBLEM    IN    THE    CALCULUS    OF    VARIATIONS. 

[From   the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869 — 1871), 
pp.  221,  222.     Read  Februaiy  9,  1871.] 

The  pi-oblem  is,  z  =  l{^  —  y-)y,  to  find  y  a  finiction  of  ,«  such  that  p(^,K  =  max.  or 
min.,  subject  to  a  given  condition  \ydoi  =  c  (the  limits  of  each  integral  being  *■,,  a-j,, 
where  these  quantities  are  each  positive,  aud  Xi  >  a:^.  The  oi-dinai-y  method  of  solution 
gives  ■f  =  x-\-\,  where  {Xi+Xf —  {Xa  +  Xf  =  %c\  so  long  as  c  is  not  less  than  {p,  —  x„f, 
there  is  a  real  value  of  \,  hut  for  a  smaller  value  of  c  there  is  no  real  value.  The 
difficulty  arising  in  this  last  case  is  somewhat  illustrated  by  replacing  the  original 
problem  by  a  like  problem  of  ordinary  maxima  and  minima;  viz.,  x,,  x^.-.x^  being 
given  positive  values  of  x,  in  the  order  of  increasing  magnitude ;  and  if,  in  general, 
Zi  =  (_Zxi  —  yi-)yi,  then  the  problem  is  to  find  yi  a  function  of  xi,  such  that  %Zi=  max, 
or  min.,  subject  to  the  condition  S^j  =  c.  We  have  here  y^  =  Xi-\-'K,  where  X  is  to  be 
determined  by  the  condition  2^;  =  c ;  the  remainder  of  the  investigation  tunis  on  the 
questioi>  <i\  i\\t:  sif'ii  ;/,- =  +  Va,-,- +  X  Or  y,- =  —  ^''.iv  +  X,  to  be  taken  for  the  several  values 
of  i  riL*K]ir*cLively. 
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A    THIRD    MEMOIR    ON    QUARTIC    SURFACES. 

[From    the  Proceedings   of  the  London  Matlteinatical  Society,  vol.  iii.  (186!) — 1871), 
pp.  234^266.     Read  April  13,  1S71.] 

The  present  Memoir  is  a  continuation  of  my  former  researches  on  Nodal  Quartk' 
Surlaces,  [445,  451].  The  leading  idea  is,  that  for  a  quartic  surface  with  /.■-nodes,  given 
the  nature  of  the  circumscribed,  {k  —  1)  nodal,  sextic  cone  belonging  to  any  one  node  of 
the  surface  {for  instance,  A;=10,  that  it  is  a  cone  (3,  3)  composed  of  two  cubic  cones), 
we  thereby  detemiine  the  equation  of  the  quartic  surface,  and  consequently  the  nature 
of  the  remaining  {k~\)  nodes  thereof.  By  means  of  this  general  theoiy  I  complete, 
in  an  essential  point,  the  theory  of  the  Symmetroid ;  viz.,  I  show  that  a  10-nodaI 
quartic  surface  having  a  single  node  (3,  3)  is  a  Symmetroid;  whence,  as  appears  by 
my  second  Memoir,  [451],  each  of  the  remaining  nine  nodes  is  also  a  node  (3,  3);  and 
we  have  the  theory  of  the  remarkable  system  of  ten  points  in  space  such  that,  joining 
any  one  of  them  with  the  remaining  nine,  the  nine  lines  thus  obtained  are  the  inter- 
sections of  two  cubic  cones.  A  large  part  of  the  Memoir  is  devoted  to  the  consideration 
of  the  surfaces  with  16,  15,  14,  and  13  nodes:  this  is  substantially  a  reproduction  of 
the  results  obtained  by  Kummer  in  the  Memoir  "  Ueber  die  algebraischen  Strahlen- 
systeme,  &c.,"  already  referred  to;  but  the  results  in  question  arc  brought  into 
connexion  with  the  theory  of  the  present  Memoir,  and  they  are,  by  a  change  of  the 
constants,  exhibited  in  a  form  of  much  greater  symmetry  and  elegance.  I  attach 
importance  also  to  the  square  diagrams  by  means  of  which  I  have  exhibited,  in  a 
compendious  form,  the  relation  between  the  several  nodes  and  circumscribed  sextic  cones. 

The  paragraphs  are  numbered  consecutively  with  those  of  the  first  and  second 
Memoirs. 

Preliminary  Considerations  and  Olassification. 

125.  I  call  to  mind  that  if  a  quartic  surface  has  a  node  (conical  point),  then 
there  is  for  this  node  a  tangent  quadricone  and  a  circumscribed  sextic  cone ;  viz.,  if 
the   surface   has  (k  —  1)  other   nodes,  or   in  all   k  nodes,  then  the   sextic   cone  has  {k—\) 
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nodal   lines   (passing   through   the   other  nodes   respectively),  and  we   have   thus   for   the 
different  forms  of  the  sextic  the  table  No.  11 ;   viz.,  this  is 


Circumscribed  Sextic  Cone. 


Nodes  ot 
Surface. 

IfodslLmea 
of  Conee. 

1 

0 

2 

1 

3 

2 

4 

3 

5 

4 

6 

5 

7 

6 

8 

7 

9 

8 

10 

9 

11 

10 

12 

11 

13 

12 

14 

13 

15 

14 

16 

15 

4.  : 

4,,  i 


4,  1,  1 
■*„  1,  1 
4„  1,  1 

4.,  1,  1 


3.,  2,  1      3  ,  1,  1,  1     2  ,  2,  2 

3„  1,  1,  1     2,  2,  1,  1 

2„  1,  1,  1,  1 
1  ,  1,  1,  I,  1,  1 

viz.,  6   denotes   a   proper  sextic  cone   without   nodal  lines ;   6,   a  proper   sextic  eone  with 
one  nodal  line ;   5,  1  a  proper  quintic  cone  and  a  plane,  &c. 

We  may  distinguish  the  nodes  according  to  the  sextic  cones ;  thus,  a  node  6  means 
a  node  for  which  the  circumscribed  cone  is  a  proper  sextic  cone,  (1,  1,  1,  1,  1,  1) 
a  node  where  the  circumscribed  cone  breaks  up  into  six  planes,  &c. 

126.  A  16-nodaI  surface  has  16  nodes  (1,  1,  1,  1,  1,  1),  and  a  15-nodal  surface 
has  15  nodes  (2,  1,  1,  1,  1);  but,  for  a  14-nodaI  surface,  the  question  aiises  how  many 
nodes  are  (S,,  I,  I,  1),  and  how  many  (2,  2,  1,  1).  It  was  remarked.  No.  13,  that  the 
only  possible  cases  were  14,  0;  8,  6;  or  2,  12;  and  that  we  might,  in  like  manner, 
limit  the  number  of  possible  cases  for  other  values  of  k;  but  that  the  inquiry  was 
not  then  further  pursued.  I  resume  this  inquiry,  but  without  obtaining  as  yet  a 
complete  answer. 

127.  It  is  to  be  observed  that  a  line  joining  any  two  nodes  is  not,  in  general, 
a  line  on  the  surface,  but  that  it  may  be  so ;  the  surfaces  for  which  this  is  so 
(viz,,   any  surface   which   contains    upon    it    a   line    through    two    nodes)   form,   however, 

c.  VII.  34 
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a  class  by  themselves,  which  at  present  I  altogether  exclude  fr<ym,  consideration.  This 
being  so,  it  will  appear  in  the  sequel  that  there  is  but  one  kind  of  surface  having 
a  node  (2,  2,  1,  1),  and  but  one  kind  of  surface  having  a  node  (3i,  1,  1,  1).  Now  there 
is  a  Burfeee,  Kummer's  14-nodal,  the  nodes  of  which  are  8(3^,  1,  1,  l)+6(2,  2,  1,  1); 
■wherefore  the  two  kinds  are  identical,  and  are  each  of  them  Kummer's  14-nodal  surface. 
Similarly,  for  the  13-nodal  surfaces,  there  is  but  one  kind  having  a  node  (4,,  1,  1), 
bnt  one  kind  having  a  node  (S,  1,  1,  1),  and  moreover  but  one  kind  having  a  node 
<3i,  2,  1);  and  we  have  Kummer's  13-nodal  surface  with  the  nodes  3(43,  1,  1) 
+  1(3,  1,  1,  l)  +  9(3,,  2,  1);  hence  the  three  kinds  are  identical  with  each  other  and 
with  Kummer's.  Moreover,  there  is  but  one  kind  having  a  node  (2,  2,  2) ;  hence  all 
the  other  nodes  must  be  (2,  2,  2),  and  we  have  a  surface  13  (2,  2,  2)  not  given  by 
Kummer,  And  in  like  manner  for  the  12-nodaI  surfaces,  we  have  the  two  kinds  given 
by  Kummer,  and  a  third  kind  12(42,  1.  1)  not  given  by  him;  the  arrangement  thus 
far  being 

No.  of  Nodes.  Character  of  Surface. 

16  16(1,   1,   1,   1,   1,   1), 

15  15(2,  1,  1,  1,  1), 

14  8(3,,  1,  1,  l)  +  6(2,  2,  1,  1), 

13  (a)       3  (4s,  1,  1)  +  1(3,  1,  1,  l)  +  y(3„  2,  1), 

„    (/S)     13  (2,  2,  2), 

12  (a)     12(4,,  2), 

„    (y9)       2(5„  l)  +  6(3„  30  +  4(3,  2,  1), 

„    (7)      12(4,,  1,  1). 

128.  But  in  the  next  following  case  we  have  Kummer's  surface,  viz, 

11  (a)        l(6,o)  +  10(3,,  3), 

and  I  do  not  know  whether  one,  two,  or  three  kinds  of  surface  having  nodes  (4„  1,  1), 
(4;,  2),  and  (5,,  1).     And  in  the  next  case  we  have  (as  will  appear)  the  Symmetroid,  viz., 

10  (a)      10  (3,  3), 

and  I  do  not  know  how  many  kinds  of  surfaces  having  a  node  or  nodes  6^,  (5,,  1),  (4,,  2), 
(4,  1,  1). 

It  will  be  observed  that  the  present  division  has  nothing  t^  do  with  the  oetadic 
and  dianodal  division  in  the  former  Memoir. 

129.  I  consider  a  conic  ^  =  0,  and  any  six  tangents  thereof,  d  =  0,  (a  =  0,  ^  =  0>  Jj  =  0, 
(i  =  0,  (s  =  0;  we  have  an  identical  equation  which  might  be  written  AG—B?  =  i^t^titittXs, 
but  it  will  be  convenient,  introducing  a  constant  factor  K,  to  write  it 

AG  -  :&  =^  Kt^i^t4>.UU, 
B  being  a  cubic  function  and  0  a  quartic  function  of  the  coordinates. 
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Consider  now  the  series  of  fectors,  such  as 

sA    +m(,4*3, 

UA  +mtM,k, 

VA  +mtJAtA, 

WA  +mt,UUt,t,U, 

lere   m   is   a   constant,   I   a   constant,   s  a  linear   function,   U,  V, 

W  functions   of    the 

grees   2,  3,  4   respectively;   and   compose   with  one  or  more  such 

factors  an  expression 

involving  the  term  Ktit^titttJ,!,;  for  instance,  such  an  expression  is 


this  is,  of  the  form  Ail +  Kt,Ut,UUU.  viz.,  AH  +  {AG  -  B'),  or  ^  (il  +  C)  -  £^,  say  AV-B^; 
or  what  is  the  same  thing,  introducing  a  new  coordinate  w,  we  have  a  quadric  function 

Avf  +  2Bw  +  r, 
the  discriminant  of  which,  AT  —  B',  is  equal  to  the  expression  in  question. 

130.  In  the  sequel  («,  y,  z,  w)  are  considered  as  the  cooniinates  of  a  point  in 
space;  ^=0  is  thus  a  quadric  cone,  fi  =  0,  t:=0...(e  =  O,  any  six  tangent  planes 
thereof;  and  hence  jlw=  +  25w  +  r  =  0  a  quartic  surface,  having  the  point  (ic  =  0,  y  =  0, 
s  =  0)  for  a  node,  whereof  the  circumscribed  cone  AT  —  B'^  =  0  breaks  up  in  the  assumed 
manner. 

Thus,  in  order  that  the  circumscribed  cone  may  be  as  above 

{sA  +  mt^Ut,)  (I'A  +  m%U)  t,. 
we  have  only  to 


and  so  in  other  cases.  Observe  that  sA  +  mtitit^  =  0  is  a  cubic  cone,  which,  so  long  as 
s,  in  are  arbitrary,  has  no  nodal  line ;  but  establishing  a  single  relation  (say  s  remains 
arbitrary,  but  a  proper  value  is  assigned  to  m)  it  will  be  a  cubic  cone  having  a 
nodal  line.  And  so  UA +mt,tit3ti  =  0  is  a  quartic  cone  without  any  nodal  line,  but 
by  particularising  the  constants  it  may  be  made  to  have  one,  two,  or  three  nodal  lines. 
Such  nodal  determinations  are  obviously  required  in  order  that  the  formula  may  extend 
to  all  the  before-mentioned  forms  of  the  circumscribed  cone.  The  foregoing  analysis 
is  the  foundation  of  the  whole  theory :  I  have  given  it,  as  above,  apart  from  the 
theoiy,  in  order  that  the  nature  of  it  may  be  the  better  perceived ;  but  I  have  now  to 
bring  it  into  connexion  with  the  theory. 

On  the  Sextic  Curves,  A^B^  —  C^  =  0. 

131.     I    revert   to    the    consideration    of   plane    curves.      The   equation   of   a   sextic 
curve   («5iB,  y,  zf  =  0   cannot   be   in   general   expressed   in   the   form   AG  —  B'=Q,  where 

34—2 
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the  degrees  of  A,  B,  0  are  2,  3,  4  respectively;  in  fact,  the  existence  of  such  a  form 
implies  that  there  is  a  conie  A  =  0  touching  the  sextic  6  times ;  and  since  a  conic 
can  only  be  made  to  satisfy  5  conditions,  there  is  not  in  general  any  such  conic. 

132.  Such  conie,  when  it  exists,  is  said  to  be  inscribed  in  the  sextic,  and  the 
sextic  to  be  circumscribed  about  the  conic,  or  to  be  an  "amphigram;"  and  then, 
A  =  0  being  the  equation  of  the  conic,  that  of  the  sextic  is  expressible  in  the  form 
in  question  AC—B'^0.  It  is  clear  that  S  =  0  is  a  cubic  curve  passing  through  the 
6  points  of  contact  of  the  conic  with  the  sextic,  and  that  any  such  curve  may  be 
taken  for  the  curve  B ;  in  fact  if  a  particular  cubic  through  the  6  points  is  B'  =  0, 
and  the  equation  of  the  sextic  is  AC'  —  B'''  =  0,  then  taking  p  an  arbitrary  linear 
function  of  the  coordinates,  the  equation  of  the  general  cubic  is  B=B'+pA=0;  and 
then   writing 

A=^A, 

B=B'-^pA, 

C  =  0'  +  ZBp  +  Ap', 

v/e  h&vB  AG  —  B^  =  AC  —  B'^ ;  so  that  the  original  form  AO'-B'''  =  0  becomes  AC  — 5' =  0. 
But  the  cubic  S  =  0  being  assumed  at  pleasure,  the  quartic  (7=0  is  a  determinate  curve. 

133.  It  is  to  be  observed  that  a  sextic  curve  may  be  an  amphigram  in  more 
than  one  way:  certainly  in  two,  three,  or  four,  and  possibly  in  a  greater  number  of 
ways.  For  the  equation  of  the  curve  contains  27  constants,  and  hence  determining 
the  sextic  so  as  to  touch  4  given  conies  each  of  them  6  times,  there  are  still 
8  constants;  and  the  curve  will  be  an  amphigram  in  regard  to  each  of  the  4  conies; 
say  it  is  a  quadruple  amphigram.  But  in  the  sequel  we  are  only  concerned  with  a 
sextic  curve  considered  as  an  amphigram  in  regard  to  a  given  conic  A  =0  (no 
attention  being  paid  to  the  other  inscribed  conies,  if  any) ;  and  then,  by  what  precedes, 
taking  B  —  0  any  cubic  whatever  through  the  6  points  of  contact,  we  have  a  determinate 
quartic  curve  0  —  0,  and  the  equation  of  the  sextic  curve  assumes  the  form  AC  —  B'  =  0. 

134.  The  curves  A='0,  B  =  0,  C  =  0  contain  respectively  5,  9,  14  constants;  whence 
considering  the  function  B  as  containing  an  arbitrary  constant  factor,  for  the  curve 
AG  —  B^  =  0,  the  number  of  constants  is  prima,  facie  5  +  9+14  +  1  =  29;  but  on  account 
of  the  arbitrary  linear  function  p,  the  real  number  is  29  —  3  =  26 :  this  is  right,  for  a 
sextic  curve  contains  27  constants ;  and  the  curve  being  an  amphigram,  there  is  one 
relation  between  the  constants,  27  —  1  =  26. 

135.  Suppose  now  that  the  sextic  curve  AG  —  B'  =  0  breaks  up  into  two  or  more 
separate  curves,  say  into  the  two  curves  P  =  0,  Q  =  0  of  the  orders  /,  g  respectively ; 
/+ff=6.     We  have 

AC-.B^  =  PQ=0; 

and  the  conic  A  —0  touching  the  sextic  six  times,  must,  it  is  clear,  touch  the  curves 
P  =  0,  Q  =  0,  /  and  g  times  respectively.  And  so  when  the  sextic  breaks  up  into  any 
number  of  curves,  each  component  curve  P  =  0  of  the  order  /  must  touch  the  sextic 
g  times. 


Hosted  by 


Google 


454]  A    THIRD   MEMOIR   ON    QUARTIC   SURFACES.  269 

136.  It  follows  that  if  the  sextic  break  up  into  six  lines,  say  AO  —  B'  =  tititsttttte  =  0, 
then  that  each  of  the  lines  (i  =  0,  (^  =  0,  ...(5=0  is  a  tangent  to  the  conic.  And  con- 
versely, starting  with  the  conic  A=0  and  any  six  tangents  thereof  (i  =  0,  (2=  0,  ...i9=  0, 
we  have  an  identity  of  the  form  in  question.  In  fact,  taking  any  two  of  the  tangents, 
say  ti  =  0  and  t^  —  O,  then,  if  p  =  0  be  the  equation  of  the  line  joining  their  points 
of  intersection,  the  equation  of  the  conic  will  be  of  the  form  tit2+p'  =  0,  that  is,  we 
may  write  A=titi+p'^,  or  what  is  the  same  thing,  t^t^^ A—p^.  (Considering  A  as  a, 
given  quadric  function  of  the  coordinates,  this  of  course  implies  that  the  implicit 
constant  factors  of  (1,  (j,  p  are  properly  determined.)  Similarly,  5  =  0  being  the  line 
through  the  points  of  contact  of  (3,  (j,  and  r  =  0  that  through  the  points  of  contact 
of  (j,  t,,  we  have  tstt  —  A—q^  and  t^g  —  A  —r^;   whence,  to  satisfy  the  equation 

AO  -  B' ^  tyt^t^Ut^U. 

we   have   only  to   assume   B  —  lA+pqr,  I  an   arbitrary  linear  function  of  the  coordinates, 
and  the  equation  then  gives 

C^A^-A(p^-i-q''  +  r-)  +  (g¥=  +  r'lf  +pY)  +  l^A  +  llpqr. 

137.  It  will  be  observed  that  the  grouping  of  the  six  tangents  into  pairs  is 
arbitrary.  Ey  altering  this  grouping,  we  merely  alter  the  linear  function  I,  hut  do  not 
obtain  any  new  solution.  Thus,  say  that  the  now  form  is  B=l'A  +p'q'r',  then,  by 
properly  determining  the  linear  function  I,  we  can  reduce  this  to  the  original  form 
B—lA+pqr;  viz.,  we  can  satisfy  identically  the  equation  (I —l')A +pqr —  p'q'r'  =  0;  or 
what  is  the  same  thing,  XA+pqj — p'qY  =0,  where  X  is  a  linear  function  of  the 
coordinates.  We  have,  in  fact,  the  conic  A  =  0  and  the  cubic  j>qr  —  0  intersecting  in 
the  six  points  of  contact  any  other  cubic  through  these  six  points;  and  consequently 
the  cubic  p'^/  =  0  must  be  expressible  in  the  form  XA+pqr  =  0,  and  we  have  thus 
the  identity  in  question. 

138.  We  have  just  seen  that  the  value  of  B  is  necessarily  of  the  form  B  —  IA  +pqr, 
but  we  are  not  concerned  with  its  expression  in  this  particular  form.  What  we  require 
in  the  sequel  is  a  value  of  B,  and  thence  one  of  0,  satisfying  the  identity  in  question, 
AC— B'  =  tit.tt3tj!,tg;  or  what  is  the  same  thing,  introducing  for  convenience  a  constant 
factor  K,  the  identity 

AC  -  B' =  Kt,t^titJ^te. 

139.  Instead  of  C,  1  write  T,  and  consider  the  sextic  araphigram  Ar-B^  =  0 
touched  by  the  conic  j4  =  0  in  the  points  of  contact  of  the  conic  with  the  six  tangents 
(1  =  0,  ^2  =  0,  ...(,  =  0.  Suppose  the  sextic  curve  breaks  up  into  factors;  if  one  of 
these  factors  is  a  line,  it  is  one  of  the  six  tangents,  say  the  tangent  (,  =  0.  If  there 
is  a  conic  factor,  this  is  a  conic  touching  the  conic  A  =  0  at  its  points  of  contact  with 
two  of  the  tangents,  say  the  equation  is  M+m(ife,  =  0.  Similarly,  if  there  is  a  cubic, 
quartic,  or  quintic  factor,  then  the  equation  hereof  is  sA  +mtitit3  =  0,  UA+mtitit3ti  =  0, 
or  VA+m,t,tstitt  =  0.  Or  going  on  to  the  next  case  of  a  sextic  factor  (being  of  course 
the  whole  curve),  we  may  say  that  this  is  WA+mt,ttst^ttte  =  0.  (Observe  that  since 
AC  —  B' =  Ktjiitstttite,  this  means  only  that  the  equation  of  the  sextic  amphigram  is 
of  the  assumed  form  AT  — 5^  =  0.) 
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140.  By  what  precedes  we  can,  for  a  sextic  amphigram  which  breaks  up  in  any- 
assigned  manner,  determine  the  value  of  F.  For  instance,  let  the  amphigram  break 
up  into  two  cubic  curves;   say  these  are  sA  +  mtit^ti^O.  s'A  +m'titste  =  0.     Assume 


then  this  equation  is 

Ar-B'=-~-  [ss'A'  +  {S7n%t,t,  +  s'mt, t,U)  A]-\-AG-B'; 
that  is,  we  have 


and  so  in  any  other  ease. 

I  have  already  adverted  to  the  question  of  the  "  nodal  determination "  of  the 
formulae,  and  it  might  be  properly  here  considered ;  viz.,  the  question  is  as  to  the 
determination  of  the  constants  in  such  manner  that,  for  instance,  sA-\-'mti%t3  =  Q  may 
be  a  nodal  cubic,  f74  +  mi,  f 3(3^4  =  0  a  nodal,  binodal,  or  trinodal  quartic,  &c. ;  but  I 
defer  it  for  the  moment  in  order  first  to  apply  the  theory  to  the  quartic  surfaces. 


Application  to  Quartic  Surfaces. 

141.     If  a   quartic  surface   has  a  node  or   nodes,  we  may  take   for  a  node  the  point 
fl;=0,  3/  =  0,  s  =  0;    the  equation  of  the  quartic  surface  is  then  of  the  form 

Av^  +  2Bw  +  r  =  0, 

where  A,  B,  V  are  functions  of  «,  y,  z  of  the  degrees  2,  3,  4  respectively.  A  =0  is 
the  tangent  qiiadricone  at  the  node  in  question ;  and  the  circiimscribed  cone  is 
AT  —  ^  =  0.  By  what  precedes,  this  is  an  amphigram  touching  the  quadricone  along 
six  generating  lines  thereof;  say  the  tangent  planes  of  the  cone  A  =  0  along  these 
six  lines  respectively  are  (i  =  0,  (3  =  0, ...  (5  =  0.     We  have  then  an  identical  equation 

AG  -  B"- =  Kt,tJ^tJ,t,, 

viz.,  regarding  for  a  moment  this  equation  as  an  equation  for  the  determination  of  5, 
and  R  as  any  particular  solution  thereof,  then  its  general  solution  is  B'  +  tA,  where 
t  is  an  arbitrary  linear  function  of  (x,  y,  z),  and  the  B  in  the  equation  of  the  surface 
is  properly  =B'-\-tA.  But  by  the  substituting  w  —  t  in  place  of  w,  the  B  of  the 
equation  of  the  surface  would  then  be  made  =S;  and  it  thus  appears  that  we  may, 
without  loss  of  generality,  take  the  B  of  this  equation  to  be  any  particular  value 
satisfying  the  identity  in  question ;  and  then,  B  having  such  particular  value,  C  is  a 
quartic  function  of  {x,  y,  z)  completely  determined  by  the  same  identity.  And  we  then, 
by  what  precedes,  at  once  determine  F  so  that  the  circumscribed  cone  AV  —  B^=^ 
may   be   a   cone   breaking   up   in   any   assigned   manner ;    for    instance,   if    it   be   a  cone 
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(3,  3),  then,  as  just  mentioned,  the  two  cubic  conea  are  sA+mtit,t!j  =  0,  s'A+m%tits  =  0: 
and  r  has  the  value 


above  obtained. 

On  the  Nodal  Determination. 

142.  I  am  not  able  to  discuss  with  much  completeness  the  question  of  nodal 
determination.  We  have  to  consider  a  cubic  curve  sA  +  mtit^ts  =  0,  a  quartic  curve 
UA  +  mtitststt  =  0,  &c.,  as  the  case  may  be,  and  to  determine  the  constants  so  that 
this  shall  have  a  node  or  nodes.  Consider  for  a  moment  the  form  PA  +  t^Q  =  0,  where 
Q  denotes  the  product  m^A...  of  all  or  any  of  the  tangents  t^, ..  t^;  the  orders  of 
PA,  tiQ  are  of  course  equal,  that  is^  the  order  of  P  is  less  by  unity  than  that  of  Q. 
I  say  that,  by  establishing  a  single  relation  between  the  constant.^,  this  may  be  made  to 
have  a  node  at  the  point  of  contact  ^=0,  (i  =  0.  In  fact,  writing  A  =  XS^  + /iSj,  +  jiS^ , 
where  X,  (i,  v  are  arbitrary,  there  will  be  a  node  at  any  point  if  for  that  point 
A  (PA  +  t,Q)  =  0.  But  for  the  point  J.  =  0,  f ,  =  0  this  becomes  PAA  +  QA(,  =  0 ; 
moreover,  if  i  =  0  be  any  other  tangent  of  the  conic  A=-Q,  and  if  ^  =  0  be  the  line 
joining  the  points  of  contact  of  the  tangents  t,  ti,  then  we  may  write  A  =  tti—p\  and 
thence  (since  at  the  point  in  question,  A  =  0,  ^  =  0,  we  have  also  ^  =  0)  we  find 
A.A  =  tMi,  and  the  foregoing  equation  thus  becomes  ((P  +  Q)Aii  =  0;  viz.,  this  equation 
is  satisfied  irrespectively  of  the  values  of  X,  fi,  v,  if  only  at  the  point  in  question 
(that  is,  for  the  values  of  the  coordinates  which  belong  to  the  point  (i  =  0,  A  ==0)  we 
have  tP+  Q  =  0,  which  is  a  single  relation  between  the  constants. 

143.  In  particular  the  cubic  curve  sA  +  mtitita  =  0  may  be  made  to  have  a  node 
at  the  point  of  contact  of  any  one  of  the  three  tangents ;  the  quartic  curve 
UA +mt,tit3tt  —  0,  a  node,  or  two  or  three  nodes,  at  the  point  or  points  of  contact  of 
any  one,  two,  or  three  of  the  four  tangents;  and  so  in  other  cases.  These  are  not 
the  only  solutions,  and  they  are  in  fact  solutions  which  (as  afterwards  explained) 
I  propose  to  reject,  attending  in  each  case  only  to  the  remaining  or  proper  solutions 
of  the  problem. 

144.  To  obtain  in  a  different  manner  the  foregoing  result,  consider  again  the 
cubic  curve  sA  +mtitits  —  0;  regarding  this  as  a  given  curve,  the  conic  ^  =  0  is  a  conic 
determined  (not  of  course  completely)  as  a  conic  having  therewith  3  points  of  2-pointic 
intersection ;  viz,,  if  the  cubic  has  a  node,  then  the  cone  j4  =  0  is  either  a  conic 
passing  through  the  node  and  besides  touching  the  curve  twice,  or  else  it  is  a  conic 
touching  the  curve  3  times;  the  former  is  of  course  the  above  mentioned  case  where 
there  is  a  node  at  one  of  the  points  of  contact  on  the  conic  A  =  0;  the  latter  is 
regarded  as  the  proper  solution.  So  in  the  case  of  a  quartic  curve  UA+mtit^tst^^O, 
regarding  this  as  a  given  curve,  the  conic  .4  =  0  is  a  conic  having  therewith  four 
points  of  2-pointic  intersection ;  viz.,  if  the  quartic  curve  has  one,  two,  or  three  nodes, 
then  the  conic  is  either  a  conic  passing  through  one,  two,  or  three  nodes,  and  besides 
touching   the   quartic   thrice,  twice,  or   once :   or   else   it   is   a   conic   touching  the  quartic 
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four  times.  The  former  is  the  above  mentioned  ease  where  there  is  a  node  or  nodes 
at  a  point  or  points  of  contact  with  the  conic  ^  =  0 ;  the  latter  is  regarded  as  the 
proper  solution. 

145.  To  fix  the  ideas,  and  at  the  same  time  obtain  a  result  which  will  be 
afterwards  useful,  I  work  out  the  formulae  for  the  cubic  curve  sA  +  m,t,t,t3  =  0,  taking 
this  equation  under  the  form 

f  I  +  -  +  -J  (a^  +  jf^  +  3'^  -  2i/2  -  2zx  -  2wy)  +  m  xyz  =  0. 

This  may  have  a  node  in  two  different  ways;   viz., 

1',  At  the  point  of  contact  of  one  of  the  tangents  x=Q,  y  =  0,  3  =  0  with  the 
conic  A  =  0;  say   at   the   point   of  contact  of  3!  =  0,  that   is,   the   point   x  =  0,  y  —  z  =  0. 

The    value   of   m   is   =-  +  -;   hence   -  = +  im ;    and,    substituting,   the    equation    of 

the  curve  becomes 

which  has  obviously  a  node  at  the  point  in  question. 

2".     The   node   may   be  at   a   point   not   on   the   conic   A  =  0,   viz.   the    value   of  m 
,  the  equation  is 


_(x  +  f^  +  vy 


f^  +  ^  +  -)  (a^  +  2/=  +  3=  -  2yz  -  tzx  -  2xy)  +  <^  +  /^  +  '')'  ^^  ^  o. 
In  fact,  writing  for  shortness 

X~fi  +  v  =  M, 

\  +  ^  +  v^P, 

the   node   is   at   the   point  x  :  y  :  z  =  L\  :  Mfi,  :  Nv ;   which   is   at   once    ve 
remark  that,  wnting  for  convenience  x,  y,  z  =  L\,  M/j.,  Nv,  then  we  have 

-  w  +  y  +  z  =  MN, 
x~y  +  z  =  NL, 
x  +  y-z  =  LM, 
^  +  ^  +  ^  =  P,     a^  +  y'+z--2y3-2sx-2a:y  =  ~  LMNP  (=  A). 

For,  of  the  three  equations  for  the  coordinates  of  a  node,  the  first  is 

(X  +  ;U-  +  vf 


^g.^.3.(.-,-.).<^i£±^,..o, 
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that  is,  for  the  values  in  question. 


that  i 


"' . m  /v  /-"  -I-  I-'  I—  ■/  lit  IV  \  1 


-  LMA^P  -  2XMNP  +  P'ilfiV  =  0, 
or,  finally,  —L  —  2X+P==0,   which   is   satisfied ;    and   similarly   the   other   two   < 


Quartic  Surfac 

146.  Passing  now  from  curves  to  cones,  and  to  the  theory  of  the  quartic  surface, 
suppose  that  there  is  a  component  cone  having  a  nodal  line,  say  the  cubic  cone 
sA  +mt,*j(s=0:   if  the  remaining  factor  is  UtsU,  then  we  have 

Suppose  the  nodal  line  is  a  line  of  contact  with  the  cone  A  =0,  say  its  equations 
are  ;,  =  0,  p  =  0  (p  a  linear  function),  then  sA  +  mtitstt  is  a  quadric  function  (sjij,  p^), 
(of  course  with  variable  coefficients);  hence  Ar  —  B^  is  a  quadric  function;  and  A 
being  a  linear  function  (sijii,  p),  it  follows  that  B  is  a  linear  function,  and  thence 
that  r  is  aiso  a  linear  function ;  that  is,  A,  B,  T  are  each  of  them  a  Knear  function 
(*5*i,  p),  or  the  line  in  question  (viz.  the  line  of  contact  A^O-,  i,  =  0)  is  a  line  on  the 
quartic  surface  Aw'^-\-1Bw-\-T  =  0.  As  already  mentioned,  /  eccclv/le  from  consideration 
the  surfaces  which  have  upon  them  a  line  through  two  nodes ;  that  is,  I  exclude 
from  consideration  the  case  in  question  where  any  component  cone,  or  say  where  the 
sextic  cone,  has  a  nodal  line  which  is  a  line  on  the  tangent  cone  A  =  Q. 

147.  Now,  excluding  the  case  just  referred  to,  I  assume  as  a  postulate  that  there 
is  but  one  way  in  which  the  cubic  cone  sA+miit^ts^O  can  be  made  to  have  a  nodal 
line,  or  the  quartic  cone  U'A+mt,tzt3t4  =  0  one,  two,  or  three  nodal  lines  &c.,  as  the  case 
may  be.  It  is  to  he  understood  that  this  does  not  mean  that  the  constants  are  in 
any  of  these  cases  completely  determined,  but  that  there  is  between  them  a  relation 
or  relations  constituting  a  genera!  solution  which  includes  in  itself  every  particular 
solution  whatever,  I  have  no  doubt  that  as  regards  the  cubic  cone  at  least  the 
assumption  is  correct.  This  being  so,  the  character  of  a  single  node  determines  the 
nature  of  the  surface;  for  instance,  if  there  is  a  node  (3i,  3),  then  taking  this  as 
the  point  (^  =  0,  y=0,  ^=0)  the  equation  of  the  surface  is  Az'+2£w  +  r  =  0,  where 

r  =  G+  — ,  (ss'A  +  I'stit^t^  +  ls%t,t,), 

a   surface   of  a   determinate    nature ;   so   that   the   character   of  all   the   remaining   nodes 
is  completely  determined. 

148.  The  point  to  be  attended  to  is,  that  if  for  instance  there  were  two  essentially 
distinct  ways  of  giving  the  cubic  cone  sA+mtitits=0  a  nodal  line  (such  as  there 
would   he   if  the   excluded   case  were  considered  admissible),  then   the  foregoing  equation 

c.   VII.  35 
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of  the  surface  would  or  might  include  two  distinct  forms  of  equation  applying  to 
different  kinds  of  surface.  The  conclusion  is  that  there  is  but  one  kind  of  quartic 
surface  having  a  node  (Sj,  3).  Admitting  this,  and  similarly  that  there  is  but  one  kind 
of  quartic  surface  having  a  node  6io,  it  follows  that  if  (as  the  fact  is)  there  is  a 
surface  having  the  nodes  1  (6io)  + 10(3i,  3)  (Kummer's  11-nodal  surface),  then  that  the 
two  first-mentioned  kinds  are  in  fact  each  of  thera  this  last- mentioned  kind  of 
surface ;  and  it  was  in  this  manner  that  I  arrived  at  the  enumeration  given  near  the 
beginning  of  the  present  Memoir, 

149.  The  reasoning  is,  of  course,  in  place  of  a  direct  demonstration  which  would 
consist  in  showing  that  a  surface  having  a  node  (3i,  3)  has  9  other  like  nodes,  and 
also  a  node  6j„;  and  that  a  surface  having  a  node  6io  has  10  other  nodes  (3,,  3); 
and  that,  starting  from  either  form  of  equation,  we  could,  by  passing  to  a  node  of 
the  other  kind,  obtain  the  other  form  of  equation. 


Enwmeration  of  the  Gases. 

150.  I  collect  the  results  as  follows:  I  call  to  mind  that  we  have  always  the  identical 
equation  AG  —  B' =  Kt^t^tstiUtg,  that  the  equation  of  the  surface  is  jIwi^ -1- 2Bw  +  T  =  0, 
and  that  the  circumscribed  cone  is  AT  —  &  =  Q.  The  equation  of  a  surface  having 
different  kinds  of  nodes  will  assume  different  forms  according  as  the  origin  (or  point 
jc  =  0,  y  —  0,  z=0)  is  taken  to  be  at  a  node  of  one  or  other  of  these  kinds ;  these 
forms  of  the  equations  are  distinguished  as  "  node -forms," — viz.,  we  speak  of  the  node- 
form  (3,,  3)  when  the  origin  is  a  node  (3,,  3),  and  so  in  other  cases. 

The  16-nodal  surface 

16(1,  1,  1,  1,  1,  1), 
node-form 

(1,  1,  1,  1,  1,  1), 

tiktsttt^U  =  0, 

T^G; 

Aw'  +  2Bw  +  C  =  0. 

15(2,  1,  1,  1,  1). 

(2,  1,  1,  1,  1) 

(lA  -\-mtiQtstJ^U  =  0, 

r  =  G  +  —  t^tJ,M  =  0. 


and 

viz.,  equation  is 

The  15-nodaI  surface 
node- form 
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The   14-nodal  surface 

8(S„  1,  1,  l)  +  6(2,  2,  1,  1), 
node- form 

(3„  I,  1,  1), 
cone  is 

sA+mtjtit^^O  is  a  nodal  cubic  Sj, 


where 
and 


(2,  2,  1,  1), 
(lA  +  mtiU)  {I' A  +  m%t^)  %%  =  0, 


r  =  (7  +  — -,  (U'A  +  Im'UU  +  I'mti Q  t,te. 
The  13(a)-nodal  surface 

3(4„  1,  l)-i-l(3,  1,  1,  l)  +  9(3„  2,  1), 


node- form 

(%, 

1,  1), 

CODC   is 

(UA  +  mt,tAQt,t,  =  0. 

where 

UA+mttUtsti^O  is  a  triaodal  quartic  4^ 

and 

T-o^§m.t.: 

node- form 

(3,  1,  1,  1). 

cone  IS 

(sA  i-mt,%Qt,t,t„^0, 

where 
and 


m 

(3.,  2,  1), 
(sA  +  'mt.UQ  {I' A  +  m'(,4)  U  =  0. 
sA  ■\-7ni-i^tists  —  0  is  a  nodal  cubic  Sj, 
K 
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The  13  (/3)-nodaI  surface 

13(2,  2,  2), 
node- form 

(2,  2,  2), 
cone  is 

(lA  +  mt,  t,)  (I' A  +  wi%t,)  {I" A  +  m'tA)  =  0, 
and 


+  lm'm"tA%t^+  l'm"mtstet,t^+  l"mm%tMi]- 
The  12(a)-iiodal  surface 

12(4,,  2), 
node-form 

(4»,  2), 
cone  is 

(UA  +  mt,U,h)  (I'A+mUU)  -  0, 
where 

UA-\- mtit^tati^O  is  a  trinodal  quartic  4,, 
and 


The  12(;S)-nodal  siirfaco 

2(5„  l)  +  6(3i,  3,) +  4  (3,  2,  1), 


node-form 
cone  ia 

and 


(5„  1), 

{VA  +mtiLt^t^t^)t^  =  0, 
VA  +  mtit^tstit^  =  0  is  a  6-nodal  qiiintic  5„, 


node -form 


cone  If 


(3„  30, 

(sA  +  mtAts)  (s'A  +  m'U^ts)  =  0, 
sA  +  7ni-itits  =  0  and  s'A+m't,t^t^  =  {)  are  each  of  them  a  nodal  cubic  3i, 

r  =  C  -I- ,  {ss'A  +  m'sttUU  +  ms'tyUU)  \ 

(3,  2,  1), 
{sA  -H  int-^kQ  {I'A  +  m%Q  U  =  0, 
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The  12  (7)-nodal  surface, 

12  (4s,  1,  1), 
node- form 

(*■,  1, 1), 

cone  is 

where 

UA  +  mtj_tJiti  =  0  is  a  binodal  quartic  4^, 

The  11  {a)-nodai  surface, 

1  (6.„)  +  10  (3„  3) 
node  form 

<6..), 
cone  is 

WA  +  mt,i^t,Ut,U^O, 

where  this  is  a  10-nodal  sextic  6i„, 

and 


node-form 

(3.,  3), 
cone  is 

(sA  +  mt,t.,t^')  (s'A  +  m't^ts)  =  0, 
where 

sA+mt,tits=0  is  a  nodal  cnbic  3,, 
and 


Other  11-nodal  surfaces, 
node -form 


where 
and 


cone  IS 

where 

and 


(5„  1), 

(VA  +  7n.tit.Jstits)te  =  0, 

VA  +  vit,tstJJs  =  ^  is  a  o-nudal  quintic  5,, 

(4=,  2), 

( UA  +  mt^UUQ  {I' A  +  mt,%)  =  0, 

UA +mtit2t3tt~0  is  a  binodLil  quartic  4.j, 
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node-form 

(4.  1,  1). 

where 

UA  +  mtitntsti  is  a  nodal  qiiartic  4i, 
and 


but    whether    these    node -forms    belong    to   the    same    or    to    different    surfaces    is    not 
ascertained. 

The   enumeration   is   not  extended   to  the  10-nodal  surfaces,  but  I   consider  one  case 
of  these  surfaces. 

The  10  ia)-mdal  surface  10(3,  3). 
151.     I  assume  only  that  there  is  a  single  node  (3,  3):   taking  the  cone  to  be 
(sA  +  mtAt,)  (s'A  +  m'ttt^te)  =  0  ; 
then  for  the  equation  of  the  surface,  in  the  node-form  (3,  3)  in  question,  we  have 

r=  C+ Ass'A  +  sm%tits+  s'mtJA)- 

mm  ' 

But  I  present  this  result  under  a  different  form,  as  follows :   I  write 

A  ^p"  -i-ft,t2  =  q''+gtsU==r^  +  kt,,ts, 

where  /,  g,  k   are   constants,  and,  as   before,  p  =  0,  g  =  0,  r  =  0   are   the  lines  joining  the 
points  of  contact  of  t,,  tj;   ts,  i,;   and  (,,  (,  respectively:   we  have 

sA  +  'mt,t.t,  =  sA  +  intsf     Z     ),  and  s'A  +m.%%te  —  s'A+m%(  —y—) ; 

or  in   place   of  s,   s'   introducing   new   linear   functions   a;    a-',   the   cubic   curves   may   be 

'X' 


=»S'(-^-7'«')('''^-f'-'-) 


mm 


'  f-^Jsh '■■''}- hh' 


whence   B=(>-rj  {■pqr-\-tA'),  where   f   is   a   linear   function   of  the  coordinates;    and   we 
then  have 
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where  A  may  be  considered  as  standing  for  q^  +  ghtf.  The  equation  Aw^-]-2Bw  +  V  =  0 
of  the  surface,  substituting  throughout  for  A  its  value,  is  therefore 

(5=  +  9t,Q  w=  +  2  (^^J   [pqr  +  t{q'  +  gtA)]  w 

{<7  it  +  gt^U)  -  jp%^  j<r'  (q^  +  gt,t,)  -  J  ^(,|  =  0. 

152.  Writing  in  the  equation  of  the  surface  wfT-j)    instead  of  w,  it  becomes 

(q^  +  ghQv^  +  2[pgr+t(q^  +  gtsti)]  w 

and  then  writing    >  o"  and    -=-  a'  for  <r  and  o-'  respectively,  this   is 

(q"  +  ^'^^4)  w'  +  2pqrw  +  2tw  (5=  +  gUU) 

+  9  W<^'  <?"  +  i/^*i)  -  '^''^^  -  f^'P^  *3  +  -  P'*^]  +  *^  (2^  +  i/'s'i)  +  2(p9'-  =  0. 

We  may  consider  (a,  t^  as  denoting  not  the  functions  originally  so  represented,  but 
these  functions  each  multiplied  by  a  suitable  constant,  and  thereupon  write  jr  =  —  1  ; 
viz.,  (3  =  0,  (4  =  0,  will  now  denote  any  two  tangents  to  the  conic  A=0,  the  implicit 
factors  being  so  determined  that  A  =  q'  —  tsti.     The  equation  of  the  surface  is 

(q"  ~  iaQ  W  +  Ipqrw  +  2iw  {5=  -  UQ 

-  aa  (_f  -  t^h)  +  <Tr\  +  Gp%  +pV  +  V  {q^  ~  UU)  +  2pqrt  =  0  ; 
viz.,  this  is 

(§=  -  t,t,}  [(w  +  ty-  o-tr']  +  2pqr  (w  +  t)  +  rrr't,  +  <^'p%  +p'r'  =  0, 

the  sextic  cone  being 

153.  But  the  foregoing  equation  of  the  surface  is 

,    -u',    w  +  t,       .   ,       r 
\  w  +  t,      -<7.    p    ,       . 

I  ■  >  P  ,  ii         ,  —■ 

r    .       .       .     -q.     I, 

as  is  at  once  seen  by  developing  the  determinant;  the  functions  w  +  t,  a,  <r',p,  q,  r,  (3,  t^ 
are  all  of  them  linear ;  and  the  determinant  is  thus  a  symmetrical  quartic  determinant 
the    terms    whereof    are    linear    functions    of    the    coordinates;    viz.    the    surface    is    a 
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symmetroid.  That  is,  a  surface  having  a  single  node  (3,  3)  is  a  symmetroid;  but  I 
have  shown  (Secmid  Memoir,  No.  116)  that  a  symmetroid  has  each  of  its  ten  nodes 
(3,  3);  wherefore  the  surface  having  a  single  node  (3,  3)  is  the  10(a)-nodal  surface, 
nodes  10  (3,  3). 

154.  Start  from  two  cubic  cones  f7=0,  V=0,  having  each  the  same  vertex 
(a;  =  0,  y  =  0,  S'=0);  we  may  in  a  variety  of  ways  determine  the  two  cones  aU-i- 8V=0, 
yU+BV  =  0,  having  a  common  inscribed  quadrie  cone  ^  =  0  (viz.,  a  :  ^  being  assumed 
at  pleasure,  then  7  :  S  will  be  determined ;  not,  I  believe,  uniquely,  but  I  do  not 
know  what  the  multiplicity  is).  This  being  so,  the  quadrie  cone  ^  =  0  is  uniquely 
determined;  and  then,  assuming  at  pleasure  the  plane  w  =  0,  the  10(a)-nodal  surface 
Aw^  +  2Bw  +  r  =  0  is  uniquely  determined ;  consequently  the  remaining  nine  nodes  are 
determinate  points  on  the  nine  lines  17  =  0,  ^=0  respectively.  And  we  have  thus 
a  system  of  ten  points  in  spaee  such  that,  joining  any  one  of  them  with  the  remaining 
nine,  the  nine  lines  so  obtained  are  the  intersections  of  two  cubic  cones,  or  say  that 
they  are  an  ennead  of  lines. 

Notation  for  the  Gases  afterwards  considered. 

155.  I  proceed  to  further  develope  the  theory  of  some  of  the  different  surfaces. 
The  same  node-form  of  equation  will,  of  course,  assume  dififerent  shapes  according  to 
the  actual  expressions  in  terms  of  the  coordinates  {x,  y,  z)  of  the  several  functions 
A,  &c.,  which  enter  into  it.  I  have  foimd  it  convenient  to  attribute  to  A  and  B 
certain  specific  values  which  are  not  in  every  case  those  of  the  coefficients  of  wr",  w  in 
the  equation  of  the  surface :  this  means  that  we  must,  in  the  equation  of  the  surface, 
substitute  new  symbols  for  these  coefficients,  and  write  the  equation  say  in  the  form 
v4V^  + 2£'w  + r  =  0 ;   the  change  of  notation,  when  it  occurs,  will  be  duly  explained. 

156.  It   is    in   general   (but   not   always)   convenient   to   take   the    equation    of    the 

tangent    cone   to   be   a? ■\-y'^-\-z'^  —  'iyz  —  1zx—1xy  =  ^;    for   then  any    plane    -  +  ^  +  -  =  0, 

where  a+/3  +  7  =  0,  will  be  a  tangent  plane;  so  that  six  tangent  planes  may  be 
represented  by  x  —  ^i,  ?/ =  0,  z  —  ^,  and  by  three  equations  of  the  form  just  referred  to. 
And  in  reference  to  this  assumed  form  of  the  equation  of  the  tangent  cone,  and  to 
what  follows,  I  write 

a  +^    +7=0, 


<■■ 

+$' 

+  7' 

-0, 

"■ 

+  f3" 

'  +  7" 

=  0, 

p 

'i 

-1 

7 

r 

~1 

-1 

^'i' 

p 

'°? 

.|, 

+f 

Hosted  by 


Google 


454]  A    THIED    MEMOIE   ON    yUARTIC   SURFACES.  281 

X  =,  (YV'y-OT"«), 

X'=a'  (yv  y-fi'ffz). 
F  =(3'  («"«  z-i'^  X). 
Z'   =y  (/3"/3a--""<.  j). 

X".«"  (y7';,-/3;3'«), 
F"=/3"(«  a'^-7  t'x), 
Z"  =7"(«/3'i-aa'y), 

^  =  i^^  +  ^"+5^-  2?/2  -  23^ -  2a;y, 

B  -  mV  (j'z  -  yf)  + 130' 0"  (z'm  -  »«")  +  77V  (^"j  -  xf)  +  ifayj, 
C  =  (aaV'js  +  ^^■^"zx  +  -n'i'x^  T ; 
where 

j¥  =  (/3  -7  )aV  +  (7   -a)/J'/3"+(.    -/J  )7V, 

-  (/3'  -  7  )  »"«  +  (7   -  «■ )  /3",3  +  («■  -  «' )  7-7, 
-(«"-7")«<>'  +(7"-«")?^   +(<."-r)7  7, 

-  -  J  103  -  7)  (S-  -  V)  (r  -  7")  +  (7  -  «)  (7'  -  a')  (7"  -«")  +  (»-  «  («•  -  ff)  (»"  -  fl")! ; 
also 

K  =  iaa'a"0/3'^"'-/jY : 
and  we  have  identically 


TAe  16-)!orfai  ^Mj/ace  16  (1,  1,  1,  1,  1,  1). 

157.     Kuramer   starts   from   an   irrational   equation,  which   is   readily   converted   into 
the  following 

and  then,  rationalizing,  we  have 


AC-B'  =  KxyzPf'P". 

This   agrees   with  the  foregoing   theory;   viz.,  the  point  (x  =  0,  y^O,  2  =  0)  being  a  node, 

the   rationalized   equation   must,  of  course,  be   in   the   node-form  (1,  1,  1,  1,  1,  1),  (being 

the   only   node-form);    and   the   symmetry   of  the   formula;   enables   us   at   once   to   write 

c.  VII.  36 
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down   the   equations   of    the    Iti 

of  the  16  nodes;   v 

k., 

the  singu 

ar  planes  are 

(1) 

X  =0, 

(2) 

a-o. 

(3) 

2  =  0, 

(4) 

w  =  0. 

(5) 

X-i»  =  0, 

(6) 

F  - 10  =  0, 

m 

Z  ~to-0. 

(8) 

P  =  0, 

(9) 

X-  -  .0  -  0, 

(10) 

F  -  to  =  0. 

(11) 

^  - 10  =  0, 

(12) 

r  =0, 

(13) 

Z"  -  to  =  0, 

(14) 

F"-io-0, 

(15) 

Z"  -  to  -  0, 

(16) 

P"  =0, 
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ingnlar   planes,   and   thence   to   deduce   the   coordinates 


and  the 

nodes 

are 

(1) 

(  0  , 

-B 

(2) 

(   "  . 

0 

(3) 

(-«, 

/3 

(4) 

(«'«", 

W 

(5) 

(    1    , 

0 

(6) 

(    0   , 

1 

m 

(    0   , 

0 

(8) 

(    0   , 

0 

(9) 

(    0   , 

-f>' 

(10) 

( »', 

0 

(11) 

(-«'. 

f 

(12) 

( «"<■ , 

n 

(13) 

(    0   , 

~/3" 

(H) 

( "" , 

0 

(15) 

(-"", 

ff" 

(16) 

(W, 

0/3' 

aV'/37  ), 
/3'^V  ), 


0 


), 


Tf 


0        ). 
0        ), 

0  ). 

1  ). 
«"«/3'7' ), 
fl'W' ), 
7V/3'  ). 

0  ), 
aa'B"j" ), 
/3W'«"), 

r/""(3"), 

0        ), 


where  the  nodes  and  planes  are  numbered  as  by  Kninmer :  and  by  means  of  his 
(differently  arranged)  diagram  of  the  relation  between  the  several  nodes  and  planes, 
I  was  enabled  to  form  the  following  square  diagram,  which  exhibits  this  relation  in, 
I  think,  the  most  convenient  form.  To  explain  this,  observe  that  in  the  upper  and 
left-hand  margins,  the  numbers  refer  to  the  nodes ;  in  the  body  of  the  table,  and  in 
the  right-hand  margin  to  the  planes,  the  table  shows  that  for  the  node  1,  the 
circumscribed  cone  is  made  up  of  the  planes  1,  6,  7,  8,  9,  13;  and  that  the  remaining 
1-5  nodes  are  situate  on  the  nodal  lines  of  this  cone,  the  node  2  on  the  intersection 
of  the  planes  7,  8 ;  the  node  3  on  the  intersection  of  the  planes  6,  8,  and  so  on ; 
and  the  like  as  regards  the  other  lines  of  the  table. 
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^  rM'         za  cd"  ^^  to"         (tT         c>"f         ^         '^'*  ^  ^  ^  ^         ^ 

o    23     £     2  2  ^     2     s  j  2     ^  2     -     2     =©     S     2 

"     S-     ^-     o-  »"  i^-     ^"     ^-  I  i^-     2"     *     2     2'     S'     '^"     2'     2 

^i-t-«i  m«><-|2222^2222 

=o     ^"     ^'  *  ^-     ^-     ^'     <ri      -      -      -      -      -      ~      "      ■ 
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158.  The   before  mentioned  irrational  equation  may  be  written 

Vl.S   +V2T6   +V3TY  =0, 

and  by  symmetry  we  see  that  also 

'/T79  +  VsTio  +  VsTTl  =  0, 

Vl.lS  +  V2".  14  +  V3  "."15  =  0 ; 

viz.,  these  are  three  equations  each  containing  the  planes  1,  2,  3,  which  are  three  of 
the  planes  belonging  to  the  node  1 ;  the  other  three  planes  in  any  such  equation 
(for  instance,  the  planes  5,  6,  7,  in  the  first  equation)  being  three  planes  belonging  to 
another  node.  Instead  of  the  planes  1,  2,  3,  we  may  have  any  other  three  planes 
belonging  to  the  node  1;  and  instead  of  the  node  1,  any  other  node;  but  each 
oquation  belongs  to  two  nodes:    the  number  of  equations  is  thus 

rlr^  ">><'*  2' =■'«''• 

159.  To  obtain  the  planes  belonging  to  any  such  equation,  combine  any  two  of 
the  outside  right-hand  lines  of  the  diagram,  these  contain  in  common  two  numbers 
the  places  of  which  are  interchanged ;  striking  these  out,  we  have  four  columns,  and 
taking  out  of  these  any  three  columns,  we  have  the  corresponding  sets  of  planes.  For 
instance,  lines  1  and  2  contain  78  and  87  respectively ;   striking  these  out,  the  lines  are 


whence  we  have  the  sets  (1,  9,  13)  and  (2,  10,  14);  viz.,  there  is  an  irrational  equation 
of  the  form 

V1T2"  +  Vo ."  "10  +  Vl3~.~i4  =  0, 

but  it  is  probably  necessary  to  introduce  constant  factors  along  with  the  products 
1.2,  9.10,  and  13.14  respectively.  There  are  ^16.15,  =120  pairs  of  lines,  and  each 
line  gives  4  equations;   in  all  120  x  4,  =480  equations,  as  above. 

160.  I  stop  to  remark  that  Kummer  gives  for  his  13-nodal  surface  an  equation 
containing  three  arbiti-ary  constants,  say  X,  /m,  v,  such  that,  putting  one  of  these  =  0, 
we  have  the  14-nodal  surface;  putting  two  of  them  each  =0,  the  15-nodal  surface; 
putting  all  three  of  them  =  0,  the  16-nodal  surface.  The  equations  for  the  16-nodal 
surface  and  that  for  the  14-nodal  surface,  made  use  of  by  Kummer,  are,  in  fact,  those 
deduced  as  above  from  the  equation  of  the  13  {a)-nodal  surface;  and  the  like  form 
might  have  been  used  for  the  15-nodal  surface.  But  the  form  actually  used  by 
Kummer,  as  presently  appearing,  is  an  equivalent  form  not  thus  deducible  from  the 
liquation  of  the  13  (a)-nodaJ  surface. 
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The  lb-nodal  Surface  15(2,  1,  1,  1,  1). 

161.  Kummer's  equation  is  readily  converted  into  the  following; 

Aw'  + 
the  circumscribed  cone  being  thus 

and  the  equation  being  in  the  node-form  (2,  1,  1,  1,  1). 

The   formulae   for  the   15   nodes   and  the  10   siingular  planes  depend  upon  a  quadnc 
equation,  for  the  symmetrical  expression  of  which  I  write 

a'a"  -  ^'Y  =  0"^"  -  7"a'  =  77"  -  ^"0'  =  <"- 
a'a"  —  0'y"  =  0'0"  —  7' a"  =  y'y"  —  a^/3"  =  ot  ; 
so  that 

.0  -  ST  =  Q'y"  -  0"y  =  7'a"  -  7"a'  =  a'ff"  —  ct"0', 
0.  -I-  ST  =  a'a"  +  00"  +  77" : 
the  equation  in  question  then  is 

SO  that,  calling  the  roots  of  it  pi,  p~_,  we  have 

Kl 

or  we  may  write 

p,  =  ^  (q.  +  w  +  v'ii),     =  i  {nV'  -I-  0ff'  +  7Y'  +  Vil), 

p,  =  \{o>  +  ^-  ^/il),     =  I  ia'a"  +  &'0"  +  77"  -  VH), 
if  for  shortness 

U  =  (m-  to-)- —  . 

162.  I  write  also  for  shortness 

a  =  (^  -  7)  a'«"  +  « (^'^"  -  77"). 

b  =  (7  -  a)  /9';S"  +  3  (77" -  «'a"). 

e  =  (a  -  ^)  7Y'  +  7  («'«"  -  ^/3") ; 
and  I  say  that  the  singular  planes  are 
ID      (1)     x^(\ 
m     (2)     y=0, 
(3)       (3)      3  =  0, 


p,  +/>.=  «+  CT,       p,ft  = 
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(*)     (9) 

^i<-- 

J.)  +  (p,-<.)(|4 

5)=°' 

1.1  (10) 

-,V- 

»)  +  (p,  -  »)  (i  4 

:)=«. 

(0  (11) 

-k'''- 

«)  +  (?,-")  (j4 

I)-'- 

01   (13) 

-;.(^"- 

«.)  +  (,. -=,)(! 

^^»' 

(81     (14) 

73 

.)  +  (ft— )(^ 

^i)=». 

(SI   (15) 

-,i<^"- 

.)  +  (ft-„)g  +  |)-0, 

101     (8) 

-P-O; 

at  the  nodes  are 

01     (1) 

(  0  ,    -  A 

7  .     M'ffy), 

(!)     (2) 

(  a  ,       0  , 

-1.   ^'ff'yl 

(31       (3) 

(- ",       (3  , 

0  ,     7'7"a/3). 

(«     (9) 

1          0 

p,  -  77"  . 

-(^2- 

O   (10) 

I-  (P;  -  77' 

),             0 

f>i-a 

(.1   (11) 

1    ft-/3'(3" 

.     -(p,-c,V'), 

0 

0)   (13) 

1          » 

,        P. -77"    , 

-(Pi- 

01   (14) 

{-  {Pi  -  7V 

),             0 

P.-3 

(.1   (15) 

1  (.,-«'r 

.     -  (P>  -  «'«"), 

0 

m     (8) 

(0,  0,  0.  1), 

HI     (5) 

(1.  0.  0,  0), 

121     (6) 

(0,  1,  0,  0), 

A'/3") 

"(p. 

/3(p, 

7  (p. 

W) 

«(ft 

M' 

/3(ft 

7  (P-- 

1     (7)     (0,  0,  1,  0), 

1(16)   (i=c(a-t.vn),  ii3(b-/3vn),  W(o-7Vn), 

1  (12)     (la(a  +  «Vn),    tf(b  +  gvn),   i7(e  +  7Vfi), 


7V')(P- 

-0'13'y,, 

a'a"  )  (Pi 

-77')). 

W")(p, 

-«'"")]. 

7V)(Pi 

-/3'/3")l. 

fV  )  (ft 

-7V)!, 

ff'UKp, 

-aV')|, 

4m/ ' 


163.  The  small  reference  numbei's  are  those  used  by  Kummer.  It  is,  I  thiok, 
better  to  retain  the  reference  numbers  belonging  to  the  case  of  the  16-nodal  surface; 
viz.,  there  are  here  given,  large,  1,  2,  3,  8,  9,  10,  11,  13,  14,  15  for  the  planes,  and 
1,  2,  3,  5,  6,  ...  to  16  for  the  nodes.  Belonging  to  each  node  (that  is,  with  the  node 
as  vertex)  there  ia  a  quadrie  cone  passing  through  8  other  nodes;  and  each  node  lies 
(exclusively  of  the  cone  whose  vertex  it  is)  in  8  such  cones.  We  have  thus  the 
following  square  diagram : 
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164.  The  arrangement  is  the  same  as  in  the  16-iiodal  square  diagram ;  only,  in 
the  right-hand  mai^n,  a  bracket  (6,  7)  denotes  that  instead  of  the  planes  (6,  7j  we 
have  a  quadric  cone;  which  cones  are,  in  the  body  of  the  table,  denoted  by  C  Thus 
for  the  node  1  the  sextic  cone  is  made  up  of  the  planes  1,  8,  9,  13  and  of  a  quadric 
cone  (6,  7),  =C:  the  remaining  14  nodes  lie  on  the  nodal  lines  of  the  sextic  cone, 
viz.,  the  node  2  on  an  intersection  of  the  cone  C  with  the  plane  8,  the  node  3  on 
an  intersection  of  the  same  cone  and  plane,  the  node  5  on  the  intersection  of  the 
planes  9,  13,  and  so  on. 

The  Equation  of  the  \o-nodal  Sur/itce,  cis  deduced  from  that  of  the  IS (aynodal. 

165.  If,  in  the  equation  hereafter  given  for  the  13-nodal  surface,  we  write  v  =  0, 
H  —  d,  or  (what  is  the   same   thing)  in   that   of  the   14-nodal  surface  we   write  i*—0,  the 

w'  {A  +  iKyz) 
+  2w  {B-  2\yz  X) 
+  (7  =  0. 

The  circumscribed  sextic  cone  is  thus  (2,  1,  1,  1,  1), 

(\n>  +  y37a^  +  7«i^  +  a^xs)yz  {F  -  p,P")  (P'  -  p,P")  =  0. 
where  pi,  p^  now  denote  the  roots  of  the  equation 


The  singular  planes  are 

^(P'     "■')■     OTV7"<"     ")■'«"■«"- 

(1) 

!»  =  0, 

(12) 

P'-ftP"  =  0, 

(16) 

P'-p,P"-0. 

(3) 

2-0, 

(2) 

s=o, 

(1.3) 

^;^ft(^--«')-(^"-»)=o, 

(11) 

-^,-°  £,  p,  (2'  -  io)  -  (^"  - 1«)  -  0, 

(14) 

^'X^„p,(r'-w)-(y"-,o)  =  o. 

(10) 

'^A^,P,(Y'-w)-(r"-^w}  =  o. 

(5) 

X-w-O, 

and   we   have   then   the   same   square    table   as   before :     the  coordinates   of  the  15  nodt 
may  be  obtained  without  difficulty. 
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166.  The  form  is  really  equivalent  to  that  fii'st  considered  in  regard  to  the 
15-nodal  surface.  To  show  that  this  is  so,  we  have  only  to  arrange  according  to  powers 
of  x;  viz.,  the  equation  thus  becomes 

+  2a;  {'Yf'^"iii'a{'y''z  +  aa'a"/3j3'/3"y2^  +  ^^'^"z-w -  zvfi  —  w-y  —  fi'y'wy^  +  Myzw] 
+       {ain'a"yz  +  wy  —  wzY  —  iXyzw  {X  —  m}  —  0, 

where,   if  for   a   moment  A    denotes   the   coefficient  of  a-\   we   have   ^  =  0,   z  =  Q,   w  =  0, 
X— !o  =  0,  four  tangent  planes  of  the  quadric  cone  ^4  =  0. 


U-mdal  Surface  8(3,,  1,  1,  1)  +  C(2,  2,  1,  1),  Node-form  (3,,  1,  1,  1). 

167.     In   the   equation   hereafter   given   for   the    13-nodal   surface,  writing   v  =  Q,  the 
sextic  cone  becomes 

4z  (\ay«  +  fi^'z!):'  +  ^'^x'^y  +  '^axy''  4-  aQxyz)  (P'  -  p^P")  (P'  -  p^P")  =  0 ; 
viz.,  this  is  of  the  form  in  question  (3i,  1,  1,  1);   and  the  equation  of  the  surface  is 
lu^A  +  4  (Xy  +  fix)  z  —  iX/j.s- 
+  2w{B-i  {\yX  +  fix  Y)  z\ 


C=0. 


The  singula!-  planes  are 


p,{Z- 


and  the  nodes  are 


w 

=  0, 

F  - 

ft-'"' 

=  0, 

r  ~ 

P.P' 

=  0, 

z 

=  0, 

r^.») 

-(Z" 

-») 

=  0, 

V  -  w) 

.~(Z" 

-,.) 

-0, 

(0,  0, 

0,  I), 

(1,  0, 

0,  0), 

(0,  1, 

0,  0), 

(0,  0, 

1,  0), 

(4) 

W 

(12) 

m 

(16) 

(1) 

(3) 

(.1 

(15) 

<« 

(11) 

(S) 

(S) 

<1) 

(5) 

(13) 

(6) 

iH) 

(') 

(91 

(    P-Pe,     «"-ci'p,  yyy()3"-fl'ft)(a"-»'ft)'| 

l--/3'r""   ^V'--'"'  a-,3V-«'/3V'ft         >  ™     '" 


_ir-J!p,      «"^«j,  77Y'()3"-;3>,)(a-'-a>,)N 


(15)     13) 
37 
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0      ),  (16)      (7, 

0      ).  (12)      (» 


>r  7"-7>. ' 


\,a"-a'/J,'   /3"- 


Pi    7  ~ypj 


( 


0    ). 

7V'«/3), 


(4)     M 
(3)    m 


7'i"3' 
and  two  nodes  on  line 


]r,.^..p,iii'-^'>)-{Z"-w)  =  0.    F-p,P"  =  0,  (13,14)     (9,i« 


w)  =  0,    P'-p,P"  =  {),  (9,  10)     (11,121 


where    the   large   numbers    are   those    tor   the   16-noda!   surface,   the    Kinall    numbers   are 
Kummer's. 

168.  In  these  formula,  p,,  p^  denote  the  roots  of  the  equation 

(X(3"=  +  p,a."^)  {pa-^J 

-  2  \x0^"  +  p.a'a"  +  —.,  {a,  - 57)^"!  pa&'a'd"  -  0. 

169.  The  relation  of  the  nodes  and  sextic   cones  is   given   by  meiins   of  the   square 
diagram  on  the  opposite  page : 
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where  the  arrangement  is  the  same  as  before ;  only  in  the  right-hand  margin,  a 
bracket  (5,  6,  8)  denotes  that,  instead  of  the  planes  5,  6,  8,  we  have  a  nodal  cubic 
cone  (5,  6,  8),  which  is  in  the  body  of  the  table  referred  to  as  C,  and  the  nodal  line 
thereof  by  x  ;  and  the  brackets  (2,  5),  (9,  13)  denote  that,  instead  of  the  planes  2,  5, 
we  have  a  quadric  cone  (2,  5),  and  instead  of  the  planes  9,  13,  a  quadric  cone  (9,  13): 
which  cones  are  in  the  body  of  the  table  referred  to  as  D,  D'  respectively.  And  it 
is  to  be  understood  that  each  vacant  square  of  the  table  should  contain  the  symbol 
(D,  D'),  this  being  omitted  only  for  the  purpose  of  better  exhibiting  the  form  of  tlie 
table. 

170.     The  equation  of  the  surface  may  be  presented  in  the  irrational  form 


V(P'  -  p,F')  [y'a'ff'p,  (Z' -  w)  -  7'a"jS"  {Z"  -  w)] 
+  ^(1"  -  p._F")  W'^'^'p,  (Z-  -  w)  -  7V'/3"  (Z''  -  w)] 

+     (p.  -  p.)  V  «')3'a"/S"  (^,  +  -^^  zv>  =  0. 

In  fact  the  norm  of  the  left-hand  side  is 

=  (p,  -  p,)°  ("  -  ^)"  [>"-  [^  +  *s  0-y  + 1^)  -  4X/i3=] 
+  2wlB-  22  {\yX  +  paY)^ 
+  C  J. 

To  partially  verify  this,  observe  that,  writing  the  equation  under  the  form  VH  +  VSh-  •^T  =  0, 
on  writing  therein  w  =  0,  we  ought  to  have 

{R  ~  Sy  =  (p,-  p-if  (w  -  ^Y  {aci'a"ys  +  ^^'^"zx  +  •yy'y'a:'/)-. 
But  writing  w  =  0,  we  have 

R-S=      {P'~ p,P")  {y"a'ffp-,Z'  -  ya"/3'X') 
-  (P' ~ p,P") (y'a'^'p^Z' - ya-^'Z"), 
=      (p.  -  P.)  (y'V^-P-Z-  -  y'a'-ff"P"Z"), 
=     (p.  ~  P.)  [y"  W'y^^  +  7'«V  +  «'/3's)  (y3/3"^  -  aa» 

-  7'  (^'V'^  +  7"«'>  +  a"^"2)  (/3^'fl:  -  ^d'y}], 
which  is  easily  found  to  be 

=  -  (P2  -  Pi)  (w  -  ^)  (aa'a"yz  +  ^0'^"zx  +  yy'y'xy)  ; 

and  thus  {R  —  Sy  has  the  value  in  question. 

171.     In   further   verification,   observe    that,   writing    x,    y,   s  =  a'a",    /3'/3",   77",   and 
therefore  P'  =  0,  P"  =  0,  we  ought  to  have 

(p.-p,)' (a'^'a'^y  (^,  +  ^,)  s%-  =  (fi,  - p,y  (<o  -  ^y vf-  {A  +  4s  {\y  +  fix)  -  4\/i3-], 

observing  that,  for  the  values  in  question,  B,  X,  Y,  0  al!  vanish. 
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This  is 

(ft  -  p.r  (t'i3'«"fiy  {■^,, + ^,,)'  Wy")' =(«-»)■((»-.)■+ Wy"  w/3" + M"'«"  -  ^wV)i, 

which  is  in  fact  the  value  of  (pi  —  p^)^  obtained  from  the  equation  in  p. 

The  lS(fx)-mdal  Surface  3(4„  1,  1)+1(3,  1,  1,  l)  +  9(3.,  2,  1). 
172.     The  equation,  node-form  (ij,  1,  1),  is 

+  2iu  [S  -  2  {\yzX  +  ^xY  +  vxyZ)] 
-I-  0  =  0; 

viz.,  for  the  circurnaei-ibod  cone  we  have 

1^  +  4  {\yz  +  fizx  +  vxy)  -  4  (/ii'^  -I-  vXy'  +  X/:i2^)j  C 
--  {B~2{XyzX  +  (izxY+vxyZ)Y 

=  4  {Xa^j/=3^  +  (L^z^if?  -t-  irfx'y'^  +  ^"/ofyz  +  "yay-zx  +  aQz-xy] 


<  |-  '^  ^'  -  M  ^'  -  "  I'  +  «'«"/3'^"7'7"-P'-P"| , 


where,   on   the   right-hand   side,   the   first   factor,  equated   to   zero,   represents   a   trinodal 
quartic  cone,  the  nodal  lines  whereof  are  (i/  =  0,  z^  0),  (2  =  0,  x,  =  0),  (a;  =  0,  7  =  0). 

173.     As  regards  the  second  factor,  it  is  to  bo  obsei'ved  that,  writing  as  abo\-e 
fo  —  TCT  =  /S'y"  —  ^'j,    =  7'a"  -  7"a',    =  a!  13"  —  a"^', 
we  have  identically 


y'P-y'T'. 


i  77      « 

-^    r 


'  that  the  second  factor  is 


■  (i^^^'r  '"  ^  <'''''""")'  (•'■P'  -  ""-P")'  -  ;■  (7YVa">-  (/3'P'  -  ,3-P")' 

-  >•  (M'fi'ffy  (y'F-  y'F'f  +  (»-■,)■  aa'ff'ffyYFP'l  : 
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or,  what  is  the  same  thing, 

-     [X  (/3'7?  +  A'  ii'^y  +  >■  («'-S')=]  (a"/9'Y'P")^ 

+  2  [X(^V^"7")  +/^(7'«'7""")  +  "  («'^«"/3")  +  ^  («  -  '^y^]  X  «'y3VP'a"y3"7"P"|, 

so  that,  equating  to  zero,  we  have  a  pair  of  planes,  each  passing  through  the  line 
P'  =  0,  P"  =  0,  and  which  it  is  clear  must  be  the  tangent  planes  from  this  line  to  the 
quadric  cone  A'  =  0.  I  will  presently  return  to  this,  but  I  consider  first  the  foregoing 
identical  equation  in  regard  to  the  circumscribed  cone. 

174.  In  verification  hereof,  observe  first  that,  if  jc  =  0,  the  equation  becomes 
[(2/  _  zf  +  4,xyz  -  4X  (vf  +  fi2^)]  (aa'a")' )/V  -  |:ia'a"  {y'^z  - yz')  -  '2Xijza  {H'y  -  0^"z)Y 

=  i\y'^  {-Xa^jYl/  -  fi'0"^y  '  (aa'a")-  (^f  +  f^^')  -  a'«'a"  (yy  +  yS'^)  Wy  +  ^"z)]. 

viz,,  omitting  terms  which  destroy  each  other,  this  is 

[(y  -  sf  +  ^■Kyz\  (aa'c^'f  fz"  -  [aa'a"  (y^z  -  y^)  -  IXyzt  {r^'y"y  -  Q'ff'z)] ' 

=  4\fz-'  [-  \fl=  (j'j"y  -  0-0"zy  -  o?aW  {^'y  +  fS'z)  (n"y  +  ^"z)\ 
Or  again,  this  is 

4\yz  {a^'x'Jy^z^  +  i>Xyz  a%'a"  {f-z  -  y^)  {-/i'y  -  &'^'z) 

=  -  ^'>^t^' «'«'«"  {y'y  +  ^'z)  (7")/  +  ^"z)  ; 
viz.,  this  is 

aWyz  +  (y-s)  (7YV  -  ^'^"z)  =  (j'y  +  ^'z)  Wy  +  H'-z), 
which  is  at  once  seen  to  be  true. 

175.  Again,  compare   the   terms   which   contain   m;'^^.      On   the   right-hand  side,  we 
have 

4^7  x'^yz  X  term  in  x-  of  [  -  A.  —  -  ^  -^  -  y  —  +  a'ai"^'j3"y''y"P'P"^  ; 

viz.,  the  coefficient  is 

=  4^7  {~^(y'jy-H/3'&'y  +  ^'l3"y'y"]. 

On  the  left-hand  side,  that  is  in  A'C  —  B'-,  the  only  terms  which  give  rise  to  the 
terms  in  question  are 

in  A',    (I  -  ifiv)  X- ;    m  C,    2^^-^'-^f/Y  i>fyz; 
and  in  B' 

(ry'y"  -  ^vyl^'^")  x%    -  (^0'^"  -  2f,0y'y")  ^"^ ; 
whence  the  coefficient  is 

WB'&"yyy"  (1  -  ^imv)  -f-  2  (yyV"  -  ^n&'l3")  Wl3'0"  -  ^i^&yy"). 
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which  is  in  fact 

- 1/37  t-  >•  WJ  -  "  (W)'  +  WWl. 
which  ia  right ;   and  the  verification  may  be  completed  without  difficulty. 
176.     The  singulai'  planes  are 


and  the  nodes  are 


11.-0, 

(*) 

r  -  p,p"  =  0, 

(12) 

P'  -  P,P"  =  0, 

(16); 

(0,     0,     0,     1), 

(8) 

(1) 

(1,     0,     0,     0), 

(5) 

B) 

(0,     1,     0,     0), 

(6) 

(8) 

(0,     0,     1,     0), 

m 

(V) 

W' -■>>,■  r-/3>.'  V 

n'l" 

'-7>i' 

«) 

(16) 

«, 

1  mw      mfs' 

yy'iy" 

«) 

(12) 

(S) 

(     »'«"     ,        fi'fl'      , 

y'y"    - 

0), 

(1) 

(*) 

three  nodes  in  P'- p 

,P"  =  0 

(13, 

14, 

15 

)       (s,i 

1,10) 

„                „                 P'-P 

,P"=0 

(9. 

10, 

11! 

}     |n,ii 

M«: 

where  the  small  numbers  are  those  used  by  Kummer,  the  large  ones  are  those 
referring  to  the  16-nodal  surface,  and  are  here  adopted.  In  the  foregoing  formula; 
p,,  p,  are  the  roots  of 

-  2  [Xffi^W  +  W'a V'a"  +  i^^'a"^"  +  i  (<!'  -  ^T]  p<x'l3'y-a"i3"y"  =  0. 
177.     We  have  the  square  diagram  in  the  following  page : 
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where   for   greater  clearness   I   have   omitted   the  symbol  CC,  which    is  to  be  understood 
as  occupjing  each  of  the  vacant  squares. 

The  arrangement  is  the  same  as  before;  the  right-hand  margin  shows  the  sextic 
cone ;  viz..  for  the  node  4  this  is  made  up  of  the  singular  planes  4,  12,  16  and  of 
a  cubic  cone  represented  by  (5,  6,  7)  (as  replacing  the  planes  5,  6,  7  in  the  case  of 
the  16-nodal  surface).  Similarly  for  the  node  5,  the  sestic  cone  is  made  up  of  the 
singular  plane  4,  the  nodal  cubic  cone  (2,  3;  5),  and  the  quadric  cone  (9,  \'i)  (the 
numbers  in  these  last  symbols  indicating  the  planes  in  the  case  of  the  16-nodal 
surface,  which  are  here  replaced  by  cones).  So  for  the  node  8,  the  sextic  cone  is 
made  up  of  the  singular  planes  12,  16  and  of  the  trinodal  quartic  cone  (8;  1,  2,  3). 
As  regards  a  nodal  cubic  cone,  for  example  (2,  3;  5),  the  semicolon  is  used  to  indicate 
that  the  nodal  line  replaces  the  interaection  of  the  planes  2,  3 ;  the  other  intersections 
2,  5  and  3,  5  having  disappeared.  And  so  for  a  trinodal  quartic  cone  (8 ;  1,  2,  3), 
the  semicolon  is  used  to  indicate  that  the  nodal  lines  replace  the  intersection  (1,  2), 
the  intersection  (1,  3),  and  the  intersection  (2,  3)  respectively;  the  other  intersections 
1,  2 ;  2,  8 ;  and  3,  8  having  disappeared.  Finally,  in  the  body  of  the  table,  C  is  used 
to  denote  the  cubic  or  the  quartic  cone  (as  the  case  may  be);  x  to  denote  a  nodal 
line  of  either  of  these  cones ;  and  C"  the  quadric  cone ;  as  already  mentioned,  the 
vacant  places  are  considered  to  be  CC. 

The  reading  of  the  table  is  then  as  follows;  viz.,  for  the  node  4,  the  remaining 
twelve  nodes  lie  on  the  nodal  lines  of  the  sextic  cone  4,  12,  16,  (5,  6,  7),  as  shown  ; 
viz.,  5,  6,  7  are  each  of  them  on  the  intersection  of  the  cubic  cone  with  the  plane  4; 
8  is  on  the  intersection  of  the  planes  12  and  16 ;   and  so  on. 

I  reserve  for  another  Memoir  the  discussion  of  the  13  (|8)-nodal  surface,  and  the 
surfaces  with  less  than  13  nodes. 
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455. 

ON    PLtJCKER'S    MODELS    OT"    CERTAIN    QUARTIC    SURFACES. 


[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  iii.  (1869—1871), 
pp.  281—285.     Read  June  8,  1871.] 

The  Society  possesses  a  series  of  14  wooden  models  of  surfaces,  constructed  under 
the  direction  of  the  late  Prof  Pliicker,  in  illustration  of  the  theory  developed  in  his 
posthumous  work,  "  Neue  Georaetrie  des  Raumes  gegriindet  auf  die  Betrachtung  der 
geraden  Linie  als  Raumelemente,"  Leipzig,  1869.  These  all  of  them  represent,  I  believe. 
Equatorial  Surfaces ;  viz.,  models  1  to  8  represent  cases  of  the  78  forms  of  equatorial 
surfaces  "  deren  Breiten-Curven  eine  feste  Axenrichtung  besitzen,"  vol.  ii,  pp.  352 — 363, 
the  remaining  models,  Nos.  9—14,  I  have  not  completely  identified.  I  propose  to  go 
into  the  theory  only  so  far  as  is  required  for  the  esplanation  of  the  models. 

In  a  "  Complex,"  or  triply  infinite  system  of  lines,  there  is  in  any  plane  whatever 
a  singly  infinite  system  of  lines  enveloping  a  curve ;  and  if  we  attend  only  to  the 
curves  the  planes  of  which  pass  through  a  given  fixed  line,  the  locus  of  these  curves 
is  a  "  complex  surface."  Similarly,  there  is  through  any  point  whatever  a  single  infinite 
series  of  lines  generating  a  cone ;  and  if  we  attend  only  to  the  cones  which  have 
their  vertices  in  the  given  fixed  line,  then  the  envelope  of  these  cones  is  the  same 
complex  surface.  In  the  case  considered  of  a  complex  of  the  second  degree,  the  curves 
and  cones  are  each  of  them  of  the  second  order ;  the  fixed  line  is  a  double  line  on 
the  surface,  so  that  (attending  to  the  first  mode  of  generation)  the  complete  section 
by  any  plane  through  the  fixed  line  is  made  up  of  this  line  twice,  and  of  a  conic ; 
the  surface  is  thus  of  the  order  4 ;  it  is  also  of  the  class  4 ;  the  surface  haSj  in 
fact,  the  nodal  hne,  and  also  8  nodes  (conical  points),  and  we  have  thus  a  reduction 
=  32  in  the  class  of  the  surface. 

In  the  particular  case  where  the  nodal  line  is  at  infinity,  the  complex  surface 
becomes  an  equatorial   surface  ;   viz.,  (attending  to  the  first  mode  of  generation)  we  have 
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here   a   series   of  parallel   planes  each  containing   a  conic,  and  the   locus  of  these  conies 
is  the  equatorial  surface. 

It  is  convenient  to  remark  that,  taking  a,  b,  h  to  be  homogeneous  functions  of 
(w,  w)  of  the  order  2 ;  ^j  3  of  the  order  1 ;  and  c  of  the  order  0  (a  constant) ;  then 
the  equation  of  a  complex  surface  (see  vol,  i.  p.  162)  is 

y.    s,   I  j'  =  0; 

a,  k,  g  I 
K  h.  f  I 
9'    f,    c  ; 

and   that,   writing  v>=\,  or  considering  a,  h,  b;  f,  g;   0  as  functions  of  x  of  the  orders 
2,  1,  0  respectively,  we  have  an  equatorial  surface. 

A  particular  form  of  equatorial  surface  is  thus  6cy°  +  eras' +  ai  =  0,  or  taking  c=l, 
this  is  by''  +  a^^  +  a&  =  0,  where  a,  h  are  quadric  functions  of  x. 

The  surface  is  still,  in  general,  of  the  fourth  order :  it  may  however  degenerate 
into  a  cubic  surface,  or  even  into  a  quadric  surface ;  the  last  case  is  however  excluded 
from  the  enumeration.  The  section  by  any  plane  parallel  to  that  of  yz  is  a  conic ; 
the  section  by  the  plane  y—Q\s  made  up  of  the  pair  of  lines  a  =  0,  and  of  the  conic 
2=  +  &  =  0  ;  that  by  the  plane  « =  0  is  made  up  of  the  pair  of  lines  6  =  0,  and  of  the 
conic  y^+a  =  0;  the  last -mentioned  planes  may  be  called  the  principal  planes,  and  the 
conies  contained  in  them  principal  conies.  The  surface  is  thus  the  locus  of  a  variable 
conic,  the  plane  of  which  is  parallel  to  that  of  yz,  and  which  has  for  its  vertices  the 
intersections  of  its  plane  with  the  two  principal  conies  respectively.  And  we  have  thus 
the  particular  equatorial  surfaces  considered  by  Plucker,  vol.  11.  pp.  346—363  (as  already 
mentioned),   under   the   form 

;  + 1  =  0, 


Ea?+-2.Ux  +  0     Fa?  -  2Ew  + 
1  of  which  he  enumerates  78  kinds ;    viz.,  these  are 

1  to  17  Principal  eonics  each  proper. 

18  „  29  One  of  them  a  line-pair. 

30  „  32  Each  a  line-pair. 

33  „  39  Principal  conies,  each  proper,  but  having  a  common  point. 

40  „  43  One  of  them  a  line-pair,  its  centre  on  the  other  principal  conie. 

44  „  61  One  principal  conic  a  parabola. 

62  „  73  One  principal  conic  a.  pair  of  parallel  lines. 

74  „  76  Principal    conies  each  a  parabola. 

77  and  78  Principal  conies,  one  of  them  a  parabola,  the  other  a  pair  of  parallel  lines. 


Hosted  by 


Google 


;^00  ON  flucker's  models  of  certain  quartic  surfaces.  [455 

The  models  1  to  8  correspond  hereto,  as  follows: 


I  of  the  equation  is  hert 


viz.,  the  principal  conies  are  one  of  them  a  hyperbola,  the  other  imaginary;  hence  the 
generating  conic  has  always  two,  and  only  two,  real  vertices,  viz.,  it  is  always  a  hyperbola  : 
there  are  no  real  lines. 

Mod,  6  is  3  I   the  form  of  the  equation  is 

t--  -  + ^1 .1- 

viz.,  the  principal  conies  are  each  of  them  a  hyperbola ;  the  generating  conic  has  four 
real  vertices,  viz.,  it  is  always  an  ellipse :   there  are  no  real  lines. 


Mod.  7  is  4:   the  form  of  the  equatio 


i=(^„Y)(^._S)^f.[(^_a7  +  /3'.] 


+  1-0. 


The  principal  conies  are  one  of  them  an  ellipse,  the  other  imaginary ;  for  values 
of  X  between  7  and  S,  the  variable  conic  has  two  real  vertices  or  it  is  a  hyperbola ; 
for  any  other  values  it  is  imaginary,  so  that  the  surface  lies  wholly  between  the  planes 
a;  =  7,  ic=S:   the  surface  contains  the  real  lines  y  —  0,  x  =  y  and  ^  —  0,  x  =  B. 


Mod.  2  is  9 :   the  form  of  the  e 


_r_ 


i'{«;-7)(^-g)^r(^-7')(^-S') 


-1  =  0, 


where,  say  the  values  7,  S  lie  between  the  values  7',  3':  the  principal  conies  are  each 
of  them  an  ellipse,  the  vertices  (on  the  axis  or  tine  y  =  0,  « =  0)  of  the  one  ellipse 
lying  between  those  of  the  other  ellipse.  The  variable  conic  for  values  of  a:  between 
7,  B  has  four  real  vertices,  or  it  is  an  ellipse ;  for  values  beyond  these  limits,  but 
within  the  limits  7',  B'- — say  from  7  to  7',  and  from  8  to  B' — there  are  two  real  vertices, 
or  the  conic  is  a  hyperbola;  and  for  values  beyond  the  limits  7',  B',  the  variable  conic 
is  imaginary. 
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There  are  four  real  linos  (y  =  0,  3^  =  7),  (y-O,  a:=B),  {s  =  0,  a?  =7').  (s  =  0,  a:  =  B'). 
The  surface  consists  of  a  central  pillow-like  portion,  joined  on  by  two  conical  points 
to  an  upper  portion,  and  by  two  conical  points  to  an  under  portion,  the  whole  being 
included  between  the  planes  x  —  y,  « =  S'. 

Mod.  1  is  13 :   the  form  of  the  equation  is 


the  values  7',  B'  lying  between  7,  S ;  the  principal  conies  are  one  of  them  a  hyperbola, 
the  other  an  ellipse,  the  vertices  (on  the  axis  or  line  y  =  0,  ^  =  0)  of  the  hyperbola 
lying  between  those  of  the  ellipse. 

The  variable  conic,  for  values  of  x  between  7',  S',  has  two  real  vertices,  or  it  is 
a  hyperbola ;  for  the  values,  say,  from  7'  to  7,  and  8'  to  S,  there  are  four  real  vertices, 
or  the  conic  is  an  ellipse ;  for  values  beyond  the  limits  7,  S,  there  are  two  real  vertices, 
and  the  conic  is  a  hyperbola.  There  are  the  four  real  lines  (jf  —  O,  x^y),  (1/—O,  x—B), 
and  (2=0,  x='/),  (2  =  0,  a)=S'y  The  surface  consists  of  8  portions  joined  to  each 
other  by  8  conical  points,  but  the  form  can  scarcely  be  explained  by  a  description. 

Mod.  8  is  32 :   the  form  of  the  equation  is 

_jf ^        _ 

viz,,  the  principal  conies  are  each  of  them  a  line-pair,  the  variable  conic  is  always  an 
ellipse. 

There  are  the  two  real  nodal  hues  (y—d,  x^y)  and  (^  =  0,  ^  =  7'),  each  of  these 
being  in  the  neighbourhood  of  the  axis  crunodal,  and  beyond  certain  limits  acnodal ; 
the  surface  is  a  scroll,  being,  in  fact,  the  well-known  surface  which  is  the  boundary 
of  a  small  circular  pencil  of  rays  obliquely  reflected,  and  consequently  passing  through 
two  focal  lines. 

Mod.  4  is  34 :   the  equation  is 

PT^^W^)  ^  F(^-^-)(«-8)  *  '  °  "■ 

where  a;  =  S  is  not  intermediate  between  the  values  x—y  and  x  =  y' ;  say  the  order  is 
S,  7,  7'.  The  surface  is  thus  a  lyubic  surface ;  the  principal  conies  arc  ellipses  having 
on  the  axis  a  common  vertex  at  the  point  x  =  h,  and  the  remaining  two  vertices  on 
the  same  side  of  the  last-mentioned  one.  The  variable  conic  for  values  between  B  and 
7  has  four  real  vertices,  or  it  is  an  ellipse;  for  values  between  7  and  7'  two  real 
vertices,  or  it  is  a  hyperbola ;  and  for  values  beyond  the  limits  S,  7'  it  is  imaginary. 
There  are  on  the  surface  the  two  real  lines  (^  =  0,  ^  =  7)  and  (2  =  0.  x  =  7').  The  surface 
consists  of  a  finite  portion  joined  on  by  two  conical  points  to  the  remaining  portion. 
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Mod.  3  is  40 :   the  form  of  equation  is 

y         J. ? .  -1-1=0 

i.(^_,)(ij_S)  +  i'.(^-S)'+'     "■ 

The  surface  is  thu3  a  cubic  surface;  the  principal  conies  are,  one  of  them  an  ellipse, 
the  other  a  pair  of  imaginary  lines  intersecting  on  the  elhpse :  for  values  of  x  between 
7  and  8,  the  variable  conic  has  thus  two  real  vertices,  and  it  is  a  hyperbola ;  for  values 
beyond  these  limits  it  is  imaginary,  and  the  whole  surface  is  thus  included  between 
the  planes  a:  =  7  and  a:  =  S.     There  are  the  two  real  lines  (y  =  Q,  ic  =  j)  and  {z  =  (i,  x  =  8). 

Taking  P=l'^  =  l,  the  surface  is 


which  is  a  particular  case  of  the  parabolic  cyclide, 

Aa  already  mentioned,  I  have  not  completely  identified  the  remaining  models  9  to 
14,  but  I  will  say  a  few  words  about  them. 

The  equatorial  surfaces,  not  included  in  the  preceding  78  cases,  Pliicker  distinguishes 
(vol.  II.  p.  363)  as  "  gedrehte "  or  "  tordirte,"  say  as  twisted  equatorial  surfaces ;  the 
equation  of  such  a  surface  is 

hf-  +  Ikyz  +  az''  +  ab-li?  =  0, 
where 

b=Fa?-2Rx  +  B, 

h  =  Kucf'  -    Ox-G  (or  in  particular  =-0x-  G). 

Mod.   13  is  such  a  surface,  being  a  twisted  form  of  model  2. 

Mod.  9  and  Mod.  14  belong,  I  think,  to  the  case  a  =  0;  viz.,  the  form  of  the 
equation  is  bi^  +  2hyz  —  A^  =  0.  The  variable  conic  is  a  hyperbola,  the  direction  of  one 
of  the  asymptotes  being  constant  (vol.  it.  p.   368). 

There  are  moreover  (p.  372)  equatorial  surfaces  in  which  the  variable  conic  is 
always  a  parabola,  and  where  there  are  on  the  surface  four  real  or  imaginary  lines. 

Mods.  10,  11,  and  12  seem  to  represent  such  surfaces. 
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NOTE    ON    THE    DISCRIMINANT    OF    A    BINARY    QUANTIC. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  x.  (1870),  p,  23.] 

It  is  woll  known   that  the   discriminant  of  a  binary   quantic  (a,  b,  c,  d,...\t,  1)"  is 
of  the  form 

Ma^-N¥, 

but  it  is  further  to  be  remarked  that  if  6  =  0,  then  the  form  is 

a  (i¥a+i\V), 
if  i  =  0,  c  =  0,  the  form  is 

a^{Ma+Nd% 

and  so  on,  until  only  the  lowest  two  coefficients  are  not  put  =  0.  Or,  what  is  the 
same  thing,  ii'  in  the  discriminant  of  the  original  function  we  put  a  =  0,  then  the 
discriminant  divides  by  6" ;  if  6  =  0,  the  discriminant  divides  by  a,  and,  omitting  this 
factor,  if  we  then  write  a  =  0,  it  divides  by  <? ;  if  6  =  0,  c  =  0,  the  discriminant  divides 
by  a=,  and  omitting  this  factor,  if  we  then  write  a  =  0,  it  divides  by  d" ;  and  so  on, 
until  as  before. 

Thus   if  &  =  0,   the   discriminant   of  {a,  0,  o,  d,  e'^t,  1)',  divides   by   a,  and    omitting 
this  factor  it  is 

-  18  a.c^e= 
+  54  acd^e 

-  %7  ad^ 
+  81  c*e 

-  54  dd'' 

which  for  a  =  0  has  the  factor  c°;  if  6  =  U,  c  =  0,  the  discriminant  of  (a,  0,  0,  d,  e^t,  l)' 
has  the  factor  a',  and  omitting  this  factor  it  is 

-  27  d\ 
which    for   a  =  0   has   the    factor  d' ;    the   series   of  theorems   here   terminates,    since   the 
lowest  two  coefficients  d,  e  are  not  to  be  put  =  0. 
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ON    THE    QUARTIC    SURFACES    (*5Z7,   V,    Wy^O. 

[From    the    Quarterly  Journal   of  Pure   and   Applied   Matliemo.tics,  vol.  X.  (1870), 
pp.  24—34.] 

I  PROPOSE  to  myself  for  investigation  the  qoartic  surfaces  represented  hy  an 
equation 

(•5cr,  V,  wr  =  o, 

where   U,   V,   ^V  are  qiiadric  functions  of  the  coordinates. 

Such  a  surface  has  8  nodes  (conical  points),  viz.,  these  are  the  points  of  inter- 
section of  the  quadric  surfaces  U  —  0,  T'^  =  0,  W  =  0.  It  is  to  be  observed,  that  not 
every  quartic  surface  with  8  nodes  is  included  under  the  above  form ;  in  fact  the 
equation  of  a  quartio  surface  contains  (homogeneously)  35  coefhcients,  or  say  34  arbitrary 
parameters ;  in  order  that  a  given  point  may  be  a  node,  4  conditions  must  be  satisfied, 
and  it  is  consequently  possible  to  find  a  quartic  surface  having  8  given  points  as 
nodes  (and  having  in  its  equation  (34  —8.4=)  2  arbitrary  parameters) :  but  8  given 
points  are  not  in  general  the  intersections  of  three  quaxiric  surfaces,  and  such  a  quartic 
surface  is  therefore  not  in  general  included  under  the  above  form.  I  think,  however, 
that  it  may  be  assumed  that  the  above  form  includes  all  the  quartic  surfaces  having 
8  nodes,  points  of  intersection  of  three  quadric  surfaces.  It  will  presently  appeal'  that, 
included  in  the  form,  we  have  surfaces  where  (instead  of  the  8  nodes)  there  is  a  nodal 
or  cuspidal  conic;  and  that  these  are  the  most  general  forms  of  such  quartic  surfaces. 
A  quartic  surface  has  at  most  16  nodes,  and  the  general  form  with  8  nodes  must 
admit  of  being  particularised  so  that  the  surface  shall  acquire  any  number  not  exceeding 
8  of  additional  nodes.  This  does  not  show,  but  it  is  probable,  that  the  above  special 
form  with  8  nodes  can  be  particularised  so  that  the  surface  shall  in  like  manner 
acquire  any  number  not  exceeding  8  of  additional  nodes.  Similarly,  a  quartic  surface 
with   a  nodal   conic   may  have  besides   1,  2,  3,  or  4  nodes ;   and  it  will  be  shown  in  the 
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sequel  how  the  form,  particularised  so  as  to  give  a  nodal  conic,  may  be  further 
particularised  so  as  to  give  the  1,  2,  3,  or  4  nodes.  So  a  quartic  surfiice  with  a  cuspidal 
conic  may  besides  have  1  node,  and  it  will  be  shown  how  the  form,  particularised  so 
as  to  give  a  cuspidal  conic,  may  be  further  particularised  so  as  to  give  1  node. 

Starting  from  the  equation  («5  ^'  ^'  ^^  =  0,  we  may,  by  substituting  for  U,  V,  W 
linear  functions  of  these  expressions,  transform  the  equation  precisely  in  the  manner  of 
a  conic,  and  therefore  into  any  of  the  forms  under  which  the  equation  of  a  conic  can 
be  exhibited;  for  instance,  in  the  forms  aW  +  bV^  +  cW^^O,  /VW+jWU  +  hUV^O, 
JJW  —V-O.  &c.  I  attend  at  present  only  to  the  last- mentioned  form  UW -  T^  =  0, 
which,  it  thus  appears,  is  equally  general  with  the  original  form  {*\U,   V,   W)^  =  0. 

The  quartic  surface 

where  JJ,  V,  W  arc  any  quadric  functions  of  the  coordinates,  may  be  considered  as 
the  envelope  of  the  quadric  surface 

{U,   V,   WJ6,  lf=0, 

where  8  is  an  arbitrary  parameter.  And  it  thus  appears  that  it  is  very  easy  to 
reciprocate  (in  regai-d  to  any  given  quadric  surface)  the  quartic  surface.  For  the 
reciprocal  of  the  quartic  surface  is  clearly  the  envelope  of  the  reciprocal  of  the  variable 
quadric  surface ;  this  reciprocal  is  itself  a  quadric  surface,  and  the  reciprocal  of  the 
quartic  surface  is  thus  given  in  the  same  form  as  the  original  surface,  viz.,  as  the 
envelope  of  a  quadric  surface  the  equation  whereof  contains  rationally  the  variable 
parameter  9 ;  the  equation  of  the  reciprocal  surface  is  consequently  obtained  by  equating 
to   zero   the   discriminant    in    regard    to    8,   of   the    equation    of    the    reciprocal    quadric 


It  is  to  be  observed  that,  inasmuch  as  the  equation  of  the  reciprocal  quadric 
surface  is  of  the  third  degree  in  the  coefdcionta  of  the  original  quadric,  it  is  in 
general  of  the  degree  6  in  the  parameter  6 ;  we  have  thus  a  sextic  function  of  8, 
the  coefficients  whereof  are  quadric  functions  of  the  coordinates ;  and  the  discriminant 
is  a  function  of  the  order  10  in  these  coefficients,  that  is,  of  the  order  20  in  the  coordi- 
nates. The  reciprocal  of  the  quartic  surface  is  thus  a  surface  of  the  order  20  ;  this  is 
right,  for  in  a  general  quartic  surface  the  order  of  the  reciprocal  surface  is  =  36,  and 
the  8  nodes  reduce  the  order  by  16  ;   36  —  16  =  20. 

In  the  equation  PTF—  V^=  0,  or  say  V^—VW  =  (i;  if  U  reduce  itself  to  the  square 
of  a  linear  function,  U=P^,  the  equation  becomes  V^  —  P'W^O,  which  is  the  general 
form  of  the  quartic  surface  having  the  nodal  conic  V=0,  P  =  0.  And  if,  moreover, 
W  be  the  product  of  this  same  linear  function  P  by  another  linear  function  Q,  W  =  PQ, 
then  the  form  is  V"^  —  P'Q  =  0,  which  is  the  general  form  of  the  quartic  surface  having 
the  cuspidal  conic  V=(i,  P  =  0. 

Writing  for  greater  convenience  w,  y  in  the  place  of  P,  Q  respectively,  we  have 
the  quartic 

(A  A)         V^-afy  =  0, 
c.  VII.  39 
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having  the  cuspidal  conic  V  =  0,  x  =  0;  and  which  has  besides  the  conic  of  plane  con- 
tact F=0,  ?/  =  0.  In  virtue  of  the  cuspidal  conic  the  reciprocal  surface  should  be  of 
the  order  6  ;  and  by  the  foregoing  method  of  obtaining  the  equation  of  the  reciprocal 
surface,  I  will  verify  that  this  is  so.  To  effect  this  as  simply  as  possible,  I  fix  the 
remaining  coordinates  s,w  as  follows.  The  line  0^=0,^  =  0  is  not  in  general  a  tangent 
to  the  surface  V=0;  it  therefore  meets  this  surface  in  two  points,  and  we  may  take 
s  =  0,  w=0  to  be  the  equations  of  the  tangent  planes  at  these  two  points  respectively; 
we  have  thus  V  —  aaf  +  2hxt/ +  by^  +  2mw.  Introducing  for  convenience  the  numerical 
factor  2,  and  taking  the  equation  of  the  surface  to  be 

(oaf  +  2hxy  +  hf  +  2nzw'f  —  l^y  =  0, 

this  is  the  envelope  of  the  quadric  surfeee 

S'a?  +  2$  {at^  +  ihary  +  by'^  +  'imw)  +  2«7/  =  0, 

which  is  a  surface  (a,  h,  c,  d,  /,  g,  h,  I,  m,  n~§a:,  y,  z,  wf  =  0,  where  a  =  ^  +  laQ,  b  =  26b, 
h  =  Wh  +  l,  n=20n,  and  where  all  the  other  coefficients  vanish.  Assuming,  as  usnal, 
that  the  reciprocation  is  effected  in  regard  to  the  surface  of  +  y^  +  z^  +  w^  =  0,  the  general 
equation  is 

a,^  .  d  (be  -/^)  -  cm=  —  bn^  +  2fi>in 
+   y^  .d  {ca  ~  g^)  ~  an^  —  cl^    +  2gnl 
+   s=  .  d  {ah  —  h?)  ~  hi"  —  am"  +  2hlm 
+   w^ .  abc  —  af"  —  bg"  —  ch"  +  2fgh 
+  2ys.d(gh  —  af)  +  P/  +  amn-^hnl  —glrn 
+  2za: . d (kf  —  bg)  +  m^g  +  bnl    -fM.  —hmn 
+  2xy .  d(fg  —  ck)  +  nVi  +  chn  —  gmn  —fnl 
+  2xw.  -  I   {be  -p)  -n{kf  ~  bg)  -  m  (/</  -  ch) 
+  2yw.~m{ca-g^)-l  (fg  -ch)~n  {gh-af) 
+  2sw.  ~n  {ah-h")~m  {gh  -of) -I  {hf  -  bg), 

(I  write  down  this  general  result  as  it  will  be  useful  for  reference  in  other  cases) ; 
in  the  present  case  this  becomes  simply 

a^.  —  bn^  +  y^.  —  an"  +  2xy .  nh"  +  2zw  (—  vxi,b  +  nhf)  =  0, 

where  a,  b,  n,  h  have  the  foregoing  values;  the  equation  is  thus  only  of  the  order  4 
in  regard  to  0;  but  it  in  fact  divides  by  n{--2en)  and  thus  reduces  itself  to  the 
third  order,  viz.  it  becomes 

n  (bx^  +  af)  —  2h"xy  +  2  (oft  -  h")  zw  =  0, 

or,  substituting  for  a,  b,  n,  h  their  values,  this  is 

a?.  4-bne^  +  y"  {2n0'  +  iawf^)  +  2zw  {2b^  +  ^ohB")  -  2  {a^*/  +  zw)  {20h  + 1)"  =  0, 
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say  this  is 

(A,  B,  0.  DJ0,  1)=  =  0, 

where  A,  B,  G,  D  are  each  of  them  a  quadric  function  of  the  coordinates;  it  being 
obaerved  that  G  and  D  are  respectively  numerical  multiples  of  the  same  function 
wy  +  sv).    Hence  equating  the  discriminant  to  zero,  we  have 

A^'B'  +  4^ C>  +  4ff  J)  -  3B=G=  -  QABGD  =  0, 

which  equation,  inasmuch  as  every  term  contains  cither  (7  or  i)  aa  a  factor,  divides 
by  xy  +  sw,  and  thus  becomes  an  equation  of  the  order  6  in  the  coordinates :  that 
is  the  order  of  the  reciprocal  surface  is  —  6.  Multiplying  by  |  to  avoid  fractions,  the 
actual  values  oi  A,  B,  C,  D  are 

)A=     3    {mf  +  262w), 
B  =     2    {&7!^  +  any^  +  'iabzw  —  2h^  {xy  +  zw)], 
G  =  -^hixy    +ZW), 
B=-S    (xy    +zw), 

or  say  A  =  ^a,  B  =  20,  G=~ihy,  B  =  —Sy;  where  y  —  xy  +  zw;  substituting  these  values 
and  omitting  the  factor  Sy,  the  equation  is 

2raV  -  256A'a7=-  32^  -  Uh^^y  -  li4<ha/3y  =  0, 

which  is  an  equation  of  the  form  (*5a,  ^,  7)^  =  0.  The  sextic  surface  has  thus  singular 
points  a  =  0,  /3=0,  7  =  0,  viz.  these  are  the  two  points  (^  =0,  y  =  0,s=  0),  {x=0,  y=0,  ^=0) 
each  four  times.  The  further  discussion  of  the  sextic  surface  is  reserved  for  another 
occasion. 

I  do  not  at  present  attempt  to  enumerate  the  particular  cases  of  the  surfece 
V'~-a^y  =  0,  but  content  myself  with  the  discussion  of  a  particular  ease  in  which  the 
order  of  the  reciprocal  surface  is  =3.  Suppose  that  V—0  is  a  cone,  y  =  0  s,  tangent 
plane  to  the  cone  (so  that  the  conic  y  =  0,  V=0  breaks  up  into  a  line  twice  repeated), 
a;  =  0  an  arbitrary  plane  (so  that  we  have  still  the  proper  cuspidal  conic  x  —  0,  y=0). 
Any  other  tangent  plane  of  the  cone  may  be  taken  for  the  plane  z  —  0;  the  plane 
containing  the  lines  of  contact  of  the  two  tangent  planes  for  the  plane  m;  =  0 ;  the 
equation  of  the  conic  then  is   F  =  dwi'  +  2/^s=  0;   and  the  equation  of  the  surface  is 

{AB)  {dvf  +  ifyzf  -a?y^Q. 

For  convenience  of  comparison,  I  change  x,  y,  w,  z  into  y,  w,  z,  x,  and  assign  numerical 
values  to  the  coefBcieuts,  writing  the  equation  under  the  form 

(AB)         27  (iaw  +  js^'f-  Giyho  =  0. 
The  quartic  is  here  the  envelope  of  the  quadric  surface 

d'.iyw  +  d.^  (4«w  +  z'')  +  l-2y^  =  0, 
viz.,  comparing  with  the  general  form 

(a,  b,  c,  d,  f,  g,  h,  I,  m,  n^x,  y,  z,  w'f  =  0, 
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we  have  6  =  12,  e  =  9^,  1  =  18^,  m  =  2^,  all  the  other  coefficients  vanishing.  The 
reciprocal  equation  is 

fl^  (-  cm?)  +  f  (-  cP)  +  3=  (-  bP)  +  2a:i/.clm+  2xw  (-  Ibc)  =  0, 

or  substituting  for  6,  c,  I,  m  their  values,  this  is  found  to  be 

d {ex-^yf+  108  iz^+cew)  =  0. 

Representing  this  by  (A,  B,  C,  D\6,  1)^  =  0,  the  discriminant  in  regard  to  8  would,  in 
virtue  of  the  values  of  A,  B,  O,  contain  D  as  a  factor;  the  reason  of  this  appears 
from  the  original  form ;  in  fact,  forming  the  derived  equation  in  regard  to  $,  this  is 
found  to  be  (Ox  —  9y)  {Ox  —  By)  =  0 :  the  value  Ox~9y  —  0  gives  as  a  factor  of  the 
discriminant  s^  +  xw;  the  value  Ox  —  Sy  =  0  gives  3i/(— 6^^+ 108a;(3^  +  im;),  that  is  the 
factor  y'  +  x(s:''  +  xw) ;  the  complete  value  of  the  discriminant  as  obtained  by  sub- 
stitution of  the  values  of  A,  B,  C,  D  being  a^  (s'  +  xy)  [f  +  x  {^  +  ww)] ;  the  equation 
of  the  reciprocal  surface  is 

1/'  +  i»  (s^  +  xw)  =  0, 

viz.  this  is  a  cubic  surface,  Prof.  Schlafli's  Case  xx.,  having  a  uniplanar  point 
ic=0,  y  =  0,  3  =  0  reducing  the  class  by  8,  and  so  giving  a  reciprocal  surface  of  the 
order  (12 -8=)  4,  viz.  the  surface  27  {ixw  +  ^f  ~  Qifw  =  0.  See  the  Memoir,  Sehlafli, 
"  On  the  distribution  of  surfaces  of  the  third  order  into  species  in  reference  to  the 
absence  or  presence  of  singular  points  and  the  reality  of  their  lines,"  Phil.  Trans., 
vol.  CLiir.  (1853),  pp.  193—241. 

I  pass  to  the  case  of  a  surface 

having  a  nodal  conic  V=0,  P  =  0,  but  not  having  in  general  any  nodes.  And  I  pro- 
pose to  show  how  the  constants  may  be  determined  so  that  the  surface  shall  have 
1,  2,  3,  or  4  nodes.  It  is  to  be  remarked  that  in  the  above  equation  the  plane  P  =  0 
is  a  determinate  plane,  but  the  quadric  surface  F=0  is  not  a  determinate  quadric, 
we  may  in  fact  substitute  for  it  the  quadric  V  +  XF'  =  0,  writing  the  equation  under 
the  foi-m 

so  that  we  may  without  loss  of  generality,  by  means  of  the  disposable  constant  \, 
subject  the  surface  F=0  to  any  single  condition;  for  instance,  take  it  to  be  a  cone, 
or  to  pass  through  a  given  point,  &e. 

Taking  the  planes  a;  =  0,  y  =  0,  z  =  0,  w  =  0  to  be  arbitrary  planes,  the  implicit 
constant  factors  in  these  equations  may  be  determined  in  such  wise  that  the  equation 
of  the  given  plane  P=0  shall  be  x  +  y  +  z  +  'm  =  fi.  The  equation  of  the  surface  will 
then   be 

[(a,  h,  G,  d.  /,  g,  h,  I,  m,  n'^x,  y,  z,  wff 

=  (a:  4- ?/ +  3 -I- w)^.  (a',  &',  c',  d', /',  g,  K,  V,  m,  n''§x,  y,  z,  wf, 
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and   we   may   assume   that    the   node   or   nodes   (if   any)   lie   at   a   vertex   or   vertices   of 
the   tetrahedron  x=0,  y  =  0,  s  —  0,  ^  =  0,  say  at  the  points  A,  B,  C,  D.     The  conditions 


a  node  at  each  of  these 

points  are  at  once  found  to  be 

Node  at  A, 

Node  at  B, 

Node  at  C. 

Node  at  D, 

So-  =(i'  +  o' 

Wi=K  +h' 

2cg  =  fj  +c' 

Ml  -r  +i' 

2oJ.4'  +  ii' 

W  -V  +V 

icf.f  +  c- 

^dm  =  m'  +  d' 

2ap=^  +  tt' 

ibf  -/'  +  V 

2c=  ^c'  +(^ 

Mn  -„■  +d' 

Sol  -  i'  +  a' 

^hm~m'+  y 

2CT  .  «■  +  c' 

2d'  =d'  +d' 

The  first  set  of  equations  gives 

a'  ■=  a",     k'  =  2ak  - 


I'  =  2al  —  a\ 


g  =tag~f. 

If  the  first  and  second  sets  are  satisfied  simultaneously,  we  have  2  (a  -  &)  A  =  «^  -  h^, 
that  is  a  =  6,  or  else  /t  =  ^(a  +  6);  that  is,  the  two  sets  may  be  satisfied  in  two 
different  ways  aecording  as  a  aiid  h  are  equal  or  unequal.  Similarly  the  first,  second,  and 
third  sets  may  be  satisfied  in  three  different  ways  and  the  four  sets  in  five  different 
ways  according  as  there  are  or  are  not  any  eqiialities  between  a,  h,  c,  and  between 
a,  b,  c  and  d  respectively.  The  several  solutions  are  shown  in  the  annexed  table,  viz., 
in  the  line  I  no  set  is  satisfied ;  in  the  line  II  only  the  first  set ;  in  the  lines  III 
and  IV  the  first  and  second  sets ;  in  the  lines  V  to  VII  the  first,  second,  and  third 
sets;   and  in  the  lines  VIH  to  XII  the  four  sets. 


[See  next  page  for  this  Table,  which  should  come  ir 
I  is   the  general  case,   V^  —  F^U,  of  a   qtiartic   and  i 


here.] 

nodal  conic  but  without  nodes 


single   node ;   writing,   as   without   loss   of  generality   we    may 


(AC). 

II  is   the   case   of 
do,  a—0,  the  equation  i 

[(0,  b,  c,  d,f,  g,  k,  I,  m,  n-^ic,  y,  z,  w'tf  ^(cc^y^z^wf.(h,  c,  d,  n,  m,  f\y,  z.  w)\ 

viz.  the  quadric   U=Q  is  here  a  cone  having  its  vertex  on  the  quadric  V=0.     (AD). 

III  and  IV|  are  two  cases  each  of  them  with  two  nodes,  viz.  Ill,   the  equation  is 
[{ax  +  hy)  {x-\-y)  +  cz^  +  %nzw  +  dvfi  +  Ix  (gs  +  Iw)  +  2y  (fz  +  mw)Y 

=  (x  +  y  +  e  +  wy  [(ax  +  byf  +  c's^  +  2n'zw  +  rf'w^  (AE) 

+  ap  [i^ag  -o?)z  +  (2al  -  aO  M 
+  2y  {(2bf  -b')z  +  (2bm  -  ¥)  w}], 
where  it  is  to  be  observed  that  the  line  j^  =  0,  w  =  0  joining  the  two  nodes  (^  =  0,  s  =  0,  w  =  0) 
and  (w  =  0,  s  =  0,  ic  =  0)   is   a   line   on   the   surfece.     Writing,  as   we   may   do,  a  =  0,  the 
equation  assumes  the  more  simple  form 

[by  (ai  +  y)  +  cz^  +  %izw  ■vdvfi-V'ix  {gz  +  luj)-\-2y  {fz  +  mw/))'  {AE) 

=  (a;  + !/  +  3  +  w)'  ^Y  +  c's"  +  ^f^zw  +  rf'w-  +  2^  [(26/-  Jf)  z  4-  {tbm  ~  ¥)  w}]. 
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In  IV  the  equation  is 
{a  (^  +  y^)  +  2hxy  +c^  +  dijf+  2mw  +  2v  (gz  +  Iw)  +  2y  {fz  +  mw))^ 

=  {a:  +  J/  +  2  +  w)'  {a?  {3?  +  1/0  +  2  (2(i/-  «-=)  a^  +  cV  +  2»'5Mf  +  (iV         (^  J^ 
+  2ic{(2a£f-((=)3+(2tt^   -ct^w} 
+  ty  {(2a/  -  ra=)  z  +  (2am  -  (s=)  wj], 

where  it  will  be  observed  that  the  line  3  =  0,  w=0  joining  the  two  nodes  is  ?w(  a 
line  on  the  surface. 

Writing,  as  we  may  do,  a  =  0,  the  equation  becomes 

^hey  +  C3°  +  2nzw  +  dw"^  +  1x  {gz  +  iw)  +  2y  {fz  +  mw)p 

=-{x  +  y-\-2  +  'mf  {c'z"^  +  2m'2:w  +  dV),         (^  J^ 

viz.  the  form  is  V'^  =  F^QR,  the  quadrie  surface  U  —  0  breaking  up  into  the  two  planes 
Q  —  0,  R~0;  and  the  nodes  being  situate  at  the  intersections  of  the  line  Q  =  0,  M—0 
with  the  surface  V=0. 

V,   VI,    VII   are   apparently   cases   with    three   nodes,   but    in   fact   VI   is    the    only 
case  of  a  proper  quartic  surface  with  three  nodes.     For  in  V  the  equation  is 

{(ax  +  by  +cz)(a:  +  y  +  z)  +  d/uf  +  2w(U  +  my  +  ns)]^ 

=  (x  +  y  +  z  +  wy[(aa;  +  bjf+czy  +  d'w^+2tv{(2al-a?)x  +  (2bm-b'')y  +  (2cn-d'}2]], 

which  is  satisfied  by  w  =  0,  and  the  surface  thus  breaks  up  into  the  plane  «» =  0  and 
a  cubic  surface. 

And  in  VII  the  equation  is 

{a  (!i?  +  f+^)+  dvf-  +  2fyz  +  2gzx  +  Vixy  +  2lww  +  2myw  +  ^nzw]^ 

=  (3^  +3^  +  s  +  wf  \a?  (a?  + 1/=  +  2=)  +  rfV 
+  2  ((2a/-  a?)  yz  +  {2ag  -  a?)  zx  +  {2ah  -  a*)  xy 
+      {2al  —  a^)xw  +  (2am  —  a^)yw  +  (2an  —  a")  3w|X 
which  putting  a  =  0  is 

(dvf  +  2fyz  +  2gzx  +  2hxy  +  2lxw  f  2myw  +  ^iizwf  =  {x-^y  +  z-{-ivf  d'vf, 
viz.  this  is  a  pair  of  quadrie  surfaces. 

In  the  remaining  case  VI  the  equation  is 
[a{x^-k-f)  +  2hxy-\-cs''-Vd'w^-V(a-\-o){yz->rsx)->r2w{lx  +  my  +  nz)Y  i^G) 

=  (x  +  y  +  s+wy{a^{a?  +  y^)-{-G^z'^+d'vf-{-2acz(x  +  y)  +  2(2ah~a*)xy 

+  2v)  {{2al  -a^)x  +  (2am  -a^)y  +  (2o.ji  -  a=)  s}], 
which  putting  therein  a  =  0  is 

[ihxy  +  dvfi  +  cz(x  +  y  +  z)  +2iv  (Ix  +  my  +  nziY 

^{x^-y  +  z+wf{d'z-'  +  d'w''-\-2{2cn-<f)zw\,  (AG) 
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which   is   a   surface   having   the   nodes  A,  B,  C ;   and  it  is  to  he  observed  that  the  lines 
GA,  CB,  hut  not  the  line  AB,  are  lines  on  the  surface. 

IX,  X,  XI,  XII   are  apparently   cases   with   four   nodes,  but  it   is   only  XI  which  is 
a  proper  quartic  with  four  nodes.     In  fact  IX  is 

{(aa:  +  ai/  +  cz  +  dw)  (x  + 1/  +  z  +  w)  +  2  (h  —  a)  aajY 

=^  {x  +  y  +  z  +  wf  {{ax -i- ay  +  cz  +  dwf  +  4!a  Qt  -  a)  xy\, 

which    is   satisfied   if  x  =  Q   or  if  )/  =  0 ;    that   is,   the   surface   breaks    up   into    the    two 
planes  « =  0,  y  —  0,  and  a  quadric  surface. 

X  is 

{a  («-  +  y^  +  2O  +  ^^-"^  +  %fy^  +  ^3^^  +  2fea^  +  {a-\-d)  {xw  +yw  +  zw)\'' 
=  (x  +  y  +  s  +  wy{a^  (x^  +  y''  +  z^)  +  d?w°- 

+  2  (iaf  —  a?)  yz  +  2  {2ag  —  a?)  zx+2  i2af—  o^)  xy  +  2ad  (xw  +  y'w+  zw)], 
which  putting  therein  a  =  0  is 

[dw  (x+  y  +  z  +  w)  +  %fyz  +  lyzx  H-  ^hxy]^  =  (iC  +  ^  +  3  +  w)'  d^w"", 
and  thus  breaks  up  into  two  quadrics. 
And  XII  is 

■[(('  (a^  +  ?/'  +  s"  +  w")  +  2fyz  +  'iffzx  +  thxy  +  2lxw  +  2myw  +  2nwY 
=  {x  +  y  +  z-\-wy  [a" («=  +  y'  +  s'  +  Mf ) 

+  2  (2ffl/-  (tO  S-^  +  2  (2«^  -  H=)  iTic   +  2  (2a/(  -  a=)  ajj^ 
+  2  (2tt;  -  ft')  a^  +  2  (2c(«i  ~-  a^)  yw+2  (2ali  -  ft=)  zw\. 
which  putting  a  =  0  is 

(2fyz  +  tgzx  +  ^hicy  +  2ia:!y  +  2«iyw;  +  'S.nzwf  =  0, 
and  is  thus  a  quadric  surface  twice  repeated. 
There  remains  XI,  and  here  the  equation  is 
{(ax  -Yay  +  cz  +  cw){x  +  y  +  z  +  w)  +  'Hh~  a)  xy  +  ^{n~c)  zw^ 

=  {x-{-y+  z-^-wf  {{ax ■^ay-\-GZ+  cwf  •{- i:a{h  —  a) xy  +  ^o{n  —  c) zw], 
or  writing  h  +  a,  n  +  c  in  place  of  a,  c  respectively,  this  is 
{{ax  +ay  +  GZ  +  cw){x  +  y  +  z  +  w)  +  2hxy  +  2«m')^ 

=  (x+y+z+  wY]  (ax  +ay  +  cz  +  cwf  +  AaJixy  +  icnzwY,        (AB") 
or  putting  herein  a  =  0  it  is 

[o(z  +w){x  +  y  +  z  +  w)  +  2hxy  +  2imv]^  =  c{x+ y  +  z +  'wy{c(s  +  wf  +  4^nzw],    (AH) 
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which  may  also  be  written 

C  (ic  +  y  +  s  +  w)  lha;i/  (3  +  w)  -  tizw  (tc  +  y)]  +  {liccj  +  nzwf  =  0,  {AE) 

the   equation  of  a   quartic  surface  with  the  four  nodes  A,  B,  C,  D;   it  is  to  be  observed 
that   the   lines   AG,   AD,    BG,    BD    ai-e,   the   lines    AB    and    GD   are   not,   lines    on    the 


A  more  simple  form  may  be  given  to  the  equation  as  follows ;  using  the  second 
of  the   above   foi-ma,  multiplying  the  equation  by  4,  and  writing  therein 

gr  =  c  («  +  vif  +  inzw, 

St=c(x  +  py  —  4/i*'M/, 

q,  r,  and  5,  t  being  the  linear  factors  of  the  two  quadric  functions  respectively,  we  have 

rp-  —  st  =  G  {x  +  y  +  e  -^  w)(—  X  —  y  +  z  +  w)  +■  iJixy  +  'knsw, 
and  thence 

p'  +  qr  —  st=  2c  (2  +  zu)  (^  +  y  +  2  +  w)  +  Mi/ey  +  4jisw, 

wherefore  the  equation  is 

{p^  +qr  —  sty  =  ip-qr,  (AH) 

or,  what  is  the  same  thing, 

p  +  sJiqr)  +  V{sf)  =  0,  {AH) 

where  p,  q,  r,  s,  (  are  any  linear  functions  of  the  coordinates;  this  is  the  equation  of 
a  quartic  surface  having  the  nodal  conic  p  =  0,  qr  —  st=0;  and  the  four  nodes 
(q  =  0,r  =  0,p^  —  st^O)  and  {s  =  O,t  =  0,p  —  qr  =  0).  It  includes  the  Oyclide,  the  equation 
of  which  may  be  written 

6=  =  ^/{{ax  -  eky  +  by]  +  V{{ex  -  aky-  -  W]. 

I  remark  that  Prof.  Kummer  in  his  most  valuable  Memoir,  "  Ueber  die  Fliichen 
vierten  Grades  auf  welchen  Schaaren  von  Kegelschnittcn  liegen,"  Grelle,  t.  LXVi.  (1864), 
pp.  66 — 76,  has  considered  several  of  the  cases  of  a  quartic  surface  with  a  nodal  conic, 
viz.  no  node,  {AG);  a  single  node,  {AD);  two  nodes  (the  case  AF);  and  four  nodes, 
{AIT);   but  he  has  not  considered  two  nodes,  the  case  {AE);  nor  three  nodes,  {AG). 

In  reference  to  the  general  case  of  a  quartic  surface  with  a  nodal  conic,  some 
most  interesting  properties  have  recently  been  obtained  by  Prof.  Clebsch,  see  Berl. 
Monatsb.,  April  30,  1868,  where  it  is  shown  that  there  are  on  the  surface  16  right 
lines  forming  20  systems  of  double-fours,  analogous  in  some  respect  to  the  27  lines 
and  36  systems  of  double-sixes  of  a  cubic  surface. 
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468. 

ON    THE    ANHARMONIC-KATIO    SEXTIC. 


[From   the    Quarterly   Journal  of  Pure  and  Apftlied  Mathematics,   vol.  X,   (1S70), 
pp.   56,  .57.] 

Mr  Walkee's  equation  is  A  (X=-X  + l>i  +  P(v -X)^- 0  ;  changing  the  sign  of  X 
and  also  the  numerical  multipliers  of  /,  A  (so  as  to  convert  the  discriminant  eciuation 
into  its  standard  form  A  =  P  —  27./-),  the  equation  is 

lA  (\'  +  X  +  !)•  -  277-  (X>  +  xy  =  0. 

I  remark  that  this  is  most  readily  obtained  as  follows ;   writing 

A-{a-d){b-c), 
E={b-d){o-a), 
0  =  (c-d)(a-b), 
then  we  have  A+B  +  C  =  0, 

I-f,(A'  +  B'+C')--  J,  (BC+  CA  +  AB), 
J-^{B  -  C){C  -  A)(A-  B), 
V(A).A^SC, 

see  my  Fifth  Memoir  on  Quantics,  Phil.  Trans.,  vol.  CXLVIIL  (1858).  pp.  429 — 460,  [15G]- 
And  observe  also,  th.at  in  virtue  of  the  relation  ^  +  B  +  (7  =  0,  we  have 

liI  =  A--+AB  +  lf  =  A-  +  ACi-C'=B'  +  BC+(J'. 
Hence  writing 
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,.       .    ,  ,  .1.        ,        -^     B     A     G     B     G  ,.    , 

when   X   has   any   one   oi    the   values    „  ,   -j ,    -p ,    -j ,    j,,    ^,    we   see   that    ?!    assumes 

only  the  values  A,  B,  G,  and  m  is  thus  determined  by  the  equation 

!!=-12/tt-16v'(A)  =  0. 

Eliminating  ii,,  we  obtain 

16V(A){|^.(x  +  J+l)'-(x  +  l  +  l)-l}.0, 

01',  what  is  the  same  thing, 

4A  (x  +  ^  + 1 Y  -  27 P  (^x  + 1  +  2)  =  0, 

that   is 

i^{\'  +  X+iy-27I'X'{\+lf  =  0, 

the  required  equation. 
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459. 


ON    THE    DOUBLE-SIXERS    OF    A     CUBIC    SURFACE. 


[From  the   Quarterly  Journal  of  Pure  and  Applied  Mathe'inatics,  vol.  x.  (1870), 
pp.  58-71.] 

The  27  lines  on  a  cubic  surface  include,  and  that  in  3G  different  ways,  a  double- 
sixer;  viz,  a  system  of  two  sets  of  six  lines  1,  2,  3,  4,  5,  6;  1',  2',  S',  4',  5',  6',  such 
that  every  line  of  the  one  set  intersects  all  the  non-con-esponding  lines  of  the  other 
set,  thus 

1     2     3     4     5     C 


there  being  in  all  30  intersections. 

Any  line  say  4,  of  the  one  set,  intersects  five  lines  1',  2',  3',  o,  6'  of  the  other 
set ;  and  these  six  lines  being  given  the  double-sixer  may  be  constructed ;  viz.  (besides 
the  line  4)  we  have  a  line  1  meeting  the  lines  2',  3',  5',  6' ;  a  line  2  meeting  the 
lines  3',  5',  6',  1' ;  a  line  3  meeting  the  lines  5',  6',  1',  2' ;  a  line  5  meeting  the  lines 
6',  r,  2',  3';  and  a  line  6'  meeting  the  lines  V,  2',  3',  5';  and  then  the  lines  1,  2,  3,  5,  6 
are  all  of  them  met  by  a  single  line  4',  which  completes  the  system. 

We  may,  if  we  please,  consider  the  lines  4,  2  as  given,  and  then  1',  S',  5',  C  will 
be  any  four  hnes  each  of  them  meeting  the  two  given  lines  4,  2;  2'  wUl  be  any 
line  meeting  4;  and  we  have  to  determine  a  line  4'  meeting  2,  such  that  there  may 
exist  the  lines  1,  3,  5,  6,  completing  the  system  as  above.  Or  what  is  the  same 
thing,  we   have   a   skew   quadrilateral    1',  2,  3',  4;   5'   and   6'   meet    2   and   4;    2'   meets 
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i,  and   4'   meets   2:   5    and   6   meet   1'   and   3';    1    meets   3'   and   3   meets    1';   and   the 
two  sets  2',  4',  5',  6'  and  1,  3,  5,  6  meet  thus 


Hence,  starting  with  the  skew  quadrilateral  1'23'4,  and  taking  a;  =  0,  y  =  0,  3=0,  ■)!)=  0 
for  the  equations  of  the  four  planes  41',  1'2,  23',  3'4  respectively;  or  what  is  the  same 
thing  x  =  0,  y  =  0  for  the  equations  of  the  line  1';  ?/  =  0,  s  =  0  for  those  of  the  line  2; 
2=0,  w  =  0  for  those  of  the  line  3';  and  w  =  0,  a;  =  0  for  those  of  the  line  4;  the 
several  lines  may  be  determined,  each  of  them  hy  means  of  its  six  coordinates,  as 
follows : 

a       b       0      f      ff      h 


0 


0      0       0      1 


0      0       0      1       0      0 
0      0       10       0      0 


0      0       0      0 


A. 

B, 

0, 

0 

e, 

-ff. 

0 

B, 

c, 

-f. 

G. 

H, 

0 

B, 

C, 

0 

0. 

B, 

» 

B. 

ft 

0 

e. 

H, 

h  0,  /. 

6.  0  /, 

6.  0  /. 

6.  0  /, 


£,e,  +  C,H,  ■  0, 

B,0,  +  0,H, 

B,e,  +  C,H, 
B.O,  +  C,H, 

«,/,  +  S.?. 

1./.  +  hs.  =  0. 

«,/.  +  kg. 
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The   condit 
are  formed 

ions 
by 

in  regajxl   to   the   intersections   of  the   lines   2', 
means  of  the  diagram 

4',  5 

6'   a 

id  1 

1 

/. 

g,    0    o,    6, 

<h 

A,    B,     C,     0      G, 

H, 

^ ' 

3 

/. 

</i    K  «3    K 

0 

0    B,    C,    F,    G, 

a, 

4', 

5 

/. 

9,     0     a,    b, 

0 

0    B,    C,     0     G. 

11, 

5', 

6 

/. 

g,    0    a,    b. 

0 

0     -B,     Gg     0      G, 

H, 

6', 

viz.  we  have  the  equations 

first  set. 

AA,  +  gA 

+  6,G,  +  0,fl,-0, 

g,B,  +  a,F,  +  b,O,  +  cJi,  =  0, 

gA 

+  6,o.+cir.  =  o. 

second  set, 

gA            +i,G,+c,ff,  =  0; 
/^A^  +  gA  +  !hC^            +6,G,  =0, 

?,-Bi  + 

h,O,+a,F,  +  h,0,  -0, 

gjB,+h,C,             +b,G,=0, 

third  set, 

g,B.  +  'hC,             +b,g,=0; 
f,A,  +  g,B,                        +hG,-0, 

g.B, 

+  a,-f',  +  i.ff,  =0, 

fourth  set. 

g,B, 

f,A,  +  g,B, 
9,B. 

+  i.G.  =  0 ; 

+  i.G,  -0, 

+  o,f.  +  6,G.  =0, 

g.B, 

+  6.G, -0; 

and    it    is   to    be    shown,    that    taking 

{A~,  B,,  0,,  G„  H,},  {B„  G„  6„  IQ  and   {B„  G„  G„  H,).  we 

of  the  remaining  lines  4',  1,  3,  5,  C 


given    the    coordinates    of    2',    5',    6',   that   is 
find   the   coordinates 


The  iirst  set  of  equations  gives 

».,  h.  », 

=  j   B„ 

G„ 

H, 

!   B.. 

G„ 

B, 

viz.  ffi,  hi,  c,  are  proportional,  but  as  only  the  ratios  are  material,  they  may  be  taken 
equal,  to  the  determinants  G^Ss—GgH^,  H^Bs  —  H^B^,  B^Ge  —  BaGs.  And  then  retaining 
ffi<  ^h,  Ci  to  signify  these  values  respectively,  the  first  equation  gives  fjA^,  and  the 
second  equation  gives  a^F,;  multiplying  together  those  values,  and  writing  (hfi  —  ''f>igi, 
we  find 

{B,B„  G,G„  H,H„  G,H,+  G,E.,  H,B,  +  II,B,,  B,G,  + B,G,  + A.F.Jg^,  b„  c,)"-0. 
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Proceeding  in  a  similar  manner  with  the  second  set  of  equations,  we  have  first 

I  B„     C„     G,  |l 

(observe  h  =  G,B,-G,B^,  =-c<), 
and  then 

{B,B„  C,G„  G,G,,  C,G,+  0,G,,  G,B,  +  G,B,  +  A,F„  B,G,  +  B,G,^g„  h.  b,f  =  0. 

The  third  set  gives  more  simply 

ff,'B,B,+ffA  (B,  G,  +  B,G,  +  A,F,)  +  bM-G,  =  0, 
or  since 

g,  :  i,=  (?„  :  -B„ 
this  is 

0^'B,B,~  G,B,(BM,  +  B,G,+  A,F,)  +  B,'G,G,  =  (i, 

and  similarly,  the  fourth  set  gives 

g<?B,B,  +  gA(B,G,+  B,G,  +  A,F,)  +  K^G^G,  =  0, 

or  since  g^  :  bs  =  G,^  :  —B^,  this  is 

G.:B,B,~G,B,{B,G,  +  B,G,+  A,F,)+B,^G,G.  =  '^- 

and  these  last  two  results  lead  to  the  values  of  the  ratios  of  B^B^,  BiGi-^-BiG^+A^Fi,  GM^ : 
viz,  these  are  proportional  to  expressions  containing  the  common  factor  B^G^  —  B^G:,. 
and  omitting  this  common  factor,  and  taking  them  equal  instead  of  merely  proportional 
to  the  resulting  expressions  (which  is  allowable,  since  the  absolute  values  are  not 
material),  we  have 

B,B„  B,G,+ B,G.  + A,F„  G,G,  =  B,B„  B,G,  +  B,G„  G,G,. 
Ectui'ning  to  the  result  obtained  from  the  first  set  of  equations,  this  now  becomes 
{B,B„  G,G„  H,H,.  G,H,  +  GM2,  II,B,+ H,B,,  BA  +  B^Gs'^g,,  h,  c,)^  =  0: 

but  the  terms  containing  ff„  b,  are  (B.^gi  +  Gih,)(Be9i  +  Gsh),  viz.  this  is  =  —  HgC,.-  HaC,, 
that  is  HfHeCi^ ;  the  whole  equation  is  thus  divisible  by  c,,  and  omitting  this  factor, 
it  becomes 

g,  (H,B,  +  H,B,)  +  6,  {G,H,  +  G,K:)  +  c,  (H,H^  +  HJI,)  =  0. 


Proceeding   in   like  manner  with    the  result   obtained   from   the  second   sot   of  equations, 
this  becomes 

{B,B„  C,C,.  G,G„  C,G,  +  C,G„  B,G,  +  B,G„  B,0.  +  B,C.^,,  h,,  h^f^Q, 

where  the  terms  containing  jr,,  6s  are  (Bg^+G^biyiBg^+GJ}),  viz.  this  is  -hsC^ .  - h :Cr,=h^^G^G^: 
the  whole  equation  divides  by  A3,  and  it  then  becomes 

g,{B,G,+B,G;)  +h(G,C,  +0,^)  +h{C,G,  +G,G.^  =0. 

Considering  B4,  Gj,  F^  as  given  by  the  equations 

B,B,  =  Br,B,,  G,G,=  G,G„  B,G,+  G,B^  +  A,F,  =  B-A  +  B„G„ 
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the  equations  last  obtained  detennine  the  values  of  H,  and  Cj,  viz.  these  equations  may 
be  written 

taB,+i,e,  +  »,fl",)J?,  +  H,fe,£. +  !>,(?,)  + ai/.fl,  =  0, 

but  in  order  that  the  values  (Bj,  Cj,  F^,  G^,  H^)  given  by  these  live  equations  may 
belong  to  a  line  (0,  Bi,  0^,  i\,  G^,  if,),  they  must  satisfy  the  equation 

B,G,+  C,H,=  0, 

viz.  in  Older  to  the  existence  of  the  line  4,  this  equation  must  be  satisfied  identically 
by  the  foregoing  values ;  and  I  proceed  to  show  that  it  is  in  fact  thus  satisfied. 
Multiplying  the  values  of  C'i,  H^,  and  writing  O^Kt  =  —  B^Gi,  the  identity  to  be  verified  is 

to,A  +  s,e,+c,i?,)(ftB,  +  /tC,+s,e,)B.e. 

+  [JT,  (j.B,  +  S, ej  +  c,//,fl,]  [C,(g..B,  +  i.S,)  +  J.C.CJ  =  0. 
The   first   line   includes   the   terms 

toiJ.B,'  +  J,ii,ft=  +  (6,j.+  6,<;,)B.,e,  +  c,*,C,a]B,(;„ 
which,  writing  C,H,-,-B,G,  and  B,B,  =  B,B„  G,G,- 6,G„  are 

=  S,g,B,G,E,B,  +  l,l,G,B,G,G,  +  {b,g,  +  gA-cJh)B,B.O,G,. 
The  second  line  includes  the  terms 

C,ff,(j,B,+  6,R)  (g,B,  +  b,G,)  +  cJi,C,H,0,H., 
which,  reducing  in  like  manner,  are 

=  -g,g,G,B,B,,B,  -  b,kB..G,G..G,-(kg,  +  gA  -  cjt,)  B,B,G„0„ 

and  these  are  together 

=    (3,S,B..B,-b,b,G:G,) (B,G,  - B,G,). 

The  remaining  terms  from  the  first  line  are  at  once  reduced  to 

(gAC,G,  +  e,g,H,G,)B,B,  +  (b,h,0,B,  +  eJ>,H,B,)  G,G„ 

and  those  from  the  second  line  are 

0,C,  H,(sXB,  +  bAG,)  +  B,H,C,(e,g,B,  +  cAG,). 

Hence,  attending  to  the  relation  i:,—~hi,  and  collecting  and  arranging,  the  equation  to 
be  verified  is 

{g,S,B,B,  -  6,1.,  G;  G,)  (B,  G,  -  B,  G,) 

+  4.0,  e,  (g,BA  -  b,H,E,) 
+  h,EA<s,G,C,  -  6,6,0,) 
+  h,a,B,{b,G,0,-g,H,H,) 
+  h,H,G,(bAG,  -g,B,B,).0. 
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But  we  have 


and  similarly 


-  b,H,H,  =  B,B,  (G,H, -  G,H,)  - H,H, {B,C\  -  B,C,) 

=  B,H,  (B,G,  +  a  H,)  -  B,H,  (B,  G,  +  C,H,)  =  0, 


grO,C\-hG,G,=0, 

b,C,C„-g,B,B,  =  0. 

Moreover,  writing  giB^Bi;  =  b,H-,He,  we  have 

g,g,B,B,-bAG,0, 
=  b,  (g^HJI,  -  b,G,G,)  =  0, 
and    the    five    terms    of    the    equation    in    question    thus    separately   vanish ;    and    the 
equation  is  consequently  verified. 

We  may  collect  the  results  as  follows : 
Data  are  lines  1',  2,  3',  4,  2',  5',  6'; 
and  then,  for  the  remaining  lines,  1,  3,  5,  6,  4'  the  coordinates  are  as  follows : 
For  4', 

B,B,  =  B,B„    G,G,^G,G„,    A,F,  =  B,G,  +  B,G>-B,G,- B,0„    A,=  0, 


B„ 

G, 

-ff. 

B. 

+ 

H,B„    H,G„ 

H,H, 

=  0, 

B., 

0, 

H, 

B„         G„ 

B, 

B., 

G, 

H, 

-B..      a, 

H. 

B., 

c. 

G, 

C.+ 

C,B„      C,C„ 

C,G, 

=  0, 

B„ 

c, 

e> 

B„         C. 

G, 

B„ 

c. 

G, 

B„         C, 

G, 

For  1, 

(S.G.  +  C.ff.-O,  identilj 

. 

to..  *..  ".)= 

B„ 

G, 

H, 

II' 

A,f.  =  - 

B„    G„    E, 

^.«,  =  - 

B„ 

G,. 

H. 

a. 

G, 

s, 

1 

B„    G„    H, 
B„    0„    H, 

B.. 

B,. 

G,. 
G„ 

a, 

B, 

For  S, 

(chf,  +  b,g,  =  0,  Weiitity). 

(9i,  K.  h)= 

B„ 

G, 

0, 

, 

A./,— 

B„     C„    G, 

F,a,  =  - 

B„ 

c., 

G, 

B., 

c. 

G, 

B„    C„    G, 

B.. 

c,. 

0. 

!  B„    C„    0. 

B,. 

o„ 

G, 

(fla 

/.+ 

h 

7j  =  0,  ident 

tj). 

Hosted  by 


Google 


322  ON   THE    DOUBLE-SIXERS    OF   A    CUBIC   SURFACE.  [459 

For  5, 

g,  =  Q,,    h  =  -B„    AJ,  =  B,G,-B,G„    F,a,  =  B,G,-B,G.,    c=  =  0.    h,=  0, 
{a,f.,-hhg,  =  0,  identity). 
For  6, 

g,  =  G„     6„  =  --Bs,     AJ,  =  B,G,-B,G„    F,a,  =  B,G,~B,G„     c,=  0.    h,  =  0; 

and,  for  actual  calculation,  it  is  convenient  to  remark  that  as  only  the  ratios  are 
material,  a  set  of  six  coordinates  may  be  multiplied  or  divided  by  any  common  number 
at  pleasure. 

But  these  results  may  be  further  reduced.     Writing 

ll  B„    C„,     G,  l\ 
we  have 

~  (g,B,  +  },^G,  +  hG,)G,=  C,U?j?-^  +  b,^A  +  k,C,C,  =  ^j^  {g,B,B,^^^^ 

But 

B, B,G,  {G,G,  -  G,GM  _  f    B,G,G, (B,G, ~ B,G,)\ 
5„)J  ~  \+B,G,G,  {GA  -  G,B:)] 

{-- H.(G,B,- G.B,)) 
=  G,C,lB,{G,H,-e,H,-)+0.{B,U,-B,H,)} 
=  C,C,{B,g,  +  (iM, 
since 

(Si,  l>i,  «.)-||  S„     0„     H,  11 ; 

i  s„  a,,  H,  1 

the  equation  obtained  is  thus 

ft£.  +  i.e.-^taij.+6.e,). 

We  then  have 

-(j,B,  +  *,C,  +  4.0,)C.-    ^^|[C,(<,,Ji,  +  6,e,)  +4,5=6.] 


'■^^''■■^'■''•''•^■=UaG.i>.(ftc.-c.«.). 


■  Ji^   g,B,  +  k,G,+b,G,' 
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aiici  in  like  manner 

-  (g^B,  +  b,G,  +  ciT.)  H,  =  -f^  0,  G,B,B,  +  b,B.,G,G,)  +  c,H,S„ 

„^       f    G.B.B.iG.H.-G.HM       f    B,G,ff,(G,B,~G,B.)'\ 

=  iJ.ff.  [B,  (CC,  -  CO  +  6,  (B,C,  -  B,C,)\ 
=  H,H,(B.,g,  +  6A); 
the  equation  obtained  is  thus 

9,B.+b,G,.     1^j{B,),  +  B,b,); 
and  then 

-(g,B,  +  b,a,  +  c,H,)H,=     ^^lE,(B,s, +0,b,)  +  <hB.A\ 


that  is 

„  _  g.g.  y,a+t,c.+t.g. 

which  values  of  C,,  H^  satisfy,  as  thej  should  do,  the  relation 
C,H,^-B,G,. 

1,0,G,     G,B,C, 


We  have  also 


l,F,=B,0,+  B,G„ g- J— 

-  -  j'g_  (O.B,  -  B.G.)  (a,B,  -  B,G,) 
'     CJlJ.'^''^'--^<'^'y<.B,B.-B,G,). 


which  gives  F,. 

Moreover 
-  F,a,  =  g,B,+  b,G,  +  C,H,= 


C,H,""    -       •    "  0,      g,B.+  b,G,  +  c,H, 

-  H.H,  (    fe,S,  +  4,e,)(!;.-B.  +  i.S.  +  o.-ff.>l 

C,H,(g,B,  +  b,G,  +  c, H,)  [+  (g,B,  +  b,G,+  h, C)  KB,  ) 

'mAgMG.V^u:)''(^A  +  b.GM9A  +  b,G,)  +  .J,B,G.]. 

which  combined  with  the  foregoing  value  of  F^,  gives  a,. 

41—2 
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Again, 

C,H,(g,B,  +  h,C,+  h,G,)\+(3,B,  +  h,G,+  c,H,)e,C,  I 

-     C.H.(,.B."tc.+  l,.G.)  l(sA*l'.G.H„B.  +  hO.H.J,.B.O.]. 

which  combined  with  the  foregoing  value  of  F„  gives  as- 

Write 

a-.B,G,  +  B.G,  +  C,H,  +  C,H„ 
we   have 

kg,-    (H,B,-H,B,)(G..E,-e,H,) 

-  -  HfB, G,  -  II,' B, G,+  H,H, (B, G,  +  B,G,) 
=     II,H,(C,H,+  C,H,  +  B,G,  +  B,G,), 

h,gi  —  H^Him, 

hs,  -  C,  0,  », 

b,b,  =  E,B,a, 

g,g,=  g,G,m, 

b,g,  +  b,g,  +  c,Ii,--(B,G,  +  B,G,)a,, 

(6, G,+g,B,) (b,0,  +  g,B,)  +  e,k,B,G,  =  (C/B.B,  +  B{G.G,  -  B,G,  (B.G,  +  B,G,)]  » 
=  (S,B,  -  B,G,)  (G.B,  -  B,G,)  a, 

which   last   value   is   to  be   substituted   for  the  left-hand  function  in  the  formulae  for  a, 
and  (h  respectively. 

Whence,  finally  recollecting  that 

B,G,+  C,H,  =  0,    -B.e.  +  O.ff.-O,    B.G,  +  C,H,.0, 
and 

»  -  C,H,  +  C,H,  +  B.G,+  B,G., 
we  have 

((ft,  *.,  c,)=||  B„    ft,    fl,  11,  1 

jj  p  J7  An  i.       J     '        J        '!< 


that  is 

and  similarly 


For  1  - 


g,B^  +  kiG^  +  CiHi' 
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For  I 


S„    C„     G, 


where  observe  that  c,  +  ?is  =  0. 

g,-G„     h,=  -B„ 
=  0  ,    4.=      0, 


Tor  6 


j..B,  +  k,C,  +  h,G,, 


,    lh  =  0, 


fi=i-(G,B.-B,G,}, 


A,B,G, 
0,B,-B,a,' 


y.-c„    b,  =  -B„ 


/.--,  (GA-B,e.), 


__AJi,G^ 
"•     G,B,-'B,G,' 


U,     y,B,  +  6,G,  +  Rff/ 


B,  =  - 


(G,B,-  G,B,)(G,B,-  G,B,) 

„      0,G, 

A,0,N, 

C,G,   g,B^  +  \G^+CiE^ 

H,H.gJ),  +  lhO,  +  b,a, 

I  have  thought  it  worth  while  to  effect  the  numerical  calculations  for  enabling 
the  eonetmction  of  a  drawing  or  model.  For  this  purpose  taking  X,  Y,  Z  es  ordinary 
rectangular  coordinates,  I  write 


z^'X+Y+Z-lO, 
w=  Y, 

that  is,  I  take  1'  and  2  to  be  lines  in  the  plane  of  XY,  defined  by  the  equations 
X+F=10  and  X~Y=  —  10  respectively,  and  3'  and  4  to  be  lines  in  the  plane  of 
XZ  defined  by  the  equations  X  —  Z=  —  10,  X  +  Z=^10  respectively.  And  I  take  5'  to 
be  the  line  joining  the  points  (2,  0,  8)  and  (—9,  I,  0);  6'  the  line  joining  the  points 
(3,  0,  7)  and   (-8,  2,  0);   2'   the  Hne  joining   the   points   (9,  0,  1)   and   (-3,  7,  4).     We 
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calculate   then   for   each   of  the   lines   the   xyzvj   coordinates   of  two   points   thereof;   and 
thence  the  six  coordinates  of  the  line,  viz. : 


x    y 

%       w 

^    ^   2   w 

A     B       C    F     G 

U 

A     B     C   F  G 

R 

0,  8, 

-  4,  0 

-  18,  0,  0,  1 

0,  72,  144,  0,  8, 

-     4 

0,  18,  36,  0,  2, 

-     1 

0,  7, 

~  6,  0 

-  16,  0,  0,  -2 

0,  96,  112,  0,  14, 

-  12 

0,  48,  56,  0,  7, 

-  6 

0,  1, 

-  18,  0 

-  3,  4,  4,  7 

76,  36,   2,  0,  7, 

-126 

76,  36,  2,  0,  7, 

-120 

and  effecting  the  calculations  for  the  remaining  lines,  we  have 


4' 

0 

24 

-944 

9 
"  38 

2 

3 
59 

1 

380 
59 

60 

30 

385 
19 

-   5 

0 

3 

127680 

■720 

0 

15 
19 

140 

-30 

5 

304 

-  48 

0 

21 

7 

0 

6 

152 
3 

-  18 

0 

27 
38 

0 

0 

reducing  to  integers,  the  values  are 


0 

is 

36 

0 

2 

-   1 

0 

48 

56 

0 

7 

-   6 

76 

36 

2 

0 

7 

-126 

0 

53808 

-2116448 

-531 

4484 

114 

1444 

13452 

6726 

10443 

-1121 

0 

485184 

-  2736 

0 

3 

532 

-114 

5776 

-   912 

0 

21 

133 

0 

5776 

-  2052 

0 

81 

228 

0 
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The   line   (a,  b,  c,  f,  g,  h)  is  given  as  the  intersection  of  any  two  of  the  four  planes 
(  *,     -9,     »  $«>  'J.  «,  l»)-0, 

s.   -/. 

»,     -h,     -c, 

or   substituting   for  x.  y,  z,  w   the   values   X  +  Y+Z-10.  Z,  -X+Y+Z-10,  Y,  t 
become 

(        s    .       a-g     ,         h-g      ,      g      fX,   Y,Z,W)=f>, 
-f-h,     h+f-h,        f-h      , 

g  ,      c+g   ,      g-f    , 

c~a,      —c  —  a,     —  c  —  (i,  —  b,     c  +  a 

or,  what  is  tlie  same  thing, 

(            .          ,  ig-a  +  c        ,  %g-f-h      ,  -2g     JZ,   Y,Z,  lO)-0. 

2g  +  a-c,  .                 ,  a  +  b  +  c+f-h,  -a~G 

2g+f+k,  -a-b-c-f+h,  .              ,  -f+li 

ig         .  0  +  0           ,  -f+h 

And  substituting,  we  have  the  eijuations  of  the  several  Hnes,  viz. : 
(!')  X+Y=10.     Z-O, 

(2)  -X+Y.IO.  Z  =  0, 
(3')  -X+Z=10,  Y-0, 
(4)  X+Z-W,     Y=0, 


(5')         ( 


:«•)     ( 


-40, 

-    5, 

-55, 

4, 

36, 

-35, 

-35, 

-10, 

-55, 

7, 

28, 

■   *  iX.  Y,  Z,  10)  =  0, 
-36 


10,      -    J  JJT,  F,  Z,  10)  =  0, 
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V 

(2')         ( 

30, 

-JO,     - 

r. 

30,          70,     -    7 
.     ,         120,     -39 
120,          .     ,        63 
39,     -    63, 

5X,  Y,  Z,VS)- 0, 

(*')           ( 

-  2107480,               9385,       -  8968  JZ,   F,  Z, 

10)  =  0 

2107480, 

,     -206.3285,     2116448  | 

-    9386, 

2063285, 

,       -    645 

8968, 

-2116448, 

645, 

(1)            ( 

3040,     - 12685 

2242  JZ,  F,  Z,  10)- 

=  0. 

-    3040, 

.     ,         3206.5, 

-    8170 

12685, 

-  32065,             .     , 

10443 

-    2242, 

8170,     -10443, 

(3) 

-484120,         1175, 

-      1064  jJX,  F,  Z,  10) 

=  0, 

484120, 

.        ,     482565, 

-  485184 

-1175, 

-  48256.5,           .       , 

117 

1064, 

485184,       - 117, 

(5) 

5510,           245,     - 

266  JZ,  F,  Z,  10)  =  0, 

-  5510, 

.     ,         4885,     - 

5776 

-    245, 

-4885,           .     , 

21 

266, 

5776,     -      21, 

(6) 

-5320,          375,     - 

456  $Z,   F,  Z,  10)  =0. 

5320, 

.     ,         3805,     - 

5776 

-3751, 

-  3805,           .      , 

81 

456, 

5776,     -      81, 

[459 
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The   several    lines   intersect  ; 
intersection  being  as  follows : 


they   should    do,   the    coordinates   of    the    points    of 
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■r-7 
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H-  6521 

« 
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38 
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71744 

2128 

"1 
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54) 

1479 

65) 

-4 

-^  7 

-189 

-H  233 

4 

■^25 

9 

-^  727 

-4 

-;-  16 

* 

o) 

152 

304j 

8968 

I54J 

viz.  the  coordinates  of  12'  (intersection  of  lines  1  and  2')  are  (^,  ^^,  f^),  and  so 
in  other  cases ;  where  there  is  no  divisor  the  coordinates  are  integers.  I  find  however, 
on  laying  down  the  figure,  that  the  lines  3  and  i,  3'  and  4'  come  so  close  together, 
that  the  figure  cannot  be  obtained  with  any  accuracy. 
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460. 

NOTE  ON  MR  FKOST'S  PAPER  ON  THE  DIRECTION  OF 
LINES  OF  CURVATURE  IN  THE  NEIGHBOURHOOD  OF 
AN  ■  UMBILICUS. 


[From   the   Quarterly  Journal   of  Pure   and,   Applied   Mathematics,  vol.   x.   (1S70), 
pp.  111—113.] 

I  REMARK  as  follows : 

1,  In  regard  to  a  quadric  surface,  it  is  not,  I  think,  connect  to  say  that  the 
geiiei-atrices  through  an  umbiiic  are  curves  of  curvature ;  notwithstanding  that,  as  shown 
p.  80,  the  normals  at  every  point  of  such  generatrix  lie  in  one  plane  and  consequently 
intersect.  The  way  in  which  these  generatrices  as  gwasi-curves-of-curvature  present  them- 
selves is  as  follows ; 

The  curves  of  curvature  satisfy  a  certain  differential  equation,  the  complete  integral 
of  which   gives   these   curves  as   the   intersections   of  the    given   quadric   surface   by   the 

series   of  confocal   surfaces  — — -t  +  ,;  —r-^^r'  ,  =  1.  ^^  being   the  constant  of  integration 

of  the  differential  equation.     The  singular  solution  of  the  differential  equation,  or  envelope 
of  the  curves   of  curvature  determined  as  above,  gives  the  unibilicar  generatrices. 

2.  In  regard  to  a  surface  in  general,  I  think  it  must  be  considered,  not  that 
there  pass  through  the  umbiiic  three  distinct  curves,  but  that  the  umbilicar  curve  of 
curvature  is  a  curve  having  at  the  umbiiic  a  triple  point,  or  rather  a  point  at  which 
there  are  in  general  three  distinct  directions  of  the  curve.  The  umbilicar  curve  of 
curvature  in  fact  presents  itself  as  the  curve  belonging  to  a  certain  value  of  the 
constant  of  integration  h;  in  order  that  the  curve  of  curvature  may  pass  through  a 
given  point  on  the  surface,  h  must  satisfy  a  certain  quadratic  equation,  that  is  for  a 
given   point    of    the   surface    there    are   twe   values   of    k,   and    therefore    two    curves    of 
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curvature ;  bub  an  umbilic  is  a  point  for  which  (as  in  effect  shown,  p.  81,  for  the 
particular  case   of  a   quadric  surface)  the   two   values  of  h  become  equal ;   that  is,  there 

is  through   the  umbilic  only  a  singular  curve   of  curvature ;  but   -J^  is  determined   by  a 

cubic  equation,  and  the  umbilic  is  thus  (as  just  mentioned)  a  point  at  which  there  are 
in  general  three  distinct  directions  of  the  curve. 

3.  Some  researches  on  the  subject  are  contained  in  my  paper  "On  Differential  Equations 
and  Umbilici,"  Phil.  Mag.,  vol.  xxvi.  (1863),  pp.  373—379  and  441—452,  [330].  It  is 
noticeable  that  in  the  integral  equations  which  I  have  there  obtained  for  the  differential 
equations  cy {p^—V)+{a—c)!ep=0,  and  the  more  general  form  (bx  +  cy)(p''~V)-^'i{fx-\-gy)=d, 
which  belong  to  the  neighbourhood  of  an  umbilic,  the  curve  through  the  umbilic  rfoes 
break  up  into  three  distinct  curves ;  and  the  same  is  the  case  with  the  umbilic  on  the 
surface  xyz  =  1  presently  referred  to. 

4.  In  the  paper  "  M^moire  sur  les  surfaces  orthogonales,"  Liouv.,  t.  xii.  (1847), 
pp.  241 — 254,  M.  Serret  has  given  two  very  remarkable  eases  of  three  systems  of  surfaces 
intersecting  each  other  at  right  angles,  and  consequently  in  the  curves  of  curvature  of 
the  surfaces  of  each  system.  It  was  only  on  referring  to  this  paper,  in  connexion  with 
that  of  Mr  Frost,  that  I  perceived  an  obvious  enough  simplification  of  M.  Serret's 
formulfe,  whereby  it  appears  that  the  curves  of  curvature  on  the  surface  xys  =  1  are 
given  as  the  intersection  of  this  surface  with  the  series  of  surfaces 

/i  =  (^  +  wf  +  m'-z'-f  +  {X'  +  6)y  +  ms^f, 

where  m  is  an  imaginary  cube  root  of  unity ;  the  rationalised  equation  is  of  the 
twelfth  order  in  (x,  y,  z),  and  for  the  particular  value  A  =  0,  reduces  itself  as  is  easily 
seen  to  ^S~{y^  —  s'^Y{s^—!^'f{3?  —  '!ff.  The  point  x^y  =  z  =  \  is  obviously  an  umbilic 
on  the  surface  xyz  =  \,  and  the  corresponding  value  of  h  being  h  =  0,  the  equation  just 
obtained  determines  the  umbilicar  curves  of  curvature,  viz.  combining  therewith  the 
equation  icys  =  1  of  the  surface,  we  have  the  three  hyperbolic  curves 

{y  =  z,  xf  =  1),     {z  =  X,  yz'  =  1),     (x  =  y,  zx''  =  1). 
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ON  THE  GEOMETRICAL  INTEBPEETATION  OF  THE  COVARIANTS 
OF  A  BINARY  CUBIC. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  x.  (1870), 
pp.  148— 149.] 

Consider   the   binary   cubic    11=  {a,  b,  c,  d'^x,  yf,  and   its   covariants,   viz.   the   dis- 
ci'iminant  (invariant) 

V  =  a?d;'  -  Qabcd  +  4-ac'  +  ibH  -  5b^c-, 


the  Hessian 

and  fcbe  cubicovariant 


H  =  {ac  ~  b^)  /e'^  +  (ad  —  be)  xy  +  (&d  —  (?)  y", 


*  =     (        aH-  Zahc  +  2&" )  a^^ 

-  (-  ^abd  +  6ac^  -  36'c)  id'y 
+  (-  3«crf  +  6&rf=  -  36c')  !Ef 

-  (       ad'  -  Zbcd  +  2c'  )  f, 
connected  by  the  identical  equation 

Then   if  we   regard  {a,  b,  c,  d)  as   the   eoordinate.s   of  a   point   in   space,  but   (x,  y) 
as  variable  parameters,  the  equation 

V  =0 

represents    a   quartic    torse,   having   for   its    cuspidal    curve    the    skew    cubic   ac  —  6'  =  0, 
ad  —  bc  =  Q,  bd  —  c''  =  0;   the  equation 

U=0 
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is  that  of  the  tangent  plane  to  the  torse  along  the  line  aic' +  26fl;^  +  c^' =  0, 
ba^  +  2cxi/  +  dt/^  =  0:  this  line  meets  the  cuspidal  curve  in  the  point  whose  coordinates  are 
a  :  b  :  c  :  d  =  y^  :  —x^f-  :  a^  :  —y.    The  equation 

H=0 

is  that  of  a  quadric  cone  having  the  last  mentioned  point  for  its  vertex,  and  passing 
through  the  cuspidal  curve ;   and  the  equation 

is  that  of  the  cubic  surface  which  is  the  first  polar  of  the  same  point  in  regard  to 
the  torse. 

The  equation  *^  —  V  C^  =  -  4/f',  writing  therein  11=0,  gives  '^^  =  — 4ff',  a  result 
which  implies  that  [?"=  0,  iZ"=0  is  a  certain  curve  repeated  twice,  and  that  P'=0, 
'J>  =  0  is  the  same  curve  repeated  three  times.  The  curve  in  question  is  at  once 
seen  to  be  the  Hne  of  contact  83,17=0,  SyU=0;  it  thus  appears  that  the  tangent 
plane  ^=0  meets  the  cubic  surface  0  =  0  in  this  line  taken  three  times.  This  can 
only  be  the  case  if  the  equation  <I>  =  0  be  expressible  in  the  form  MU+(BxUy  =  0,  or, 
what  is  the  same  thing, 

MU+(aS^U+^SyUy  =  0. 

a  and  yS  constants,  M  a  quadric  function  of  (a,  b,  c,  d);  that  is,  4'  must  be  equal  to 
a  function  of  the  form 

MU  +  iaS^U  +  &SyUy. 

Seeking  for  this  expression  of  '1',  and  writing  the  symbols  out  at  length,  I  find  that 
the  required  identical  equation  is 

r     (        a^d-^abc  +  ^¥  )a^   "l 

+  {—  Sacd  +  Gbd^  -  Sbc')  xjf 
I  -  (-    ad""  -  ^bcd  +  2^  )f  J 

(n,  b,  c,  d'^x,  y)»  .{2a'          ,        Qah              ,  Gb-                ,  -  ad  +  3bc  )  f  (x,  yf  (a,  8f, 

!      Ub         ,     12ac4-66=    ,  Saii  +  lS&c,  6<;= 

I      66=          ,      ^ad  +  Ubc,  \2bd  +    6c^  Qcd 

I  -a(Z  +  3ic,      6c'              ,  Gcd             ,  2d' 

(where  the  *^  indicates  that  the  binomial  coefficients  are  not  to  be  inserted,  viz.  the 
function  on  the  right  hand  is  {2a'iif  +  Qab^y  +  6l^iey^  +  {— ad  +  3bc)  y']  0.^  +  Sac.).  As  a 
verification  remark  that  for  x  =  a,  y  =  ^,  the  equation  becomes  simply  2(7'=  U.2U'. 
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462. 

A    NINTH    MEMOIR    ON    QUANTICS. 


[From  the  Philosophical  Transactions  of  the   Royal  Society  of  London,  vol.  CLXI.  (for   the 
year  1871),  pp.  17—50.     Keceived  April  7,— Read  May  19,  1870.] 

It  was  shown  not  long  ago  by  Professor  Gordan  that  the  number  of  the 
irreducible  covariants  of  a  binary  qu antic  of  any  order  is  finite  (see  his  memoir 
"Beweis  dass  jede  Oovariante  und  Invariante  einer  binaren  Fonn  eine  ganze  Function 
mit  numerischen  Coefficienten  einer  endlichen  Anzahl  soleher  Form  en  ist,"  Crelle, 
t,  LXix.  (1869),  Memoir  dated  8  June  1868),  and  in  particular  that  for  a  binary  quintic 
the  number  of  irreducible  covariants  (including  the  quintic  and  the  invariants)  is  =  23, 
and  that  for  a  binary  sextic  the  number  is  =26.  From  the  theory  given  in  my 
"Second  Memoir  on  Quantics,"  Phil.  Trans.,  1856,  [141],  I  derived  the  conclusion,  which, 
as  it  now  appears,  was  erroneous,  that  for  a  binary  quintic  the  number  of  irreducible 
covariants  was  infinite.  The  theory  requires,  in  fact,  a  modification,  by  reason  that 
certain  linear  relations,  which  1  had  assumed  to  be  independent,  are  really  not 
independent,  but,  on  the  contrary,  linearly  connected  together :  the  interconnexion  in 
question  does  not  occur  in  regard  to  the  quadric,  cubic,  or  quartic;  and  for  these  cases 
respectively  the  theory  is  true  as  it  stands ;  for  the  quintic  the  interconnexion  first 
presents  itself  in  regard  to  the  degree  8  in  the  coefficients  and  order  14  in  the 
variables,  viz.  the  theory  gives  correctly  the  number  of  covariants  of  any  degree  not 
exceeding  7,  and  also  those  of  the  degree  8  and  order  less  than  14 ;  but  for  the 
order  14  the  theory  as  it  stands  gives  a  non-existent  irreducible  covariant  (a, .  .y  (w,  y)", 
viz.  we  have,  according  to  the  theory,  5  =  (10  — 6)  + 1,  that  is.  of  the  form  in  question 
there  are  10  composite  covariants  connected  by  6  syzygies,  and  therefore  equivalent  to 
10  —  6,  =4  asyzygetic  covariants;  but  the  number  of  asyzygetic  covariants  being  =5, 
there  is  left,  according  to  the  theory,  1  irreducible  covariant  of  the  form  in  question. 
The  fact  is  that  the  6  syzygies  being  interconnected  and  equivalent  to  5  independent 
syzygies  only,  the  composite  covariants  are  equivalent  to  10  —  5,  =  5,  the  full  number 
of  the   asyzygetic  covariants.     And  similarly  the  theory  as   it  stands   gives  a  non-existent 
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irreducible  covariant  (a, , .)'  {x,  yY*.  The  theory  being  thus  in  error,  by  reason  that  it 
omits  to  take  account  of  the  interconnexion  of  the  syzygies,  there  is  no  difficulty  in 
conceiving  that  the  effect  is  the  introduction  of  an  infinite  series  of  non-esistent 
irreducible  covarlants,  which,  when  the  error  is  corrected,  will  disappear,  and  there  will 
be  left  only  a  finite  series  of  irreducible  covariants. 

Although  I  am,  not  able  to  make  this  coiTection  in  a  general  manner  so  as  to 
show  from  the  theory  that  the  number  of  the  irreducible  covariants  is  finite,  and  so 
to  present  the  theory  in  a  complete  form,  it  nevertheless  appears  that  the  theory  can 
be  made  to  accord  with  the  facts;  and  I  reproduce  the  theory,  as  well  to  show  that 
this  is  so  as  to  exhibit  certain  new  formulse  which  appear  to  me  to  place  the  theory 
in  its  true  light.  1  remark  that  although  I  have  in  my  Second  Memoir  considered 
the  question  of  finding  the  number  of  irreducible  covariants  of  a  given  degree  0  in 
the  coefiicienta  but  of  any  order  whatever  in  the  variables,  the  better  course  is  to 
separate  these  according  to  their  order  in  the  variables,  and  so  consider  the  question 
of  finding  the  number  of  the  irreducible  covariants  of  a  given  degree  9  in  the 
coefficients,  and  of  a  given  order  fj.  in  the  variables.  (This  is,  of  course,  what  has  to 
be  done  for  the  enumeration  of  the  irreducible  covariants  of  a  given  quantic ;  and 
what  is  done  completely  for  the  quadiic,  the  cubic,  and  the  quartic,  and  for  the  quintic 
up  to  the  degree  6  in  iny  Eighth  Memoir,  Phil.  Trans.  1867,  [405].)  The  new  formulae 
exhibit   this    separation ;    thus    (Second    Memoir,   No.   49),   writing    a    instead    of   x,   we 

have  for  the  quadric  the  expression  ■in  —  n'  ^''**^"*S  ^^^  ^^  \i3.vg  irreducible 
covariants  of  the  degrees  1  and  2  respectively,  viz.  the  quadric  itself  and  the  dis- 
criminant:   the    new    expression    is    t^j — ~n'   showing    that    the    covariants    in 

question  are   of   the   actual   forms   {a, .  ."^x,   yf   and    («,  .  .)^    respectively.      Similarly   for 

the    cubic,   instead    of    the    expression   No.    55,   7^ ^-j^r- — —-7^ — — — ,   we    have 

^  '    {\-a){\-  a')  (1  -  a')  (1  -  a') 


— T T-T^ r-T. — — : ,   exhibitina:    the    irreducible    covariants    of    the    forms 

(1  -  ax")  (1  -  aW)  (1  -  «=«')  (1  -  a') 

{a, .  .Jic,  yy,  {a, .  .f  (x,  yf,  (re .  .f  (x,  yf,  and  (a,  .  .)*,  connected   by  a   syzygy   of  the   form 

((t, . .)"  (x,  yf ;  and  the  like  for  quantics  of  a  higher  order. 

In  the  present  Ninth  Memoir  I  give  the  last-mentioned  formulae ;  I  carry  on  the 
theory  of  the  quintic,  extending  the  Table  No.  82  of  the  Eighth  Memoir  np  to  the 
degree  8,  calculating  all  the  syzygies,  and  thus  establishing  the  interconnexions  in 
virtue  of  which  it  appears  that  there  are  really  no  irreducible  covariants  of  the  forms 
(a,..y{x,  yf\  and  (re, ,  .^Ja;,  yy.  I  reproduce  in  part  Gordan's  theory  so  far  as  it 
applies  to  the  quintic,  and  I  give  the  expressions  of  such  of  the  23  covariants 
as  are  not  given  in  my  former  memoirs ;  these  last  were  calculated  for  me  by 
Mr  W.  Barrett  Davis,  by  the  aid  of  a  grant  from  the  Donation  Fund  at  the  disposal 
of  the  Royal  Society.  [The  expressions  referred  to  are  in  fact  printed,  14i3.]  The 
paragraphs  of  the  present  memoir  are  numbered  consecutively  with  those  of  the  former 
memoirs  on  Quantics. 
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Article   Nos,   328    to   832.     Reproduction    of   my   original   Tlieory   as   to   the   Number   of 
the  Irredxtcihle  Covariants. 

328.  I  reproduce  to  some  extent  the  considerations  by  which,  in  my  Second 
Memoir'  on  Quantica,  I  endeavoured  to  obtain  the  number  of  the  irreducible  covariants 
■of  a  given  binary  quantic  (a,  b,  ...'$^x,  i/)". 

Considering  in  the  first  instance  the  covariants  as  functions  of  the  coefficients 
(a,  b,  c, . .),  without  regarding  the  variables  {x,  y),  and  attending  only  to  the  following 
properties — 1",  a  covariant  is  a  rational  and  integral  homogeneous  function  of  the 
coeificieuts;  2°,  if  P,  Q,  R,...  are  covariants,  any  rational  and  integral  function 
F{P,  Q,  R,...),  homogeneous  in  regard  to  the  coefficients,  is  also  a  covariant, — we  say 
that  the  covariants  X,  Y,...  of  the  same  degree  in  regard  to  the  coefficients,  and 
not  connected  by  any  identical  equation  aX4-jSF...  =  0  {where  a,  /3,...  are  quantities 
independent  of  the  coefficients  (a,  b,  c, ...)),  are  asyzygetic  covariants,  and  that  a  covariant 
not  expressible  as  a  rational  and  integral  function  of  covariants  of  lower  degrees  is  an 
irreducible  covariant;  and  it  is  assumed  that  we  know  the  number  of  the  asyzygetic 
covariants  of  the  degrees  1,  2,  3,....;  say,  these  are  -4,,  A^,  As,...,  or,  what  is  the 
same  thing,  that  the  number  of  the  asyzygetic  covariants  of  the  degree  6,  or  form 
(a,  b,...y,  is  equal  to  the  coefficient  of  a,*  in  a  given  function 

0(a)  =  1  +  A,a  -i-  A^a" ...  +  Aga^  + . .. , 

where   I  have   purposely   written   a,   aa   a   representative   of  the   coefficients   (it,  b,  e,...), 
in  place  of  the  x  of  my  Second  Memoir. 

329.  The  theory  was,  that  determining  a,,  a^,...  by  the  conditions 

A,  =  a„ 

As  =  ia,  (a,  +  1)  (a,  +  2)  +  a,a.,  +  a,, 

that  is,  throwing 

1  +  A,a  +  A^q?  +  A^'  +  ... 
into  the  form 

(!--„)-.,  (l_a.)-.(l-<.0--, 
the  index  a,-  would  express  the  number  of  irreducible  covariants  of  the  degree  r  less 
the  number  of  the  (irreducihle)  linear  relations,  or  syzygies,  between  the  composite  or 
non-irreducible  covariants  of  the  same  degree.  Thus  A,^a,,  there  would  be  Sj 
covariants  of  the  degree  l^);  these  give  rise  to  ^ai  (a,  + 1)  composite  covariants  of 
the  degree  2 ;  or,  assuming  that  these  are  connected  by  h  syzygies,  the  number  of 
asyzygetic  composite  covariants  of  the  degree  2  would  be  ^a,  (a,  + 1)  -  Jt^ ;  and  thence 
there  would  be  ^j-^ai(a,  + 1)  +  ^'2,  that  is,  a^-i-ki  irreducible  covariants  of  the  same 
degree ;  so  that  (irreducible  invariants  less  syzygies)  (a^  +  k,)  —  ks  is  =  a^. 

1  For  the   case  of  oovariants,  < 
stands  for  any  function  satisfying  t 
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330.  The  k^  syzygies  are  here  irreducible  syzygies ;  for,  calling  P,  Q,  H,...  the 
covariants  of  the  degree  1,  there  is  do  identical  relations  between  the  terms  P^,  Q^, 
FQ,...:  imagine  for  a  moment  that  we  could  have  l,  such  identical  relations  (viz. 
this  might  very  well  be  the  case  if  instead  of  the  |ai{ai  +  l)  functions  P',  Q^,  PQ,..., 
we  were  dealing  with  the  same  number  of  other  quadric  functions  of  these  quantities), 
that  is,  relations  not  establishing  any  relation  between  P^,  Q",  PQ,...,  and  besides  these 
k«  non- identical  relations  as  above;  then  the  number  of  irreducible  invariants  would 
be  02+^3+4,  and  the  number  of  irreducible  syzygies  being  as  before  k^,  the  difference 
would  be  not  a^  but  a^  +  4-  The  l^  identical  relations  are  here  relations  between 
composite  covariants,  and  the  effect  (if  any  such  relation  could  subsist)  would,  it 
appears,  be  to  increase  0:3;  between  syzygies  such  identical  relations  do  actually  exist, 
and  the  effect  is  contrariwise  to  diminish  the  a ;  we  may,  for  instance,  for  the 
degree  s  have  irreducible  covaiiants  less  irreducible  syzygies  =aj  — ij, 

331.  Assume  for  a  moment  that,  for  a  given  value  of  s,  as  is  positive ;  but  for 
the  term  l^  it  would  of  course  follow  that  there  was  for  the  degree  in  question  a 
certain  number  of  irreducible  covariants ;  and  it  was  in  this  manner  that  I  was  led  to 
infer  that  the  number  of  the  covariants  of  a  quintic  was  infinite — viz.  the  transformed 
expression  for  the  number  of  asyzygctic  covariants  is 

=  coefF.  «"  in  (1  -  a*)-' {1  -  a^y^l  -  a'-')-' (I  -  a}')~' . . . , 
a   product   which    does   not    terminate,   and    as   to    which    it   is    also    assumed    that   the 
series  of  negative  indices  does  not  terminate. 

332.  The  principle  is  the  same,  but  the  discussion  as  to  the  number  of  the 
irreducible  covariants  becomes  more  precise,  if  we  attend  to  the  covariants  as  involving 
not  only  the  coefficients  (a,  b, ..,)  but  also  the  variables  (a;,  y);  we  have  then  to  con- 
sider the  covariants  of  the  form  [a,  b,  ...y(x,  yf-,  or,  say,  of  the  form  a'af-  (degree  6 
and  order  ^),  and  the  number  of  the  asyzygetie  covariants  of  this  form  is  given  as 
the  coefficient  of  a*a^  in  a  given  function  of  {a,  x),  (I  write  a  instead  of  the  z  of 
my  Second  Memoir  in  the  formulae  which  contain  x  and  z):  by  taking  account  of  the 
composite  covariants  and  syzygies,  we  successively  determine,  from  the  given  number  of 
asyzygetie  covariants  for  each  value  of  9  and  fx.,  the  number  of  the  irreducible 
covariants  tor  the  same  values  of  6  and  ^  This  is,  in  fact,  done  for  the  quintic  in 
my  Eighth  Memoir  up  to  the  covariants  and  syzygies  of  the  degree  6,  But  before 
resuming  the  discussion  foi'  the  quintic,  I  will  consider  the  preceding  cases  of  the 
quadric,  the  cubic,  and  the  quartic. 

Article  Nos.  333  to  336.     Nev)  furmvlce  for  the  number  of  Asyzygetie  Covariants. 
3-'i3.     For  the  quadric  (a,  b,  c'^x,  y'f,  the  number  of  asyzygetie  covai-iants  a'x^ 

=  coeff.  flV-*"  in  -pr- —-r— — '—-- , 

(1  —  a)  (1  -  am)  ( 1  —  ax-) 

(see    Second    Memoir,   No.   35,   observing    that   q    is    there   =6  —  ^iJ,,   and   that   the   sub- 
traction   of    sueeeaaive    coefficients    is    effected    by    means    of    the    factor    1  —  a:    in    the 
C.   VII.  43 
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numerator.     See    also    Eighth    Memoir,   No,    251,   where    a   like    form    is 
quintic).     Writing  ax^  for  a,  and  —  for  x,  this  is 


The  development  is 


(i-««-)(i-a)(:-5) 


+  a?  {x^  +  a?) 
+  a'  (a;*  +  ic*  +  1) 


-  © 
-&-) 


''''[hl  +  ') 


-(^)4-© 


and,  since  —  ^  (-J  contains  only  negative  powers,  the  required  number  is 

indicating  that  the  covariants  are  powers  and  products  of  {aa'  and  «-),  the  qiiadric 
itself,  and  the  discriminant.  Compare  Second  Memoir,  No.  49,  according  to  which, 
writing  therein  a  for  x,  the  number  of  asyzygetic  covariants  is 


(1  -  a)  (1  -  a') 
334.     For  the  cubic  (a,  b,  c,  d'^x,  yY  the  number  of  asyzygetic  covariants  a^x'^  i 
—  coeff.  a^x 


■  transforming  as  before,  this  is 
=  coeff.  a^D^  in 


{l-a){l~ax){l-a^)(l-ct^)' 
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the  function  is  here 

where 

A  /-.\  _ 1  -ctV 

^  '     (1  -  aa^)  (1  -  ((2ai^)(l  -  aW){l  -  a') 

(that  this  is  so  may  be  easily  verified) ;  and  since  the  second  term  contains  only 
negative  powei^,  the  required  number  is  =  coeff.  a^af-  in  A  (as).  The  formula,  in  fact, 
indicates  that  the  covariants  are  made  up  of  (aa^,  a^^,  a?^,  a*),  the  cubic  itself,  the 
Hessian,  the  cubico variant,  and  the  discriminant,  these  being  connected  by  a  syzygy 
(aV)  of  the  degree  6  and  order  6.  Compare  Second  Memoir,  No.  50,  according  to 
which  the  number  of  covariants  of  degree  6  is 

^     g  . Ij^o^ 

335,     For  the  quartic  (a,  6,  c,  d,  e§x,  t/Y  the  number  of  asyzygetic  covariants  a^a^  is 

=  r.npff    n^v^~i'^  iti    - —  — .- ■ 

(1  -  a)  (1  -  or)  (1  -  ax')  (1  -  a^)  (1  -  o^) ' 

or  transforming  as  before,  this  is 

=  coeff.  a^x^  in 


(1  _  „,.)  (1  _  „..)  (1  _  <,)  (1  _  „„r-)  (1  - »«.-)  • 

the  function  is  here 


A{x)- 


(,l~aw')(l-a.V)(l-a-){l-a>}{l-a?afiy 


and  the  second  term  containing  only  negative  powers,  the  required  number  is  =  coeff.  a^w" 
in  A  {x).  The  formula  indicates  that  the  covariants  are  made  up  of  (aar^,  a^a^,  a?,  a?,  a'afi), 
the  quartic  itself,  the  Hessian,  the  qnadrinvariant,  the  cubinvariant,  and  the  cubi- 
covariant,  these  being  connected  by  a  syzygy  (uW^)  of  the  degree  6  and  order  12. 
Compare  Second  Memoir,  No,  51,  according  to  which  the  number  of  covariants  of  degree 


=  cociF.  ( 


1- 


336.     For   the   quintic   (a,  b,  c,  d,  e,  /J*',   yf   the   number    of  asyzygetic   covariants 
•^  is 

1-x 


-  coeff.  a^a:^  '-'' 


43—^ 
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or  transforming  as  before,  tbis  is 

-coett.  (ia"  in  (i_^^5^fi  _  ^y^1  _g_^y^l—--,y^^l_^^-.,J^l_^^-,y■ 
The  deveioped  expression  is 

-i 


[462 


+  aHJ"  +  a^  +  a=) 


.■(ar-- 


»-) 


but  here  there  is  not  any  finite  function  A  (ai)  such  that  this  development  is 

The  numerical  coefficients  are  of  course  the  same  as  those  in  the  development  of 
the  untransformed  fimetion;  viz.  they  are  the  numbers  given  in  the  third  column  of 
Table  No.  82  (Eighth  Memoir),  and  also  (carried  further)  in  the  third  column  of  the 
following  Table,  No.  87.  And  we  can,  from  the  discussion  of  these  coefficients,  deduce 
the  fonn  of  A  (x),  viz.  this  is 


:    1-«V^ 

1  -  <i«^" 

1  -  a'x" 

(i~«W7  1 

li 

13 

(10)^ 

12 

11 

(  8)' 

10 

<9)= 

( fi)' 

8 

7 

6 

l-ax'  j  I-«V 

1  -  a'x^ 

I-aV  !    1-aV 

l-aV 

1-aV 

1  -  a V 

2 

5 

4  j              3 

2 

1 

0 

3 

0                1 

20 
14 

where,  for   shortness,  I   have   written   1  — ct^a;^   to   stand   for   (l~a''afi)(l- 


v^),  and 


other  cases :  moreover  in  the  third  column  of  the  numerator  the  (Qf  shows  that  the 
factor  is  (1  —  oFaff,  and  so  in  other  cases :  this  will  be  further  explained  presently. 
Compare  herewith  the  form.  Second  Memoir,  No.  52,  viz.  the  number  of  asyzygetic 
covariants  of  the  degree  0  is 

=  coeff.  a«  in  {l-a)-^(l~a-')-'(l-a')-'il-a*)-'{l-a')-^{l-a'yil-a'y(l-a'y  ... 

each  index  being,  it  will  be  observed,  equal  to  the  number  of  factors  in  the  numerator, 
less  the  number  of  factors  in  the  denominator,  in  the  corresponding  column  of  the 
new  formula. 
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Article  Nos.  337  to  ; 


T}ie  23  Fundamental  Oovariants. 


337.  Gordan's  result  is  that  the  entire  number  of  the  irreducible  co variants  of 
the  binary  quintic  is  =23.  I  represent  these  by  the  letters  A,  B,  0,...,  W,  identifying 
such  of  them  as  were  given  in  my  former  Memoirs  on  Qualities  with  the  Tables  of 
these  Memoirs,  and  the  new  ones,  0,  P,  R,  S,  T,  V,  with  the  Tables  Nos.  90,  91,  92, 
93,  94,  95  of  the  present  Memoir. 


Table   No.   87.     Identification  of  the  23  irreducible  oovariants  of  the  bina 

y  quintic 

Table  No. 

A 

u,b.  c,d.e,fi^,y 

■    / 

13 

B  =     ,rfii(^.  Ay 

)•( 

■     '-(//)' 

14 

G  =     ,fc(^.  A)' 

)'  ( 

f     *-(//)■ 

15 

D.-HA.  By 

y( 

■      i  -if'T 

16 

E=     i(A,B) 

)'( 

•      (/') 

17 

P-     A(^.  0) 

n 

•      (/« 

18 

C=-i(£,  By 

)*( 

•      (")■ 

19 

H  =  -i(B.  cy  +  fB- 

)'( 

*      j>  =  »0" 

20 

!  —i{B.  0) 

)'( 

•      (*<) 

21 

J  =-i(B,Dy 

)■( 

■      «  =  (iO' 

22 

K  =-(B,  D) 

y  ( 

■      (iO 

23 

L  =-&(A,H)  +  iBE 

)'( 

'      (fp) 

24 

"--AW  Hf-tBG 

)•( 

•            T.(p,f 

83 

if=     i{B.H) 

)•( 

(P') 

84 

0  =-(B,  J) 

)'  ( 

(la) 

*90 

p  .-ici.  m-BK 

)'  ( 

•        (/t) 

•91 

e  -HB.My 

)■( 

•      ("■)■ 

2.5 

B  =-1(5.  X) 

)■  ( 

■      (t') 

•92 

S  . -  96  (C,  ilf)  +  UBO -IGK 

)•( 

'      <r) 

•93 

T  --(J,  *) 

)"( 

7  -  <™) 

•94 

U=J,(J.  0)  +  iGQ 

)"( 

)•      (<»), ") 

29 

F  -  -  (B,  T) 

)■■( 

)'         C'7) 

•95 

W.-i(0,  T) 

)»( 

•      (('«),  i) 

29i 
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338.  The  Table  exhibits  the  generation  of  the  several  covarianta;  viz.  (A,  B) 
denotes  d^A  .d^B-dyA  .d^B,  {A,  Bf  denotes  dM-cly^S-id^yA  .d-^yB  +  dy^A  .dJ'B.  &e. 
(see  post,  No.  348).  The  column  f,  t  =  {ffY,  &c.  shows  Gordan's  notation,  and  the 
generation  of  his  23  fonns  \{ffy  written  as  with  him  for  {/,  ff,  &c.) :  it  will  be 
observed  that  the  forms  are  not  identical ;  if  the  calculations  had  been  made  de  novo, 
I  should  have  adopted  his  values,  simply  omitting  numerical  factors  of  the  several 
forms  (thus  every  term  of  (,  ={//)'  contains  the  factor  2.(120)',  =28800):  of  course 
the  presence  of  these  numerical  factors  renders  the  y^  t,  0,  &c.  as  they  stand 
inconvenient  for  the  expression  of  results;  and  the  numerical  fixation  of  the  values 
was  no  part  of  Giordan's  object.  But  by  reason  of  the  existing  Tables  the  change  of 
notation  is  in  fact  more  than  this ;  thus  H  instead  of  being  a  submultiple  of  {B,  Of, 
that  is,  of  p,  is  in  fact  =  —  -J  {B,  Cy  +  |B^ ;  and  so  in  other  cases.  If  the  occasion  for 
it  arises,  there  is  no  difficulty  in  expressing  any  one  of  the  forms  f,  i,  tf),  &c.  in  terms 
of  the  (A,  B,  G .  .V,   W);   thus  in  the  instance  just  referred  to,  p  —  {(f>iy,  we  have 

^  =  (ffy  =  (^A,  Af^SOOO, 
and 

I  =(ffy  =  (A,  Ay^^smoB. 

whence  p  =  2304000  (B,  Gf ;   also  (B,  Gf^-oH+2&;  and  therefore,  finally, 
p=  -  11520000  H  +  4608000  B. 

339.  I  remark  upon  the  value  S  =  -96(i),  iW)+16BO-7(?i(',  that  S  is  the 
complete  value  of  a  covariant  (  )°  (  )',  the  leading  coefficient  of  which  is  given  in 
Table  No.  86  of  my  Eighth  Memoir;  the  form  {D,  M),  omitting  a  numerical  fector 
(if  any),  would  have  had  smaller  numerical  coefficients,  but  there  is  in  the  form 
actually  adopted  the  advantage  that  it  vanishes  for  (t  =  0,  h  =  0,  that  is,  when  the 
quintic  has  two  equal  roots,  [see  post.  No.  346]. 

340.  I  now  form  the  following  Table  No.  88,  viz.  this  is  the  Table  No.  82  of 
my  Eighth  Memoir,  carried  as  far  as  a*,  but  with  the  composite  covariants  expressed 
by  means  of  the  foregoing  letters  A,  B,  G,...,  W;  instead  of  giving  the  syzygies  as 
in  Table  No.  82,  I  transfer  them  to  a  separate  Table,  No.  89.  In  all  other  respects 
the  arrangement  is  as  explained.  Eighth  Memoir,  No.  263;  but  iu  place  of  N,  S,  3' 
I  have  written  «,  S,  2'  to  denote  new  covariant,  new  syzygy,  derived  syzygy, 
respectively;  and  I  have,  as  to  the  terms  aV,  a^x-'*  respectively,  introduced  the  new 
symbol  a  to  denote  an  interconnexion  of  syzygies,  as  appealing  by  the  Table  No.  89, 
and  as  will  be  further  explained 
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[In  this  Table  and  the  subsequent  Table  89,  I  bave  for  convenience  used,  instead 
of  capitals,  tbe  small  italic  letters  a,  h,  c,...w  to  denote  the  23  irreducible  covariants  of 
the  quint ic] 


Ind.  a. 

Ind.  X. 

Coeff. 

1 

5 

a 

# 

3 

1 

2 

10 

8 

»■ 

6 

C 

^ 

4 

3 

h 

^ 

0 

3 

15 
13 
11 

a} 

9 

f 

. 

7 

ab 

5 

e 

. 

3 

d 

, 

1 

4 

20 
18 
Ifi 
14 
12 
10 
8 
G 

ad,   be 

4 

2 

V,  h 

• 

2 

0 

0 

I 

? 

» 
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Table  No.  88  (continued). 
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Ind.  a. 
5 

Ind.  a:. 

Coeft. 

25 

1 

ftS 

23 

0 

31 

1 

<l^C 

19 

1 

«y 

17 

2 

<t»6,  ao^ 

15 

2 

a'e,  cf 

13 

2 

«H   a6c 

11 

2 

«i,  6/,  ce 

S 

9 

3 

ah%  «/(,  C(? 

7 

2 

6e,  I 

^ 

5 

2 

ag,   hd 

3 

1 

k 

* 

1 
~30" 

1 

j 

* 

6 

T 

a' 

28 

0 

■ 

26 

1 

24 

1 

«y                                ; 

32 

2 

a%  a?d' 

20 

2 

a'e,   acf 

18 

3 

a^d,  a'bc,  c\  /' 

s       1 

16 

2 

a\  aif,  ace 

S' 

14 

4 

on>\  «%,  acd,  hc\  ef 

2 

12 

3 

abe,  al,  ci,  df 

2 

10 

4 

a%  abd,  b\  oh,  e^ 

2 

8 

2 

ak,  hi,  de 

2 

6 

4 

aj,  b",  bh,  eg,  d' 

2 

4 

1 

n 

* 

2 

2 

h,m 

*         i 

0 

0 

I 

7 

35 

«' 

33 

0 

31 

1 

a^c 

29 

1 

'■■y                                                '. 

25 

2 
2 

a%   «V 
a\  a?ef 

23 

3 

a'd,  a?bc,  ac\  af 

2' 

21 

3 

a\  a^hf,  ahe,  e^f 

2' 

19 

4 

o?h\  a%  a^cd,  abc\  aef 

2' 

17 

4 

a'be,  a%  aci,  ad/,  be/,  c^e 

22' 

13 

5 

a%  a'bd,  afj\  aeh,  a^,  ^d,  /i 

2',  2 

13 

4 

a%  aii,  ade,  b/,  bee,  d,  /li 

2 

11 

B 

d?j,  air\  abh,  acg,  otf,  bed,  ei 

2 

9 

4 

an,  b%  bl,  ek,  di,  eA,  /g 

32 

7 

4 

abg,  am,  I'd,  cj,  dh 

2 

5 

3 

hk,     p,      eg 

^ 

3 

1 

l>j,     dg 

* 
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Ind.  ". 

In<l.  X. 

Coeff. 

1 

8 

40 
38 
36 
34 
33 

1 
0 
1 

1 
2 

1 

1 

1         i 
i 

i   ao 

3 

a\  aV/ 

28 

3 

a'(^,  «'6c,  £tV,  aY' 

2'       i 

26 

3 

aH,  c^bf,  a^ce,  aay 

1       2'      ! 

24 

5 

a'b\  a'h,  a'cd,  «=fic^  aV,  «/".  i'' 

i      S'      ! 

22 

4 

«%B,  «'Z,  «''ci,  a^df,  abcf,  a<?e 

2S' 

1     20 

6 

a%   a?bd,  u'b%  a?ch,  «V,   nc'd,   afi,   be\  b/\   cef 

i 

18 

5 

u%  a^U,  d'de,  ab%  abce,  ad,  afh,  cH,  edf 

i     *2' 

1     16 

7 

n'j,  a%\   a'bh,  a^ctj,  a^d?,  abed,  aei,  6V,  be/,  c%  o?.  fl 

i     5S' 

U 

5 

a^n,  ab%  abl,  nek,  adi,  adi,  afg,  bei,  bdf,  cde 

0- 

13 

7 

n%,  a'm,  ab%  acj,  adh,  b\  bcL  be\  c\  ccP,  el,  fk,  i- 

32 

10 

5 

abk,  (teg,  op,  fH,  bde,  en,  dl,  fj,  hi 

3S 

S 

6 

abj,  adg,  b\   b%   beg,   bd',   cm,   »:k,   h^ 

I     22 

6 

3 

(M,  bn,  dk,  ej,  gi 

25 

4 

4 

b^ff,  b;i,  dj,  ijh 

3 

1 

T 

* 

0 

2 

(l\  'I 

* 

341.     The  syzygies  and  interconnexions  of  syzygies  are  given  in 
Table  No.  89. 
[Sefi  wnie  Table  No.  SS.] 


(5,  11) 
(6,   18) 

ai  +  bf-ce^O 

a'd  -     a?bG  +  ic'   +/' 

=  0 

(6,    U) 

a'h  -    ?>acd  -ibc^-ef 

=  0 

(6,    12) 

al     -    2d      +Zdf 

=  0 

(6,    10) 

a^g   -Uabd  -ib^c-e^ 

=  0 

(6,     8) 

ak    +    26i     -3(fe 

-0 

(6,      6) 

4     -      ¥      +2bh-eff~^fP 

-0 

(7,   15) 

a'bd-   ab^G+      aeh-Ge'd- 

fi 

^0 

(7,   13) 

a'k  ~    abi  -    Sly'f+Hd    + 

3/7. 

-0 

(7.   11) 

«V   ~    aP  +      abk-'da^- 

Qbod- 

ei  =  0 

(7,     9) 

an    -    Ve    -    Mi   +2eh  - 

f9 

=  0 

2bl                   +    Mi    -    A  -! 

.fy 

-0 

2c;!;                  -XUi    +    eh  - 

f9 

=  0 

{7,     7) 

am    +  Wd  +      ej    -  Sdh 

=  0 
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•r,  (8,  20) 

O.a^a'ff  -Uabd-ib^c  -    e")                        Mpr&  (6,  10) 

-a(a'bd    ~      abc^+    aeh-6(^d-fi)                 „       (7,  15) 

+  b(a'd     -      a^bc  +  ic^    +  /=)                           „      (6,18) 

+  c(a%      -    6acrf-46c=  -    ef)                          „       (6,  14) 

-/(ai       +      bf    -    ce)                         =0         „      (5,  11) 

<r,  (8,    14) 

0.a(an-    b^e~    Mi+2eh-/ff)                        mprd.   (7,      9) 

+    a(         m  +    &di-   eh+fg)                         „       (     „    ) 

+    a{         2ck-Udi+    eh-fg)                         „       (     „    ) 

-2b  id  ~2ci  +    Mf)                                         „       (6,  12) 

-2c  {ak  +2bi  -    3(^6)                                          „       {6,     8) 

+  6d{ai  +    bf  ~      ce)                             =0         „       (5,   11) 

(8,   12) 

a¥d-Vc+2bch-    c'g                       +    i'^0 

-  3adh      -  tbch  +  2cV  +  1 8crf'  +/A  -  2i=  =  0 

eZ+/A-2r^  =  0 

(8,   10) 

»6A-  en  -  f}(^;  -  2/)- 4-  a;  =  o 

«?.+2c»+^                      ^0 

Vi    +    wi  +  3c?;  +  ^  -  2Ai  -  0 

(8,     8) 

abj-b^^Wh-    96<^+12cm-ei-3/*^  =  0 

a(?^        +26=/j.-.126(?=+    8fim  -  ei  -  2/t=  =  0 

{8,     6) 

ao  -i-  6rfX:  -  3fij'  +  2yi  =  U 

Sj-*+3<fA-    «j+    yi-^O 

342.     Ill    illustration    take    any   one    of    the    lines    of   Table    No.    8S,   for    instance 
[resuming  the  notation  by  capital  letters]  the  line 

(7,  17)  I  4  j      A^BE,  A^L,  AGI,  ADF,  BCF,  CE      |  2S'  | 
there   are   here   6   composite   covariants,  hut  the  number  of  aayzygetic   covariants  is  =  4 ; 
there  must   therefore   be   6  —  4,  =  2   syzygies ;   we  have  however  (see  Table  No.   89)  two 
derived  syzygies  of  the  light  form,  viz.  these  are 

A(AL-20I  +  SDF)  =  i), 
C{AI+    BF~    CE)  =  0, 
which  are  designated  as  22',  and  there  is  consequently  no  new  syzygy  S. 
But  in  the  line 

(7,  15)  I  5  I      A^G,  A^BD.  AB'O,  ACH,  AE\  OD,  FI      |  S',  S  | 
there    are    7    composite    covariants,    hut    the    number    of   asyzygetic    covariants    is    =  5 ; 
there  must  therefore  be  7-  5,  =2  syzygies.     One  of  these  is  the  derived  syzygy 
A  (A^G  ~E^-l  2A  BD  -  4if  0)  =  0, 
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which  is  designated  by  2';   the  other  is  a  new  syzygy  (see  Table  No.  89), 

A'BD-ABG^  +  ACH-eO'D-FI^O, 
designated  by  2. 

343.  Talie  now  the  line 

(8,  20)  I  6  I     A'G,  A^BD,  A^B'C,  A^OH.  A^E^,  A(?D,  AFT,  BC\  BF^,  GEF     \  52',  a  \  ; 

there  are  here  10  composite  covariants,  but  the  number  of  irreducible  covariants  is 
=  6;  there  should  therefore  be  10  — 6,  =4  syzjgies.  There  arc,  however,  the  5  derived 
syzygies 

AHA'G-\'1ABD-4>B'C-E'')  =  0.  &c.  (see  Table  No.  89) 

designated  by  52';  since  these  are  equivalent  to  4  syzygies  only  there  must  be 
1  identical  relation  between  them  (designated  by  a),  viz,  this  is  the  equation  0  =  0 
obtained  by  adding  the  several  syzygies,  multiplied  each  by  the  proper  numerical  factor 
as  shown  Table  No.  89. 

344.  Again,  for  the  line 

(8,  14)  I  5  I     A^N,  AB'E.  ABL,  AGE,  ADI,  A  EH,  AFG.  BCI,  BDF.  ODE     \  62',  a  | 

there  are  here  10  composite  covariants,  hut  only  5  irreducible  covariants;  there  should 
therefore  be  10  —  5,  =5  syzygies;  we  have  in  fact  the  6  derived  syzygies 

A  (AN - B'E -GDI  +2EH- FG)  =  0  &c.  (see  Table  No.  89) 

designated  by  62';  these  must  therefore  be  connected  by  1  identical  relation  (designated 
by  <r),  viz.  this  is  the  equation  0  =  0  obtained  by  adding  the  several  syzygies,  each 
multiplied  by  the  proper  numerical  factor  as  shown  Table  No.  89. 

345.  These  two  cases  (o-)  are  in  fact  the  instances  which  present  themselves  where 

a   correction   is  required  to  my  original   theory.     The   two   identical   relations  in  question 

were  disregarded   in   my  original  theory,  and   this   accordingly  gave   the  two  non-existent 

irreducible   covariants  (a,..)'(ic,  y)"  and  (a,..f(x,  y)™.     And   reverting  to   No.   336,  those 

give    in    the    denominator    of    A  (x)    the    factors    (1  —  a?x^)  (1  —  a^x'^).      In    virtue    hereof, 

(1  —  a^Y" 
writing    a)=l,   we    have    in    A(x)   the    factor    ^^j ^,   ={l-a^y,    agreeing    with    the 

function  (1  — )~'(1  —  a)"^  ...  (1  —  a^)*....  And  we  thus  see  that  the  denominator  factors 
of  A  (x)  do  not  all  of  them  refer  to  irreducible  covariants ;   viz.  we  have 

aafi,  aV,  aV,  «W,  aW,  aW,  a^x'^,  q,*^^,  a',  a^'x',  aW,  a^x,  a?x*,  aV,  eOa?,  d!x,  (^x\  a?, 

each  referring  to  an  irreducible  co variant,  but  a'*^  and  aV*  each  referring  to  an 
identical  relation  (ct)  or  interconnexion  of  syzygies.  And  we  thus  understand  how, 
consistently  with  the  number  of  the  irreducible  covariants  being  finite,  the  expression 
for  A{x)  may  be  as  above  the  quotient  of  two  infinite  products;  vi^.  there  wil!  be 
in  the  denominator  a  finite  number  of  factors  each  referring  to  an  irreducible  covariant, 
but   the   remaining   infinite   series   of    denominator    factors   will    refer   eaeh   factor   to   an 

44—2 
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identical  relation  or  interconnexion  of  syzygies.  But  I  do  not  see  how  we  can  by 
the  theory  distinguish  between  the  two  classes  of  factors,  so  as  to  determine  the 
number  of  the  irreducible  covariants,  or  even  to  make  out  affirmatively  that  the 
number  of  them  is  finite. 

346.     The  new  covariants  0,  P,  E,  S,  T,   V  are  as  follows; 

[Table  No.  90  (Covariant  0), 

Table  No.  91  {Covariant  P), 

Table  No.  92  (Covariant  R), 

Table  No.  93  (Covariant  S). 

Table  No.  94  (Covariant   7), 

printed  in  the  paper  143,  "  Tables  of  the  Covariants  Jlf  to  IT  of  the  Binary  Quintic : 
from  the  second,  third,  fifth,  eighth,  ninth  and  tenth  Memoirs  on  Quantics "  with  the 
insertion  as  therein  mentioned  of  the  terms  with  zero  coefficients.  The  covariant 
S,  =-96  (A  M)  +  1(}B0-TGK,  of  the  present  Memoir  is  there  called  S',  and  there  is 
given  the  more  simple  form  S  =  (D,  M),  of  this  covariant,] 


Article    Nos.    347   to   365.     Sketch   of  Professor   Gordan's  2}roof  for   the  finite   Number, 
—  23,  of  the  Covariants  of  a  Binary  Quintic. 

347.  I  propose  to  reproduce  the  leading  points  of  Professor  Gordan's  proof  that 
the  binary  quintic  (a,  b,  c,  d,  e,  f^x,  ^)'  has  a  finite  system  of  23  covariants,  viz.  a 
system  such  that  every  other  covariant  whatever  is  a  rational  and  integral  function 
of  these  23  covariants. 

348.  Derivation.  Consider  for  a  moment  any  two  binary  quantics  i^,  -yjr  of  the 
same  or  different  orders,  and  which  may  be  either  independent  quantics,  or  they  may 
be  both  or  one  of  them  covariants,  or  a  covariant,  of  a  binary  quantic  /.  Wc  ma}- 
form  the  series  of  derivatives 

(^,  A/ry^^, 

(<t>,  f)'  =  12  0,i/r,  =  a^0  .d,jf  -dy<l>.d^f, 

(0,   -f )'  =  12'  <t>ii^,  =  S/0  .  dy'^lr  -  2d^„<p.d^yyfr  +  9/^ ,  d^hfr, 

where,  however,  there  is  no  occasion  to  use  the  notation  (1^,  ip-f  (as  this  is  simply  the 
product  ^i/r),  and  the  succeeding  derivatives  may  (when  there  is  no  risk  of  ambiguity) 
be  written  more  shortly  (^\lr),  (6i{ry,  (^•■^Y,  &c.;  in  all  that  follows  the  word 
"derivative"  (Gordan's   Uebereinandersehiebung)  is  to  be  understood  in  this  special  sense. 

349.  The  degree  of  the  derivative  (0^/^)*  is  the  sum  of  the  degrees  of  the  con- 
stituents (p,  yfr ;  the  order  of  the  derivative  is  the  sum  of  the  orders  less  2k ;  it 
being   understood   throughout   that   the   word   degree   refers   to   the   coefficients,   and   the 
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word  oixier  to  the  variables.  Id  speaking  generally  of  the  co variants  or  of  all  the 
eovarianta  of  a  quantic  f,  or  of  the  covarianta  or  all  the  covariants  of  a  given  degree 
or  order,  we  of  course  exclude  from  consideration  covariants  linearly  connected  with 
other  covariants  (for  otherwise  the  number  of  terms  would  be  infinite) ;  but  unless  it 
is  expressly  so  stated,  we  do  not  carry  this  out  rigorously  so  as  to  make  the  system 
to  consist  of  asyzygetic  covariants ;  viz.  it  is  assumed  that  the  system  is  complete,  but 
not  that  it  is  divested  of  superfluous  terms. 

350.  Theorem  A,  The  covariants  of  a  quantic  /  of  a  given  degree  m  can  be  all 
of  them  obtained  by  derivation  from  /  and  the  covariants  of  the  next  inferior  degree 
(m-l). 

In  pai'ticular  for  the  degree  1  the  only  covariant  is  the  quantic  /  itself;  for  the 
degree  2  the  covariants  are  (//)",  {fff,  {ffY,----  using  for  a  moment  $  to  denote 
each  of  these  in  succession,  the  covariants  of  the  third  degree  are  {&/)",  (0/)',  (S/y,  ■■■; 
and  so  on. 

351.  Suppose  that  the  covariants  of  the  second  degree  (f/f,  (f/Y,  (f/Y  ■■■  are 
in  this  order  represented  by  ^i,  /S^,  ft...,  then  the  covariants  of  the  third  degree 
written  in  the  order 

(ft/n  (A/).  (A/)'.  -(A/r,  (A/),  (A/)',  ...(A/)',  (A/),  (A/)-... 

may  be  represented  by  71,  y^,  73, ...,  the  covariants  of  the  fourth  degree  written  in 
the  order 

(7./r,  (7./).  (r./)'.  -iiJ)'.  iiJ).  (■/./)'.  -(.ijy,  (y.n  {y./f- 

may  be  represented  by  S,,  83,  83,..,  and  so  on:  we  thus  obtain  in  a  definite  order 
the  covariants  of  a  given  degree  m;  say,  these  are  /ti,  /tj,  /j.3,  Hi,...:  any  term  /t;  is 
said  to  be  a  later  term  than  the  preceding  terms  /i,,  fi^,  and  an  earlier  term  than 
the  following  ones,  /ij,  ju^,  &c. 

Observe  that  each  term  /tr  is  a  derivative  (\/)*,  the  derivatives  of  an  earlier  X 
are  earlier  than  those  of  a  later  X;  and  as  regards  the  derivatives  of  the  same  \, 
the  derivative  with  a  less  index  of  derivation  is  earher  than  that  with  a  greater 
index  of  derivation,  or,  what  is  the  same  thing,  those  are  earlier  which  are  of  the 
higher  order. 

3-52,  The  series  /i,,  ^,  /X3,  li^...  is  not  asyzygetic;  we  make  it  so,  by  considering 
in  succession  whether  the  several  terms  /ij,  (h,  ...  respectively  are  expressible  as  linear 
functions  of  the  earlier  terms,  and  by  omitting  every  term  which  is  so  expressible. 
The  reduced  series  thus  obtained  is  called  7,,  T^,  T,, ....  ObseiTe  that  not  every  fi 
is  a  2",  but  that  every  T  ie  a,  fi;  every  T  therefore  arises  from  a  derivation  upon  / 
and  a  certain  term  \;  which  term  A,  (supposing  the  X  series  reduced  in  like  manner 
to  ^1,  Si,  S3,...)  is  a  linear  function  of  certain  of  the  S'a.  Each  later  T  is  derived 
from  later  S's,  or  it  may  be  from  the  same  S's  as  an  earlier  T;  viz.  if  the  later  T  is 
derived  from  (Si,  Ss,...Sg),  then  the  earlier  T  is  derived,  it  may  be,  from  {S,,  S^,  ■■.  Se), 
or  from  (Si,  Sj,  ...Se-i),  but  so  that  there  is  not  in  the  series  any  term  later  than  Sg. 
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And  if,  eonaidering  any  T  as  thus  derived  from  certain  of  the  iS's,  and  in  hke 
manner  each  of  these  S's  as  derived  from  certain  of  the  jB's,  and  so  on,  we  descend 
to  any  preceding  series, 

it  will  appear  that  the  T  is  derived  from  a  certain  number  (ifj,  M^,...M^)  of  the 
terms  of  this  series, 

353.  The  quadrico variants  (//)",  {fff,  (f/y,---  are  of  different  orders,  and  con- 
sequently asyzygetic  They  form  therefore  a  series  such  as  the  T-series,  and  they  may 
be  represented  by 

B„  B„  Ss, .... 

Supposing  /  to  be  of  the  order  n,  B,  is  of  the  order  2m,  B^  of  the  order  2n  —  4, 
B3  of  the  order  2n  —  8,  and  so  on.  Those  terms  which  are  of  an  order  greater  than  n, 
are  said  to  he  of  the  form  W  (agreeing  with  a  subsequent  more  general  definition 
of  W);  those  which  are  of  an  order  equal  to  or  less  than  w,  are  said  to  be  of  the 
form   x'i  so   that   the   earlier   terms   of  the   B  series  are   W,  and  the  later  terms  arc  x> 

viz,  the  X  terms  taken  in  order,  beginning  with  the  earliest,  are  x^,  Xi>  ?6' 

3.54.  By  what  precedes  any  particular  T  is  derived  from  certain  terms  Si,  B^,...Bg, 
of  the  B  series.  This  series,  5,,  B^, ...  Bg,  may  stop  short  of  the  terms  %,  or  it  may 
include  a  certain  number  of  them,  say  Xi>  7^'---Xr-  '^^^  terms  derived  from  the  ;:^'s 
are  in  the  sequel  denoted  by  P^. 

355.     Every  covariant  whatever  is  a  form  or  sum  of  forms  such  as 

12' 13^  23  *'.../,/„.../,„; 

writing  in  regard  to  any  such  expression 

S  ind.   l  =  i",  S  ind.  2-j,... 

{viz.  i  is  the  sum  of  all  those  indices  a,  ^,  &c.  which  belong  to  a  term  containing 
the  symbolic  number  1,  j  the  sum  of  all  the  indices  a,  7,  &c.  which  belong  to  a  term 
containing  the  symbolic  number  2,  and  so  on)  then  each  of  the  numbers  i,j,...  is  at 
most  =«,  that  is  n  —  i,  n—j,...  may  be  any  of  them  =0,  but  they  cannot  be  any  of 
them  negative;  the  degree  of  the  function  is  —m,  and  its  order  is  —mn  —  i—j...  It 
is  to  be  further  observed  that  the  form  is  a  function  of  the  differential  coefficients 
of/  of  the  orders  n  —  i,  n—j,  &c  respectively.  It  follows  that  if  n  —  i,  n—j,...  are 
none  of  them  =0,  the  form  in  question  may  be  obtained  from  a  like  form  -belonging 
to  a  quantie  /'  of  the  next  inferior  order  n  —  1  by  replacing  therein  the  coefficients 
a',  b',...  by  ax  +  by,  bx+cy,  &c.  respectively:   for  example,  if /  denote  the  cubic  function 

{a,  h,  c,  d\x,  yf,  then  the  Hessian  hereof  is  IS/j/a;  the  like  form  in  regard  to  the 
quadric  f  =(a',  b',  c'\x,  yY  is  IS////,  which  is  =a'c' —  b"';  and  substituting  herein 
ax  +  by,  bx  +  cy,  cx  +  dy  for  a',  b',  c'  respectively,  we  have  the  Hessian  12/1/5  of  the 
cubic.  A  covariant  of  /  derivable  in  this  manner  from  a  covariant  of  the  next  inferior 
quantie  /'  is  said  to  be  a  special  covariant. 
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356.     Reverting  to  the  form 

n'T3^2^\..f,/,...f,n; 

if,  as  before,  n-1,  n—j,  &c.  are  each  of  them  >0;  if  there  is  at  least  one  index  i 
which  is  =  or  <^  (that  is,  for  which  n  —  i>^n),  and  if  the  order  mn  —  i—j...  be 
>  n,  then  the  form,  or  any  sum  of  such  forms,  is  said  to  be  a  form  or  covariant  W. 
Every  covariant  W  is  thus  a  special  covariant,  but  not  conversely.  In  the  particular 
case  m=%  the  form  is 

12"/./.. 
which   will   be   a   form    W  if  «.  -  a  >  |«,   or,  what   is   the  same   thing,   2)i  —  2a  >ii,  that 
is  if  the   order  be   >n.     Hence,  as  already  mentioned,  the  covariants   T  of  the  degree  2 
are    W,  or   else   j^,   according   as   the   order   is   greater   than   n,  or   as   it   is   equal   to   or 
less  than  n. 

857,  Theorem  B.  If  any  covariant  T  be  expressible  as  the  sum  of  a  form  W 
and  of  earlier  2"s  than  itself,  then  forming  the  derivative  (T/y',  either  this  is  not  a 
form  T,  or  being  a  form  T,  it  is  expiessible  as  the  sum  of  a  form  W  and  of  earlier 
Ts  than  itself;  or,  what  is  the  same  thing,  (T/y',  if  it  be  a  form  T,  is  (like  the 
original  T)  the  sum  of  a  form   W  and  of  earlier  T's  than  itself 

Hence  also  every  form  T  is  the  sum  of  a  form  W,  and  of  forms  derived  from 
the  functions  Yi,  x^'  ■■•>  ^^7 

or,  what  is  the  same  thing,  every  covariant  whatever  is  of  the  form   W  + 1*^. 

S58.  The  proof  that  for  a  form  /  of  the  order  n  the  number  of  covariants  is. 
finite,  depends  on  the  assumption  that  the  number  is  finite  for  a  form  /'  of  the  next 
inferior  order  n  —  1:  this  being  so,  the  number  of  the  special  covariants  of  f  will  be 
finite;  say  these  axe  Aj,  A^,  ^3,..,  (f  is  itself  one  of  the  series,  but  we  may  separate 
it,  and  speak  of  the  form  /  and  its  special  covariants)  r  the  forms  W  are  functions- 
of  the  special  covariants,  and  hence  every  covariant  whatever  of  /  is  of  the  form 
F(A)  +  P^;  hut  it  requires  still  a  long  investigation  to  pass  from  this  to  the  theorem 
of  the  existence  of  a  finite  number  of  forms  V  such  that  every  covariant  whatever 
is  F(V).  I  pass  this  over,  and  reproduce  only  the  investigation  for  the  case  of  the 
quintic. 

359.     Starting  from  the  assumed  system  of  forms, 

/  *-(//)'.  »■=(//)'.)■=(/•■)■.  «-(ji)'.p-(«',  T=(pir,  7=(t.), 

(/*).  (M.  (A).  (jV). 

(/>■).  («.  U<),  (pi),  ("■). 

{«  ),  (>V).  ('•)■.  ((«).  «).  (")•.  ((•■«).  r). 

say,  the  23  forms  U,  it  is  to  be  shown  that  every  other  covariant  whatever  of  the 
quintic  is  of  the  form  F{U). 
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The  special  covariants  are  f,  (ji,  (fif>),  i,  j,  which  are  forms  U ;  the  only  form  ^ 
is  i,  so  that  instead  of  P^  writing  P;,  every  covariant  whatever  of/  is 

and  it  remains  to  show  that  every  form  Pi  is  P(U);  or,  what  is  the  same  thing, 
that   if  H  be   any  form   F{U)   whatever,  then   that   (ITi)   and   (ffi)*   are   each   of  thera 

j(P). 

360.  In  order  to  show  that  every  covariant  of  a  degree  not  exceeding  m  is 
f(U),  it  will  be  sufficient  to  show  that  the  several  forms  {Hi)  and  (Sif  of  a  degree 
not  exceeding  m  are  each  of  them  F{U):  and  if  for  this  purpose  we  assume  that 
it  is  shown  that  every  covariant  of  a  degree  not  exceeding  m  —  1  is  F{U),  then  in 
regard  to  the  forms  {Hi)  and  {Hi)''  of  the  degree  m,  it  will  be  sufficient  to  show  that 
any  such  form  is  a  function  of  covariants  of  a  degree  inferior  to  m. 

361.  First  for  the  form  {Hi):  we  have  {PQ,  i)  =  P {Qi)  +  Q (Pi) ;  and  hence  we 
sec  that  {Hi)  will  be  F(V)  if  only  (Ui)  is  always  F{n'). 

In  forming  the  derivative  of  i  with  the  several  covariants  U,  we  may  omit  i 
itself,  and  also  the  four  invariants  (iif,  {irf,  {(ia),  a),  ({ia),  y),  since  in  each  of  these 
cases  the  derivative  is  =  0.     We  have  therefore  to  consider  the  derivative  of  i  with 

/.    *  j,    ",    ft    T,    7,    (/*),    (fp),    (/t),    ( JT),    (A),    («,    (>■),    (pf,.    (Ti),    (i.),    (i,), 

respectively:  the  first  seven  of  these  are  each  of  them  U;  the  remaining  eleven  are  each 
of  them  of  the  form  {{PQ),  i).  Now  ({PQ},  i)  is  a  linear  function  of  P{Qi)\  Q{Piy, 
and  i  {PQy,  that  is  {{PQ),  i)  is  a  function  of  covariants  of  a  lower  degree  than  itself. 

362.  Next  for  the  form  {Hiy,  we  have  (PQ,  if,  a  linear  function  of  P{Qiy, 
Q{Fif.  i{PQf;  and  we  hence  see  that  {Hif  will  be  F{U)  if  only  {Uif  is  always 
F{U). 

In  forming  the  second  derivative  of  i  with  the  several  covariants  U,  we  may 
omit  as  before  the  four  invariants,  and  also  omit  the  four  linear  covariants  a,  ia,  j,  iy, 
we  have  therefore  to  consider  the  second  derivatives  of  i  with 

/,  'j>.   i.  j.  P,   T,   (/<^),   (M  (fr),   {JT),    {/i),   {<i>i),  (ji),   {pi),   (-ri), 

respectively:  the  first  six  of  these  are  each  of  them  U;  the  remaining  nine  are  each 
of  the  form  {(PQ),  *')=.  Now  {(PQ),  i)^  is  a  linear  function  of  {(Pif,  Q),  {{Qif,  P), 
P{Qi)\  and  Q{PiY.  The  first  two  of  these  are  terms  of  the  same  form;  {Pi)\  as  a 
■covariant  of  a  lower  degree  than  {(PQ),  i)',  is  F{U),  and  hence  {{Pi)\  Q)  will  he 
F{0)  if  only  (U,  Q)  is  FCW);  Q  being  here  any  one  of  the  functions/,  <{>,  i,  j,  p,  t. 
and   U  being  any  one  of  the  functions 

/  4.,  ij,  p,  r.  a,  7,  (/<^),  (fp),  (fr),  (Jr),  (fi),  {4.i)(ji)(pi){Ti)(ia){ij). 
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363.  For  IT  equal  to  any  one  of  the  last  eleven  values,  the  form  is  (Q,  S)  R 
which  is  =R  (QS)  +  S  (QR),  and  is  thus  a  function  of  covariants  of  a  lower  degree ; 
there  remains  only  the  derivatives  formed  with  two  of  the  functions  f,  tj),  i,  j,  p,  t,  or 
of  one  of  these  with  a  or  y.    But  these  are  all   U  other  than  the  derivatives 

(/i).  («.  (*!').  (*>•).  (P'):  (/-).  (*»).  (i«).  (y»)i  (M  (H),  in),  (.n).  M. 

and  since  7  =  (to),  the  derivatives  containing  7  will  depend  upon  covariants  of  a  lower 
degree ;  there  remain  therefore  only  (_/)'),  (0j),  (</)jj),  {^t),  {pr) ;  (/a),  (^),  (ja),  {pix) : 
each  of  these  can  be  actually  calculated  in  the  form  F{U). 

Hence  finally,  assuming  that  every  covariant  of  a  degree  inferior  to  m  is  F{U), 
it  follows  that  every  coyariant  of  the  degree  m  is  F(U);  whence  every  covariant 
whatever  is  F(U),  viz.  it  is  a  rational  and  integral  function  of  the  23  covariants   U. 

36-i.  It  will  be  observed  that,  writing  A,  B,  G  for  P,  Q,  t,  the  proof  depends  on 
the  theorems 

{(AB),  C).  a  linear  function  of  A  {BGf.  B  (CAf,  G{AB)\ 

{AB,  Cf  „  „  do.  do.  do. 

{{AB),  Gy        „  „  {{ACf,  B),  {{BGf,  A),  B{A<Jf.  G{ABy, 

which  are  theorems  relating  to  any  three  functions  A,  B,  C  whatever. 

365.  I  remark  upon  the  proof  that  the  really  fundamental  theorem  seems  to  ho 
that  which  I  have  called  theorem  A.  As  to  the  forms  W  it  is  difficult  to  sec 
a  pnori  why  such  forms  are  to  be  considered,  or  what  the  essential  property  involved 
in  their  definition  is ;  and  in  fact  in  a  more  recent  paper,  "  Die  simultanen  Systeme 
binarcn  Formen"  {Math.  Annalen,  t,  11.  (1869),  see  p.  256),  Professor  Gordan  has 
modified  the  definition  of  the  fonns  W  by  omitting  the  condition  that  the  order  of 
the  function  shall  exceed  n;  if  it  were  possible  further  to  omit  the  condition  of  at 
least  one  index  being  =  or  <  ^re,  and  so  only  retain  the  conditions  n  —  i,  n  —j,  &c., 
each  of  them  >0,  then  the  essential  property  of  the  forms  W  would  be  that  any 
such  form  was  a  rational  and  integral  function  of  the  special  covariants  formed,  as 
above,  by  means  of  the  quantic  of  the  next  inferior  order.  And  moreover,  as  regards 
the  theorem  B,  there  seems  something  indirect  and  artificial  in  the  employment  of 
such  a  property;  one  sees  no  reason  why,  when  a  system  of  iireducible  covariants  is 
once  written  down,  it  should  not  be  possible  to  show  that  the  derivatives  of  F{U) 
with  the  original  quantic  /  are  each  of  them  F(U},  instead  of  having  to  show  this 
in  regard  to  the  derivatives  of  F {JJ)  with  the  several  covariants  x'-  ^^  regards  the 
quintic,  where  there  is  a  single  covariant  -x^,  the  quadrio  function  i,  there  is  obviously 
a  great  abbreviation  in  this  employment  of  i  in  place  of  /;  but  for  the  higher 
orders,  assuming  that  the  proof  could  be  conducted  by  means  of  the  quantic  f  itself, 
it  does  not  appear  that  there  would  ho  even  an  abbreviation  in  the  employment  in 
its  stead  of  the  several  covariants  x-  The  like  remarks  apply  to  the  proof  in  the 
last-mentioned  paper.  I  cannot  but  hope  that  a  more  simple  proof  of  Professor 
Gordan's  theorem  will  be  obtained— a  theorem  the  importance  of  which,  in  reference 
to  the  whole  theory  of  forms,  it  is  impossible  to  estimate  too  highly. 

c.  VII.  i5 


Hosted  by 


Google 


[463 


463. 

NOTE    ON    A    DIFFERENTIAL    EQUATION. 


[From    the   Memoirs   of  the   Literary  and  Philosophical  Society  of  Manchester, 
vol.   11.   (1865),  pp.    111—114.     Read   February  IS,  1862.] 

The  following  investigation  was  suggested  to  me  by  Mr  Harley's  "Remarks  on 
the  Theory  of  the  Transcendental  Solution  of  Algebraic  Equations,"  communicated  to 
the  Society  at  the  Meeting  of  the  4th  of  February. 

Mt  Harley's  equation 

y"-n(/  +  (n-l)^=0 
may  be  written 

ii-l         1 

or  putting 


y^u  +  ay-*, 

which  equation  may  be  considered  instead  of  the  original  equation  ;  and  it  is  to  be 
shown  that  y,  regarded  as  a  function  of  u,  satisfies  a  certain  linear  differential  equation 
of  the  order  w  — 1.     In  fact,  expanding  y  by  Lagrange's  theorem,  we  have 

"'"  +  »«"  +  i^'a  («'")'  + 17^  («")"  +  *«■■ 

=  »  +  oil"  +  -2^  2« .  »■"-  +   -^-^  3ii  (8ii  -  I )  u»-  +  &<!., 
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the  law  whereof  is  obvious,  and  using  the  ordinary  notation  of  factorials,  viz. 
[nf  =  n  (n  ~  I) . ..  (n  -  r  +  1),  we  may  write 

where  0  extends  from  0  to  x . 

It  is  now  very  eiM^y  to  show  that  y  satisfies  the  differential  equation 

In  fact,  using  on  the  left-hand  side  the  foregoing  value  of  y,  and  on  the  right-hand 
side  the  following  value  of  m"~'  y,  obtained  from  that  of  y  by  writing  ^  —  1  in  the 
place  of  0,  viz. 

regards    «'",   is   =)»,   the   equation 
in  question  will  be  satisfied,  if  only 

where  the  right-hand  side  is 


and  the  equation  may  be  written 

6\S-Vf-'   l('>-''''+'J      -    [f)_i]n    V^l-M     . 
that  is, 

[«^  -  If-  L(«  - 1)  ^  + 1]"-'  =  \?ie  - 1]—  [«^  -  H^, 

which,  since  each  side  of  the  equation  is  =  [i?^  — !]'+""',  is  obviously  true. 
The  foregoing  differentia!  equation  is  developable  in  the  form 

d  „fdy  ^_,  fdY-']  1   fd\ 


■\a,  +  a 


,a,n^[^)\..  +  ^_,u^-^[^-^f  '}y=~(^J  'y; 


but  to  find  the  coefficients  q„,  a,,  ...  o,^i,  I  start  from  this  form,  and  proceed  to  sub- 
stitute in  the  equation  the  value  of  y,  which  on  the  left-hand  side  I  use  in  the 
original  form,  and  on  the  right-hand  side  in  the  form  obtained  by  writing  0+1  in 
the  place  of  0,  viz. 

[,(fl_+i)]«      ,.„„ 

'        '  [9+  !]•+■ 
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The  equation  to  he  s 

[«9r 


_1  M9+^l)J 
,  what  is  the  same  thing, 


;-[{«-i)«+i.]"-, 


W.  r.oinj-.  r.m.j-  „  r,«i.«  j. ,     r.«i.«-^  1  [..(8  +  1)]"-' 

Pp^a.M      +«,[«9]'+  .,[»»]*  ...  +  a„[»9]<"    j         . -     -^-j^-jy-_   . 

Observing  that  the  right-hand  side  may  be  written 

1    n(a+l)[ii(!  +  «-l]'+— 

the  equation  becomes 

■,.[,«]-'+<.,[»»]•+  ■,,[»»]•«  ...  +  »._,[«()]•*»-  =[,.9 +  „-]].«.-., 

or,  what  is  the  same  thing, 

«,+         5,[(ft-l)^+lp+^,[(«-l)^+l]^:.^-«„_,[(ll-l)^  +  lr-  =  [-i^  +  «-l]"-; 

so  that  a,,  «!,...«„_,  are  the  coefficients  of  the  expansion  of  [k^+h  — 1]"-'  (which  is 
a  rational  and  integral  function  of  6,  of  the  degree  n  — 1)  in  a  factorial  series,  as 
shown  by  the  left-hand  side  of  the  equation. 


To  dcteri 

mine  the  actual  values, 

write 

this 

gives 
we  have 

therefore 

»((  +  »- 

(7.-1)^+1 

~^. 

i  +  l 

and 

n 

^nr 

rn*  +  m'- 

-^~- 

-«.+«.[«■ 

+  9j 

[«■ 

and 

thus  the 

general  expi 

cession  is 

1 

ini+n' 

-  3»  + 1> 

•^  \ 

-1 

where     A     denotes    the     difference    in    regai-d     to    0  (At''^=  U^+,-  U^),    and,    after    the 
operation  A'  is  performed,  0  is  to  be  put  equal  to  zero. 
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NOTE    ON    PLANA'S    LUNAR    THEORY. 


the   Monthly  Notices   of  the  Royal  Astronomical  Society,  vol.   xxiir.  (1862 — 1863), 
pp.  211— -215.] 


I   HAVE   been   much    surprised   to    find   that    there 
arising    from   the    omission    of    a    factor  (l+'f)-\   in   the    expression    for 


{-hu,    ; 


error   of    the   order   m^, 
d'^Bu  , 

given  by  the  equation  (II.)'  {Thiorie  de  la  I.une,  t.  i.,  p.  267),  being  the  equation 
made  use  of  in  the  theory  for  the  determination  of  Bu,  the  perturbation  of  the 
reciprocal  of  the  radius  vector.  This  error  may  probably  be  the  cause  of  some  of  the 
discrepancies  in  the  terms  of  the  fourth  and  higher  orders,  between  Plana's  results 
and  those  of  Pontecoulaiit  and  Delaunay. 


Plana's  equatio 


d^Bu 
dv^ 


if  for  shortness 


:.,  p.  260,  is 

:     ai!" 

+f(e,y)Q',co,(.c.„-j^d„) 

-{/(".  7)  (1+7=)  (1+ «,-)-'- 

+/(«.  l)  F-f  (1  +  s,')-i  e>. 

I  7=  -  (1  +  i  y)  COS  {2gv  -  2  j  Odv)  +  ir^  cos  {4ffv  -iU. 


R"  (p.  256)  should  be 


du  u^dv 
~  dv  ~dii~ 


r{-\+sT^2Jl 


^,t  (e.  7) 


'iiud^ 
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but,  by  an   enx>r   which   is   impiieitly  corrected,  the  o-   which  multiplies  {l+s-)~-2l  Udv 
is  omitted.     Hence  the  equation  (6)  becomes 

+  (1  +  2 1  Udv)f(e,  y)  Q'e  cos  (cv  -  j^dv) 

+  (l  +  2|i/rf-y)/(e,  7)P7=(l  +  5;)-^0, 

in  which  equation 

_       dil     s  dil  OA  o.-       dil  aa  „        ,„, 

lis=-j-+-    j~,  pp.  26,  24o,       ,ri-  =  -j — -■— -.  U^,  p.  265, 
du      u  as     '^^  n'dv     \3(l+-ys)5 

t(e,  7)  =  ?^~^(l+7=)"*.    /{e,  7)  =  ^Hl+7^)'.  p.  261. 
But   retaining   for  greater   convenience   the   function  /{e,   7)   in    two   of    the    terms, 
we  have 

a   -,*,-.  ~\1  (<^^        S    (?Ii  0-a,  Tr<^"  /.  ,1-4  n  TrrT  ) 

—  X^^i  +  Y^yj       _f._         _ '_ —  If      _o-(i4a.)   ^■ijUdv} 

ffa,  '      (ttw     M   as      xin+y-AS     av  J         \ 

+  (1  +  2  f  Udv)f(e,  7}  Q'e  cos  (cv  -  j  ■^dv) 

-(l  +  2J'rav)\^(l+y)s|(l+s;)-i_|^(l  +  sO-4 

+  (1  +  2 1  Udv)/(e..  7)  P7=  (1  +  s,^)-i  0 

a  ^a  ,,         „.>  fdil      n  dn\ 
o-a,  V  aw      u  dsj 

.-.du 

-  alJ^- 

dv 

-  5  x5(l  +7^5  (1  +5=)-^  2  J  [Trft; 

+  (1  +  2 1  Udv)f(e,  7)  Q'e  cos  (cjt  -  j  ^dv) 

-  (1  +  2  J"  rai.)  \5  (1  +  ^)5  |(i  +  s.yi  - ^ (1  +  *■') "4 
+  (1  +  2  J  rai')/(e,  7)-^V(l  +  O" ^ ®. 
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o-a,      ^       ' '   \du     u  dvj 


-  -  \^  (1  +  y)5  (1  +  fi=)-  9  2  I  Udv  (destroyed  by  terra  infrA) 
+  (l+ljudv)fie,  y) Q'e cos (cv-j^dv) 

-  X^l  +  7')*  (1  +  O  '^^!  U<iv 

+  -X^l  +  7')^(H-s=)""*2  I  Vdv  (destroyed  by  term  supra) 
+  (1  +  2  J  Udv}fie,  y)  Py'  (1  +  s/)  "^  O  ; 
or,  putting  «  =  -(«,  + 8(i),  this  beeomes 

_  IT  (^'    .^^'^\ 

\dv       dv  J 
-xHl  +  y)UT-+'^,T^^jUdv 

+  (1  +  2     Udv)f(e,  y)  Q'e  cos  (cv  -  j  -urdv) 

+  {l  +  2JUdv)f(e.  y)Py'(l+s;)-^@, 

agreeing  with  the  Formula  II.  p.  265,  except  that  in  Plana's  last  term,  instead  of 
the  factor  /(e,  7)  (=  X^  (1  + 7')*).  we  have  the  factor  X^(l  +  y^)^.  That  is,  the  last 
term,   as  given   by  Plana,  should   be   divided   by   I4-7I     And   this   error   is    introduced 
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from    the    formula    (II.)    into    the     formula    (II.)',    p.    267,     viz.    the    incorrect    factoi- 
\^(l+70^  is  there   replaced   by  its   value  q;   whereas,  the  true  value  being  \=(l+7^)^ 

the  factor  in  (II.)'  should  be  =~-^- 
•^     '  1+7= 

The  corrected  formula  (II.)'  is 

+  ^^(ij,+i;.)-^^(--  +  ^JiJ, 

-2^4^  +  S«  +  S(l+fi;)-3-j^^,cos(c^-|w.)|j"ii,rf^ 

-  P57=(l  +7V(1  +  V)"*(l  -  Vf -fi,<^i')  X 

if  7=  -(1  +  ^  rf)  cos  (igv  -  2  ledv)  +  ^  7=  cos  (^gv  ~  4,\edv)\ . 
Observing   that   P   is   of  the   order   m?,  and  that  q  is   approximately  equal  to  unity, 


mention    that    I    obtained    the    correction  in    the    first    instance   by   starting    from    the 

fundamental   equations,   and    not    as    hero  from    the   intermediate   equation   (6),   so   that 

there   is   not   in  that    equation   any   error  afterwards   implicitly   corrected   in   the   trans- 
formation to  (II.)'. 
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NOTE    ON    THE    LUNAB    THEORY. 


[From  tlie  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  XXV.  (1S64 — 1865), 
pp.  182—189.] 


I  AiTEND,  in  the  expressions  for  the  lunar  coordinates,  only  to  the  coefficients 
independent  of  m.  Plana's  values,  taken  to  the  fourth  order  only,  are  as  follows;  for 
greater  simplicity  I  write  a  —  1;  and,  instead  of  mi  +  constant,  cwt  +  constant,  3mt+ con- 
stant, I  \vrite  I,  c,  g  respectively ;  viz.,  /  is  the  mean  longitude,  c  the  mean  anomaly, 
g  the  mean  distance  from  node :  this  being  so,  then  i 
loDgitude  and  latitude  respectively,  we  have 


,  y,  denoting  the  radius  vector 


e-i^-ki'e      CO 

+        e-  -  J  «•  -  J  iW       „ 

+   Je= 

+   J  e* 

-  lye- 

-  i  T-e 

(but  I  omit  Plana's  term 

+   i  7W                            00 

.(Pima). 

;+ 

2c  +  2^  which  should  be  =  0). 


+   2    e  -  i  «■  -  1  T"e 

siu       c 

+  j  <?-4i«'~Sr'e* 

2c 

+  tf  e" 

.,       3c 

+  ««• 

„       fc 

-  i  -f-i'iii-e'+il' 

„       % 

+  It^ 

c 
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-ii-e 

sin 

i;  +  2» 

-47W 

„ 

2c- 2y 

-'A-f<f 

„ 

2c +2? 

+*•/ 

ig. 

y  (Plana) 

= 

7    - 

76- 

-iy 

sin 

If 

+     ie  - 

i7e' 

c-    ? 

+     ie  - 

l7«" 

-w 

„ 

c+  g 

+  }78' 

„ 

2c-   g 

+  1  7<!" 

„ 

2c+   sr 

+  «Te' 

3c-   » 

+  J7e" 

Se+  a 

-A7- 

3» 

+  ii"' 

„ 

c-3» 

-If 

c+Sy. 

To   compare   these 

with   the   elliptic 

values, 

it  is 

necessary    to   write 

e{l  +  W)  in 
place  of  e.  Malting  this  change,  or  say  reducing  Plana's  (e,  7)  to  the  elliptic  (e,  7), 
I  write  down  in  a  first  column  the  transformed  coefficients,  and  in  a  second  column 
the  elliptic  coefBcients,  as  follows: 

Plaua,  with  Elliptic  c,  7  EUiptio 


Plana,  with  Elllptio 


+ 

I 

2    c  -  i  e' 

+ 

}   <="-««•- 

+ 

{|C 

+ 

tf<f 

- 

i  j'-f.'fe 

+ 

1  T-e 

- 

i  T-e 

- 

J  7W 

tAT* 


2  e  - 

iC 

i  «■- 

iK 

«C 

We' 

i  7'  +  7W  +  i7* 

i  7'« 

jT-e 

A7""' 

i»7-«- 

A  7' 

c  +  25f 
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Plana,  with  Ellipt 
7    -    78'- 

l-f 

Elliptic 
V  = 

+      76-    7(^- 

-i-f 

sin 

+      78- 

iff- 

i'f' 

+      7«- 

il>f- 

-i-fe 

e  + 

+      7e- 

47e-  + 

i-fe 

+       78 

-t-fe 

c- 

+  f  76' 

+  4  7"' 

„       2c- 

+  |7«? 

+  8  I'f 

„       2o  + 

+  «7«" 

+-h1f 

„       3»- 

+  !■/«■ 

+  J7e' 

„       3«  + 

-At" 

-Ay 

„ 

+  il'e 

-i^e 

..         c- 

-i-f 

-ii"' 

0  + 

where,  for  greater  clearness,  I  remark  that  the  values  called  "  elliptic "  of  e,  7,  c,  g, 
refer  to  an  ellipse,  such  that  the  longitude  of  the  node,  and  the  longitude  (in  orbit) 
of  the  pericentre,  vary  unifonnly  with  the  time, — viz.,  we  have  mean  distance  =1, 
excentricity  =  e,  tangent  of  inclination  =  •y,  mean  longitude  =  /,  mean 
!  from  node  =g. 


We  have  therefore 


-  4  7"« 

-At""!' 
+  f  7% 


^ii'e 


\  w 


c-2y 
2o-2j 

«-    » 
2o-    0 


+  ^  7^e 

viz.,  tliese  are  the  increments   to  be  added  to  the  elliptic  values  of  - ,  v,  y,  respectively, 
in   order   to   obtain   the  disturbed   values   of  -,   v,  y,  attending  only   to   the   coefficients 

independent   of  m ;   they  represent,  in  fact,  the  lunar  inequalities  wMch  rise  two   orders  by 
integrttUon. 

The  elliptic  values  of  -  and  y  are  functions,  and  that  of  v,  is  equal  1  + ,  a,  function, 
of  e,  7,  c,  g,   and   the   foregoing   disturbed   values   may  be   obtained  by  affecting  each  of 
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the   quantities   e,  y,  c,  g,  and  I,  with  an   inequality  depending   on  the   argument  2c  —  Sjr, 
viz.,  these  inequalities  are 

he  —  —%'fe  cos  2c  -  ^g 

Be  =      17°    sin  2o  —  2g 

S7  =      ^  ye^  cos  2c  —  2g 

Bg=      I     e=sin2c-23 

Bl  =-  ^rfe^ sin  2c -  2^. 
The   verification  may  be  efifected  without  difficulty ;   thus,  for  instance,  starting  from 
the  elliptic  value  of  — ,  we  have  to  the  fourth  order 

5, 1  "      /     e^Qos   c\      (-    e  sin    c^  ,        /         cos    o\  „ 
^r^n+ecos2cj  =  U2^sin2cJ^'  +  U2ecos2cJ^" 

=     1 7%  (—  sin    c  sin  2c  —  2^7  —  cos   c  cos  2c  —  2^) 
+  f  7=e»  {-  sin  2c  sin  2c  -  2^  -  cos  2c  cos  2c  -  2g) 

=— It's  cose  —g 


which   is   right;    and   the    verification   of   the   values   of    hv,    By,    may   be   effected 
similar   . 


I  have,  in  order  to  fix  the  ideas,  preferred  to  give  in  the  first  instance  the  fore- 
going d  posteriori  proof;  but  I   now  inquire  generally  as  to   the  form  of  the  values  of 

- ,  V,  y,   or   say    of  r,  v,  y,  taking  account   only   of  coefficients   independent  of  m ;    and 

I  proceed  to  show  that  these  may  be  obtained  from  the  elliptic  values  expressed  as 
above  in  terms  of  I,  e,  7,  c,  g,  by  affecting  I,  e,  7,  c,  g,  each  with  an  inequality 
depending  on  the  multiple  sines  or  cosines  of  c-~  g. 

Writing  for  greater  simplicity  n=l,  we  have  l  =  t  +  L,  G=ct  +  C,  g  =  gt  +  G,  where 
c  =  1  —  fm^  +  fec.,  g  =  l+|m^+&c.;  viz.,  c,  g,  are  constants  which  differ  from  unity  by 
terms  involving  m^ 

The  required  values  of  r,  v,  y,  satisfy  the  undisturbed  equations  of  motion,  if  after 
the  differentiations  we  write  in  the  coefficients  {which  coefficients  are  functions  of  m 
through  c,  g)m  =  0;  that  is,  if  we  write  in  the  coefficients  c  =  l,  g=l.  In  fact,  the 
required  values  of  r,  v,  y,  are  what  the  complete  values  become,  upon  writing  in  the 
coefficients  of  the  complete  values  m=0;  that  is,  the  required  values  of  r.  v,  y,  differ 
from  the  complete  values  by  terms  the  coefficients  whereof  contain  m  as  a  factor;  and 
the  disturbed  equations  differ  from  the  undisturbed  equations  in  that  they  contain  the 
differential  coefficients  of  the  disturbing  function;  that  is,  terms  the  coefficients  whereof 
have  the  factor  m?.  Imagine  the  complete  values  of  r,  v,  y,  substituted  in  the  disturbed 
equations  of  motion ;  the  resulting  equations  are  satisfied  identically ;  and,  therefore, 
whatever  be  the  value  of  m ;   that  is,  they  are  satisfied  if  in  these  equations  respectively 
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we  write  m  =  0 :  it  requires  a  little  consideration  to  see  that  ibis  is  so,  if  in  the 
coefficients  only  we  write  to=0;  but  recollecting  that  c,  g,  stand  for  functions  c(  +  (7, 
gt  +  G,  so  that,  for  example,  c  —  g,  ={e-g)t  +  C —G,  upon  writing  therein  m  =  0, 
becomes  equal,  not  to  zero,  but  to  the  constant  value  C—G,  the  identity  subsists  in 
regard  to  the  coefficient  of  the  sine  or  cosine  of  each  separate  argument  sc  +  ^g, 
and,  consequently,  it  subsists  notwithstanding  that  in  the  arguments  c  and  g,  instead 
of  being  ea«h  put  =  I,  are  left  indeterminate.  And  granting  this  (viz.  that  the 
equations  are  satisfied  if  in  ike  coefficients  only  we  write  m  =  0),  then  it  is  clear  that, 
as  above  stated,  the  required  values  of  r,  v,  y,  satisfy  the  undisturbed  equations  of 
motion,  if  after  the  differentiations  we  write  in  the  coefiicients  c  =  l,  g  =  l. 

The  required  values  of  r,  v,  y,  are  of  the  form  r  =  i^  (c,  g),  y^-^  (c,  g),  v  =  l  +  %  (c,  g), 
but  writing  w^v  +  o-l,  =c  +  x(c,  g),  the  last  mentioned  property  will  equally  subsist 
in  regard   to   the   functions   r,   w,   y:    in   fact,  v   enters    into    the    differential    equations 

only  through  its  differential   coefficient   -,- ,   and  the  differential   coefficients  of  v  and   w, 

that  is,  of  l  +  x(<',  g)  Slid  c  +  ;^(c,  g),  differ  only  by  the  quantity  c—  1,  which  becomes 
=  0,  in  virtue  of  the  assumed  relations  c  =  l,  g  =  l. 

Hence  the  undisturbed  equations  are  satisfied  by  the  values  r  =  ^{e,  g),  y  —  "^ (c,  g): 
vJ  —  o  +  x(c,  ff),  when  after  the  differentiations  we  write  in  the  coefficients  c  =  l,  g  =  l; 
the  foregoing  values  contain  (  through  the  quantities  c,  g,  only;  and  we  have,  therefore, 
d  _    d  d 

dt        dc     °  dg' 

Hence,   writing   in   the   coefficients   c=l,  e  =  l,  we   have  t-,  = -i- + -i- ;    that    is,   the 
^  °  dt     dc     dg 

values    r  =  <f>(c,   g),   y  =  -^{c,  g),    w^xip'   ?).   regarding   r,    v,   y,   as   functions    of   c,   g, 

satisfy   the   partial    differentia!    equations    obtained    from    the    undisturbed    equations    of 

motion  by  writing  therein  rf^-j-  in  place  of  -r  .  Hence  also,  considering  r,  w,  y,  as 
functions  of  c  and  c-g,  then  observing  that  \-t  +-j-](p  —  9)  is  =0,  the  values  of 
r,  V,  y,  satisfy  the  partial   differential   equations   obtained   by  writing  j-  in   place   of  -j- ; 

and  inasmuch   as   these   partial   differential   equations    do    not    contain    t-  ,   they   are    to 

be    integrated    as    ordinary   differential    equations    in    regard    to    c    as    the    independent 

variable,  the  constants  of  integration  being  replaced  by  arbitrary  functions  of  c  —  g. 

Consider  the   pure   elliptic   values   of  r,  v,  y,  in   an  elliptic  orbit  with   the  following 

elements:  A,  the  mean  distance;  iV,  the  mean  motion  {N''A^=\  and  therefore  j1=JV~S); 

E,  the  excentricity;   St-\-I>,  the- mean   anomaly;   Nt-\-H,  the  mean  distance  from  node; 

Nt+K,  the  mean  longitude;   then  writing  c  in  place  of  t,  we  have 
r  =^'-Selqr(£,  Fc  +  D), 

vi=l-c  +  w)=l-c  +  Nc  +  K+P(E,  r,  iVc  +  A  Nc  +  H\ 
y  =  Q(E,  r,  Nc  +  D,  Nc  +  H), 
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where  N,  E,  V,  D,  H,  K,  are  arbitrary  functions  of  c~g\  F  and  Q  denote  given 
functional  expressions.  But,  in  order  that  r,  v,  y,  considered  as  functions  of  c  and  g 
may  be  of  the  proper  form,  it  is  necessary  as  regards  jV"  to  write  simply  if=  1 ;  we 
ha.ve   then 

7-=elqr{^,  c  +  D), 

v  =  l-\-K^P{E,  r,  c  +  X»,  c  +  H), 

y=  Q(E,  r,  c  +  D,  c  +  H), 

where  E,  T,  D,  H,  K,  are  arbitrary  functiona  of  c  — ^r;  or,  what  is  the  same  thing, 
writing  for  these  quantities  respectively  e  +  Se,  7  +  87,  8c,  g~c  +  Bg,  Bl,  where  Be,  Sy, 
Be,  Bg,  U  are  arbitrary  functions  of  c  —  g,  we  have 

r  =  elqr  (e  +  Be,  c  +  Be), 
v=^l  +  Bl  +  P(e  +  Be,  y  +  By,  c  +  Bc,  g  +  Bg), 
y^  Q{e+Be,  y  +  By,  c  +  Bc,  g-\- Bg), 

that  is,  the  values  of  r,  v,  y,  are  obtained  from  the  elliptic  values 
r  =  elqr  (e,  c), 
v=l  +  P(e,  7,  c,  g), 

by  affecting  each  of  the  quantities  e,  y,  c,  g,  I,  with  an  inequality  which  is  a  function 
of  c-g. 
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[From  the  Monthly  Notices  of  the  Royal  Astrovomical  Society,  vol.  xxv,  {1864—1865), 
pp.  203—207.] 


are  functions  of 


The  elliptic  values  of 

r,  the  radius  vector, 

V,  the  longitude, 

y,  the  latitude, 

a,  the  mean  distance, 

e,  the  excentricity, 

7,  the  tangent  of  the  inclination, 

I,  the  mean  longitude, 

c,  the  mean  anomaly, 

g,  the  mean  distance  from  node ; 

see  my  Note  in  the  last  Monthly  Notice,  p.  182,  [465],  where,  for  the  present  purpose,  - 

should    be    written    instead    of    - ;    and    it   is    there   shown    that    the   disturbed   values, 
r 

attending  only  to  the  eoefdciGnts  independent  of  m,  are  obtained  by  affecting  a,  e,  y,  c,  g,  I, 
with  the  inequalities 

Za=     0 


88=- 5  7% 

cos 

2c -2s. 

Sy-+ Jye" 

2c-2sr 

Sc  =  +  J  -f 

sin 

%c-is 

tg=+i  e 

2c -23 

U=-f,f:? 

„ 

2c  -  25, 
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or,  what  is  the  same  thing,  adding  to  the  elliptic  values  the  inequalities 
S-  =  -  ^rf^                  cos  2<j 

-^'fe  „         c-2ff, 

Sti  =  —  -^  7^e^  sin  2c 

-Wf^  „  2.9 

+  I  7=e  „  C~2g 

-At^  „  2G-2g, 

Sy  =  -  t  7^  + 1  y^        sin        c-  ff 

+  t  ye^  „  20-5- 

+  i  ye''  „  ^G—   g 

+  ^  'fe  „  c  —  3g. 

I  propose  to  show  how  these  results  may  bo  obtained  by  the  method  of  the 
variation  of  the  elements.  For  this  purpose,  treating  a,  e,  y,  c,  g,  I,  as  elements,  the 
proper  formulEe  are  obtained  very  readily  from  those  given  in  my  "  Memoir  on  the  Pro- 
blem of  Disturbed  Elliptic  Motion,"  Mem.  R.  Ast.  <Soc.,  vol.  xxvit.  (1859),  pp.  1—29,  [212]; 
viz.,  writing  c  in  place  of  g,  the  formulte,  p.  25,  give  the  variations  of  a,  e,  c,  t),  $,  (p; 
we  have  then 

i===c  +  t>  +  e 

y  =  tan  i^, 
and  therefore 

dg  —  dc  +  dC 

dl  =dc+  dt)  +  dd 

dy  =  i\+  'f)d<p, 

which  give  for  the  transformation  of  the  differential  coefficients  of  fi. 


dil 
do- 

da 

da    dn 

*  ds*  dl 

dil 

dn    da 

Tg+M 

dn 

da 

d»- 

dl 

dil 
d4>  ~ 

<'^< 

and  the  formulae  finally  become 


na 

da 

do' 

1- 

ifdn 

na  dg 


l-e^-Vl  -e^  (Zn 
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dt 


dt  ' 
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t^n  ^  (1  +  rf)  {\--Ji+f)da. 

dil 
de  ' 

?  dn 


na  da 


-^/l"- 


dt  na   da 


e'-V'i4 


_  1+7^  dil 

de  na^^/T-e^'Y  dj' 

^  dO.  _  (l+VXI-  -^1+^  da 
de  wa'Vl"-7=7         d^ ' 

The  disturbing  function  contEiina  the  term 

If  after  the  differentiations  we  write  for  greater  simplicity  a  =  l,  !i=l,  \ 

da^ 

da 

da_ 

de 

da^ 
da  _ 

dc 


^  •m'^'f    cos      2c  - 


=  +  J^m'e7^ 


2c  -  2<7, 
2c  -  2o, 


2c -2^, 


and  the  formulae  for  the  variations  give 


dt  \dc       dg) 

de  _     \    da 

dt        e    do 

dy_    1    da 

dt         7    dg 

dc  __1  da 

dt         e    de 

dg^_l   da 

dt         7    ^7 

dX__      _ 

dt~     "da  ^^^  de 

,dl  . 

^dt' 


-  ^  m'ey  sin  2c  - 
-^m'e^  „  2c- 

-  ^'  mV  cos  2c  - 

-  Jg^  m?e^  „  2c  - 
=)-J^m^e=7''  „  2c- 


but  this  value  of  j^  ia,  as  will  presently  be  seen,  incomplete. 
C.    VII. 
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Writing  a  +  Ba,  e  +  Se,  &c,,  in  place  of  a,  e,  &c.,  and  observing  that  the  divisor  for 
the  integration  of  the  term  in  2c  ~2ff  is  2  (c  —  ^),  =  —  Sj/i!',  the  first  five  equations 
give   respectively 

Sa=     0, 

Se  =  —  ^'fe  cos  2c  —  2g, 

By  =  +  ^ye'  „  2c  -  2g, 

Sc  =  +  I  y  sin  2c  —  2g, 

S,^=  +  §c=  „  2c-2sr. 
The  constant  term  in  il  is 

and  this  gives  in 

dl    ^_^dil  ^  ,  1    ^^ 

dt'  da      '     de  d-/' 

a  term 

+  I«'-|t'). 


Substituting    for  e,  7,  their  correct  values  e  +  Se,  7  +  87,  it  appears    that   -77    contains 
the   term 

"*"  ("- 1  ^^^  + 1 7^7)1 
which  is 

=  m=(4|+4|^)i|      eY     cos      2c-2sr, 

l^mVY       „        2c -2^, 
and  joining  to  this  the  before-mentioned  term 

_  }3.  ntvy       „       2c  -  2g, 


we  find 

dl_ 
di~ 


m-^=)\ir>i'^''       ■>       2c -23, 


whence,  writing  as  above  l  +  Bl  for  I,  and  integrating,  we  have 

U=  —  Y%      eV     sin     2c  —  2g, 

and  it  thus   appeara   that  the   values  of  Set,  Be,  By,  Be,  Bg,  Bl,  agree  with  those  obtained 
in  my  former  Note. 
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467. 

EXPRESSIONS  FOR  PLANA'S  e,  y  IN  TERMS  OF  THE  ELLIPTIC  <;  y. 

[From   the   Monthly  Notices   of  the   Royal   Astronomical  Society,  vol,   xxv.  (1S64 — 1S65), 
pp.  265—271.] 

The    coefficient    of    sin  cnt    in    Plana'a    expression    for    the    true    longitude    v    (see 
Plana,   t.   i.   p.    574),   putting    therein   E'  =  e'  =  e',  that    is,   neglecting    the    terms    which 
I  on  the  variation  of  the  solar  excentricity,  is 

=     e       (      2  +  }m'-    H«--    %¥    m--mSi^m--mfiU'«''> 
+  e'      {-  i  -nrn'-m^m'-isfff^m-) 
+  «■      (     a  +  '-fftfiif) 

+  ey-    (-  1  -  li  »"+  -W  »'  +  'MF»") 

+  e'7"  (--ili) 

+  9/    (- J+ttS^  +  lKi"') 

+  'V  (ffii) 

+  67*     (-A) 

+  ««■"    ((-    ¥    +    S    =)- 9m' +  (-'«'  +  ■'#-) -'«*»'■ 

+  (-  H¥#^  -  Mf  =)  -  ^/-^  "^') 

+<«•«■■  ((-■'aj'-  ¥  -)-'K*i»-) 
+Mv(  cw-  tg-)+ w~') 

+  M"     (      (    »    -''«P=)-.^'»=) 
+  61!'*  (-   H   )■ 

47—2 
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Taking    this    to    the    fifth    order    only,   and    comparing    it    with    the    coefficient    in    the 
elliptic  theory,  we  have 


Plana. 


-V»«'') 


Elliptic. 

e(  2) 
-«■(-  1) 
■e'(     S» 


i  t.  I.  p.  701)  is 


=      e     <      2-|m--}} 
+  «■    (-  i-17m') 
+  «■    (    &) 
+  «7"  (-i-H»') 
+  «¥(    H) 
+  !!•/(-  i ) 
+  ee'"  (-  9i»"). 
The  coefficient  of  sin(/ni  in  Plana's  expression  for  tile  latitude  {: 

+  7<*'(-  l-a-'-'S?'"') 

+  7«'(     ft  +  ffi™) 

+  7*    (-  i  +Tlj"'  +  ifi»'') 

+  7'<i-(    A -»»•») 

+  7'    (» 

But    according     to    tile    calculation    of    Prof     Adams    (quoted    by    M.     Delaunay, 
Cmnptes  Mendiis,  t.  LIV.  (1862),  tiiis  should  be 


7     ( 

1  +*•■»■- rfi'»* - 

+  7"'  (- 

1  -«,'»'■ -Wf»'-) 

+  7e'( 

T%-M5») 

+  7-   (- 

{  +  ,.,„._  J,.,  rf) 

+  7'.H 

B+  »t  >») 

+  7=    ( 

M) 

+  7e'-( 

{m--«i«>  +  »gi»'' 

Adopting   this   as   the  true  expression  according  to   Plana's  theory,  taking   it   to  the 
fifth  order  only,  and  comparing  with  the  eMiptic  yahie  of  the  same  coefficient,  we  have 

Plana.  Elliptic. 

7(1+  ffti'-ih"'*)  -     7     ( 

+  7e'  (-  1  --■,<#»>■)  +78"  (-  1 ) 

+  76'  (     ft)  +76*  ( 

+  7"    (-  8  +  its™')  +7"    (- 

+  7*«'(     M)  +7'^( 

+  7'    (     H)  +7"    ( 
+  7e"(     {!»■) 
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We   have   thus   two   equations   for    the    determination   of    Plana' a   e,   y   in    terms   of 
the  elliptic  e,  y.    And  the  solution  of  these  equations  give 


Elliptic. 

e  (Plana) 

+  e'    (           «Sfm-) 
+  7-1!  (     J  +  Um-) 
+  7'<!'(-f) 
+  7'e(     i) 
+  ee''(     |m-), 

7  (Plana; 

1=     7     (l--i»»'  +  rSi"') 
+  7«'(       Hi"') 
+  78'  (   -  ft) 
+  7"    (    --*»'■) 
+  7"e"(        A) 
+  7"   (        i) 
+  7<!'"(    -  1  !»■). 

icx  the  vorification 

of  these  expressions ;   we  have 

Plana. 

Elliptic. 

«     (2  +  }m'-5i» 

■-%»*».• 

)_     ,    (2  -  J, »'  +  H  »'■  +  '«»»'' 

+  |ni"               -   8     ni' 
-it  "■-'»?"' 
+  e'     (       W"") 
+  e7-(l+  ISm- 

+  S  «■.') 
+  »V(-S) 
+  «7'(    i) 
+  ee'-(9».'). 

tf     (-i-17m=) 

-    «■   (-!  +  *•»• 

- 17  m') 
+  eV(-A). 

«■    (    A) 

-  «■  (  a. 

«7-  (-*-»•»■) 

-     «7'(-i-|l'»" 
+  }».■) 

+  ■>y'  (-  i ) 

e-T-C     «) 

.     eV(    ?J) 

»/  (-  i) 

-     o/(-i) 

ee''  (-  9m') 

=     ee"  (-  9m'), 
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whence,  adding,  we  have  the  firet  equation. 
And,  moreover, 

7   (1 +•&"'* -iril'"')  =     1     (     l-a'»'  +  7rfe'n' 

+  7'«(-ift) 

+  r'  (      -*»■') 

+  7"    (S) 

+  7e''{        -    S    m-), 
ye' (-i--Wtf»»")  -     7i''(-l+   1    '»' 

76*  (A)  =      76*  (A). 

T'     (-  t  +  fts  «i=)  =      7^    (-  i+  -rts  ™') 

y«M    M)  =    y^M    If) 

7=     (     H)  =      7°    (      H) 

•ye"'  (  ^  «i')  =     ye"^  (  g   «i'), 

whence,  adding,  we  have  the  second  equation. 

It    may  be   noticed   that,  taking   the   foregoing   expressions   only  as   far  as   the  third 
order,  we  have 

Plana.  Elliptic. 

e  =  e  {I +1^-1  m=), 

7  =  7' 

And    moreover    that,   attending    only    to    the    terms    which   are    independent   of   m, 
we  have 

7  =  7(l~^e'  +  ^eV-t7*)- 

which  are  formulae  that  may  be  found  useful. 
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468. 

ADDITION    TO    SECOND    NOTE    ON    THE    LUNAR    THEORY. 


[From   the    Monthly  Notices  of  the  Royal  Astronomical   Society,  vol.  xxvii.  (1866 — 1867), 
pp.  267—269.] 

Writing   as   in   my   Second   Note,  Monildy  Notices,   Vol.   xxv.,   pp.    203 — 207    (May 
186.5),  [166],  for  the  Moon, 

a,  the  mean  distance, 

e,  the  excentrieity, 

7,  the  tangent  of  the  inclination, 

I,  the  mean  longitude, 

c,  the  mean  anomaly, 

g,  the  mean  distance  from  node, 

I  obtained  by  the  ordinary  method  of  the  variation  of  the  elements,  from  the  constant 
term  of  It  and  the  term  involving  cos  (2c  —  2g),  the  following  expressions  of  the 
variations, 


So-      0, 

Se=-  8  7% 

cos      2c  -  2^, 

S7-+ t  76' 

„       2o-2», 

8c-+j7' 

sin      2c  -  Ig, 

Sj,  =  +  !«■ 

„       2c  -  2j, 

8'=+Tl7'e" 

„       20  -  2g, 

viz.  if  in  the  elliptic  expressions  of  the  radius  vector,  longitude,  and  latitude,  we 
apply  to  a,  e,  y,  c,  g,  I,  the  foregoing  increments,  we  obtain  to  the  fourth  order  in 
(e,  7)  the    portions   independent   of  m   in   the   expressions   of  the  radius  vector,  latitude. 
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[468 


and  longitude,  I  wish  to  notice  that  the  results,  to  the  very  limited  extent  to  which 
they  go,  agree  with  those  obtained  by  M.  Delaunay  in  his  "Th^orie  du  Mouvement 
de  la  Lune,"  from  his  49th  operation,  the  object  of  which  is  to  taiie  away  the  tenn 
(63)  of  iJ,  that  is  the  term  involving  cos  (2c  —  Ig).  The  formuls!  (see  vol.  i.  p,  788), 
taken  only  to  the  necessary  degree  of  approximation  are 


which,  observing  that 


i«ed  by 

ff> 

d'   -arfe           COB 

2». 

T'  +  lfe*       .. 

2y- 

I   -^7^        sin 

^g. 

'i 

+  S  +  '    +t7"«'       ,. 

%. 
%. 

7  (Del.)  =^7 (for  present  purpose), 


h+g-\-l  =  l. 


and  therefore 

g 

--( 

-g), 

become 

a 

replaced  bj 

o, 

t? 

e-  -  i  yW 

cos 

2c -2y, 

■f 

T+  \  -ft' 

2c -2,,, 

I 

c   +  g  7' 

sin 

2c -2,,, 
2c  -  2(,. 

i-s 

„       l- 

»-«<!" 

2c -2g, 

the  last  of  which  may  be  changed  into 

ff  „  S-  +  ^  ^  „       2c-2g. 

or  if  the  new  values  of  a,  e,  7,  c,  g,  I,  are  called  a  +  Ba,  e  +  Be,  y  +  By,  c  +  Sc,  g  +  Bg,  1  +  8/, 
then  the  increments  Ba,  Se,  S7,  Sc,  Bg,  Bl,  have  the  values  given  above.  The  process  of 
my  Second  Note,  taken  as  a  first  transformation,  has  in  fact  the  object  of  removing 
the  term  cos  (2c  — 2^),  and  to  the  degree  of  approximation  regarded,  the  result  is  not 
affected  by  the  previous  transformations,  or  by  the  substitution,  t,  II.  p.  800,  introducing 
for  a,  e,  y,  their  standard  elliptic  values. 
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469. 


ON   AN    EXPRESSION    FOE    THE    ANGULAR   DISTANCE   OF   TWO 
PLANETS. 


[From  the  Monthly  Notices   of  the   Royal  Astronomical  Society,  vol.    xxvii.  (1866—1867), 
pp.  312—315.] 

If  for  the  planet  m,  referred  to  any  fixed  plane  and  origin  of  longitudes,  we  have 
V,  the  longitude  in  orbit, 
0,  the  longitude  of  node, 
^,  the  inclination, 

and  similarly  for  the  planet  m'  referred  to  the  same  fixed  plane  and  origin  of 
longitudes,  if  the  corresponding  quantities  are  v',  &,  ^ ;  then  the  angular  distance  of 
the  two  planets  will  of  course  be  expressible  in  terms  of  v,  6,  ip,  v',  6',  0',  but  I  am 
not  aware  that  the  actual  expression  has  been  given.  To  obtain  it  in  the  most 
simple  manner,  I  write  further  for  the  planet  m : 

d-^-x,  the  reduced  longitude, 

y,         the  latitude, 

3,         the  distance  from  node, 

so  that  z  i,=  v  —  0),  w,  y,  are  the  hypothenuse,  base,  and  perpendicular  of  a  right-angled 
spherical  triangle,  the  base  angle  of  which  is  =0.  And  similarly  ff  +  x',  y\  /,  have 
the  like  significations  for  the  planet  m'.  I  write  also  r,  r',  for  the  distances  of  the 
two  planets  respectively. 

This  being  so,  the  rectangular  coordinates  of  the  planet  m  are 
r  cos  y  cos  {6  +  x), 
rooay  sin  («  +  »!), 
r  sin  y. 
c.  VII.  48 
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378  ON    AN    EXPRESSION    FOR 

But  observing  that  from  the  right-angled  tiiangle  we  have 

cos  z  =  cos  X  cos  y, 
cos  0  =  tan  X  cot  z, 
sin  a:  =  cot  ^  tan  y, 
sin  y  =  sin  0  sin  z, 
and  therefore  also 

sin  X  cos  y  =  cot  0  sin  y,  =  cos  0  sin  z, 

the  expressions  for  the  coordinates  become 

r  {eos  z  cos  ^  —  sin  s  sin  ^  cos  0), 
r  (cos  3  sin  ^  +  sin  z  cos  ^  cos  0), 
r  (  sin  ^  sin  0). 

Forming  the  analogous  expressions  for  the  coordinates  of  m,  then  if  H  be  the 
angular  distance  of  the  two  planets,  we  deduce  at  once  the  expression  for  cos  H,  viz. 
this  is 

Cos  K  =      (cos  z  cos  ^  —  sin  z  sin  &  cos  0)  (cos  z  cos  ff  —  sin  z'  sin  &'  cos  0') 
+  (cos  s  sin  Q  -\-  sin  z  cos  B  cos  0)  (cos  z'  sin  0'  +  sin  z  cos  ^'  cos  0') 


+  (  sin  2  sin  0  )  (  sin  z'  \ 

,  multiplying  out,  this  is 

CosH=     cos 2 cos/  eos(^— ^') 

+  cos  z  sin  z'  sin  {0  -  $')  cos  0' 

+  sin  z  sin  z'  (cos  (0  —  $')  eos  0  eos  0'  -F  sin  0  sin  0'), 


)- 


say  this  is 


=  A  cos  z  cos  s' 
+  5  eos  2  sin  / 
+  (7  sin  3  cos  s' 
+  i)  sin  2^  sin/, 

cos(3-/).  i^  +  ^D 
+  sin(2-/).-J5+iC 
+  008(2-1-/).  ^A-^D 
+  dn(z  +  z-).      ifi+iC. 


-f-l-i*',     3  +  /  =  j;-|-j)'~fl-6'', 
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whence  the  expression  becomes 

Cos^=     cos(v--v')  .  {i^A-v\D)'ias{6~e')-{-^B  +  \C)?,m{e~6') 
+  sin(ii-i/)  .  {\A  +1^ D)dxv{e -6')  +  {-\B  +  \C)Qos{e -6') 
+  cos{y  +  ti')  .  {^A-^D)'iO!i{e  +  ff)-{    ^B-\-\C)B.m(d+e') 
+  sm(7;  +  i;')  .  Q^A-\D)sm{0+0')-^{    ^,  B  +  ^ C) cos (0  +  ff), 
or  substituting  for  A,  B,  C,  J),  tbeir  values,  and  after  a  i'ew  easy  reductions,  we  find 
■1  </.  cos  ^'  - 1(1  -  cos  1^)  (T  -  cos  4>')  sin^  ($  -  dj) 
+  J  sin  ^  sin  0'  cos  (6  —  d')j 


sH  = 


cos  (v  -  v')  \ 


+  sin  (v  -V-)   (     1(1  -  cos  0)  (1  -  cos  <^')  sin  {6 

L+  ^  sin  <l>  sin  i^'  sin  (6  —  6", 

f  cos  {v  +  v')  f  a  (1  ~  '^'^^  0  t^os  (^')  cos  {0  —  $')  cos 
-!  +  J  (cos  1^  —  cos  0')  sin  {6  —  6')  sin 
1^  —  2  sin  0  sin  0'  cos 

J-  sin  (w  +  If')  )'  a"  (1  ~  cos  0  cos  0')  cos  {8  —  9')  sin 
-!  —  I  (cos  0  —  cos  0')     sin  {6  —  6')  cos 


i)-)\ 


$  +  $' 

e  +  0' 
8  +  d- 
0  +  d' 


For  0  =  0'  =  O,  the  formula  becomes,  as  of  course  it  should  do, 
Cosff=      cos  (^ -?)'). 

It  may  be  added,  that  if  f,  f  are  the  true  anomalies,  u>,  a  the  longitudes  of 
peiicentre  in  orbit,  then  jj  =  (o  +/,  ^  =  o>'  +/' ;  and  we  thence  have  for  cos  H,  formulte 
of  the  lite  form,  containing  cos/cos/',  cos/siny,  sinyeos/',  sin/ sin/',  or  containing 
co3(/— /'),  sin (/-/'),  cos(/+/'),  sin (/+/'),  respectively,  in  place  of  the  like  functions 
of  3,  3',  but  with  of  course  altered  values  of  the  coefficients. 
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470. 


NOTE    ON    THE    ATTRACTION    OF    ELLIPSOIDS. 


[Fi'om  the  Monthly  Notices  of  the  Royal  Astrotiomical  Society,  vol.  xxix.  (1868^1869), 
pp.  254—25?.] 

If  an  indefinitely  thiu  shell  of  uniform  density,  bounded  by  two  similar  and 
similarly -situated  ellipsoids,  attracts  a  point  P  on  its  outer  surface,  it  has  been  shown 
geometrically  by  M.  Chasles  that  the  attraction  is  in  the  direction  of  the  normal  at 
P,  and  is  equal  to  twice  the  attraction  of  an  infinite  plate,  the  thickness  of  which  is 
equal  to  the  normal  thickness  at  P.  Assuming  that  the  attraction  is  in  the  direction 
of  the  normal,  the  proof  is  in  fact  as  follows: — with  P  as  vertex,  circumscribe  to  the 
interior  surface  a  cone;  this  divides  the  shell  into  three  parts;  the  one,  D+E  +  F, 
exterior  to  the  cone,  the  other  two,  A  +  B  and  C,  interior  to  the  cone.  It  is  shown 
that   in    the   direction   of   the   normal   the   attraction   of   C   is   equal    to   that   of  A  +B ; 


and  it  is  assumed  that  in  comparison  with  these  the  attraction  of  D  +  B+  F  may  be 
neglected ;  the  whole  attraction  is  thus  equal  to  twice  that  of  the  portion  A  +  B.  At 
the  point  where  the  normal  at  P  meets  the  internal  surface  draw  the  tangent  plane 
to   the   internal   surface,   thus   dividing   the   portion   A  +  B   into   the   solid    cone    A    and 
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a  remaining  portion  B;  it  is  assumed  that  in  comparison  with  that  of  A  the  attraction 
of  B  may  be  neglected  ;  the  whole  attraction  is  thus  equal  to  twice  the  attraction  of 
the  solid  cone  A  ;  and  the  attraction  of  this  solid  cone  is  in  the  limit  (the  aperture 
or  solid  angle  then  becoming  —  Stt)  equal  to  the  attraction  of  an  infinite  plate  whose 
thickness  is  equal  to  the  altitude  of  the  solid  cone,  that  is,  to  the  normal  thickness 
at  P.  And  the  attraction  of  the  whole  ellipsoidal  shell  is  thus  ultimately  (that  is, 
when  the  shell  is  indefinitely  thin)  equal  to  twice  the  attraction  of  the  infinite  plate. 

It  is  interesting  to  ascertain  the  orders  of  magnitude  of  the  attractions  of  the 
several  portions  of  the  shell,  which  attractions  are  compared  in  the  foregoing  investi- 
gation ;  and  this  can  he  done  verj'  easily,  when,  instead  of  the  ellipsoidal  shell,  we 
have  a  spherical  shell  (bounded  by  two  concentric  spherical  surfaces).  The  tangent  plane 
to  the  inner  surface  divides  the  portion  D  +  E+F  into  two  portions  D  and  ^4--^; 
and  if  with  P  as  veri^ex  we  describe  a  cone  standing  on  the  circle  in  which  the 
tangent  plane  meets  the  outer  surface,  the  last- mentioned  portion  is  hereby  divided  into 
the  portions  E  and  F;  the  whole  shell  is  thus  divided  into  the  portions  A,  B,  C,  D,  E,  F, 
each  of  them  symmetrical  in  regai-d  to  the  normal  or  radius  at  P,  and  consequently 
attracting  in  the  direction  of  this  radius.  I  proceed  to  find  the  attractions  of  each 
of  these  portions ;  it  will  appear,  in  accordance  with  the  assumptions  of  the  foregoing 
investigation,  that,  taking  the  radii  to  be  1  and  1  -I-  a,  that  is,  a  the  thickness  of  the 
shell,  and  siipposing  ultimately  a  to  become  indefinitely  small,  the  attractions  of  A 
and  G  are  each  ultimately  =  27ra,  that  is  =  to  the  attraction  of  the  infinite  plate, 
while  the  attractions  of  the  other  portions  are  of  the  order  a^  and  thus  vanish  in 
comparison  with  that  of  A  or  G. 

The  attraction  of  an  indefinitely  thin  cone  or  frustum  of  a  cone,  length  r  and 
solid  angle  do)  is  =  rdca ;  considering  any  such  cone  having  P  for  its  vertex,  if  the 
inclination  of  r  to  the  radius  through  P  is  ~  d,  and  if  the  azimuth  of  the  plane 
through  r  and  the  radius  is  =  0,  then  we  have  (^<o  =  sin  0  dd  d^,  the  attraction  rda  is 
=r&iadd9dip,  and  this  attraction  resolved  in  the  direction  of  the  radius  is  =r  sm  9  cos  6  d6d<^. 
For  the  several  cases  which  have  to  be  considered,  the  value  of  r  is  independent  of  i^, 
and    the    integration    in    regard    to    ^    is    always    from    0=0    to    i^  —  'S.tj-  ; — the    attraction 

is   thus   in   each  case   =  SttI  rsiu  ^cos^d^,  the  expression   of  r  in  the   terms   of  6,  and 

the  limits  of  6  being  known  for  each  of  the  several  portions  of  the  shell.  Taking  ^i 
for  the  semi-angle  of  the  tangent  cone,  we  have  it  is  clear 


and  taking   0^  for  the  semi-angle  of  the  cone  which  divides  the  portions  E,  F, 

.a         /2  +  « 
tan  Pi  =  */      -  -   , 


■j-i  (1  -, ,) 


V5_ 
"  Vf(iTo)  ■ 
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For  F  we  have 

r  =  2  (1  +  a)  cos  ^,     0  =  0.,  to  0=  ^tt, 
Integral  is 

=  2  (1  +  a)  fsiu  6'coa=  0  dO,  =  |(1  +  a)  coa>  8... 
For  B  +  E  we  have 

r  =  2  (1  +  a)  cos  f,     (9  =  fi  to  I?  =  *>„ 
Integral   is 

=  2  (1.  +  a)  f  sin  ^  cos^  edO,  =  i,{l  +  a)  (cos=  ^,  -  cos'  0,). 
For  A'  we  have 

r----,.     ^-^1  to  0=0.., 

cos  y 

Integral  is 

=  aUinedO,=^a  (cos  f^  -  cos  d.,). 
For  j1  we  have 

r  =  ---^,     6*  =  0  to  ^  =  i9,, 
Intcgi'al  is 

=  a  f  sin  f  e^i?,  =  a  (1  -  cos  i9,)- 

For  ^  +  if  we  have 

r  =  (1  +  a)  cos  e  -  Vl  -  (iT^FIm^l,     fl  =  0  to  ^  =  ^., 
Integral  is 

=  [  1(1  +  a)  cos  ^  -  Vl  -  (1  +  ay  sin=T)  sin  0  cos  ^  rff , 

=  (1 +a)(_i  cos' ^) +7771 r;,  {!-(!+ a)=sm=i9ji  between  the  limits, 

^  (1  +  a)- 


ng   the  above   value   of  the   integi 
is 

=  Stt  |a  (-  1+  cos  ^0  +  HI  +  «)  (1  -  cos^  e,)  -i(^^l  ^^ 


and  subtracting   the  above   value   of  the   integral  for  A,  it  at   once  appears  that,  for  £, 
the  integral  is 
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Hence,  calculating  the  approximate  values,  and  restoring  in  each  case  the  omitted 
factor,  27r,    we  have 

Attraction  A  =  Sttq:  —  2  V2  vra^, 

£■  =  1  ^2  TTct^ 

F=  4  ^2  ira?  ; 

Attraction        A+B  ^  ^Trct  —  4  ^2  7ra-, 
C  =  27ra  -  4  V2  tto^, 

so  that  ultimately  the  attraction  of  the  portion  D  +  E  +  F  vanishes  in  comparison  with 
those  of  the  portions  A  +B  and  C ;  and  the  attraction  of  these  last,  that  is,  of  the 
whole  shell,  is  =  47ra,  twice  the  attraction  of  an  infinite  plate  of  the  thickness  a. 


or,  if  we  ple£ 
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471. 

NOTE     ON     THE     PROBLEM     OF     THE     DETERMINATION     OF    A 
PLANET'S    ORBIT   FROM   THREE   OBSERVATIONS. 


[From    the   Monthly  Notices  of  the   Royal  Astronomical   Society,  vol.   xxix.  (18G8 — 1869), 
pp.  257— 2oi).] 


The  piiueiple  of  the  snlution  given  in  the  Tlieoria  Motus  may  bo  explained  vciy 
simply  as  follows : 

Consider  three  successive  positions  of  G,  C,  G",  of  a  planet  revolving  about  the 
focus  8;  let  «,  n',  n",  denote  the  doubles  of  the  triangular  areas  CSC",  CSC,  and 
CSC"  respectively  (viz.  the  tnangular  area  means  the  area  of  the  triangle  included 
between   the    two   radius    vectors    and   the    chord  joining  their   extremities),  r'  the  radius 


vector   SO';   6",    6,   the    times    of    describing    the    ai'cs    C<J   and   G'G"    respectively,   the 
units   of   time    and    distance    being    such   that   the    time    is   equal    to   the   double   ai'ea 
divided   by   the   square   root   of    the    half  latus    rectum   {t—2-ira"^  for    the    Period    in    a 
circular  or  elliptic  orbit). 
Then  writing 
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(observe  that  n  +  n"  -  n'  is  =  twice  the  triangle  COC"),  for  neighbouring  positions  of 
the  planet,  the  values  of  P  and  Q  are  approad-mately  =-^  and  0  0"  respectively:  the 
solution  consists  in  the  determination  of  an  orbit  for  which  P  and  Q  have  these 
approximate  values ;  then,  by  means  of  such  approximate  orbit,  the  values  of  P  and  Q 
are  more  accurately  determined,  and  by  means  of  these  new  values  of  P  and  Q,  a 
new  determination  is  effected  of  the  orbit:  and  so  oo,  to  the  requisite  accuracy  of 
approximation. 

The   foregoing  approximate   values   of  P   ajid   Q   respectively  are   deduced   irom   the 
accurate  values 

P  =  -^.'>       Q=—    -~  ^- 

Oi)"'  i/j)"  /r"  cos/cos/'cos/"  ' 

where  r,  r',  r"  are  the  radius  vectors  SO,  SC,  SG" ;  2/  2/',  2/"  ai-e  the  angular 
distances  CSC",  CSC",  OSG'(f' =/+/")  and  ij,  r/',  tj"  are  the  ratios  of  the  sectorial 
areas  CSC",  CSC",  CSC",  to  the  triangular  areas  represented  by  the  same  letters 
respectively:  the  doubles  of  the  sectorial  areas  are  thus  Jiij,  n't)',  and  n"i}",  and  if  the 
half  latus  rectum  be  denoted  by  p,  then  we  have 

and  it   thus   at   once   appears   that    the    accurate    value   of    P  is   =  ^, ,   as  above.      To 

obtain  the  expression  for  Q.  taking  0,  0',  0"  for  the  true  anomalies  (and,  for  greater 
symmetry,  writing  for  the  moment  v,  -~v\  v" ,  ij.  —(J,  g"  in  place  of  n,  n',  yi-",/,/',/" 
respectively),  wc  have 


._     __P 

1  +  e  cos  0 


2»    -f -f, 


1  +  e  cos  0"  '      -^       '^        ^  ' 

whence  identically 

(g  +  g'  +  g"  =  0); 

or  writing 
this  is 

sin  2</  1  sin  2f/  ^  sin  -Zg" _     4 sing  sin g' sin g" 

r              r'               r"                            p 

V  =  r'r" sin  2(7,     v  =  r"r  sin  2g',     v"  =  rr' sin  tg' 
1     ,  1     „         4!-rV' sin  ff  sin  r/' sin  ,7" 

__     (rr'r'y  sin  2g  sin  2g'  sin  2g" 
2prr'r"  cos  g  cos  g'  cos  g" 


iprrr   cos.^/cos  <;  c 
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This  13,  in  fact, 

n  -  n'  +  n"  =  = — j-j, -: —, ^. , 

2prrr  cos/ cos/  cos/ 

or  since 

mi"  ^  W 

P        Tl"' 

it  is 


7]7i"rr'r"cc}%f  COS  f  cos/"  ' 
viz.  multiplying  by  r'',  it  i,s 

_»-■■-        1 

^^"  J-J-"  cos/cos/^'  cos/"  ' 
the  above-mentioned  value  of  Q. 
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472. 

NOTE    ON    LAMBERT'S    THEOREM    FOR    ELLIPTIC    MOTION. 


[From   the  Monthly  Notices   of  the    Royal  Astronomical  Society,  vol.   xxix.  {186S — 186!^), 
pp.  318—320.] 

Consider  any  two  positions,  A,  B,  in  an  elliptic  orbit,  focus  S,  and  semi-axis 
majors  (I ;    then    if    p,    p',    c    denote    the    radius    vectors     SA,    SB,    and    the    chord    AB 

respectively,  and   if  P,  =      — ,  be  the  periodic   time,  the  time  of  passage  from  A  to  B 

is  given  by  the  formula 

t;  V.1  ^  J  73  _  __ 

where 

2q  cos  %  =  2(t  —  /)  —  p'  —  c,     2(1  cos  x'  =  2tt  -  p  -  p'  +  a 

To  fix  the  ideas  we  may  consider  the  time  of  passage  as  being  in  every  case 
positive ;  and,  for  Time  AB,  the  motion  from  A  as  being  towards  the  apocentre ; 
Time  BA  will,  of  course,  in  like  manner  denote  that  the  motion  from  B  is  towards  the 
apocentre;  and  we  thus  have  according  to  the  positions  of  A,  B,  either  Time  ,15  =  Time 
BA;   or  else  Time  ^£  +  Time  BA  =  P. 

This  being  so  (see  the  Theoria  Motm,  p.  120),  %  will  be  always  a  positive  arc 
between  0  and  360" ;  %  ^  positive  or  negative  arc  between  0  and  ±  180" ;  and 
moreover  x  ^^^^  ^^  positive  or  negative  according  as  the  described  focal  angle  is 
<  180"  or  >  180° ;  whence,  cos  ■){  being  known,  the  arc  ■)^  is  determined  without 
ambiguity. 

But  as  noticed  in  the  place  referred  to,  there  is  when  only  p,  p',  c,  a,  are  known, 
a  real  ambiguity  as  regards  the  arc  ;^;  viz.  %  "^^y  ^^  either  the  arc  >180°  or  the 
arc  <  180°,  having  for  its  cosine  the  given  value  of  cos;;^;.  For,  given  the  points 
S,  A,  B,  and  the  semi-axis  major  a,  there  exist  two  elliptic  orbits  determined  by 
these  data :  and  the  two  values  of  x  correspond  to  the  times  of  passage  between 
A   and   B,   in    these   two   orbits   respectively.      If,   however,   the    actual    orbit    be    given, 

49—2 
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there  is  no  longer  any  real  ambiguity;  and  it  must  be  possible  to  decide  between 
the  two  values  of  %  '■  ^^^  criterion  is,  in  fact,  a  very  simple  one,  viz.  drawing  a  chord 
from  A  through  the  other  focus  H  of  the  ellipse,  this  either  separates,  or  it  does  not 
separate,  B  from  the  force-focus  S;  and  I  say  that  in  the  expression  of  Time  AB, 
in  the  former  case  (viz.  when  chord  ^  is  a  separator)  we  have  x<  180";  in  the  latter 
case  (viz.  when  chord  A  is  not  a  separator)  we  have  ^  >  180". 

It  of  course  follows  that,  in  the  case  of  transition,  when  the  line  AB  passes 
through  H,  we  must  have  ^=180":  this  is  at  once  seen  to  be  so;  for  ;)(;  =  1S0''  gives 
the   condition   4([  =  o  +  p'  +  c;    but   if  <r,  it',  are   the   distances   of  AB   from  the  focus  H, 


;    but    ■ 
and   the    condition    becomes 


that    m   AB   \ 


then    2(1  =  /)  +  0-,   2a  =  p'  +  (t 
pass  through  H. 

As  a  verification  of  the  new  criterion,  I  consider  the  point  A  as  having  a  fixed 
position  on  the  orbit,  but  the  point  B  as  having  successively  different  positions ;  and 
writing  down  the  two  formulae 

Time  .dS  =  X  -  x'  -  sin  X  +  sin  x', 

Time  BA  —  id  —  m'  —  sin  w  +  sin  o>', 

(where  for  simplicity  the  constant  factor  P  ^  2-n-  is  omitted)  I  proceed  to  compare 
these  for  different  positions  of  the  point  B.  We  have,  in  every  case,  cos  w  =  cos  j^  and 
cos  d)' =  cos ;;(;' ;  whence  (j,;,  w  being  each  positive  and  less  than  360°)  o}  =  j^  or  else 
(u  -I-  -^  =  360°,  viz.  the  former  equation  subsists  if  o>,  %•  ^^  ^^^  '^^^  ^^'  ^^^  greater 
than  180",  the  latter  if  the  one  is  greater,  the  other  less  than  180°.  And  again 
(x',  m'  being  each  less  than  +180°)  we  have  w'  =  x''  *^^  ^'^  ^'  =  —  X'  according  as 
6)',  %'  have  the  same  or  opposite  signs. 


Now    in    the    figure,   suppose    that 
5,,  Bt,...Bs,  the  criteria  for  x.  x'  ('^^  ' 
Ch.  A.  Ch.  B.  therefore 

Y<180°w>180°  or  w-f 


occupies    successively    the    different    positions 
)  give  as  follows, 
^AS^  BSA 


sep. 
sep. 


<180° 


■lS0^y'  =  4 


sep. 
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Hence  substituting  tor  m,  v>'  tlieir  values  in  terms  of  %,  •^,  we  liave 

x-x- 

-X  +  X' 


Time  AB^ ., 
BA, 
BA, 
BA, 
BA, 
BA, 


x-x 
x-x' 


x-x 


i  -  ™  X 

+  sin  y^, 

i  +  "in  X 

-Sin;^', 

C'-Bi„x 

+  siux'. 

i  -  sin  X 

+  »nx'. 

i-mx 

+  sin  x', 

'  +  Binj. 

-  sin  x' 

and  thei 


■  -  X  +  x'  - 
!  (restoring  the  omitted  factor  P  -^  27r) 

Time  ^5.  +  Time  BA^  =  P, 
„  AB^-  „  BA,  =  0, 
„  AB,-  „  BA,=  0, 
„  AB,-  „  BA,=  0, 
„  AB,+  „  BA,  =  P, 
which  are  the  relations  which  in  fact  subsist  between  the  times  AB,  and  BA^  &c. 
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473. 

ON  THE  GRAPHICAL  CONSTRUCTION  OF  THE  UMBRAL  OR 
PENUMBRAL  CURVE  AT  ANY  INSTANT  DURING  A  SOLAR 
ECLIPSE. 

[From   the   Monthly  Notices   of  the   Royal   Astronomical  Society,  vol.    xxx.  (1869— lb70), 
pp.  162— 1C4.] 

The  curve  in  question,  say  the  panumbral  curve,  is  the  iDtersection  of  a  sphere 
ty  a  right  cone, — I  wish  to  show  that  the  stereographic  projection  of  this  curve  may 
be  constructed  as  the  envelope  of  a  variable  circle,  having  its  centre  on  a  given  conic, 
and  cutting  at  right  angles  a  fixed  circle;  this  fixed  circle  being  in  fact  the  projection 
of  the  circle  which  is  the  section  of  the  sphere  by  the  plane  through  the  centre  and 
the  axis  of  the  cone,  or  say  by  the  axial  plane.  The  construction  thus  arrived  at  is 
Mr  Casey's  construction  for  a  bicii-cuiar  quartic ;  and  it  would  not  be  difficult  to  show 
that  the  stereographic  projection  of  the  penumbral  curve  is  in  fact  a  bicircular  quartic. 

The  construction  depends  on  the  remark  that  a  right  cone  is  the  envelope  of  a 
variable  sphere,  having  its  centre  on  a  given  line  and  its  radius  proportional  to  the 
distance  of  the  centre  from  a  given  point  on  this  line ;  and  on  the  following  theorem 
of  plane  geometry: 

Imagine  a  fixed  eii'cle,  and  a  variable  circle  having  its  centre  on  a  given  line 
and  its  radius  proportional  to  the  distance  of  the  centre  from  a  given  point  on  the 
line  (or,  what  is  the  same  thing,  the  vai-iable  circle  always  touches  a  given  line);  then 
the  locus  of  the  pole  in  regard  to  the  fixed  circle,  of  the  common  chord  of  the  two 
circles  (or,  what  is  the  same  thing,  the  locus  of  the  centre  of  a  new  variable  circle 
which  cuts  the  fixed  circle  at  right  angles  in  the  points  where  it  is  met  by  the 
first-mentioned  variable  circle)  is  a  conic. 

To  fix  the  ideas,  say  that  P  is  the  centre  of  the  first  variable  circle;  AB  its 
common  chord  with  the  fixed  circle ;  Q  the  centre  of  the  circle  which  cuts  the  fixed 
circle  at  right  angles  in  the  points  A  and  B ;   then  the  locus  of  Q  is  a  conic. 
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To  prove  this,  take  x^  +  y^  —  l  for  the  equation  of  the  lixed  circle,  (x  —  ay  +  (t/  —  ^f  =  7^ 
for  that  of  the  variable  circle ;  the  foregoing  law  of  variation  being  in  fact  such 
that  a,  ^,  7,  are  linear  functions  of  a  variable  pai'ameter  6;  the  equation  of  the 
common  chord  AB  is  —2aa;  —  2^t/  +  l  +  a?  +  B^  —  'f  =  0;  viz.,  this  equation  contains  0 
quadratically ;  hence  the  envelope  of  the  common  chord  is  a  conic ;  and  thence 
(reciprocating  in  regard  to  the  fixed  circle)  the  locus  of  the  pole  of  AB,  that  is,  of 
the  point  Q,  is  also  a  conic. 

Consider  now  a  solid  figure  in  which  the  circles  are  replaced  by  spheres ;  viz. 
we  have  a  fixed  sphere,  and  a  variable  sphere  having  its  centre  on  a  given  line  and 
its  radius  proportional  to  the  distance  of  the  centre  from  a  given  point  on  the  line. 
The  envelope  of  the  variable  sphere  is  a  right  cone ;  the  intersection  of  the  cone 
with  the  fixed  sphere  is  the  envelope  of  the  small  circle  of  the  sphere,  say  the 
circle  AB,  which  is  the  intersection  of  the  fixed  sphere  by  the  variable  sphere.  This 
circle  AB  is  also  the  intersection  of  the  fixed  sphere  by  a  sphere,  centre  Q,  which 
cuts  the  fixed  sphere  at  right  angles ;  and  by  what  precedes  the  locus  of  Q  is  a 
conic.  Hence  the  penumbral  curve  is  given  as  the  envelope  of  the  circle  AB  which 
is  the  intersection  of  the  fixed  sphere  by  a  sphere  which  has  its  centre  Q  on  a 
conic,  and  which  cuts  the  fixed  sphere  at  right  angles.  It  is  obvious  that  the  circle 
AB  always  cuts  at  right  angles  the  great  circle  which  is  the  section  of  the  fixed 
sphere  by  the  axiat  plane,  or  say  the  axial  circle.  Project  the  whole  figure  stereo- 
graphically;  the  projection  of  the  circle  AB  is  a  variable  circle  which  cuts  at  right 
angles  the  circle  which  is  the  projection  of  the  axial  circle,  and  which  has  for  its 
centre  the  point  Q'  which  is  the  projection  of  Q.  But  the  locus  of  Q  being  a  conic, 
the  locus  of  its  projection  ^  is  also  a  conic ;  and  we  have  thus  the  projection  of 
the  penumbral  curve  as  the  envelope  of  a  variable  circle  which  has  its  centre  on  a 
conic,  and  which  cuts  at  right  angles  a  fixed  circle. 

We  may  in  the  axial  plane  construct  five  points  of  the  conic  which  is  the  locus 
of  Q,  by  means  of  any  five  assumed  positions  of  the  variable  circle,  and  somewhat 
simplify  the  construction  by  a  proper  choice  of  the  five  positions  of  the  variable  circle. 
This  is  not  a  convenient  construction,  and  even  if  it  were  accomplished  we  should 
still  have  to  construct  the  projection  of  the  conic  so  obtained,  in  order  to  find,  in 
the  figure  of  the  stereographic  projection,  the  conic  which  is  the  locus  of  Q'.  I  do 
not  at  present  perceive  any  direct  construction  for  the  last-mentioned  conic;  but 
assuming  that  a  tolerably  simple  construction  can  be  obtained,  the  construction  of  the 
projection  of  the  penumbral  curve  as  the  envelope  of  the  variable  circle  is  as  easy 
and  rapid  as  possible.  Probably  the  easiest  course  would  be  (without  using  the  conic 
at  all)  to  calculate  numerically,  for  a  given  position  of  the  variable  sphere,  the 
terrestrial  latitude  and  longitude  of  the  two  points  of  intersection  of  the  variable 
sphere  by  the  axial  circle;  laying  these  down  on  the  projection,  we  have  then  a 
position  of  the  variable  circle ;  and  a  small  number  of  properly  selected  positions  would 
give  the  penumbral  curve  with  tolerable  accuracy. 

I  have  throughout  spoken  of  the  penumbral  curve,  as  it  is  in  regard  hereto  that 
a  graphical  construction  is  most  needed ;  but  the  theory  is  applicable,  without  any 
alteration,  to  the  urabral  curve. 
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474. 

ON   THE   GEOMETRICAL   THEORY   OF   SOLAR   ECLIPSES. 


[From    the   Monthly  IfoHcen   of  the  Royal   Astronomiml   Society,  vol.    xxx,  (18t>9 — 1870), 
pp.  164—168.] 

The  fundamental  equation  iu  a  solar  eclipse  is,  I  think,  most  readily  established  as 
follows : 

Take  the  centre  of  the  Earth  for  origin,  and  consider  a  set  of  axes  fixed  in  the 
Earth  and  moveable  with  it ;  viz.,  the  axis  of  z  directed  towaixis  the  North  Pole ; 
those  of  X,  y,  in  the  plane  of  the  Equator:  the  axis  of  x  directed  towards  the  point 
longitude  0° ;  that  of  y  towards  the  point  longitude  90°  W.  of  Greenwich.  Take 
a,  b,  c,  for  the  coordinates  of  the  Moon;  k  for  its  radius  (assuming  it  to  be  spherical); 
a',  b',  c',  for  the  coordinates  of  the  Sun ;  k'  for  its  radius  (assuming  it  to  be  spherical) ; 
then,  writing  ^  +  .^  =  1,  the  equation 

{0(a;-a)  +  4,(,:-a')]^+{eiy-b)  +  <f>iy-b')]'-i-{0(^-c)+<P(z-oyr--{0k±<i>ky 

is  the  equation  of  the  surface  of  the  Sun  or  Moon,  according  as  ^,  0  =  1,  0  or  =  0,  1  : 
and  for  any  values  whatever  of  0,  <^,  it  is  that  of  a  variable  sphere,  such  that  the 
whole  series  of  spheres  have  a  common  tangent  cone.     Writing  the  equation  in  the  form 

»•  ((»>-«)■  + (y  -  6)- +(»-c)--i1 

+  29^|(i-i.)(ji-o')  +  (y-6)(y-6-)  +  (»-c){2-c')T"'l 
+     *■((«-  «')■  +  (S  -  Vf  +{i-c:y-  h-]  =  0, 
or,  putting  fur  shortness, 


p 

=  0? 

+  !>' 

+  c- 

-k- 

p' 

=  u'= 

+  ¥^ 

+  c'^ 

-k'^ 

(T 

-aii 

'+bb' 

+  cc' 

+  kk' 

P 

=  itas 

+  hy 

+  CZ 

F 

=  da. 

■.  +  b'y 

+  c's, 
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the  equation  is 

$"    (a^  +  y'  +  s=-2P  +  p) 

+  2^0  (x^  +  f  +  z^-P-P'  +  ff) 

+      ff^^x'^  +  f  +  z'-  2P'  +  p')  =  0, 
and  the  equation  of  the  envelope  consequently  is 

that   is 

(a^  +  3,=  +  3')(p  +  /-2<7)-(P-P?-2(p'-ff)P-2(p-<7)P'  +  pp'-<T=  =  0, 
which  is  the  equation  of  the  cone  in  question. 

Observe   that   one   sphere  of  the  series  is  a  point,  viz.,  taking  first  the  upper  sigoa 
if  we  have  0k  +  <^k'  =  0,  that  is 

then  the  sphere  in  question  is  the  point  the  coordinates  whereof  are 
_!^a  —  ha'         _k^l>  —  kb'         _  k'o  —  kc' 

which  point  is  the  vertex  of  the  cone:  it  hence  appears  that,  taking  the  upper  signs, 
the  cone  is  the  u/mhral  cone,  having  its  vertex  on  this  side  of  the  Moon ;  Mid 
similarly  taking  the  lower  signs,  then  if  we  have  6k  —  <f>/c^  =  0,  that  is 

^^k'  +  k'     *"F+t' 
then  the  variable  sphere  will  be  the  point  the  coordinates  of  which  arc 

lifa  +  ka'      k'b  +  kb'  life  +  kc' 

^if  +  k   '      ic'  +  k    '  k'  +  k    ' 

which  point  is  the  vertex  of  the  cone;  viz,  the  cone  is  here  the  penunibral  cone 
having  its  vertex  between  the  Sun  and  Moon. 

Taking   as   unity  the    Earth's    equatorial  radius,    if  p,  p'    are   the    parallaxes,   k,   k 
the   angular   semi-diameters   of  the   Moon   and   Sun   respectively,  then  the   distances  are 

-. — ,  -; — r  and   the  radii   are   -^— ,    -. -.  respectively ;   hence,  if  h,  h'  are  the  hour- 

smp     smp  smp     smp        '^  •' ' 

angles   west   from    Greenwich,   A,   A'    the   N.P.D.'s   of    the   Moon   and    Sun   respectively, 

we  have 

1  ■  A  ,  '  1  •         A'  t' 

a  =  -: —  sm  A  cos  A,         a  = ,  sin  A  cos  h , 

sin  p  sm  p 

h  —    . —  sin  A  sin  h,  b'  =  .       ,  sin  A'  sin  h', 

sinp  smp 

0  ~   .-—  cos  A  ,         c'  =  — — ,  cos  A', 
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and  thence 


— ;  [cos  A  cos  A'  +  sin  A  sin  A'  cos  {k'  —  h)  +  sin  «  sin  k'], 


P  -  - —        Isin  A  (a;  cos  k  +  w  sin  A )  +  2  cos  A 1, 
smp      '  •/  ' 

P'  =  - — ,     Isin  A'(iccos/t'  +  vsin/t')  +  i;cosA'). 

Moreover,  if  the  right  ascensions  of  the  Moon  and  Sun  are  a,  a'  respectively,  and 
if  the  KA-.  of  the  meridian  of  Greenwich  (or  sidereal  time  in  angular  measure)  be 
=  S,  then  we  have 

It  is  to  lie  observed  that  K  —  K,  A,  A'  are  slowly  varying  quantities,  viz.,  their 
variation  depends  upon  the  variation  of  the  celestial  positions  of  the  Sun  and  Moon ; 
but  h  and  K  depend  on  the  diumal  motion,  thus  varying  about  15"  per  hour;  to 
put  in  evidence  the  rate  of  variation  of  the  several  angles  A,  li.  A,  A'  during  the 
continuance  of  the  eclipse,  instead  of  the  foregoing  values  of  k,  h',  I  write 

where  t  is  the  Greenwich  mean  time,  E,  E,  are  the  values  (reckoned  in  parts  of  an 
hour)  of  the  Equation  of  Time  at  the  preceding  and  following  mean  noons  respectively, 
taken  positively  or  negatively,  so  that  E,  Et  are  the  mean  times  of  the  two  successive 
apparent  noons  respectively ;   whence  also 

and  moreover 

a  =A  A-mit-T), 
a'  =A  +m(t-T), 
A  =D  +n  (t-T). 
M  =  D'  +  n'  (t-T), 

if  T  be  the  time  of  conjunction.  A,  A,  D,  D'  the  values  at  that  instant  of  the 
R.A.'s  and  N.P.D.'s ;  m,  m'  and  n,  n'  the  horary  motions  in  R.A.  and  N.P.D.  respectively. 
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lb  appears  to  me  not  impossible  but  that  the  foregoing  form  of  equation, 

{a?+f  +  s')(p  +  p'-2a)-(P-Py-2(p-~<7)P~2(p-<T)P'  +  pp'~a'  =  0, 

for  the  umbral  or  penumbrai  cone  might  present  some  advantage  in  reference  to  the 
calculation  of  the  phenomena  of  an  eclipse  over  the  Earth  generally :  but  in  order  to 
obtain  in  the  most  simple  manner  the  equation  of  the  same  cone  referred  to  a  set 
of  principal  axes,  I  proceed  as  follows : 

Writing 


a- 

■  U- 

-b'c,             C  =a-a' 

b  = 

-ca'  - 

-c'a,            g  =  l>  -  b; 

c  = 

•  ab'- 

-alb,             h-o-c', 

(and 

therefore         al  +  bg  +  ch  = 

■  0). 

(bh 

-cb) 

a^  +  (of-ah)s  +  (ag- 

■h!)z 

Va- 

aiC  +  by  +  c3 

Va'  +  b'  +  C 

fo  +  g^  +  ha 

X,  Y,  Z,  will  be  coordinates  referring  to  a  new  set  of  rectangular  axes ;  viz.,  the 
origin  is,  as  before,  at  the  centre  of  the  Earth,  the  axis  of  Z  is  parallel  to  the  line 
joining  the  centres  of  the  Sun  and  Moon ;  the  axis  of  X  cuts  at  right  angles  the 
last-mentioned  Line;  and  the  axis  of  Y  is  perpendicular  to  the  plane  of  the  other 
two  axes;  or,  what  is  the  same  thing,  to  the  plane  through  the  centres  of  the  Earth, 
Sun,  and  Moon. 

The  coordinates  of  the  vertex  of  the  cone  are  therefore  X„,  Y^,  Z^,  where  these 
denote  what  the  foregoing  values  of  X,  Y,  Z,  become  on  substituting  therein  for  x,  y,  z, 
the  values 

k'a  +  ka'       k'b  +  kh'       k'c  +  he' 
k'^k    '        k'^-k   '        k'^k   ' 

and  the  equation  of  the  cone  therefore  is 

{X  -  Xy  ^(Y -  YJ ^  %^n^\{Z - Z^f, 

where 

.    ^      /.'  +  i' 
smX=  , 
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if   for  a   moment    0   denotes   the   distance   between   the   centres   of   che   Sun   and  Moon. 
We  have  therefore 

tan  X  =    ,-..  , 

or  since 

(?==(«'-  af  +  {¥  ~  by  +  (c'  -  c)% 


this  is  in  fact 


.      ^  k'  +  k 

tan  \  =  ■  ,  

Vp  +  p--  2. 


where  p,  p',  a-  signify  as  before;  and  thns  X^,  Y^,  Z^,  tan  A,  are  all  of  them  given 
functions  of  a,  h,  c,  k,  a',  h',  c',  k\  and  consequently  of  the  before-mentioned  astronomical 
data  of  the  problem.  The  form  is  substantially  the  same  as  Besael's  equation  (3), 
Ast.  Nock.  No.  321  (1837),  (but  the  direction  of  the  axes  of  X,  Y  is  not  identical 
with  those  of  his  x,  y);  and  it  is  therefore  unnecessary  to  consider  here  the  application 
of  it  to  the  calculation  of  the  eclipse  for  a  given  point  on  the  Earth. 
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475. 

ON    A    PROPERTY    OY    THE    STEREOGRAPHIC    PROJECTION. 

[From    the   Monthly  Notices   of  the   Royal  Astronomical   Society,  vol.   xxx.  (18139 — 1870), 
pp.  205—207.] 

I  AM  not  aware  whether  it  has  been  noticed  that  the  very  same  circles  which 
in  the  direct  stereographic  projection  of  a  hemisphere  (viz.,  that  wherein  the  projection 
is  on  the  plane  of  a  meridian)  represent  the  meridians  and  parallels  respectively, — 
represent  also  in  the  oblique  projection  of  the  hemisphere  meridians  and  parallels 
respectively.  In  fact,  in  the  direct  projection  where  the  poles  AT,  S,  are  in  the 
horizon-meridian,  or  bounding  circle  of  the  projection,  if  we  take  a  chord  AB  at  right 
angles  to  NS,  and  on  AB  as  diameter  describe  a  circle,  the  original  (meridian  Eind 
parallel)  circles  will,  as  the  appearance  of  the  figure  at  once  suggests,  represent 
meridians  and  parallels  in  the  oblique  projection  in  which  the  horizon  or  bounding 
circle  of  the  projection  is  the  circle  diameter  AB,  and  where  consequently  the  North 
Pole  N  is  brought  into  view,  the  South  Pole  S  being  beyond  the  limits  of  the 
projection.  That  this  really  is  so,  is  clear  from  the  consideration  that  in  any  stereo- 
graphic  projection  whatever,  the  meridians  will  be  circles  passing  through  two  fixed 
points  N,  S,  and  the  parallels  be  circles  cutting  the  meridians  at  right  angles.  (Or, 
what  is  the  same  thing,  the  parallels  also  pass  each  of  them  through  two  fixed 
imaginary  points,  the  antipoints  of  JV",  S,  but  this  in  passing.)  And  moreover  since  in 
the  oblique,  as  well  as  in  the  direct,  projection,  the  longitude  of  any  meridian,  as 
reckoned  from  the  central  meridian  N8,  is  the  angle  at  N  between  the  two  meridians, 
the  longitude  for  a  given  meridian  is  the  same  in  the  two  projections  respectively. 
But  the  co-latitudes  are  not  the  same  in  the  two  pi-ojections  respectively;  viz.,  a 
circle  which  in  the  direct  projection  represents  the  parallel  co-latitude  c,  will  in  the 
oblique  projection  represent  the  parallel  of  a  different  co-latitude  c'.  The  relation 
between   the   values   of  c,  c',  will   of  course   depend    upon   the   position   of  the   bounding 
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circle  AB  of  the  oblique  direction:  to  define  this  position,  we  may  use  either  the  arc 
NM  which  in  the  direct  projection  determines  the  co-latitude  of  the  centre  M  of  the 
oblique  projection  (say  N'M=^,  that  is,  iVF=A),  or  by  the  are  NM  which  in  the 
oblique   projection   determines   the   distance   of  N  from  the   centre,  or  co-latitude  of  the 


centre  (say  NM  =  A',  that  is,  BW  =  i^').  The  obliquity  in  the  oblique  projection  is  thus 
90°  —  A',  viz.,  this  is  the  inclination  of  the  plane  of  projection  to  that  of  the  horizon- 
meridian  in  the  direct  projection.  We  have  also  c  =  NX,  c'=Wy.  The  relation 
between  the  angles  A,  A',  is  easily  found  to  be 

tan  I A  =tan'^A', 

viz,,  taking  the  radius  in  the  direct  projection  to  be  =  1.  we  have 

OM  =  tan  i  (90' -A), 

MA  =  Vl-tatf  H^O"- A), 

il/A'=  1- tan  ^(90' -A); 


wherefore 
and  thence 


Vl  -  taD=  ^  (90="  -  A)  .  tan  i  A'  =  1  -  tan  -^  (90'  -  A), 
_l-tan^(90°~  A)_ 


the  required  relation. 
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We  have  moreover 

NC  =1  -tm^(90'  -  c)  =  AM    {tan^A'-  tan^  (A' -e')l, 
=  siiiA'  [tan^A'—   tan  1(A'  — c')j, 
=  2  sin'  ^  A'  -  sin  A'  tan  ^  (A'  -  c'), 
that  is 

tan  4  (!)0"  -  f^)  =  cos  A'  +  sin  A'  tan  ^  (A'  -  c'), 

^cos^(A'  +  c') 
cosi(A'-c')' 
or,  what  is  the  same  thing, 

1  —  tan  ^c  ^  1  +  S  tan  |  c'  tan  |  A' 
1+tan^c       1  +  tan  ^  c' tail  ^A'   ' 
that  is 

tan  ^  c—  tan  ^  A'  tan  Jc', 

which   is   the   required   relation   between   c   and   c'.     In   the   particular  case  A  =  A'  =  90^, 
the  two  projections  coincide,  and  we  have,  as  we  should  do,  c'  =  c. 
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476. 


ON  THE  DETERMINATION  OF  THE  ORBIT  OF   A   PLANET   FROM 
THREE    OBSERVATIONS. 


[From  the  Memoirs  of  the  Royal  Astronomical  Society,  vol.  xsxviil.  (1870),  pp.  17 — 111. 
Read  December  10,  1869.] 

I  PROPOSE  to  consider  from  a  geometrical  point  of  view  the  problem  of  the 
determination  of  the  orbit  of  a  planet  from  three  observations.  The  orbit  is  a  conic, 
having  the  Sun  for  a  focus ;  and  each  observation  shows  that  the  planet  is  at  the 
date  thereof  in  a  given  line.  We  have  thus  a  given  point  or  focus  S,  and  three 
given  lines,  say  the  "  rays."  The  orbit-plane,  if  known,  would,  by  its  intersections 
with  the  three  rays,  determine  the  three  positions  of  the  planet ;  that  is,  we  should 
have  the  focus  and  three  points  on  the  orbit ;  or  (what  is  the  same  thing)  three 
radius  vectors  from  the  focus,  say  a  "  triveetor."  Geometrically,  through  three  given 
points,  and  with  a  given  focus,  there  may  be  described  four  conies ;  but  (as  will  be 
explained)  there  is  only  one  of  these  which  can  be  the  orbit;  we  may  therefore  say 
that  the  orbit  will  be  determined,  and  that  uniquely,  by  means  of  a  given  triveetor. 
The  problem  is  therefore  to  find  the  orbit-piane,  such  that  in  the  orbit  determined  by 
means  of  the  triveetor  the  times  of  passage  between  the  three  positions  on  the  orbit 
may  have  the  observed  values ;  or  (what  is  the  same  thing)  that  the  orbital  areas, 
each  divided  by  the  square  root  of  the  latus  rectum,  may  have  given  values.  If, 
instead  of  the  orhit-plane,  we  consider  the  orbit-axis  (that  is,  the  line  normal  to  the 
orbit-plane  at  the  point  S),  or.  what  is  more  convenient,  the  orbit-pole,  or  intersection 
of  the  axis  with  a  sphere  about  the  centre  S ;  then  to  a  given  position  of  the  orbit- 
pole,  there  corresponds,  as  above,  a  determinate  orbit ;  and  the  problem  is  to  find  the 
position  of  the  orbit-pole,  so  that  in  the  orbit  belonging  thereto  the  times  of  passage 
may  have  given  values  as  already  mentioned ;  and  it  is  clear  that  the  required  position 
of  the  orbit-pole  may  be  obtained  as  the  intersection  of  two  spherical  curves ;  the  one 
of  them,  the   locus   of  those   positions  of  the   orbit-pole   for  which   the   time   of  passage 
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between  the  first  aod  second  points  on  the  orbit  has  its  proper  given  value  ;  the  other 
of  them,  the  locus  of  those  positions  for  which  the  time  of  passage  between  the  second 
and  third  points  on  the  orbit  has  its  proper  given  value :  and  in  connexion  therewith 
we  may  consider  other  isoparametric  loci  of  the  orbit-pole ;  for  instance,  the  iseccentric 
lines,  or  loci  of  the  orbit-pole  such  that  along  each  of  them  the  eccentricity  of  the 
orbit  has  a  given  value.  It  is  in  this  point  of  view  that  the  problem  is  considered 
in  the  present  memoir,  viz.,  the  object  proposed  is  the  discussion  of  the  configuration, 
&c.  of  these  loci.  I  consider,  in  the  first  instance,  any  three  given  rays  whatever; 
but  in  the  ulterior  discussion  of  the  spherical  curves,  which  it  is  difficult  to  carry  out 
otherwise  than  numerically,  I  have  confined  myself  to  the  case  of  a  particulai'  symmetrical 
position  of  the  three  rays ;  viz.,  these  are  taken  to  be  lines  each  of  them  at  an  inclination 
of  60"  to  a  fixed  plane  through  S,  and  such  that  their  projections  on  this  plane  form 
an  equilateral  triangle  having  S  for  its  centre,  and  that  each  ray  cuts  the  plane  in 
the  mid-point  of  the  corresponding  side  of  the  triangle. 

The  general  theory  as  above  explained  is  further  developed  in  the  memoir;  and 
I  consider  the  formulse  for  the  determination  of  the  orbit,  &e.  by  means  of  a  given 
trivector ;  those  relating  to  the  determination  of  the  trivector  obtained  as  above  by 
means  of  a  variable  plane  passing  through  a  given  point  and  intersecting  three  given 
rays;  and  lastly,  the  application  to  the  particular  system  of  three  rays  already  referred 
to.     The  Plates  refer  to  this  particular  system ;   they  are  as  follow : 

Plate  1.  General  Planogram  for  a  single  ray,  \ 

„      2.  Planogram  for  Meridian  90° — 270°,       See  Nos.  8^10  for  explanation 

3.  Planogram  for  Meridian     0° — 180",    I       of  the  terms  Planogram  and 

„     4.  Spherogram  for  the  Eccentricity,  Spherogram. 

„      5.  Spherogram  for  the  Time.  j 


Article  Nos.  1  to   14,     Considerations  on  the  Ge^wral  Theory. 

1.  As  explained  in  the  introduction,  we  have  a  point  or  focus  S,  and  three 
lines  called  the  "rays."  The  orbit-plane  is  any  plane  through  jS;  it  meets  the  rays  in 
three  points,  which  are  points  on  the  orbit ;  and  joining  these  with  S,  we  have  a 
"  trivector,"  The  orbit  is  for  the  present  considered  as  in  general  uniquely  determined 
by  means  of  the  trivector. 

2.  There  are  certain  critical  positions  of  the  orbit-plane. 

First,  the  orbit-plane  may  be  parallel  to  one  of  the  rays ;  or  (what  is  the  same 
thing)  it  may  pass  through  the  line  through  S  parallel  to  the  ray:  the  point  on  the 
ray  is  at  infinity ;  or  say  that  it  is  at  an  indefinitely  great  distance  in  one  direction 
or  in  the  other  direction  along  the  ray ;  and  (from  the  particular  way  in  which  the 
orbit  is  selected  as  one  of  four  conies)  there  is,  as  will  appear  (see  post,  No.  20),  a 
discontinuity  of  orbit  as  the  point  passes  from  the  one  to  the  otlier  of  these  positions. 

c.  VII.  51 
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3.  Secondly,  the  orbit-plane  may  be  parallel  to  two  of  the  raya;  or  (what  is  the 
same  thing)  it  may  pass  through  the  lines  through  S  parallel  to  these  two  rays ;  the 
points  on  the  two  rays  are  each  at  infinity ;  viz.  each  of  them  is  at  an  indefinitely 
great  distance  in  one  or  the  other  direction  along  the  ray;  and  there  is  a  discontinuity 
of  the  orbit  as  each  point  passes  from  the  one  to  the  other  of  its  two  positions. 

4  Thirdly,  the  orbit-plane  may  be  such  that  the  orbit  is  a  right  line.  To  see 
how  this  arises,  observe  that  we  may  consider  a  system  of  lines  meeting  each  of  the 
three  rays,  and  of  course  generating  a  hyperboloid ;  say  these  are  the  generating  lines : 
there  is  on  the  hyperboloid  another  system  of  lines,  say  the  directrix  lines,  in  which 
are  included  the  three  rays ;  the  point  S  is  not  on  the  hyperboloid.  Then,  if  the 
orbit-plane  pass  through  a  generating  line,  it  will  meet  the  three  rays  in  the  points 
in  which  these  are  met  by  the  generating  line :  and  the  orbit  is,  consequently,  the 
generating  line  (described,  as  being  a  right  line  not  passing  through  8,  with  a  velocity 
=  oo ).  Any  plane  through  yS  and  a  generating  line  also  meets  the  hyperboloid  in  a 
directrix  line ;  and  consequently  touches  it  at  the  intersection  of  the  two  lines,  viz. 
it  is  a  tangent  plane  of  the  hyperboloid.  The  planes  in  question  thus  envelope  the 
circumscribed  cone  whose  vertex  is  iS;  or  (what  is  the  same  thing)  when  the  orbit- 
plane  is  any  tangent-plane  of  this  cone,  the  orbit  is  a  right  line. 

5.  The  only  exception  is,  fourthly,  when  the  orbit-plane  passes  through  one  of 
the  rays.  Observe  that  the  plane  then  meets  the  hyperboloid  in  another  line,  that 
is,  a  generating  Hne,  or  the  case  under  consideration  is  included  in  the  third  case ; 
it  is  also  included  in  the  first  case.  The  point  on  the  ray  in  question  is  here  not 
a  determinate  point,  but  any  point  whatever  of  the  ray ;  the  points  on  the  other  two 
rays  being  (as  in  general)  determinate :  the  orbit  is  consequently  indeterminate ;  viz. 
to  any  point  selected  at  pleasure  as  the  intersection  of  the  orbit-plane  with  the  ray 
contained  therein,  there  corresponds  a  determinate  orbit  (in  particular,  the  selected 
point  may  be  such  that  the  orbit  is,  as  in  the  third  case,  a  right  line) ;  and,  corre- 
sponding to  the  position  in  question  of  the  orbit-plane,  we  have  the  entire  system  of 
such  orbits. 

6.  Consider  now  the  corresponding  positions  of  the  orbit-pole  on  a  sphere  described 
about  the  centre  S.  It  will  be  convenient  for  the  moment  to  attend  to  the  two 
opposite  positions  of  the  orbit-pole  belonging  to  any  position  of  the  orbit-plane,  and 
thus  to  regard  the  orbit-pole  as  moving  over  the  entire  spherical  surface.  The  parallel 
through  jS  to  a  ray  meets  the  sphere  in  two  points,  poles  of  a  great  circle  which  I 
call  a  "separator;"  we  have  thus  three  separators,  each  two  meeting  in  a  pair  of 
opposite  points  which  I  call  the  points  B\  viz.,  these  are  the  interaections  with  the 
sphere  of  a  line  through  S  perpendicular  to  the  plane  containing  the  parallels  of  the 
two  rays.  A  line  through  S  perpendicular  to  the  plane  through  a  ray  meets  the  sphere 
in  a  pair  of  opposite  points  which  I  call  the  points  A ;  these  lying  on  the  corre- 
sponding separator;  there  are  thus  three  pairs  of  points  A.  The  cone  reciprocal  to 
the  circumscribed  cone  (that  is,  generated  by  a  line  through  S  at  right  angles  to  any 
tangent  plane  of  the  circumscribed  cone)  meets  the  sphere  in  a  spherical  conic  which 
I  call  the  "regulator;"  this  touches  each  of  the  separators  at  the  pair  of  points  A 
on  such  separator. 
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7.  I  say  that  in  the  first  of  the  cases  above  considered  the  locus  of  the  orbit- 
pole  is  a  separator ;  in  the  secmid  case  the  orbit-pole  is  a  point  B ;  in  the  third  case 
the  locus  is  the  regulator;   and  in  the  fourth  case  the  orbit-pole  is  a  point  A. 

8.  In  the  absence  of  models,  the  spherical  figure  must  be  represented  by  a  pro- 
jection; the  stereographie  projection  is  convenient  for  facility  of  description;  and  it  has 
the  very  great  advantage  that  we  can  by  means  of  it  exhibit,  no  matter  how  large 
a  portion  of  the  spherical  surface.  In  the  figures  called  "  spherograms,"  afterwards 
referred  to,  the  representation  of  a  hemisphere  is  all  that  is  requii'ed;  but,  to  give  a 
more  distinct  general  idea,  I  annex  a  figure  representing  a  larger  portion  of  the 
surface;  the  data  are  those  belonging  to  the  particular  symmetrical  case  referred  to  as 
intended  to  be  specially  considered :  and  the  regulator  conic  is  accordingly  a  pair  of 
opposite  small  circles,  the  points  A  and  B  being  related  to  it  symmetrically ;  but, 
disregarding   these   specialities,  the   figure   is   adapted   to   the   illustration   of  the 


case  (at  least  if  the  point  iS  be  situate  within  the  hyperboloid),  and  it  is  here  given 
for  that  purpose.  The  circle  marked  "Ecliptic"  does  not  properly  belong  to  the  figure; 
it  is  added  as  showing  the  boundary  of  a  hemisphere,  so  that,  by  omitting  all  that 
lies  outside  this  circle,  the  figure  would  be  limited  to  the  representation  of  a  hemi- 
sphere ;  and  the  orbit-pole  be  in  every  case  represented,  no  longer  as  a  pair  of  opposite 
points,  but  as  a  single  point ;  we  should  have  the  separators  each  as  a  balf  circle,  and 
the  regulator  as  a  single  small  circle ;  the  separators  would  intersect  in  pairs,  in  the 
three  points  B,  and  would  touch  the  regulator  in  the  three  points  A,  &c. 

9.     The   figure   constructed   as   above,    but   omitting   so   much   of  it   as    lies   outside 
the   ecliptic   circle,   is   the   representation   of    a   hemisphere— say   of   the   northern   hemi- 
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sphere.  It  is  readily  seen  that  the  central  triangle  BBB  and  the  three  circumjacent 
triangles  BBB,  represent  also  the  half-snrface  of  the  sphere,  viz.,  instead  of  the  omitted 
portions  of  the  northern  hemisphere  we  have  the  equal  opposite  portions  of  the 
southern  hemisphere.  The  adoption  of  this  figure  as  the  representation  of  the  half- 
surface  of  the  sphere  has  the  great  advantage  that  the  spherical  curves  can  he  delineated 
without  the  apparent  breaks  which  would  otherwise  occur  at  their  intersections  with 
the  ecliptic  circle:  I  accordingly  adapt  it,  and  call  the  figure  in  question  (viz.,  that 
composed  of  the  four  triangles)  a  blank  "  spherogram."  We  wish  for  any  given  position 
thereon  of  the  orbit-pole  to  determine  the  values  of  certain  parameters  (eccentricity, 
latus  rectum,  time  of  passage  between  two  rays,  &c„  as  the  case  may  he) 
to  the  orbit,  with  a  view  to  the  subsequent  delineation  of  the  corresponding  isc 
metric  (iseccentric,  isochronic,  &c.)  Kncs,  so  constructing  a  "  spherogram "  for  any  such 
parameter,  or  system  of  lines. 

10.  It  is  for  this  purpose  convenient  to  consider  the  values  of  the  parameter 
corresponding  to  a  single  series  of  positions  of  the  orbit-pole,  viz.,  we  consider  the 
orbit-pole  as  describing  on  the  sphere  a  curve  selected  at  pleasure.  Consider  for  a 
moment  the  orbit-plane  as  a  material  plane  rigidly  connected  with  the  orbit-asis ;  the 
motion  of  the  orbit-pole  does  not  absolutely  determine  the  motion  of  the  orbit-plane, 
inasmuch  as  the  orbit-plane,  occupying  the  same  position  in  space,  might  rotate  about 
the  orbit-axis ;  but  if  we  exclude  any  such  motion  by  the  assumption  that  the  motion 
of  the  orbit-plane  is  always  about  an  axis  in  the  orbit-plane,  then  the  motion  of  the 
orbit-pole  determines  that  of  the  orbit-plane,  viz.,  the  orbit-plane  envelopes  a  cone,  the 
reciprocal  to  that  described  by  the  orbit-axis.  If  then  on  the  orbit-plane  in  each 
position  thereof  we  mark,  as  well  its  line  of  contact  ivith  the  enveloped  cone,  as  also 
its  intersections  with  the  three  rays,  we  obtain  a  figure  (which  may,  if  we  please,  be 
regarded  as  drawn  on  the  orbit-plane  in  some  particular  position  thereof),  such  figure 
consisting  of  a  series  of  trivectors,  and  (belonging  to  each  of  them)  a  line  through  S 
serving  to  fix  the  position  of  the  trivector  in  space.  The  locus  of  each  extremity  of 
the  trivector  is  a  certain  curve,  and  the  construction  establishes  a  point-to-point  corre- 
spondence between  these  three  curves ;  viz.,  to  any  point  on  one  of  them  there 
corresponds  on  each  of  the  other  two  a  single  point,  the  three  points  being  the 
extremities  of  a  trivector.  The  figure  would  be  rendered  more  complete  by  drawing 
the  orbit  belonging  to  each  trivector  thereof.  Such  a  figure  (with  or  without  the 
orbits)  is  termed  a  ' 


11.  The  most  simple  case  is  when  the  orbit-pole  describes  a  great  circle;  the 
orbit-plane  here  rotates  about  a  fixed  line,  the  axis  of  the  circle,  or  (what  is  the 
same  thing)  the  enveloped  cone  reduces  itself  to  this  axis  of  rotation ;  and  the  line 
of  contact  is  thus  a  fixed  line  in  the  orbit-plane;  or  (what  is  the  same  thing)  the 
lines  through  8  in  the  planogram  are  here  a  single  fixed  line,  the  axis  of  rotation. 
I  say  that,  for  each  extremity  of  the  trivector,  the  locus  is  a  hyperbola,  having  the 
axis  of  rotation  for  its  conjugate  axis.  In  fact,  attending  to  any  one  ray,  it  is  the 
same  thing  whether  the  orbit-plane  be  made  to  revolve  round  the  axis  of  rotation,  so 
as   continually   to    intersect    the    ray,   or   whether,   considering    the    orbit-plane    as    fixed. 
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and  the  ray  as  rigidly  connected  with  the  axis,  we  make  the  ray  to  rotate  about  this 
axis,  so  as  continually  to  intersect  the  orbit- plane.  But  in  this  last  case  the  ray 
describes  about  the  axis  a  hyperboloid  of  revolution,  and  the  orbit-plane,  as  an  axial 
plane,  meets  this  surface  in  a  hyperbola  having  the  axis  for  its  conjugate  axis ;  which 
hyperbola  is  the  required  locus  of  the  tri vector-extremity.  It  is  moreover  easy  to  see 
that  if  the  angle  of  position  of  the  variable  orbit-plane,  or  (what  is  the  same  thing) 
the  angle  of  position  of  the  orbit-pole  in  the  great  circle  which  it  describes  be  =$ 
(where  q  is  measured  from  any  fixed  plane  or  point),  and  if  the  coordinates  x'  and  y' 
he  measured  from  S  in  the  direction  of  and  perpendicular  to  the  axis  of  rotation, 
then  the  coordinates  of  the  point  on  the  hyperbola  are  expressed  in  the  form 
x'  =  a  -^  a  tan  (q  +  jS),  y'  ^h  sec  {q  +  0),  where  a,  a,  b,  0,  are  constants  depending  on  the 
position  of  the  ray  in  regard  to  the  axis  of  rotation :   see   as   to   this  post,  No.  49. 

12.  Considering  the  orbit-pole  as  describing  a  given  curve,  the  value  for  the 
several  positions  thereof  of  any  pai'ameter  of  the  orbit  may  be  exhibited  by  means 
of  a  "  diagram,"  viz.,  we  may  take  for  abscissa  any  quantity  serving  to  fix  the  position 
of  the  orbit-pole  on  the  described  curve,  and  for  ordinate  the  value  of  the  parameter  in 
question.  In  the  particular  case  where  the  orbit-pole  describes  a  great  circle  passing 
through  the  axis  of  the  stereogiuphic  projection,  and  which  is  consequently  in  the 
spherogram  represented  by  a  diameter  of  the  ecliptic  or  bounding  circle,  it  is  natural 
to  take  for  the  abscissa  the  distance  (from  the  centre)  of  the  representation  of  the 
orbit-pole ;  the  diagram  will  then  fit  on  to  the  diameter,  and  for  any  position  of  the 
orbit-pole  on  such  diameter  give  at  once  the  value  of  the  parameter  to  which  the 
diagram  relates. 

IS.  It  is  right  to  remark  that  the  construction  of  planograma  and  diagrams  is 
merely  subsidiary  to  that  of  the  spherograms ;  the  information  given  by  any  number 
of  planograma  or  diagrams  would  be  all  of  it  embodied  in  a  sphei'ogram  for  the  same 
parameter.  And  theoretically  the  construction  of  a  spherogram  is  a  mere  matter  of 
geometry;  for  a  given  position  of  the  orbit-pole  we  construct  the  trivector,  thence  the 
orbit,  and  in  relation  thereto  any  parameters  which  it  is  desired  to  consider ;  and  so, 
for  a  sufficient  number  of  points  on  the  spherogram,  determine  the  value  of  the 
parameter,  or  parameters;  and  lay  down  the  isoparametric  lines.  The  construction  of 
the  orbit  from  a  given  trivector,  and  in  particular  the  selection  of  the  orbit  as  one 
of  the  four  conies  given  by  the  trivector,  has  not  yet  been  explained;  in  connexion 
herewith  we  have  the  discontinuity  of  orbit  which  arises  when  the  orbit-pole  is  upon 
a  separator,  and  which  is  a  leading  circumstance  in  the  theory ;  imtil  it  is  gone  into, 
there  is  little  more  to  he  said  in  the  way  of  general  explanation  as  to  the  spherogram, 
or  the  isoparametric  lines  thereof. 

14.  It  may  however  be  noticed  that  for  any  parameter  whatever,  the  points  A  of  the 
spherogram  are  common  points,  through  which  pass  in  general  the  lines  belonging  to 
any  value  whatever  of  the  parameter;  the  reason  of  course  is  that  the  orbit-plane 
then  passing  through  the  ray,  and  the  orbit  itself  being  indeterminate,  the  value  of 
any  parameter  belonging  to  the  orbit  is  also  indeterminate.  Moreover,  for  some 
parameters    the    curve    belonging   to    any    particular    value    of    the    parameter    not    only 
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passes  through  the  points  A,  but  passes  through  eafh  point  twice,  or  (what  is  the 
same  thing)  has  each  of  the  points  A  for  a  nodal  point;  when  this  is  so,  then  it 
is  to  be  further  observed  that,  for  certain  vahies  of  the  parameters,  they  will  be 
a«nodal  points,  properly  belonging  to  the  curve,  although  there  is  not  any  real  branch 
of  the  curve  passing  through  the  points  A  ;  for  others  they  will  be  crunodal  points, 
with  two  real  branches  through  each ;  and  in  the  transition  between  the  two  cases 
they  ivill  be  cuspidal  points  on  the  isoparametric  curve ;  it  will  appear  in  the  sequel 
that  this  is  really  the  case  in  regard  to  the  iseccentric  lines. 


Article  Nos,  15  to  30.     Determination  of  the  Orbit  from  a  given  Trivector. 

16.  With  a  given  point  S  as  focus,  and  through  three  given  points,  that  is  with 
a  givcD  trivector,  there  may  be  described  four  conies.  This  appears  from  the  general 
theory  according  to   which  a  given  focus  is  equivalent   to  two   given   tangents;   and  also 


rig.  2. 


from   the   geometrical   construction,  Priticipia,  book   i.   sect.   4;   Scholium   to   Prop.  XXI.: 
viz.  given  the  focus  8  and  the  points  1,  2,  3,  then  if 


On  23  we  find  a  so  that  a  2 
„     31       „  h       „  13 


aS  =  S2  :  SS, 
bl  =  S3  :  Si, 
c2  =  Sl  -.8  2, 


the  points  a,  b,  c,  are   each   of  them   on   the   directrix,  so  that   any  two  of  them   deter- 
mine  the   directrix.      In    the    figure   (as   in    Newton's)   the    distances    iSl,   jS2,   S3,   art 
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each  regaixied  as  positive,  but  the  very  same  construction,  taking  two  of  the  distances 
each  as  positive  and  negative  successively,  would  lead  to  three  other  positions  of  the 
directrix ;   or  the  construction  would  give  in  all  four  conies, 

Ifi,  In  the  figure  the  directrix  lies  on  the  same  side  of  the  three  points ;  and 
the  conic  is  thus  an  ellipse  or  parabola,  or,  if  a  h3rperbola,  then  the  three  points  lie 
in  the  same  branch  thereof;  and  it  is  consequently  an  orbit  such  that  along  it  a 
body  can  pass  through  the  three  points  successively.  The  construction  as  varied  would 
give  in  each  case  a  directrix  having  on  one  side  of  it  one,  and  on  the  other  side 
two,  of  the  three  points ;  so  that  the  conic  would  be  a  hyperbola  having  the  three 
points  not  on  the  same  branch  thereof;  consequently  it  would  not  be  an  orbit  such 
that  along  it  a  body  could  pass  through  the  three  points  successively. 

And  it  thus  appeal's  that  though  the  trivector  really  determines  four  conies,  yet 
it  is  only  one  of  these  in  which  the  directrix  lies  on  the  same  side  of  the  three 
points ;  and  this  conic  I  call  the  "  orbit ; "  the  given  trivector  thus  determines  a  single 
orbit, 

17.  It  is  to  be  noticed  however  that  the  orbit  constructed  as  above  may  be  a 
hyperbolic  branch  separated  by  the  directrix  from  the  focus  S,  and  consequently  convex 
to  the  focus  jS;  viz.,  the  three  points  lie  here  in  a  hyperbolic  branch  convex  to  S, 
and  which  is  therefore  not  an  orbit  which  can  be  described  under  the  action  of  an 
attractive  force  at  S:  say  we  have  a  "convex  orbit."  I  regard  this  as  a  real  orbit, 
but  the  times  of  passage  therein  as  imaginary,  or  rather  as  non-existent,  and  the  case 
is  thus  excluded  from  consideration  in  the  formula  and  figures  which  relate  to  the 
times  of  passage. 

18.  The  same  results  are  established  analytically  in  a  very  similar  manner,  viz., 
taking  the  focus  for  origin  and  starting  from  the  focal   equation 

r^Ax  +  By  +  C; 

then   if  we  take  (x^,  y,),  (x^,  y^),  («3,  yi),  as   the   coordinate* 
and  write 

r,  =  "Ja^  + !/,',     r.i  =  "Jxi  +  y.^,    r^  =  wa 

we  have  for  the  determination  of  the  constants 

n  =  Ax,  +  By,  +  0, 

Ts  =  Ax,  +  By^  +  G, 

n  =  Ax^  +  By,  +  0, 
and  the  equation  therefore  is 


of    the   three   given   points 


x^,    y^,     I 
^.,    y.,    1 


Hosted  by 


Google 


408  ON    THE    DETERMIXATION    OF    THE  [476 

which,   attributing   therein   to   r,,   r„   r^,  the   signs  +,   —   at    pleasure,   represents    eight 

different   equations :    these   however   give  only  four  conies,  viz.,  we   have  the   same  conic 

whether   we    attribute   to   )■,,  r^,  r,,  any  particular  combination   of  signs,   or  reverse   all 
the  signs  simultaneously. 

19.     But  the  focal  equation  r=A(K  +  Bi/+C  is  precisely  equivalent  to  the  equation 


1  +eeos{^  —  kt)' 

and  in  this  equation  (taking  as  is  allowable  p  as  positive)  then  if  +e  be  =  or  <  1. 
that  is  for  an  ellipse  or  parabola  whatever  be  the  value  of  ^  —  cr,  r  is  always 
positive ;  but  if  ±  e  be  >  1,  that  is  for  a  hyperbola,  r  is  positive  for  those  values 
of  d—Tir  which  belong  to  one  branch,  negative  for  those  which  belong  to  the  other 
branch,  of  the  curve.  Hence  in  the  determinant  equation,  unless  ^i,  r^,  rj,  have  the 
same  sign,  the  curve  will  be  a  hyperbola  with  the  points  two  of  them  on  one  branch, 
the  third  on  the  other  branch  thereof  But  in  the  remaining  case,  when  )■,,  r^,  r,, 
have  all  the  same  sign,  or  saj^  when  they  are  all  positive,  then  the  conic  is  an  ellipse 
or  parabola,  or  else  it  is  a  hyperbola  with  the  three  points  on  the  same  branch 
thereof;  that  is,  the  foregoing  determinant  equation,  regarding  therein  r-i,  r..,  r^,  as  all 
of  them  positive,  gives  the  orbit. 

20.  When  one  of  the  points  is  at  infinity  on  a  given  line  there  is  a  discontinuity 
of  orbit.  To  explain  this,  suppose  that  the  point  (k,,  y,)  is  situate  on  the  line 
i/=aitana,  at  an  indefinitely  great  distance  Vi  in  one  or  the  other  direction  along  the 
line;  viz.,  r,  is  an  indefinitely  large  positive  quantity,  and  we  have  in  the  one  case 
^i>  ^i  =  »'iCosa:,  risina;  and  in  the  other  case  x,,  !f,=  — r,cosa,  — riSina:  the  con'C- 
[  equations  of  the  orbit,  putting  therein  ultimately  r,  =  +  v:> ,  are 

X,  )/,     1     =  0,  I  r ,  x,  V,     1  ,  =  0, 


x.,,         y._,     1  r„  x.„  y„      1   j 

*'3.  ^3^        1     i  I     ''at  ^31  3/si        1 

which  equations  belong,  it  is  clear,  to  two  distinct  conies;  or  as  the  point  {x^,  y^ 
passes  from  a  positive  to  a  negative  infinity  along  the  given  line,  there  is  an  abrupt 
change  of  orbit.  It  is  proper  to  remark  that  the  two  orbits  are  the  very  same  as 
would  be  obtained  by  writing  «!,  i/i  =  riCosa,  ^isina,  ri  =  +  x  and  ri  =  — ao  in  the 
determinant  equation :  that  is,  the  orbit  passes  abruptly  from  one  to  another  of  the 
four  conies  which  belong  to  the  position  (x-^,  i/,),  and  we  thus  understand  how  the 
transition  from  +  cc  to  —  cc  ,  which  is  geometrically  no  breach  of  continuity,  occasions 
in  the  actual  problem  a  discontinuity. 

21.  The  same  thing  appears  from  the  geometrical  construction ;  and  we  derive  a 
further  result  which  will  be  useful.  Suppose  first  that  the  point  1  is  at  infinity  in 
the  direction  shown  by  the  arrow;  then  drawing  2c  =  2iS  and  36  =  3S  each  in  the 
direction   opposite   to   S 1,  we   have   the  points   h,  c   on   the   directrix,  which   is  thus  the 
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line  D  joining  these  pc 
direction,  then  instead  c 
B'  joining  these  points. 


line   D  joining  these   points.     But   if  1   is   at  infinity  on   the   same  line  in  the  ( 
direction,  then   instead   of  c,  h   we   have   the   points   c',  h\  and   the  directrix  is   the  line 


22.  Observe  that  in  the  first  case  the  focus  S  and  the  three  points  are  on 
opposite  sides  of  the  directrix  D,  or  the  orbit  is  convex;  but  in  the  second  case  the 
focus  S  and  the  three  points  are  on  the  same  side  of  the  directrix  U,  and  the  orbit 
is  concave.  That  is,  the  line  S,  does  not  separate  the  two  points  2,  3,  and  the  orbits 
are  the  one  convex,  the  other  concave, 

23.  But  if  1  be  at  infinity  along  the  line  yS{l)  first  in  the  direction  shovm  by 
the  arrow,  and  then  in  the  opposite  direction ;  in  the  first  case  the  directrix  is  {D) 
not  separating  the  focus  8  from  the  three  points,  and  the  orbit  is  concave ;  in  the 
second  case  the  orbit  is  {I/),  not  separating  S  from  the  three  points,  and  the  orbit 
is  still  concave;  here  the  line  S{1)  does  separate  the  points  2,  3,  and  the  orbits  are 
both  concave. 

24.  Aud  we  thus  see  in  general  that  as  the  point  1  passes  from  a  positive  to 
a  negative  infinity  along  a  line  passing  through  S ;  then,  according  as  the  line 
through  8  does  not  or  does  separate  the  remaining  two  points  2,  3,  the  orbits  corre- 
sponding to  the  two  positions  of  1  are  the  one  convex,  the  other  concave,  or  they 
are  both  concave, 

25.  The  points  1  and  2  may  be  each  of  them  at  infinity  along  a  given  ray;  wc 
have  here  in  a  similar  manner  «i,  yi^ncosOi,  riSinOi,  or  else  =  — T-jCosai,  — r,sinai, 
where   r,   is   an  indefinitely  large  positive  quantity;   and  x,;,,  y.i  =  ncosas,  rssma^,  or  else 

o.   VII.  52 
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=  — rjcoso,,  — rssinoj,  where   r^  is   an  indefinitely  large  positive   quantity.     And  writing 
ultimately  r,  =  +  x> ,  r^  =  +  =o ,  the  equation  of  the  orbit  is  obtained  in  the  form 


+  sin  a 

±  sin  a 


where  the  +  of  the  second  line  and  the  +  of  the  third  line  have  each  of  them  the 
value  +  or  —  at  pleasure.  There  are  consequently  four  distinct  orbits,  corresponding 
to  the  combinations  of  each  of  the  two  directions  of  the  point  1  with  each  of  the 
two  directions  of  the  point  2.  And  it  is  moreover  clear  that  these  are  the  very  conies 
which  are  obtained  from  the  determinant  equation  by  writing  therein  w^,  yi  =  r, eosai, 
fiEina,;  oj^,  y^  —  r^cosa^,  rssinMs  and  j'i=  +  od,  — x;  r^^  +  x,  —  oo  successively;  viz., 
the  orbit  changes  abj-uptly  between  the  four  conies  which  correspond  to  the  given 
position  of  the  points  1,  2,  3. 

Fig.  4. 


2t).  The  geometrical  construction  is  very  simple  indeed;  viz.,  measuring  off  from 
3  in  the  directions  81,  8  2,  and  in  the  opposite  directions  respectively,  a  distance 
=  jS3,  we  have  four  points,  the  angles  of  a  rectangle;  and  joining  these  in  pairs,  we 
have  -  the  four  positions  of  the  directrix ;  the  figure  shows  at  once  that  the  orbits  are 
three  of  them  concave,  the  remaining  one  convex. 


27.     The  determinant  equation  obtained  for  the  orbit  is  an  equation  of  the  form 

r^Ax  +  By  +  G; 

and  it  is  clear  that  the  equation  of  the  directrix  is  Ax  +  By  +  G  ~  0.  By  what 
precedes,  this  line  will  lie  on  the  same  side  of  the  three  points ;  viz.,  cither  it  does 
not  separate  them  from  the  focus,  and  the  orbit  is  then  concave,  or  it  does  separate 
them  from  the  focus,  and  the  orbit  is  then  convex.  Although  in  general  the  sign  of 
G  is   no   criterion   (for   the    equations    r  —  Aw  +  By  +  G  and    r  —  —  Ax—By  —  G  represent 
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the  same  curve)  yet  in  the  present  case  it  is  so;  for,  observe  that,  in  taking  r-^,  r^,  r^ 
each  of  them  positive,  we  make  r  to  be  positive  for  the  orbit,  that  is,  for  the  entire 
curve  if  an  ellipse  or  parabola,  but  for  the  branch  containing  the  three  points  if  the 
curve  is  a  hyperbola.  Hence,  considering  the  radius  vector  through  S  parallel  to  the 
directrix,  this  is  positive  for  a  concave,  negative  for  a  convex  orbit ;  or  writing 
Ax  +  By  =  0,  we  have  r  =  G  positive  for  a  concave,  negative  for  a  convex  orbit ; 
wherefore  the  orbit  is  concave  or  convex  according  as  G  is  positive  or  negative. 

28.  Comparing  the  equation  with 

r  —  e{a)  cos  w  +  ysinzy}  +  a(l  —  e^), 
we  see  that  the  eccentricity  and  semiaxis  major,  taken  to  be  each  of  them  positive,  are 

{+ C  or  —C,  according  as  e<l  or  e>l);  and  inasmuch  as  the  focus  and  directrix; 
are  known,  there  is  no  ambiguity  as  to  the  position  of  the  orbit :  it  may  be  added 
that  the  coordinates  of  the  centre  are  given  by 

{A^-l)a:+AB  i/  +  ^C=0, 

AB     a:  +  (IP-l)y  +  BG  =  0, 

that  is,  we  have  for  the  coordinates  of  the  centre 

-   ^^  fiC 

^     i-A^-:^'  ^     l-A'-B'' 
and  thence  also 

2^C   __  2BC 

'^~l-A-'~-''B'-  ^^~l-A'-B' 

for  the  coordinates  of  the  other  focus. 

29.  But  to  effect  the  comparison  rather  more  precisely  it  is  to  be  observed  that 
a,  e  being  positive,  then  for  a  concave  orbit,  if  X  be  measured  from  the  focus  in  the 
direction  away  from  the  directrix,  we  should  have 

r  =  eX  +  a{l  —  e-) 

(+  for  the  ellipse,  —  for  the  hyperbola,  so  that  ±  a(l  —  ^)  is  positive) ;    whence 

e  =  VA'^  +  B^    X  =  ^^±a',     a  =  ^-^^ 
■^A'  +  B'  l-A-'-B' 

(by  what  precedes,  C  is  =  +,  so  that  the  formula  gives  as  it  should  do  «=+). 

And  similarly  for  a  convex  orbit,  if  X  be  measured  in  the  direction  towards  tk<.: 
directrix,  we  should  have 

r  =  eX~a{e'-l); 

.52—2 
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whence 

V^ii  +  ^s'  ^^  +  ^-1' 

where  by  what  precedes  G  is  =  — ,  and  the  formula  gives  as  it  should  do  a  =  +  . 

30.  It  is  not  necessary  for  the  purpose  of  the  present  memoir,  but  I  notice  an 
elegant  form  of  the  polar  equation  of  the  orbit  belonging  to  a  given  triveetor;  viz., 
taking  (r,  d)  as  polar  coordinates,  and  therefore  (r,,  6,),  {r^,  0^),  (r^,  0,),  as  the  ( 
of  the  given  points,  the  equation  of  the  orbit  is 

In  feet,  it  is  cleai-  that  this  is  an  equation  of  the  form 

l  =  (a,  0,  7)(sini^,  cosher; 


that  is  of  the  form 


^  \  cosd  +  fi  sinff  +  v 


and  that  it  thus  represents  a  conic  with  the  given  focus ;  and  moreover  that  the 
equation  is  satisfied  by  writing  therein  (j-i,  ^i),  (r^,  9^),  or  (ts,  da),  in  place  of  (r,  0); 
that  is,  the  conic  passes  through  the  three  given  points.  The  foregoing  remarks  as 
to  the  signs  of  r,,  r^,  r^,  apply  without  alteration  to  this  polar  equation. 

Article  Nos.  31  to  41.     Time  Formidce;   Lambert's  Equation. 

31.  Suppose  for  a  moment  that  the  orbit  is  an  ellipse;  as  the  ellipse  may  be 
described  in  either  direction,  the  time  of  passage  between  any  two  points,  1  to  2,  or 
2  to  1,  indifferently,  may  be  regarded  as  positive.  With  only  two  points  1,  2,  we 
might  pass,  say  from  1  to  2,  in  either  direction  along  the  ellipse,  and  the  time  of 
passage  would  have  ambiguously  either  of  two  positive  values.  In  the  case  however 
where  we  have  on  the  ellipse  three  points,  1,  2,  3,  this  ambiguity  is  avoided;  viz.,  it 
is  assumed  that  the  passage  between  any  two  of  the  points  is  along  the  elliptic  arc 
which  does  not  contain  the  third  point ;  the  three  times  of  passage  are  thus  all  of 
them  positive,  and  their  sum  is  equal  to  the  periodic  time,  or  time  of  describing  the 
entire  elbpse. 

32.  But  if  the  orbit  be  a  parabola  or  concave  hyperbolic  branch,  then,  if  the 
points  taken  in  their  order  of  position  along  the  orbit  be  1,  2,  3,  we  have  in  like 
manner  a  positive  time  of  passage  between  1  and  2,  and  also  a  positive  time  of 
passage  between  2  and  3 ;  but,  inasmuch  as  there  is  no  passage  between  1  and  3 
except  through  2  (which  mode  is  excluded  from  consideration),  I  say  that  there  is  no 
time  of  passage  between  1  and  3;  and  so  consider  only  two  times  of  passage;  viz., 
between  1  and  2,  and  between  2  and  3. 

33.  In  the  case  of  a  convex  hyperbolic  branch,  since  this  cannot  be  described  under 
the  action  of  an  attractive  force,  there  is  not  any  time  of  passage  to  be  considered. 
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In  the  transition  case  of  a  right  line  not  passing  through  the  focus,  since,  as 
mentioned,  the  velocity  is  infinite,  if  the  order  of  the  points  on  the  Hue  is  1,  2,  3, 
the  times  of  passage  from  1  to  2  and  from  2  to  3  are  each  =  0 ;  and  these  are  the 
only  times  of  passage  which  are  to  be  considered. 


34.  The  preceding  conventions  are  of  course  to  be  attended  to  in  the  application 
of  any  formula  to  the  calculation  of  the  times  of  passage  between  ^ven  points  of 
the  orbit ;  in  the  case  of  a  parabolic  or  hyperbolic  orbit  we  have  only  to  ascertain 
which  are  the  two  times  of  passage  to  be  calculated ;  but,  in  the  ease  of  an  ellipse, 
we  must  take  care  that  the  time  of  passage  between  each  two  of  the  three  points  is 
calculated  along  the  arc  not  containing  the  third  point ;  viz.,  it  is  in  some  cases  to 
be  calculated  through  the  angle  <  tt  between  the  two  radius  vectors,  and  in  other 
cases  through  the  angle  >  tt  between  the  two  radius  vectors ;  or,  more  simply,  the  time 
to  be  calculated  is  sometimes  the  longer,  and  at  other  times  the  shorter  time  of  passage. 

35.  For  the  purpose  of  the  present  memoir  the  unit  of  time  is  so  fixed  that 
the  periodic  time  in  a  circle  radios  1  shall  be  equal  3.  The  period  in  a  circle  or 
ellipse,  radius  or  semiasis  major  —a,  is  thus  =  3a%  and  generally 

~.  3  Area 

Time  =  -  ,  — =^_.-  . 

"■   v^  latus  rectum 

The  time  formula  are  first  the  ordinary  ones  in  which  the  time  from  pericentre 
is  expressed  in  terms  of  an  angle  (the  eccentric  anomaly  for  an  ellipse  or  hyperbola, 
true  anomaly  for  the  parabola) ;  secondly,  Lambert's  formulje,  in  which  the  time  between 
any  two  points  on  the  orbit  is  expressed  by  means  of  the  two  radius  vectors  and  the 
chord. 

36.  The  first  set  of  formulie  may  be  written : 

Ellipse,  u,  the  eccentric  anomaly  from  pericentre,  viz.  x=a(<:o&u  —  e),  7/=a\^l— e'sinw, 
if  x,  y,  are  the  coordinates  from  the  focus,  x  measured  in  the  direction  towards  the 
directrix. 

Time  from  pericentre  =  -  a*  (zt  —  e  sin )(). 

Parabola.     0,    the   true   anomaly,   viz.,  r=psec^^^,  if  p   he   the   pericentric   distance 

or  i -latus  rectum. 

3   »* 
Time  from  pericentre  —--  ■—  (tan  \B  -\-^  tan' |  $). 

Hyperbola ;  concave  branch,  u,  the  eccentric  anomaly  from  pericentre,  viz., 
ic  =  a  (see  w  —  e),  ^  =  a  v  e'^  —  1  tan  m,  if  «,  y  are  the  coordinates  from  the  focus,  a;  measured 
in  the  direction  away  from  the  directrix. 

Time  from  pericentre  =  ^—  [e  tan  u  -  hyp.  log  tan  (Jtt-i-  ^  u)], 

and  by  taking   the   sum    or  the   difference    of  two   of  these   expressions,  we   obtain   the 
time  of  passage  between  two  given  points  of  the  orbit. 
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37.  I  remark  that  as  to  the  elliptic  and  parabolic  orbits,  I  have  preferred  using 
Lambert's  equations,  and  I  should  have  done  the  same  for  the  hyperbolic  orbits,  but 
for  the  absence  of  a  table  (see  post.  No.  39).  As  it  is,  for  the  few  hyperbolic  orbits 
which  it  was  necessary  to  calculate,  I  have  used  the  foregoing  formula('):  a  table  of 
hyp.  log  tan  (Jtt  +  Im),  i(  =  0°  to  w  =  90°,  at  intervals  of  30'  to  12  places  of  decimals,  with 
fifth  differences  is  given,  Table  IV.  Legendre,  Traite  des  Fonctions  EllipUqties,  t.  ii. 
pp.  256—259. 

38.  The  other  set  of  formula;  may  be  written  : 
Ellipse,     r,  /  the  radius  vectors,  7  the  chord. 

2(t  cos  ;;^  =  2o  —  r  —  r'  —  7,  2a  cos  ;:^'  =  2a  —  r  —  r'  +  7. 

Time  =  ^<^^ix-  x'-sinx  +  sin^'). 

Parabola,     r,  r',  7,  ut  siiprd,; 

Time  =  ^  [(t  +  r'  +  7)?  -  (r  +  r-  -  7)* }. 

Hyperbola, 

2a  cosh  X  =  2a  +  r  + 1''  +  7,         2a  cosh  ;^  =  2ce  +  r  +  r'  —  7. 

Time  =  ^3—  c^  (—  X  +  x'  +  ^^"'^  X  ~  ^^^^  %')' 
where  cosh,  sinh,  denote  the  hyperbolic  cosine  and  sine  of  'x,,  viz. : 
cosh  X  =  i  (e^*  +  e-"),         sinh  x  =  \{ex~  e-^). 

39.  The  logarithms  (oi'dinary)  of  the  functions  cosh  %,  sinh^.  iuid  of  tanh  ^  are 
tabulated  by  Gudermann,  Grelle,  tt.  viir.  and  IX.  from  ^  =  2'000  to  ^  =  S'OO  at  intervals 
of  '001  and  subsequently  of  '01  to  eight  places  of  decimals.  I  do  not  know  why  the 
tabulatioQ  was  not  commenced  from  x  =  0,  but  the  omission  from  them  of  the  values 
0  to  2  rendered  the  tables  unavailing  for  the  present  purpose,  and  I  therefore,  for  the 
hyperbolic  orbits,  resorted  to  the  first  set  of  formulae. 

40.  As  regards  the  elliptic  formnlte  it  renaains  to  be  explained  how  the  values 
of  %,  x'  ^""^  t**  ^^  selected  from  those  which  satisfy  the  required  conditions 


It   is   remarked  in  Gauss'  Theoria  Mot4s,  p.  120,  that  %  is  a  positive  angle  between 
0°   and   360" ;   x'  ^  positive   or  negative  angle  between  + 180°,  —  ISO",  viz.  ^   is  positive 

1  I  rather  regret  tlmt  I  did  not  use  the  foi-egoing  lormulie  iu  all  eases. 
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or  negative  according  as  the  angle  between  the  two  radius  vectors  is  <  180^  or  >180^. 
This  determines  j^,  but  it  is  said  that  jj;  is  really  indeterminate ;  viz.  it  is  bo  if  only 
the  values  r,  r',  y,  a,  are  given,  for  there  are  then  two  orbits  in  which  these  quantities 
have  their  given  values,  and  the  times  in  these  have  different  values.  But  when,  as 
in  the  case  here  considered  the  orbit  is  known,  ■^^  will  of  course  have  a  determinate 
signification,  and  it  is  easy  to  explain  how  this  is  to  be  fixed.  I  observe,  in  the  first 
place,  that  if  X  =  ■"■  we  have  7  =  (2a  —  r)  +  (2ti  —  /),  that  is,  the  chord  y  passes  through 
the  other  focus  of  the  ellipse.  The  criterion  thus  depends  on  the  position  of  the  two 
points  on  the  ellipse  in  relation  to  the  other  focus,  and  it  is  easy  to  see  that  it  is 
as  follows :  viz.  let  the  time  between  the  points  1,  2,  on  the  clhpse  be  understood 
to  mean  the  time  of  passage  from  1  through  apocentre  to  2 ;  then  I  say  that,  in  the 
preceding  formula 

Time  =  2"  a^  iX'X  ~  ^"^  X  +  sin  x'), 

•^  will  be  <  180°  or  >  ISO"  according  as  the  chord  from  1  through  the  other  focus  H 
does  not  or  does  separate  the  point  2  from  the  focus  yS. 

41.  It  is  hardly  necessary  to  remark  that  in  the  application  of  the  formulte, 
X,  %  must  be  reckoned  according  to  their  lengths  as  circular  arcs  to  the  radius  unity : 
a  table  for  the  conversion  of  degrees  and  minutes  to  such  circular  measure,  is  given 
in  most  collections  of  Trigonometrical  Tables. 


Article  Nos,  42  to  45.     Formulce  for  the  Trannforination  between  tim  sets  of  Reckingular 
Axes. 

42.  Consider  an  arbitrary  set  of  fixed  rectangular  axes,  Sx,  Sy,  Si,  which  are  con- 
sidered as  intersecting  the  sphere,  centre  S,  in  the  points  X,  Y,  Z,  and  so  the  axes 
Sx,  Sy',  S^,  afterwards  defined  are  considered  as  intersecting  the  sphere  in  the  points 
X',  Y',  Z'.  For  convenience  8x  is  considered  as  an  origin  of  longitudes,  which  are 
measured  in  the  plane  of  xy  in  the  direction  towards  y ;  and  an  angular  distance 
from  Bz  is  termed  a  polar  distance  or  colatitude ;  so  that  the  position  of  any  line 
through  jS,  or  point  on  the  sphere,  will  be  determined  by  its  longitude  h  and  colatitude  c. 

43.  It  is  wished  in  the  sequel  to  made  the  orbit-pole  revolve  about  an  arbitrary 
line  Sx',  and  for  this  purpose  I  take  the  new  set  of  rectangular  axes,  iSa;',  Sif,  8^, 
or  points  on  the  sphere  X',  Y',  Z ,  as  follows, 

X\  longitude  G,  colatitude  90°  +  N. 

Y'Z',  is  then  a  great  circle,  pole  X',  meeting  ZX'  in  a  point  11,  longitude  G,  colatitude 
N,  and  the  position  of  Z'  in  this  great  circle  is  fixed  by  its  distance  from  II,  IIZ'^H, 
the  distance  of  Y'  being  IIF'=  90"  4--ff,  and  these  being  each  of  them  reckoned  from  11 
in  the  direction  of  longitude  X  to  Y.  The  position  of  the  new  axes  Sx',  Sy',  Ss", 
or  points  X',  Y',  Z',  is  thus  fixed  by  means  of  the  three  angles  (?,  N,  H. 
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It  is  to  be  added  that  if  the  angle  X'ZZ'  is  called  q,  and  if  h,  c,  are  the 
iongitude  and  colatitude  of  Z',  then  we  have  sin  JV  =  cot  5  tan  iT,  which  gives  q,  and 
then 

b  =  G  +  q 
cos  C  =  COS  ^cos  H. 


44.     The  transform ation- form  ulse  between  the  two  sets  of  axes  are  at  once  found  to  be 


X 

Y 

Z 

JT' 

COS  (?  cos  A' 

in  Co 
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-siiij\r 

Y' 
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,11, 
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which  are  for  shortness  represented  by 
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Z 

X' 

' 

P 

T 

T 

' 

II 

i 

Z' 
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y" 
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45      In   the   particular   case  where   Saf   is   in   the  plane   of  xy,    JV=0;   11   coincides 

with    Z,    and    the    longitude    and    colatitude    of    Z'  are    6  =  (?  +  90",    c^H.     Writing 

accordingly   in    the    formula   N  =  0,    and    introducing  6,   c    in    the   place   of  Q,   H,    the 
formula  hecome 


X 

r 

Z 

X' 

ain6 

-cos£ 

0 

7- 

cos  h  cos  c 

sin  h  cos  0 

-in. 

Z' 

,„.ui„. 

™6.in. 

CO., 

and    in   particular  if  c  =  0,  {S^  here  coincides  with  &,  and   the  axes  Sx' ,  Sy\  are  in  the 
plane  of  a^)  then  we  have  simply 


X 

r 

Z 

X' 

ml 

-CO.,, 

0 

Y' 

„„.» 

.™. 

0 

Z' 

0 

0 

1 

Article  Nos.  46  to  60.     Application  to  finding  the  Intersection  of  the  Orbit-plane  by  a 
Single  Ray. 

46.     The  equations  of  the  ray  refen'ed  to  the  fixed  axes  are  taken  to  be 

IC--A     y-B     z-C  „ 

— ^=^— -  -=— ij— .   =-"  suppose, 

x  =  A  +  M, 

z^C  +  Rh, 

and   if  in   the   foregoing   formula  the   point   Z'  is  taken  to   be  the  orbit-pole  (longitude 

b=Gi-  90",    and    colatitude    c  =  cos~^  cos N cos H    as    above)    then    the    equation    of   the 

c.    VII.  53 


or,  what  is  the  same  thing. 
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orbit-plane  is  si  =  0,     We   have   therefore   merely  to  transform  the   equations  of  the  ray 
to  the  new  axes  by  writing  for  w,  y,  z,  the  values 

ax'  +  a' J/'  +  d'z', 

1^'  +  iy'  +  i'^', 

and   then   putting  z  =  0,  we  find   x ,  ij ,  tbe   coordinates  in   the   orbit-plane  of  its   inter- 
sections with  the  ray. 

47,     The  equations  thus  become, 

a  a:'  -I-  a  ;/'  -  ^  -  iSf  =  0, 

or,  what  is  the  same  thing,  we  have 


1 

a, 

«■, 

!, 

^ 

A 

e. 

g, 

-B  i 

7. 

i'  ■ 

i, 

C  i 

a,  a',  f,  ^ 
A  A.  g,  -B 
7,    7',      h,    0 


a,     a',     t,      A 


7,     7',     h,      C 


",     (,     A      :  - 
A,     g,     B 
7'.     h.     C 


f,  a,     a- 

g.  /3.     /S- 


a,     a',     f,     4 
■  A    A,    g,    J! 

!  7,     7',     h,     (7 

a,     f,     ^   :  :  -  \A,     a,     a' 

0,     g,     B   \  \  B,    ^,     0' 

y,     h,     C    \  \  C,     7,     y 

In  these  formula  we  have  identically 

^y  —  j3'y,     7a'  — 7'a,  aff  —  a'^^a",  /3",  7", 
and  if  we  write  moi'eover 

a,  b,  e,  =  Cg  -  £h,  Ah  -  (7f,     fif-  Ag, 

(whence  identically  af-|-l)g4-ch  =  0,  and  where  (a,  b,  c,  f,  g,  h)  arc  the  "six  coordinates" 
of  the  ray),  then  we  have  the  very  simple  fomiulie 

=  (a,  b,  cja',  p;  J)  :  -(a,  b,  cja,  A  7)  ■  (^,  -S.  OJa",  A'.  7")  :  (C  g.  tja",  A',  7"), 

ot  omitting  (as  not  required  for  the  present  purpose)  one   of   the   proportional   terms,  we 
have 

x'  -.y'  :  l  =  {a,  b,  cga,  0',  y')  :  -(a,  b,  cja,  0,  y)  :  (f,  g,  h$a",  ^",  7"), 

which  are  the  required  expi-essions  for  the  coordinates. 
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48.  Consider  in  the  equations  just  obtained  the  axis  of  «'  as  fixed  but  H  as 
variable;  that  is,  let  the  orbit-pole  Z'  describe  a  great  circle  about  the  fixed  pole  X' 
(longitude  G,  colatitude  90"  +  iV).  We  have  of,  y,  1,  proportional  to  linear  functions  of 
&in  H,  cosfl;    viz.,  writing  for  shortness 

Xfl  =  —  a  sin  (?  +  b  cos  G, 
X,  =  (-  a  cos  (?  -  b  sin  G)  sin  iV  -  c  cos  N, 
F«  =  (-  a  cos  G  -  b  sin  (?)  cos  i\^+  c  sin  N, 
"ir,  =  (    f  cosG+gsinG)sinJV  +  hcosi\^, 
lf,  =  {-fsinG+gcos(?), 
we  have 

,     X,  cos  fl  +  Xg  sin  H 


IF.cosJJ+r.siriJ?' 

V'- 

Y. 

W,m»H+W,mH- 

y,' 

1         .           II'.      1    . 
--cosA,         -^---si 

X, 
Y.' 

=  —  cos  A  -  cot  S  sin  A, 

Y',' 

=  —  sin  A  +  cot  S  cos  A, 

X„cosA  +  X,sin 


and  we  then  very  easily  find 


and  thence  also 


ic'  =  ;  +  m  cot  S  tan  (^  -  A), 
y'=  msec(^-A), 

y"^  -  (x'  -  ly  tan^  S  =  m^ ; 


viz,  the  orbit-plane  revolving  about  the  fixed  axis  SX',  meets  the  ray  in  a  series  of 
points  forming  in  the  orbit-plane  a  hyperbola  having  the  line  HX'  for  its  conjugate 
axis. 

53—2 
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50.  As  already  remarked  {ante,  No.  11),  this  hyperbola  is  nothing  else  than  the 
intersection  of  the  orbit-plane  regarded  as  fixed,  by  the  hyperboloid  generated  by  the 
rotation  of  the  ray  about  the  axis  8X'.  And  we  thus  see  the  intei-pretation  of  the 
constants,  viz. 

I    is    the   distance   from   S   along   the   axis   SX'  of  the   "arm,"   or   shortest   distance 
of  SX'  and  the  ray. 

m  is  the  length  of  this  arm. 

S    is  the  inchnation  of  the  ray  to  the  axis  SX' ; 

and  for  the  remaining  quantity  A,  imagine  parallel  to  the  ray  a  line  through  6' 
meeting  the  sphere  in  i  (i  is  the  pole  of  the  separator),  I  say  that  A  -  if  is  the 
angle  LX'Z' :  or  (what  is  the  same  thing)  drawing  X'L  to  meet  YiZ'Y'  in  A,  we  have 
IIA  =  A  —  H+Z'A,  or  (what  is  the  same  thing)  Z'A  =  A-H. 

51.  To  verify  this,  observe  that  the  cosine  distances  of  L  from  X,  Y,  Z,  are  as 
f  :  g  :  h ;  and  thence  its  cosine  distances  from  X',  Y,  Z,  are  as  (f,  g,  hja,  ^,  7) : 
(f,  g,  hja',  yS',  7') :  (f,  g,  hja",  0',  7");   say,  for  a  moment,  as  f  :  g'  ;  h'. 

Now  iA  is  the  perpendicular  fi-om  L  on  the  side  Y'Z'  of  the  C|uadi'antal  spherical 
triangle  LY'Z',  and  we  thence  have 

h'        COSAF'         ,  ./,.,,,  rr, 

-.  =  j-„,  =  tan  AZ  =  tan  (A  -  H), 

g'      cohAZ'  ^  " 

if  A  has  the  geometiical  signification  just  assigned  to  it.     But  this  equation  is 

g'  cos  {H-A)  +  W  sin  (ff  -  A)  =  0, 
that  is 

,       .  g'  cos  H+V  sin  H 

tan  A  =  — ^-r-- — f? — n fv  , 

—  g  sm  ii  +  h  cos  H 

or  substituting  for  g",  h'  their  values,  the  numerator  is 

f  (a'  cos H  +  a." sin  H)  +  g (0'  cos  H  +  /3" sin  H)+h (y  eos  H  +  y" sin  H), 

which  is 

^-fsinG  +  gcosG,  =W„ 
and  the  denominator  is 

f  (-  a'  sin  H  +  a"  cos  H)  +  g  (-  ff  sin  H  +  /3"  cos  /f )  +  h  (-  7  sin  H  +  7"  cos  H), 
which  is 

=  (fcosG  +  gsin(?)siniV+hcosA',  =  Tf., 

so  that  the  formula  becomes 

A       W^s 
tan  A  =  ^jTF  , 

which  is  the  original  expression  of  tan  A. 
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52.  Wc  might  in  the  equations 

«'  :  y  :  l=(a,  b,  cj»',  ff.  7'):  -(«,  \  »5»,  A  7)  :  ({  g,  h5«",  fi",  7") 

consider  for  instance  (?  or  A^  as  alone  variable,  and  then  eliminate  the  variable 
parameter  so  as  to  obtain  a  locus ;  but  the  results  would  he  complicated  and  the 
geometrical  interpretations  not  very  obvious. 

53.  I  assume  (as  was  done  before)  ^=0,  (?=&  — 90°,  H~c,  that  is,  the  position 
of  the  orbit-pole  Z'  is  longitude  h,  colatitude  c,  and  the  axis  SX'  is  the  line  of  nodes 
or  intersection  of  the  orbit-plane  with  the  ecHptic,  viz.,  the  longitude  of  this  line  is 
=  h-W. 

The  formulae  become 

if'  :  y  :  1  =  (a  cos  &  -h  b  sin  h)  cos  c  —  c  sin  c 

:  —  a  sin  &  +  b  cos  h 

:      (f  cos  ?!  +  g  sin  b)  sin  c  +  h  cos  c, 
or  if  these  are 

,  _  Xc  cos  c  +  Xg  sin  c 
We  cos  e  +  "Hi's  sin  c  ' 

n 

^  Ifecosc-I-  Tfssinc' 
Xe  =  a  cos  b  +  h  sin  b, 
X„=-c, 

Y„  =  —  a  sin  &  +  b  cos  b, 
W,=     h, 

W^  =     f  cos  6  +  g  sin  b, 
and  thence  forming  as  before  the  values  of  tan  A,  I,  m,  cot  B,  and  putting  for  shortness 

'^WJ''+'W7,  =  Vh=  +  (f  cos  6  -H g si"^6)^  =fl 
we  find  after  some  easy  reductions 


the  values  now  are 


jn  =  -=f  (—  a  sin  b  +  b  cos  b), 
I  =  ^  [(ah  -  cf )  cos  6  +  (bh  -  eg)  sin  b], 
cot  B  =  ^TyT  (—  a  sin  &  +  b  cos  b)  (—  f  sin  t  +  g  cos  b), 
=  -^(-~isiiib  +  g  cos  b), 
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and  with  these  values 

w  ^1  +  m  cot  S  tan  (c  -  A), 

y'  =  in  sec  (c  —  A), 

and  thence 

y'^  —  (x  —  ly  tan^  B  =  m?, 

viz.,  this   is   the  hyperbola  obtained  by  rotating  the   orbit-plane  about   the  line  of  nodes, 
longitude  b  —  90". 

54.  Imagine  the  orbit -plane  (having  upon  it  the  hyperbola)  brought  by  such 
rotation  into  the  plane  z  =  0,  or  plane  of  the  ecliptic,  so  that  the  hyperbola  will  be 
a  curve  in  this  plane,  the  inclination  to  Sx,  or  longitude  of  the  axis  Sx',  being  of 
course  =b  —  90".  Transforming  the  equation  to  axes  Sx,  Sy,  wo  must  write  in  the 
equation 

x'  =  xsmh  —  y  cos  b, 
y'  =  x  cos  6  +  7  sin  b, 
and  the  equation  thus  becomes 

(x  cosb  +  y  sin  by  —  (xsinb—y  cos  b  —  If  tan^  S  =  tti". 

55.  It  will  be  recollected  that  the  equations  of  the  ray  were 

a:-A  _  y-B  _2^C 
f 
writing  herein  ^  =  0  we  find 


f 

g 

h 

=  A- 

4^'^ 

- 

b 
h 

=  B- 

g 

- 

"h 

and  it  is  clear  that  this  point  1^,  —  r)  should  lie  on  the  hyperbola, 

Substituting  for  (x,  y)  the  values  in  question,  we  have  iirst 
b  sin  &  +  a  cos  b  —  hi 

=  ^{(h'-|-(feos&-|-gsin&)^)(bsin  6  +  a  cos  t)  -  h  (ah  -  cf)  (cos6  4-(bh  ~  eg)  sin  b)} 

—  na  l(^  "^0^  &  +  g  sin  by  (b  sin  6  +  a  cos  b)  +  (f  cos  i  +  g  sin  b)  ch) 

=  j^  j  (f  cos  i  -H  g  sin  b)  [(f  cos  6  +  g  sin  b)  (b  sin  6  +  a  cos  b)  +  eh  (eos'  b  +  sin^  b)] 

=  i=r^  {f  cos  &  +  g  sin  b)  (-  a.  sin  6  +  b  cos  b)  (f  sin  i  —  g  cos  b) ; 
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or  observing  that 


ishib  —  gcosb' 
we  have 

{b  sin  6  +  a  cos  6  —  hi)  tan  S  =  —  ^  (f  cos  ?>  +  g  sin  b)  (-  a  sin  6  +  b  cos  b) ; 
and  hence  the  result  of  the  substitution  is  at  once  found  to  he 
(—  a  sin  6  +  b  cos  6)'  —  jy^  (—  a  sin  6  +  b  cos  by  (g  sin  &  +  f  cos  by 

,^,^   _  h^  (—  a  sin  &  +  h  cos  by 
=  mh,-     — .-— ^^j         ■  ; 

viz.,  the  factor  (—  a  sin  6  +  b  cos  by  divides  out,  and  the  equation  then  becomes 

1-  jyJgsinb  +  t'cosby  =  j 

that  is 

n^  =  h=  +  (g  sin  ft  +  f  cos  by. 

ivhich  is  in  fact  the  value  of  iP. 

56,     I   seek   for   the  direction   of  the  hyperboia   at   the   point  1^-,  — =-)   in   question. 
We  have 

dx  :  di/—         (b  cos  6  —  a  sin  6)  sin  b  +  cos  b  tan^  S  (b  sin  6  +  a  cos  h  —  hi) 
:  -  (b  cos  &  —  a  sin  b)  cos  &  +  sin  J  tan^  S  (b  sin  &  +  a  cos  b  —  hi), 
and  from  the  above  values  of  (h  sin  6  +  a  cos  b  -  hi)  and  tan  S,  we  have 

tan=8(bsin&  +  acosZi-hO  =  5  --     -,  ,  (- asin6  +  b  cos6)  ; 

'      i  sin  6  -  g  cos  0  ' 

whence 

dx  :  dy—        {b  cos  6  —  a  sin  6)  sin  i  (fain  6—  gcos&)  +  (g8in6  +  f  cos&)cos&(— asin&  +  bcos6) 
:  —  (b  cos  6  -  a  sin  b)  cos  J  (f  sin  t  -  g  cos  6)  +  (g  sin  6  +  f  cos  b)  sin  6  (—  a  sin  6  +  b  cos  6), 
which,  multiplying  out  and  reducing  by  means  of  the  relation  af+bg+ch  =  0,  becomes 

dx  :  dy  =  (—Bismb+h  cos  6)  (sin'  b  +  cos=  b)  f  :  (—  a  sin  6  +  b  coa  b)  (sin=  b  +  cos^  b)  g ; 
that  is 

dx  :  dy^i  :  g,     or  ^  =  |, 

which  shows  that  the   hyperbola,  at  the  point  [r,  —  j-)   where  it  meets  the  ray,  touches 
the  projection 

f  g 

of  the  ray  on  the  plane  of  xy,  which  contains  the  hyperbola 
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57.     We  may  consider  various  particular  forms  of  the  hyperbola  y'"  —  (a:'  —  Vf  tan-  S  =  «!■-. 
1".     If  tanS  =  0,  the  hyperbola  is  the  pair  of  parallel  lines  y''  =  'nt. 

This  can  only  happen  if  h  =  0,  f  cos6  +  gHin6=0.     The  first  equation  gives  af+bg  =  0, 

I  ,.1        f     b  ,  , ,  —  a  sin  6  +  b  C03  6     0      , .  ,    .  .,,■,, 

whence   tan  b  =  —  =  - ;   we  nave   thus  m  = -pr =  - ,  which  is  conaistent  with 

g     a  ii  0 

m  finite.     The  equations  show  that  the  ray  is  parallel  to  the  line  of  nodes. 

2".  If  tan  S  =  to ,  the  hyperbola  is  (»'  -  0^  =  0,  viz.,  the  line  a^  —  I  twice  :  the 
condition  is  -  f  sin  t  +  gcosi  =  0;  viz.,  the  ray  (not  in  general  cutting  the  line  of 
nodes)  is  at  right  angles  to  the  line  of  nodes, 

3",  If  m  =  0,  the  hyperbola  is  the  pair  of  intersecting  lines  ?/'^  =  (ib'  — /^tan^S,  The 
condition  is  —  asin J  +  bcos&  =  0,  signifying  that  the  ray  cuts  the  line  of  nodes. 

4°.  We  may  have  simultaneously  tan5=oo,TO  =  0.  The  hyperbola  (as  in  2")  is 
{x'  —  If  =  0.     The    conditions    are    -  f  sin  6  +  g  cos  6  =  0,   -  a  sin  6  +  b  cos  h  =  0,   whence 

tan6  =  ^  =  -,   and   therefore   also   ag  — bf=0;    these   signify   that   the   ray   cuts    at   right 

angles  the  line  of  nodes. 


The    line 


of —  I    passes    through    the   point    (;-,   ~v:]>   l^^at   is,   we    ought   to    have 


h*  =  a'  +  b". 

The  value  of  I 

is  in  the  first  instance  given  in  the  form 

1  = 

j^((ah-cf)cosi  +  (bh-cg)m„S|, 

where 

n" 

=  h'  +  (tcosi 

+  gi 

iinb)-  =  h^+P  +  g="(-fsin6  +  gcost)=  =  P  +  g2  +  h^. 

But  observe  that  the 

equations 

.g-bf  =  0, 

bg  +  af  =  -  ch, 

give 

,      -ch                  -ch  ^ 
f     a.  +  b.''     8     ,.  +  b.l'. 

and  thence 

n.=f.+g.+h=   =b^(i.^)   =!!^^5ji^, 

,  „        ,   a'  +  b=  +  c=        a 

ah  —  cf  =  ah  - — ; — 7- —    — ;-  II, 
a^  +  b^  h 

bh  -  eg  =  bh  — - — r^; —    =  r  " ; 
^  a^  +  b"  h      ' 

1=  ;:r— 7-(acosi  +  bsin&)  il^  =  r  ('icos6  +  bsin  6)  =  ;- Va^- 
n=  h  ^  '  h '  '     h 


which  is  right. 
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58.  I  return  to  the  equation  of  the  hyperbola  written  in  the  form 

(x  cosb  +  y  sin  bf  —  {xhinb  —  y  cos b—ly  tao? S  =  m^; 

being  (as   was   shown)  a   hyperbola   passing   through   the   point  (r,  —  r)  where  its  plane 

is  met  by  the  ray,  and  touching  at  this  point  the  projection  —    -   =  ^ . 

If  in  the  equation  we  consider  b  as  variable,  we  have  a  series  of  hyperbolas,  viz., 
these  ai-e  the  intersections  of  the  plane  of  an/  with  the  hyperboloids  of  revolution 
obtained  by  making  the  ray  rotate  successively  round  the  several  lines  coci:)sb  +  ysiab  =  0 

through  the  focus  S.     And,  as  just  seen,  these  hyperbolas  all  of  them  touch  at  ( j- ,  —  ^) 

the  projection  of  the  ray. 

59.  The  hyperbola  to  any  particular  angle  b  is  the  hyperbola  belonging  to  the 
ray,  in  the  planogram  for  an  orbit-plane  rotating  about  the  axis  a:  cos  6  +  ^  sin  6  =  0 ; 
so  that  the  system  of  hyperbolas  would  be  useful  for  the  construction  of  any  such 
planogram.  And  there  is  another  series  of  cui-ves  which,  if  they  could  be  constructed 
with  moderate  facility,  would  be  very  usefal  for  the  same  purpose ;  viz.,  reverting  to 
the  equations 

«'  :  y  :  1  =         (a  cos  b  +  h  sin  b)  cos  c  ~  c  sin  c 

:  -   a  sin  6  +  b  cos  6 

:       (f  cos  J  +  g  sin  b)  sin  c  +  h  cos  c, 

which  determine  in  the  orbit-plane  the  coordinates  x',  y'  of  the  intersection  thereof  with 
the  ray :  imagine  as  before  that  the  point  is  marked  on  the  orbit-plane,  and  let  it  by  a 
rotation  of  the  orbit-plane  be  brought  into  the  plane  of  xy\  so  that  x\  y',  will  be 
the  cooi^dinates  in  the  direction  of  and  perpendicular  to  the  line  of  nodes  of  a  point  on 
the  hyperbola  i/^  —  {x'  —  tfla,v?h  =  m^,  or  (a^cost  +  j/sini)'— (a:sin6  — ^cosfi  — ^/ tan' S  =  m^, 
viz.,  of  the  point  corresponding  to  an  orbit-pole,  colatitude  c.  Suppose  that  x,  y,  are 
the  coordinates  of  this  same  point  referred  to  the  fixed  axes,  we  have 

x=     k'  sin  6  -f  y'  cos  b, 
m^  —  of  cos  b-\-y'  sin  b, 
and  thence 

X  \  y  :  \=  (a  cos  5  -I-  b  sin  &)  sin  6  cos  c  -  c  sin  t  sin  c  +  (-  a  sin  ?>  +  b  cos  b)  cos  b 
:  —  (a  cos  6  -{-  b  sin  6)  cos  b  cos  c  -F  c  cos  5  sin  c  4-  (—  a  sin  &  -h  b  cos  b)  sin  b 
:       (f  cos  6  -I-  g  sin  b)  sin  c  4-  h  cos  c, 

the  coordinates  of  the  point  just  referred  to.  Now,  if  from  these  equations  we  could 
eliminate  b,  we  should  have  a  series  of  curves  containing  the  variable  parameter  c, 
intersecting  the  series  of  hyperbolas;  and  thus  marking  out  on  each  of  these  hyperbolas 
the  points  which  belong  to  the  successive  values  of  the  parameter  c;  we  should  thus 
have  in  the  plane  of  xy  the  point  corresponding  to  an  orbit-pole  longitude  6  and 
c.    VII.  54 
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colatitude  c.  The  series  of  curves  in  question  may  be  called  "graduation  curves,"  viz., 
they  would  serve  for  the  graduation  of  the  hyperbola  in  the  planogram  for  an  orbit- 
plane  rotating  round  any  line  xcosb+^sinb^O  m  the  plane  of  ot/.  But  the  elimination 
cannot  be  easily  effected,  and  I  am  not  in  possession  of  any  method  of  tracing  the 
series  of  curves. 


I  remark  that  from  the  equations 
a;'  :  y  :  1 


(a  cos  6  +  b  sin  b)  cos  c  —  c  sin  c 
:  —  a  sin  6  +  b  cos  b 
:      (f  cos  6  +  g  sin  6)  sin  c  +  h  cos  c, 

we  may  without  difficulty  eliminate  b  i   the  result  is,  in  fact, 

[x'  (—  ah  cos  c)  +  y'  (—  bh  cos-  c  —  eg  sin=  c)  —  ae  sin  c]- 

+  [ic'  (     bh  cos  c)  +  y  (—  ah  cos'  c  +  cf  sin'  c)  -I-  be  sin  c]^ 

=     [^  (     ch  sin  o)  +  y'  (    ag  —  bf )  sin  c  cos  c  +  (a'  —  b^)  cos  c]^, 

a   conic;   but   the   geometrica!  signification   of  this   result  is   not   obvious,  and   I   do   not 
make  any  use  of  it. 


Article  Nos.  Gl  to  63.     Tlie  Trtvector  and  the  Orbit. 

61.     Considering  now  the  three  rays,  these  are  determined  by  their  six  coordinates, 

(ai,  bi,  c,,  fi,  gi,  hi), 

(as,  bs,  Cs,  fs,  gi,  K), 

(as,  bj,  Cj,  f,,  g:,,  hs), 

respectively ;   and  the  intersections  with  the  orbit-plane  are  given  by 


!=(%,  b„  c,2a,  /3,  y) 
l  =  (ai,  hj,  Cs5  „  ) 
l=(a3.  bs,  Ca^j;      „      ) 


-(a„  b„  c,5a',  0;  -y')  :  (f„  g„  h.Ja",  /3",  y"), 
-(a„b„e,5       „        ):(f„g„h,5  „  ), 

-(a„b„e,5        „        ):(f„g„h3$         „  ), 


where   the   axes   Sx',   Sy',   are   an   arbitrary   set   of  rectangular   axes   in   the   orbit-plane ; 
or  where,  as  before,  the  axis  Sx'  may  be  taken  to  be  the  line  of  nodes. 

There  is   no  difficulty  in   finding   the   equation   of  the   orbit.     Writing  r^  =  Vic,^  -|-  y,^, 
we  have 


=  ±^'[(a„  b„  c,Ja',  ff\  -/)]■  +  [(»„  b„  C,J«,  A  7)]', 
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the  sign  being  taken  in  such  manner  that  r^  shall  be  positive;  viz.,  the  sign  must 
be  the  same  as  that  of  (fi,  g,,  hjja",  ^",  y").  And  we  have  the  like  formulee  for 
r^  and  r,.     Substituting  these  values,  the  equation  of  the  orbit  becomes 

^'        ,  /        ,        1 

«„  (a,,  b,,  0,5.-,  /3',  y),  -(a„  b,.  C.J.,  A  y),  (f„  g„  h.Ja",  /3",  7") 
«.,  (a>,  b„  cj  „  ),  -  (a„  b„  c.J  „  ),  (4,  g„  h.J  „  ) 
«i,     (»>,  b.,  «.$       „       ).     -  (a.,  b„  0,5      „      ),     (f„  g„  h,J         ,.        ) 

62.  Considering  the  minor  determinants  formed  with  the  terms  under  the  x'  and  /, 
for  instance 

(a,,  b„  c-Jo-,  ^,  y').-(^,  b„  c,$a,  /9,  7) 

+  (a^,  b;,  Ci5a,  ;3,  7).     (a,,  b^,  cja',  /3',  7) 
this  is 

=  (b,c,  -  b^i)  (0y'  -  0'y)  +  (Cia,  -  e^a.)  (ja'  -  7'a  )  +  (a^b,  -  a,b,)  (a8'  -  a'0) 

=  ai'  (bi&j  -  b^Ci)  +  /S"  (Ci  a-j  -  c^iii)  +  7"  (ajba  —  a^b,), 
or,  what  is  the  same  thing, 

=  (b;C.j  —  bjCi,  c,a2  — Csa,,  aibj-Oabi'^a",  jj',  7"); 

with  the  like  expressions  for  the  other  two  minors.  And  we  thus  obtain  the  following 
developed  form  of  the  equation,  viz. 

l^'(a„  b„  c,5a,  ^,  7)+y'(a„  b„  c,$a'.  /9',  i)][-u,((„  g„  h.Ja",  ^",  7") 

+  w,(f„  g„  h,5«",  ^",  7")] 
+  {^'<a„b„c5      „      )+y{^„b„c,$       „       )}[-«.(f„  g„  h,5         „         ) 

+  ^h  (f.,  g.,  h,5         „         )] 
+  |,V(a,.  b„  c,5      „      )  +  /(a„  b„  a        „       )!  [-w,(f„  g„  h.,5        „        ) 

+  M^ug.,  h,5         „        )] 
+  (b,c,-b,c.„  e,a3-e3a„  ajba-a^KJa",  y3",  7")[r(fi,  gi,  hija",  ^",  7")-"^] 
+  (bi,Ci-b,C3,  Caai-CiSa,  a^bi-aibsj         „         )  [^(f^.  g^.  h^J         „         )  —  u.^ 
+  (biC3  — bjCi,  Cia^  — Cjai,  aiba  —  a^bij         „         )[^(fa,  ga,  h^J        .,         )~u^  =  0. 

being  an  equation  of  the  form  €ir  =  Ax  +  By"  +  C 

63.  The  coeiBcient  of  r  is  a  quadric  function  of  (a",  ^",  7"),  and  if  this  vanish 
the  orbit  is  a  right  line.  It  thus  appears  that  the  orbit  will  be  a  right  line  provided 
only  the  orbit-axis  bo  situate  in  a  certain  quadric  cone,  or  (what  is  the  same  thing) 
the  orbit-pole  be  situate  in  a  certain  spherical  conic:  agreeing  with  a  preceding  result, 
viz.   the  cone   is   that   reciprocal   to  the   cone,  vertex   5,  circumscribed   about   the  hyper- 

54—2 
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boloid   which   contains   the   three  rays.     And  we  see   that  the  equation  of  this  reciprocal 
cone  is 

o",  S",  7"  I  ■=  0- 


(f..  g„  h.5a", 
(f.,  g.,  h,J 
(!,.  g.,  « 


y"X    a, ,  b, ,  Ci 
),     fe,  b.,c. 


Article  Noa  64  and  65. 


J  Special  Symmetrical  Syste^n  of  three  Rays. 


64.  In  what  follows  I  consider  the  three  raj's  forming  a  symmetrical  system  ajf 
already  referred  to :  viz.  the  three  rays  intersect  the  plane  of  the  ecliptic  at  points 
equidistant   from   S  at   longitudes   0°,   120",   240";    each   of  them   is  at   right   anglea  to 

Fig.  6. 


the  line  joining  S  with  the  intersection  with  the  plane  of  the  ecliptic,  and  at  an 
inclination  =  60°  to  this  plane :  the  figure  shows  the  projection  on  the  plane  of  the 
ecliptic  of  the  portions  which  lie  above  this  plane  of  the  three  rays  respectively. 

The  three  rays  lie  on  a  hyperboloid  of  revolution  having  the  line  Sz  for  its  axis ; 
the  circumscribed  or  asymptotic  cone  vertex  S,  is  a  right  cone  of  the  serai-aperture 
=  30°;  the  reciprocal  cone  is  therefore  a  right  cone  semi-aperture  60°,  or  (what  is  the 
same  thing)  the  regulator  is  a  .small  circle,  angular  radius  60°,  and  the  regulator  and 
itors  have  the  positions  shown  in  fig.  1,  see  No.  8. 


Taking  )S1=A'2  =  jS3  =  1,  and  writing   down  the  equatior 
forms 


-1 


0 


-  sin  b 


tan  6 


-  sin  60"        -  cos  GO"       tan  60" ' 

V  +  cos  60°  _  y  -1-  sin  60°  _       z 
sin  6I)°  —  cos  60°       tan  60° ' 


of  the  three  rays  in  the 
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we  obtain  the  six  coordinates  of  the  three  rays  respectively 
(a,,  bi,  c,,  f„  g„  hO  =  (     0,       V3,       -I,  0, 

(a,,  b„  c„  i„  g„  h,)  =  (     3,       V3,  2,  VS, 

(a„  b„  Cs,  f„  g.,  h,)  =  (-  3,       \/3,  2,       -  Vs, 

whence  the  intersections  with  the  orbit-plane  are  given  by 
1  =  ^'  V3  -    V  :  _  ^  VS  +    y  : 

1  =      3a'  +  ^'  VS  +  27'  :  -  3a  -  ^  VS  -  27  : 
l  =  -3«'  +  ^V3  +  27'  :       3a-^\'3-27  : 

where  if  (as  before)   the   position   of    the   orbit-plane   be   determined   by   means   of    the 
longitude  b  and  colatitude  c  of  the  orbit-pole,  we  have 

a  ,  yS  ,  7    =  sin  &         ,     —  cos  6         ,         0     , 
o*,  iff,  y  =  cos  i  cose,         sin  6  cose,  —sine, 
a",  0",  7"  =  cos  b  sin  e,         sin  b  sin  c,       cos  c, 
and  the  passage  from  the  coordinates  x',  y',  to  «,  y,  is  given  by 
a;'=      tv  sinb  —  y  cos  6, 
y'  =     a:  cos b+  y  sin  &, 
or  conversely 

ic  =      ai'  sin  b  +  y'  cos  i, 
y  =—x  cos  6  -f  y  sin  ?>. 

65.  To  develope  the  results,  I  consider  the  orbit-pole  as  passing  through  certain 
series  of  positions.  The  locus  may  be  a  meridian  circle :  by  reason  of  the  symmetry 
of  the  system,  the  results  are  not  altered  by  a  change  of  120°  in  the  longitude  of 
the  meridian ;  so  that,  by  considering  the  two  meridians  0^ — 180°  and  90" — 270°,  we, 
in  fact,  consider  twelve  half  meridians  at  the  intervals  of  30°.  An  illustration  is 
afforded  by  Plate  I. ;  the  orbit-pole  describes  successively  the  meridians  0°,  30",  60°,  90°, 
and  the  line  1,  by  its  intersection  with  the  orbit-plane,  traces  out  on  this  plane  a 
aeries  of  hyperbolas  shown  in  the  figure ;  the  hyperbola  for  the  meridian  90°  is  a 
right  line,  tut  (except  for  the  position  whore  the  orbit-plane  passes  through  the 
line  1)  the  locus  is  a  determinate  point  <m  this  line.  PJanogram  No.  1  (Plate  II.) 
refers  to  the  meridian  90° — 270°,  and  Planogram  Xo.  2  (Plate  III.)  to  the  meridian 
0° — 180°.  Next,  if  the  orbit-pole  be  at  one  of  the  points  A,  that  is,  if  the  orbit- 
plane  pass  through  a  ray — though  the  position  of  the  orbit-pole  be  here  determinate, 
yet  as  there  is  a  series  of  orbits,  this  also  will  give  rise  to  a  planogram :  I  call  it 
Planogram  No.  3.  The  orbit-pole  may  pass  along  a  sepai^ator  circle  (viz.  the  orbit- 
plane  be  parallel  to  a  ray),  this  is  Planogram  No.  4.  And,  lastly,  the  orbit-pole  may 
pass  along  the  ecliptic  (or  the  orbit-plane  may  pass  through  the  axis  BZ),  I  call  this 
Planogram  No.  a.  But  the  last  three  planograms  ai-e  not  considered  in  the  like  detail 
as  the  first  two,  and  I  have  not,  in  regard  to  them,  tabulated  the  results,  nor  given 
any  Plates. 
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Article  Nos.  66  to  82.     Planograra  No.  1,  the  Meridian  90^—270'  (see  Plate  II.). 

66,  Supposing  that  the  orbit-plane  rotates  about  the  axis  Si  (fig.  6,  see  No.  64) 
in  the  plane  of  the  ecliptic,  the  orbit-pole  will  describe  the  meridian  90° — 270°,  the 
position  of  the  orbit-pole  being  b  =  90",  c  =  0"  to  90°,  or  else  b  =  270°,  c  =  0'  to  90°. 
But  the  same  analytical  formula  extends  to  the  two  half  meridians,  viz.,  we  may  take 
b  =  90°,  and  extend  c  over  180°,  in  the  final  results  making  c  an  arc  between  0°  and 
90°,  and  b  =  90°,  or  =  270^  as  the  case  requires. 


67.     Assuming  then  6  =  90°, 


;  have 


a  ,  /3,  7  =1,  0  ,  0  , 
a' ,  (3" ,  7'  =  0,  cos  c,  —  sin  c, 
a",  /3",  7"  —  0,     sin  c,       cos  c, 

and,   moreover,  x',  y'  =  x,  y:    so   that   instead   of    {x{ ,   y-^),   &c., 
(iCi,  ^i),  &c.     The  formulEe  become 


may   write   at   once 


=  VS  COB  0  +  sin  c  :  0 
■  VS  cos  c  —  2  sin  c  :  —  3 
:  V3  cos  c  —  2  sin  c  :     3 


sin  c  -I-  Vs  cos  c, 
sin  c  ~  2  VS  cos  c, 
amc  —  l  Vs  cos  a, 


(viz.   the   orbit-plane,  Bi 
with  the  plane  of  an/); 


=  1, 


-0, 


evident,   meets   the   i-ay   1    in   a   fixed    point,  its   intersection 

_  VS  cos  c  —  2  sin  c  _ 

sine—  2  V3  cose  ' 


and  writing 


(when( 


2^3 

-7^  =  cos  m 

Vl3 

=  16°  6')  we  find 


and  we  thence  have  for  the  hyperbola,  the  locus  of  (x^,  y^)  and  (%,  y,) 
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viz.  the  points  (a',,  y^  and  {a^,  y^  are  situate  on  the  hyperbola,  symmetrically  on 
opposite  sides  of  the  axis  of  x.  For  c  =  0,  we  have  3^2  =  —  ^,  ^2  =  jVS,  {x^  ■\- y.^  =  1),  and 
the  hyperbola  at  this  point  touches  the  circle  3?-\-y^'^\',  and  similarly  for  ^3,  y^. 
The  inclination  of  the  asyiiiptotes  to  the  axis  of  y  is  given  by  tan7j  =  V-^,  ?;  =  22^  56'. 

08,  The  orbits  are  conies,  focus  jS  and  vertex  1.  It  will  be  convenient  to  con- 
sider c  as  passing  from  0°  to  90"  —  w,  and  from  0°  to  —  (90°  +  a) ;  that  is,  from 
0°  to  73''51'  — e,  and  from  0'  to  -116''6'+e,  if  e  be  indefinitely  small:  the  point 
2  will  thus  traverse  the  upper  branch  (alone  shown  in  the  Plate)  of  the  guide- 
hyperbola,  viz.,  for  c  =  0°  it  will  be  at  the  point  of  contact  with  the  circle;  for 
c  =  73°  54'  -  e  it  will  be  at  x  ,  and  for  c  =  -  106'  6'  +  e  at  x '.  For  0=0"  the  orbit 
is  the  circle ;  as  c  increases  positively,  it  becomes  an  ellipse  of  increasing  eccentricity 
and  major  ajtis,  until  for  a  certain  value  (c  =  46°  48'  as  will  appear)  it  becomes  a 
parabola ;  it  then  becomes  a  hyperbola  (concave  branch) ;  for  c  =  oT  45'  it  becomes  the 
hyperbola  2'  subsequently  referred  to;  and  for  c  =  f)0''  (the  point  2  being  then  on  the 
line  shown  in  the  figure)  the  orbit  becomes  this  right  line.  As  c  continues  to  increase, 
the  orbit  becomes  a  hyperbola  (convex  branch);  and  ultimately  for  c  =  73°54'-€,  the 
point  2  goes  to  so ,  and  the  orbit  becomes  a  hyperbola  (convex)  2,  having  an  asymptote 
parallel  to  that  of  the  guide-hyperbola :  the  inclination  to  the  axis  of  x  being  thus 
00° -22°  56',  =67°  4'. 

69.  Next  as  c  increases  negatively,  the  point  2  moves  from  the  point  of  contact 
in  the  other  direction  to  x ' :  for  e  =  0°  the  orbit  is  of  course  the  circle,  and  as  c 
increases  negatively  the  orbits  are  at  first  the  very  same  series  of  oi-bits  as  those 
belonging  to  the  positive  values  ('),  viz.,  they  are  first  ellipses,  of  increasing  eccentricity 
and  major  axis ;  then  for  c  =  -  92°  54'  the  orbit  is  the  parabola ;  the  orbits  are  then 
hyperbolas  (concave),  and  finally  for  c  =  — 106''6' -l-e,  when  2  is  at  00',  the  orbit  is  a 
hyperbola  2',  the  asymptote  of  which  is  parallel  to  that  of  the  guide- hyperbola,  viz., 
the  inclination  to  the  axis  of  a;  is  =  67°  4'. 

70.  It  will  be  observed  that  the  orbits  from  the  circle  to  the  hyperbola  S'  each 
intersect  the  guide-hyperbola  (that  is,  the  branch  shown  in  the  figure)  in  two  points, 
the  one  corresponding  to  a  positive,  the  other  to  a  negative  value  of  c ;  in  the  positive 
series,  the  remaining  orbits  from  the  hyperbola  2',  through  the  right  line  to  the  convex 
hyperbola  2,  each  intersect  the  guide-hyperbola  (same  branch)  in  a  single  point  only, 
for  which  c  is  positive, 

71.  There  is,  in  the  passage  of  the  orbit-pole  from  c  =  -106°  6' -1- e  to  c=73°54'-e, 
say  at  c  =  73°  54',  a  discontinuity  of  orbit,  viz.,  an  abrupt  change  from  the  concave 
hyperbola  S'  to  the  concave  hyperbola  S  ;  observe  that  the  direction  of  the  asjTnptotes 
being  the  same  in  each,  the  eccentricity  e  has  the  same  value. 

different   values   of  1^,   they  are   not   the  same  orbits   in   space,    but   they 
planogtam. 
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The  point  in  queation  (6  =  90°,  c  =  73°54')  is  one  of  the  points  B  of  the  apherogram, 
and  the  hyperbolas  S,  S'  are  two  of  the  four  orbits  belonging  to  this  point.  And,  by 
what  precedes,  it  appears  that  as  the  orbit- pole  passes  through  this  point  along  a 
meridian  downwards  to  the  ecliptic  the  change  is  from  a  concave  to  a  convex  orbit. 

72.  On  account  of  the  symmetry  in  regard  to  the  axis  of  w,  the  equation  of  the 
orbit  will  be  of  the  form  r  =  Ax  +B;   viz.,  the   equation  is  at  once  found  to  be 


73.     The   eccentricity   is   the   coefficient   A    taken   positively  {e  —  ±A):   it   is   in   the 
present  case  proper  to  attend  to  the  value  of  the  coefficient  itself, 

the  sign  of  A  will  then  indicate  the  position  of  the  centre  of  the  orbit,  viz.,  according 
as  A  is  positive  or  negative  the  centre  will  be  on  the  negative  or  the  positive  side 
of  the  focus  S.  To  investigate  the  variation  of  A,  we  may  express  it  as  a  function  of 
tan  c,  =  X  suppose.     We  have 

V3^^2X  _      -B_ 

'^'~X-2V3'         ^'~X-2v'3' 
and  thence 

7-,  = ~j=  E^,         i?,  =  +  '/r2-4v'3X+13V; 

X-2v'3 

viz.,  r^  must  be  positive,  that  is,  Ma  is  positive  or  negative  according  to  the  sign  of 
X-2VS;  negative  if  X  <  2  VS  or  c  <  73°  -54',  positive  if  X  >  2  Vs  or  c>  73'  54'.  And  we 
have   then 

.      X-2V3~M, 

A  = ;■--—. 

3  (X  -  V3) 
But  a  more  convenient  formula  is  obtained  by  writing 
1 


2V3' 
we  then  have 

which   determines   the   sign   of    the   radical,    viz.,   this   must    have   the    same   sigi 
and  then  for  the  coefficient 
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74.     For   c  a   small   arc   =e,  ^   is  large  and  negative,  and  Vl  +  ^^  having  the  same 
sign  as  6,  is  =  ^  +  Sa  nearly ;   we  have  therefore 


_  Vl3 


For  c  nearly 

=  60^  say  c  =  60°  ±  e, 

cot  c  =  cot  60°  ±  e  cosec=  GO"  =  -y=  ±  y . 

*=-¥Vl4*      ''+»=i1f'      ''^o'- 

and  thence 

-l+VlS  .       4e          V3-1+Vr3 

viz.,  this  is  —  20  for  c  =  60°  —  e,  and  +  «  for  c  =  60°  +  e. 
For  c  nearly  =  90°  -  to,  say  first  c  =  73°  54'  -  e,  we  have 


cot  c  =  — ,-  +  ne,          (9  =  -  ff-  e,          ^  +  a  =  — ^ 

whence 

^  =    4=  =     2-30940 : 
V3 

but  if  c 

-73°54'+e,   then    ^  =  |fe,  (9  +  ct=— j=,   ^j-:^^^^ 

^  =  -  A  =  -  2-;i0940, 
\/3 

;   corresponding  to   the   dis- 
continuity   of  orbit    already    referred    to.     We    may  diminish  c  by  180°,  and  consider  the 


75.  Consider  next  that  c  passes  from  0  to  —  (106°6'  — e).  First  if  c  is  a  small 
negative  quantity  c  =  —  e,  d  is  large  and  positive,  and  vl  +  &^  having  the  same  sign  as 
8  (positive)  is  =6  +  ^  nearly,  we  have  therefore  A  —jry,- -x^  —  —  sai  (same  as  for 
c  —  +  e).     And   it   is   easy   to   see   that   as  c   inci'eases   negatively,  A  is   always  increasing 

negatively,  its   value   for   c  =  —  90°  being   A  ~ ^ —  =  —  '868i>,   and   for  c  =  — 106°  6'  +  e 

being  =  —  2-30940  as  above.     We  have  a  diagram   of  A  (see  next  page). 

0.  VII.  55 
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76.     It   thus 

value  of  A  two  values  of  c,  or  positions  of  the  orbit -pole.  In  particular  if  ^1  be 
=  —  1,  the  curve  will  be  a  parabola ;  the  values  of  c  lying  betweeu  0°,  tiO"  and 
between  73°  54',  90°  respectively. 


To  find  them,  writing  A—  —  \,  we  have 

-3£'-3a  =  2^-2Vr+^>,  that  is,   -o0  +  -ia  =  i^l  +  e\ 
21^  +  30a5-|-9ffl^-4  =  0, 
that  is,  substituting  for  a  its  value  =  """Tt  ■ 

21  ^  +  5  VS  f  -  J^-.  =  0,       (145  VS  +  -■>/  -  11 U, 


that  is 
giving 


e^-  -65034, 

e-      -23797, 

cot  c  =  +  '93902, 

cot  c  =  -l- -0.5071, 

c  =      W «', 

c  -     87*  6'. 

be   between    0"   and   60°   another   value   of    c,   giving   for   A    this    same    value ;    to   find 


-*^M''+i^)  = 
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that   is 

or 

(1-2  +  4  VS")  0^+(2  +  i  \'3)  0  =  0, 

satisfied  as  it  should  be  by  0=  0,  and  also  by 

^  =  -    "-^-^Z  =--47170, 

2(:j  +  V3) 

giving 

cote  =  -76038  or  c  =  B2°iD'. 

78.  Representing  the  equation  of  the  orbit  by 

r  =  Aco±a(l  -A"-), 
we  have  for  the  point  1, 

1  =  ^    ±a(l-A% 
that  is 

+  1 

where  the  sign  is  to  be  taken  so  that  a  shall  be  positive. 

79.  With  a  view  to  the  calculation  of  the  times  of  passage,  I  calculate  a  series 
of  values  of  x^,  y^,  r^,  A,  a,  for  values  of  c  at  the  intervals  of  5°  and  for  a  few 
intermediate  values;  we  have  3^3,  1/3,  r^^x^,  y?,  r^,  so  that  these  are  known;  so  long 
as  the  orbit  is  an  ellipse,  the  time  of  passage  between  the  points  2  and  3,  say  T^, 
may  be  calculated  by  Lambert's  equation,  the  length  of  the  chord  y^-ys,  =2i/a  being 
known  without  any  fresh  calculation.  And  then  the  times  Tja  and  T^  being  equal, 
and  the  sum  T^^  +  T^s  +  Tsi  being  equal  to  the  whole  periodic  time  (reckoned  as  =  3a^) 
the  times  T,^  and  jf^  ai-e  also  known.  But  when  the  orbit  is  a  concave  hyperbola 
there  is  no  time  T^,,  and  the  other  two  times  r,2,=  2'ai  must  be  calculated.  For  the 
reason  referred  to  {ante,  No.  39)  I  did  not  use  Lambert's  equation, — and  it  was  less 
necessary  to  do  so,  by  reason  that,  the  transverse  axis  coinciding  with  the  axis  of  w, 
the  other  formula  could  be  employed  witiiout  difficulty. 

80.  The  formulae  for  x^^,  y^  adapted  to  logarithmic  calculation  are 

log  («3  +  -61539)  =  11-60174  +  log  tan  (c  +  16"  6'), 

log  2/s  =  11'92015  +  log  sec  (c  +  16°  6'), 

where  y^  is  always  positive,  but  the  sign  of  x^  must  be   attended   to.     The   values   of  r^ 
and  its  inclination  ^  to  the  axis  of  x  are  then  to  be  calculated  from 


for  r^  it   is   proper  to   use  the   first  or  the   second  value,  according  as  x.^  is  greater 
38S  than  j/s). 

55—2 
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We  have  then  e  =  (+jl)  and  a  from  the  foregoing  formula 

±1 


x.^  —  1' 


where  a,  e  are  each  of  them  positive. 
And  then  for  the  Times 

y.-j^te-X'-^X  +  smx);     (log  1^-167894), 
where 

a  cos  ;:^  =  a  —  r^  —  y^, 

a  cos  x"  =  a  —  »'3  +  J/2, 

and   attention   is  necessary  in   order   to   the  selection  of  the  proper  values  of  the   angles 

X.  x'- 

And  finally 

81.     I   subjoin   a   specimen;    the    characteristics   of   the    logarithms    aic   (as   in   the 
actual  calculations)  omitted. 


6  =  90"       c  =  20°, 

c  +  16-  6'      -  36*  6' 

log  sec   09259 

log  tan 

86285 

92015 

60174 

01271 

464.>9 

1/,- 1-0297 

log  = 

61539 

29U7 

■32392 

^  51044 

01271 

02046 

51044 

01274 

50230 

03320 

4>,  =  JS'SS' 

7-5  = 

.  10794 

•0794  log  = 

89982 

-94003  log  -  97314 

1-3239  log  = 

12185 
77797 

comp  =  02686 
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A  =  --059975  ra  =  1-0638 

1-0638 

1'0794 

A~n  =  -      -0156 

i/a  =  +    1-0297 

1-0141  =acosx' 
-  1-0453  =  a  cos ;,; 

00608  01924 


x'  =  i7°: 


X(-Supp.  I0°42')  =  169n8' 


151" 

2'6S.5M 

43' 

■01250 

■30209 
2^9o003 

■18566 

01S13 

47712 


2^76437       log  =  44160 


01343 

67894 


3aS  =  3^2916 
1^4482 


VS 


T„  -  T,,  ■ 


T,  - 14482  16083 

82.     For  the  Time  in  a  iiyperbola,  we  liave 

%^  =  T^  =  ^  a^  [e  tan  M,  -  A  .  Z .  tan  (45°  +  i  «.,)}, 


tant(B  = 
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Taking  as  a  specimen  the  ease  c  =  1b°,  we  have  here 


0=    -9004 

e  =  2110fi 

log-    -95441 

log=    -32111 

o(e'-l)  =  3-1106 

log      „         -     -19284 

and  then  the  calculation  is 

logo              =    95444 

„    o{e"-l).    19281 

14728 

„   oVe'-l.    22S64 

log      y^        =    6S690 

logtauM        -    11320 

«  =  8J-  47' 

32141 

h .  I  tan  {45° 

y.  =  43-341 
log=    1-63690 


tt  =  87=  47' 

h  .  I  tan  {45°  +  \  u) 

=  3- 95 140 

etani(=    54-660 

3-951 

50'709 

log  =     70508 

95444 

47722 

67894 

3136S 

\^^T,,=    20-686 

83.     In  the  ease  of  the  parabola  p=l,  and  the  expression  for  the  Times  is 

^■,3  =  T,,  =  l_^  {{p  +  p'  +  7)*  -{p  +  P-  7)-l- 

where  for 

c=46°48' 

c  =  87°    6' 
we  have 

T^^T^^    -787, 

2*12  =  2'3i  =  2-588. 
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Planogram  No.  1,  first  part,  h  =  90°. 
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Planogram  iVo.  1,  second  part,  ft  =  270°. 
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Article  Nos.  84  to  94-     Planogram  iA^o.  2,  tJ'.e  Meridian  0° — 180°  (see  Plate  III.). 

84.  The  orbit-plane  here  rotates  about  an  axis  in  the  plane  of  the  ecliptic  at 
light  angles  to  iS  1  (Fig.  6).  The  entire  meridian  is  given  by  6  =  0°,  c  =  0°  to  90°, 
and  &=180°,  0  =  0"  to  90°,  but  it  is  sufficient  to  consider  one  of  these  half  meridians, 
say  the  latter  of  them,  as  the  series  of  values  is  the  same  for  each  of  them,  with 
only  an  interchange  of  the  points  2,  3.     I  write  therefore,  6=180°,  so  that  we  have 


consequently 

!/.'  :  1  = 
S/  :  1  - 
J.'  ^  1  - 
and  moreover  x'  =  y,  y'  -- 
place  of  the  {x{,  y^),  &c. 


0  ,  1, 

0    , 

COS  e,  0,  - 

sine. 

sine,  0, 

cose. 

-VS  : 

VScose 

-Vs  : 

-  Vs  sin  c  -  2  V3  cos  c 

-V8  : 

V3sinc-2V3cosc 

have 
=  see  c. 


that,   introducing    into    the   formulae    (x^,   y,). 


"Vs 


which,  putting 


sin  c  —  2  cos  c ' 
2 


V3     sin  c  +  2  cos  c ' 

_   1    2  sin  c  —  3  cos  c 
"  V3     sin  c  -  2  cos  c ' 

tan  8=^,     8  =  26°; 


y,  =  -T=  tan  c. 


v: 


-,-sec(c-8),     y.-j^{     ^  +  itaii(c-8)I, 


n(c  +  8)|; 


so  that  the  guide- hyperbolas  are 


iC;.'  =  15)//  -  16  Vs  y.  + 13, 
x^"  =  15(/s^  +  16  VS  y.,  + 13, 


i  of  asymptotes  =  30° 

tan-i  -j=  =  14°  28' 
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It  is  easy  to  veriiy  that 
Hyperbola  2  passes  through  3;^  =  — |,     yi=    i  "/S,  and  touches  there  circle  iD^  +  y  =  l, 

and  we  thus  have  the  figure  in  the  Plate. 

85,  The  figure  shows  the  motion  of  the  points  1,  2,  3,  aloug  their  respective 
hyperbolas,  viz,  c  =  0°  to  90°,  the  point  1  moves  from  contact  with  the  circle,  along  a 
half  branch  to  infinity :  2  moves  from  contact  along  a  small  portion  of  the  half 
branch ;  3  moves  from  contact,  along  the  half  branch  to  infinity  for  c  =  tan"'  2  =  63°  26', 
and  then  reappearing  at  the  opposite  infinity,  as  c  increases  to  90°  describes  a  portion 
of  the  opposite  half  branch. 

86,  For  c  =  0,  the  orbit  is  the  circle ;  as  c  increases  the  orbit  becomes  elliptic ; 
then  parabolic,  0  =  51",  and  afterwards  hyperbolic  (concave);  until  for  0  =  60°,  the  three 
points  are  on  the  horizontal  line  of  the  figure,  and  the  orbit  is  this  right  line ;  it 
is  to  be  noticed  that  the  arrangement  of  the  points  on  these  orbits  is  1,  2,  3 ;  so 
that   for   the   parabola,  T^   is   =  co ,  and   for   the  hyperbolas   and   right   line    T^,  does  not 


87.  For  c  <  60"  until  c  =  63°  26'  the  orbit  is  a  convex  hyperbola,  the  arrangement 
of  the  points  being  still  1,  2,  3 1  say  for  c  =  63"  26'  —  e,  the  orbit  is  the  convex 
hyperbola  fi.  At  c  =  63°  26'  there  is  an  abrupt  change  of  orbit ;  say  for  c  =  63°  26'  +  e 
the  orbit  is  a  concave  hyperbola  ili ;  and  for  c  =  63°  52'  the  orbit  is  a  parabola; 
the  arrangement  of  the  points  on  these  orbits  is  2,  1,  3 ;  so  that  for  the  hyperbolas 
2*53  does  not  exist,  and  2*13  is  = «  for  the  parabola.  Observe  also  that  for  the 
hyperbola  fli,  the  point  3  is  at  infinity,  or  we  have  ^'31  =  cc.  As  c  continues  to 
increase,  the  orbit  becomes  an  ellipse,  the  eccentricity  having  a  minimum  value  —  '628 
(about),  for  c  =  69°  (about).  For  c  =  89°20'  the  orbit  is  again  a  parabola,  and  then 
until  c  =  90°  it  is  a  hyperbola ;  the  order  of  the  points  on  the  last-mentioned 
parabola  and  hyperbolas  being  1,  3,  2;  so  that  for  the  parabola  Tja  is  =x,  and  for 
the  hyperbolas  T-^^  does  not  exist.  In  the  hyperbola  for  c  =  90",  say  the  hyperbola  Xi', 
the  point  1  is  at  infinity,  or  we  have  Tj^=xi .  The  foregoing  results,  obtained  (except 
as  to  the  numerical  values)  by  consideration  of  the  figure,  will  be  confirmed  by  means 
of  the  calculated  values  of  e. 


88.     The  equation  of  the  orbit  may  be  written 


Vs 

^i  cos  c  , 

r^  (sin  c  +  2  cos  c), 
r,  (sin  c  —  2  cos  c), 


sm  c  ,     cos  c 

2  sin  c  +  3  cos  c,     sin  c  +  2  cos  c 
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or  developing,  this  is 

~  6  (siu=  c  -  3  cos^  c), 

^  f      4r,  (sin'  c  —  3  cos°  c)  cos  c 

\/3 

—    rj  (sin  c  +  2  cos  c)  (sin^  c  —  3  cos^  c) 

+    Vs  (sin  c  —  2  cos  c)  (sin^  c  —  3  cos=  c)} 

+ ;/     {-  2ri  sin  c  cos  c 

+    ?'2  (—  sin^  0  +  sin  c  cos  c  +  6  cos^  c) 
+    rj  (    sin''  c  -•-  sin  c  cos  c  —  6  cos^  c)) 

7^  j       r, .  —  o  cos'  c 

V3' 

+  Sr^  (siii^  c  +  sin  c  cos  c  —  2  coB^  c) 

+  Sr,  (sin"  c  —  sin  c  cos  c  —  2  cos^  c)j  =  0 ; 

(observe   that   the   orbit   will   be   a   right   line   if   sin' c  —  3  cos' c  =  0,   that   is    if    0  =  60°, 
which  is  right,  since  60°  is  the  angular  radius  of  the  regulator  circle). 

89.     Putting  in   the   equation  tan  c  =  \,  and   therefore   cos  c  =   -    -  — ,  the   equation 
becomes 

r=         -  .    -L—     f  4r,  -  (\  +  2)  r,  +  (X  -  2)  r,]  x 

'^2V3(l-3)(^^''''^^^^^^^^"^'''^'^^'^^^^^~^^''J^ 
^i-g-j     (_2n  +  (X-l)(\  +  2)r,  +  (\+l)(X-2)r,). 


2(X=- 


,,  =  Vi+M    -.=  --^^^.    ^,-        -^^    . 
_  1  _  _!_  2X.  +  3  _  _   1    2X-3 

and  thence,  writing  for  shortness 

R,  =        Vl  +  Ax^ 
1 


V3 


i;,=  ^^V7X.^-12\  +  12, 
-^3 
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we  have 

n(x-2)  =  R„ 

where  n,  r^,  r^  are  positive,  and  the  signs  of  Ei,  B.^,  B^  must  be  determined  accordingly; 
viz.,  iJi  is  always  positive,  and  (0  =  0"  to  c  =  90°,  as  here  supposed)  R^  is  also  positive ; 
but  Ra  has  the  same  sign  as  X~2;  viz.,  c  —  0°  to  c  =  63°  26',  R,  is  negative ;  and 
c  =  63°  26'  to  c  =  90°,  iJj  is  positive.  It  is  to  be  observed  that  this  position, 
c  =  tan-^  2  =  63°  26',  of  the  pole  is  the  intersection  of  the  meridian  6  =  ISO"  by  a 
separator  circle,  and  corresponds  to  an  intersection  at  infinity  on  the  ray  3. 

90.     Substituting  the  foregoing  values  of  n,  r^,  j-^,  the  equation  of  the  orbit  becomes 
+  -^-^^^Y^lM2Ii,  +  M,~R,)-3(R,  +  R,)]^ 
ind   the  equation  of  the   orbit  may  thence   be  calculated  for  any  given 


where   X  =  tan  c ; 
value  of  c. 


91.     The  analytical  expression  for  the  eccentricity  is 


where,  as  above. 


6V1+X' 


('IR,-R,  +  R,), 


2  Vs  (V  -  3) 


(\  i2B,  +  R,-R,)-:i (R,  +  R,)]  ■ 
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but  this  expression  is  too  complicated  to  allow  of  an  analytical  discussion  of  the 
Mcries  of  values  of  e  (such  as  was  given  for  A,  ==  ±  e,  in  planogram  No,  1).  The 
numerical  calculation  gives  the  results  mentioned  ante  No.  87,  viz.,  c  =  0,  e  =  0;  c  =  :A°, 
e  =  l;  c  =  60',  e=«5;  c  =  63°26'-e,  e  =  4-912;  c  =  63°26'  +  e,  e  =  l-853;  c  =  69',  e='62S 
<min.);  c  =  89°20',  (viz.  \  =  86'l76),  e  =  l;  0  =  90",  e=l'018;  values  which  are  ex- 
hibited in  the  diagram  in  the  preceding  page. 

9:i.     It  may  be  further  remarked,  in  reference  to  the  formula 

that  for  c  =  60°,  that  is  \  =  Vs,  we  have  A  finite,  B  and  G  each  infinite,  but  equal 
and  of  opposite  signs;  viz.,  the  equation  becomes  r  =  -2242ic+Ki  (y  —  X),  that  is  v/=l, 
orbit  a  right  line  as  above. 

The    abrupt    change    at   c  =  63°  26',   A,  =  2,   arises   from    the   change   of    sign   of  JJj ; 

viz.,  c  =  63°  26'  -  e,   iJ,  =  -  -  -  =  -  2-309,   but   c  =  63°  26'  +  e,   ii,  =  ^  =  +  2-309  ;    the   two 

V3  V3 

orbits  are 

c=63''26'-e,         r  = -234  a:  +  4-906  y- 3-671,         e  =  4-912,         a=    -159, 

c  =  63°  26'  +  €,         r  =  -578  x  -  1-761  y  +  3'257,         e  =  1'853,         a  =  1-338 

For  c  =  90°  the  equation  is 

3V3  ^    ^         ^ 

= -770  3;  + -666)/ +1-027 
and  therefore  6  =  V|f  =  l-018  as  above;   «  =  9 '/2l  =  41-243. 

It  is  to  be  added  that  for  c  nearly  =90°,  or  X  very  large,  we  have 
B^=^X,    ii,=  V|X+2V'|,     ii3  =  v'|x-2V|, 


A=~-    %.  \=    -770-    -430^, 

3V3    V2i  '^  ^ 

B=    \     -  4-  T=   -666-1-890^, 
■•  V7   ^  ^ 

C=   V|  -   4=   I  =  1-527 -1-555^. 
3         V3  ^.  ^ 

It  was,  in  fact,  by  means  of  these  expressions  that  the  value  \  =  86-176  (c  =  89°20') 
•corresponding  to  the  last-mentioned  parabolic  orbit  was  obtained. 
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93.     For  the  calculation  of  the  table  we  have 

log  ic,  =  10  +  log  sec  c, 

log  yi  =  1076144  +  log  tan  c, 
log  X,  =  To-65052  +  log  sec  (c  -  26°  34'), 
log  (y,  -  -92376)  =  TO-06247  +  log  tan  (c  -  26°  34'), 
log  iC3  =  10'65052  +  log  see  (c  +  26"  34'), 
'og  (yi  +  -92376)  =  10-06247  +  log  sec  (c  +  26°  34'), 
the  values  of  r,,  r-^,  Vs,  are  then  calculated  from 

«,  =  j-i  cos  ^, ,     y,  =  r,  sin  0, , 
oi'  say 

—  =  tan  A, ,       r,  =  x,  sec  <b, ,  &c. 

and  those  of  the  chords  7,3,  7^3,  731,  from 

a^  -  «„  =  712  cos  dii,    y,-y^  =  yn  sin  e^.,, 
or  say 

tan  S,,  —  -!— - — ^ ,     7,0  =  (ic,  —  ic.)  sec  6,^. 

y.-y.'    '' 

We  have  then  to  find  the  equation  of  the  orbit  r  =  Aw  +  By  +  G;  this  might  be  done 
by  substituting  in  the  determinant  expression  the  numerical  values  of  x^,  y,,  r,,  x^,  y^,  r., 
^3,  y-i,  *"s,  and  so  calculating  the  result,  but  I  have  preferred  to  employ  the  formula  of 
No.  90,  using  only  the  calculated  values  of  r,,  r^,  r^;  viz.  we  have 

r,{X  +  2)  =  R,, 

which  gives  the  values  of  R^,  Mi,  R^.     And  then  we  have  e,  w,  a,  from  the  equations 

A  —ecosT^,     if  =  esmOT,     <(=] j, 

e  and  a  being  each  regarded  as  positive.  The  times  in  the  elliptic,  and  parabolic 
orbits  are  then  calculated  from  Lambert's  equation,  as  explained  in  regard  to  Planogram 
No.  1,  but  for  the  hyperbolic  orbits,  the  other  formula;  were  made  use  of 


Hosted  by 


Google 


-  6"  34' 

+  46"  34' 

00286 

06113 

16272 

02376 

65052 

06247 

65052 

06247 

65338 

12360 

81324 

08623 

a;,  =  --4501 7 

■92367 

ie,^-  •65049 

•92367 

•01329 

•12196 

J,  =  +  -91038 

»■ 

=  •80171 

log. 

•95922 

iogy.= 

»  90402 

95922 

95922 

90402 

90402 

65338 

04752 

81324 

10980 

30584 

00674 

09078 

01382 
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94.     I  annex  a  specimen ;   the  characteristics  of  the  logarithms  are  omitted. 
c  =  20". 


02701        56107 

76144 

32251 

=  1^06418       j/i  =  ^21014 

32251        02701 

02701        00830 

29950        03531 

-  11"  10'         n  =  10847 


(f,(-6.3"41')-116"19',  i-,=  10157     .f.(.  50"  57')- 230*  .57', 
The  calculation  of  the  equation  of  the  orbit  is  then  as  fohows ; 

-K  -     '36397 

log  =      56107 

12214 

X'=      •13248 

X'-3  =  --2^867.52 

log  =     45750 

logVl+X"  =  02701 
77815 

log  6  ViTx=  =  80516  (a) 

45750 

30103 
log  2  (X"  -  3)  =  75853  (c) 

23856 

log  2  -JS  (X"  -  3)  =  99709  (6) 


logil, 

=  03531 

E, 

- 1^0847 

X-t2 

=  236397 

log 

=  37364 

logr. 

.  00674 

38038 

E,= 

+  2^4010 

21378 
01382 

22760 
-  1^6889 
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4-B,  =  4-3;^88 

2i?,  =  2-1694 

E,- 

2-4010 

-R,                 -  2'4010 

-^    B,     2-4010 

B,  =  - 

1-6889 

+  R,                 - 1-6889 

-    E,      1-6889 

+ 

-7121 

40899 

6-2593* 

log  = 

85254 

•2*89 

log=  79653 

\  = 

56107 

log  =  39602 

X=  56107 

41361 

(a)  =80516 

35760 

+ 

-25919 

69086 

+  2-2782 

_ 

6-2593* 

A  -  ■038982 

-  SB,                 -  7-2032 

-  SB,     5-0667 

- 

6  00011 

7-3449 
-  7-2032 

log- 
(c>. 

77818 
75853 

01417 

-01965 

log-  15137 

C=  + 

1-0464 

(J)  =  99709 

-15428 

S  =  -  -014265 

logS- 

15428                       02729 

l<,gA  = 

59086                       59086 
56342                       61815 

«7(-20 

6')  =  160'  52'         e  .  04151 
23630 

«'- '001723                       logC 

=  01965 

1  -  e- .  -998277                       log 

=  99925 

a  =  1-0481 

02040 
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The    calculation   of   the    Times    is    similar    to    that    for    the    first 
requires  no  further  illustration. 

The  Table  for  Planogram  No.  2  is  as  follows : 
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Plaiiogrc 


<■ 

all  + 

alU       a 

1-      a 

1  + 

3^               V 

■■. 

*i 

.. 

^. 

r. 

i 

Circle 

0° 

1-000 

-000 

500 

866 

-      -500    - 

866 

1-000 

0°   0' 

I'OOO 

120°   0' 

1-000 

240 

5 

1-004 

■051 

481 

878 

-525 

853 

1005 

2  52 

1-001 

118  42 

1-001 

238 

10 

1-015 

-102 

467 

889 

-557 

838 

1-020 

5  44 

1-004 

117  41 

1-006 

236 

15 

1-035 

-155 

456 

900 

■598 

821 

1-047 

8  30 

1-009 

116  54 

1-016 

233 

20 

1-064 

■210 

450 

910 

-650 

802 

1-085 

11  10 

1-016 

116  19 

1-032 

230 

25 

1-103 

■269 

447 

921 

■719 

778 

1-136 

13  43 

1-024 

115  55 

1-060 

227 

Ellipses   ■ 

30 

M55 

■333 

448 

931 

-812 

749 

1-202 

16     6 

1-033 

115  42 

1-104 

222 

35 

1-221 

■404 

452 

941 

■939 

710 

1-286 

18  19 

1-044 

115  40 

1-178 

217 

40 

1-305 

-484 

460 

951 

1-125 

667 

1-392 

20  21 

1-056 

115  48 

1-302 

210 

45 

1-414 

-577 

471 

962 

1-414 

577 

1-527 

22  12 

1-071 

116     6 

1-528 

202 

50 

1-556 

-688 

487 

974 

1-925 

440 

1-701 

23  51 

1-088 

116  35 

1-975 

192 

Parab. 

51°  0' 

1-589 

■713 

491 

976 

2-077 

400 

1-741 

24     9 

1-093 

116  43 

2115 

190 

52 

1-624 

-739 

495 

978 

2-256 

353 

1-787 

34  28 

1097 

116  51 

2-283 

188 

Hyperbs.  ■ 

54 

1-701 

-795 

504 

984 

2-729 

229 

1-878 

25     2 

1-105 

117     7 

2-738 

184 

55 

1-743 

-824 

509 

986 

3-049    - 

U5 

1-928 

25  18 

1-109 

117  16 

3-053 

182 

56°  18' 

1-802 

-866 

515 

990 

3-601 

000 

1-999 

25  39 

1-116 

117  30 

3-601 

180 

59 

1-942 

-961 

530 

997 

5-786    + 

566 

2-166 

26  20 

1-129 

118  59 

5-813 

174 

Line 

60 

2-000 

1-000 

536     1 

000 

7-468         1 

000 

2-236 

26  34 

1-134 

118  11 

7-534 

172 

Convex  \ 

61    . 

63°  26' -€ 

63°  26' +  £ 

2-063 
2-236 

1-042 

1-155 

542     1 
559     1 

003 
010 

-10-53      +    1 

+       CO          - 

793 

2-311 
3-517 

26  48 

27  19 

1-1 40 
1-155 

118  24 
118  57 

10-68 

170 
jl65 
I345 

Hyperbs.  J 

64 

2-281 

1-184 

563     1 

012 

+  45-22      -12 

60 

2-570 

27  26 

1-157 

119     6 

46-94 

344 

65 

2-366 

1-238 

571     1 

015 

16-36           5 

146 

2-670 

27  37 

1-165 

119  21 

17-15 

342 

Parab. 

65°  52' 

2-446 

1-289 

578    1 

019 

10-12            3 

552 

2-765 

27  47 

1171 

119  35 

10-80 

340 

66 

2-459 

1-297 

579     1 

019 

9-987         3 

500 

2-779 

27  48 

1-172 

119  37 

10-59 

340 

68 

2-669 

1-429 

596     1 

026 

5-617         2 

369 

3-028 

28  10 

1-186 

120  11 

6-090 

337 

70 

3-924 

1-586 

616     1 

033 

3-912          1 

927 

3-326 

28  29 

1-202 

120  48 

4-360 

333 

Ellipses    ■ 

72 

3-237 

1-777 

638     1 

041 

3'008         1 

694 

3-693 

28  47 

i-221 

121  29 

3-455 

330 

75 

3-864 

2-155 

674     1 

054 

2-230         1 

488 

4-424 

29     9 

1-251 

122  36 

2-681 

326 

80 

5-759 

3-274 

751     1 

079 

1-568         1 

312 

6-624 

29  37 

1-315 

124  49 

2-045 

320 

85 

11-47 

6-599 

854     1 

112 

1-217          1 

216 

13-25 

29  54 

1-402 

127  32 

1-720 

315 

Parab. 

89°  20' 

86-41 

49-79 

979    1 

148 

1-024         1 

161 

99-5 

29  56 

1-508 

130  24 

1-548 

311 

Hyperbs. 

90-< 

«. 

oc           1 

000     1 

155 

+    1-000    -    1 

155 

CO 

30     0 

1-527 

130  54 

1-527 

310 
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i=  180°,  c  =  0°  to  90°. 


r  =  Ax         ^By         +C 

^ 

TO- 

. 

ya. 

731 

ris 

T,, 

y.! 

^n 

■000 

■000 

+    1^000 

-000 

ind."     ' 

I'OOO 

1-732 

1-732 

1-732 

rooo 

1-000 

1^000 

0' 

+  ■0101 

-    ■OOIS 

1^0104 

■010 

171   19 

I'OIO 

1-729 

1-832 

1-678 

■987 

1-106 

■953 

10 
15 
20 

■039 

■Oli 

1^046 

-041 

160  52 

1-048 

1-724 

1-991 

1-668 

■966 

1-316 

-946 

25 

■083 

■061 

M26 

■103 

143  48 

1-138 

1-718 

2'244 

1-710 

■924 

i-in 

■962 

30 
35 

■135 

•209 

1^317 

-248 

122  54 

1-404 

1-740 

2-684 

1-826 

■878 

3-238 

-966 

40 

■161 

■395 

1-527 

-426 

112  12 

1-867 

1-805 

3-055 

1^925 

45 

-186 

■815 

1-972 

■836 

102  50 

6-554 

2-016 

3'659 

2^063 

■878 

48-60 

■849 

50 

■191 

■982 

2^140 

1-000 

101  14 

=0 

2-100 

3-831 

2-09.7 

■879 

CO 

■820 

5r  0' 

■196 

1'150 

2^3 19 

M66 

99  39 

6-434 

52 

■203 

1-719 

2^898 

V720 

96  44 

1-481 

64 

•207 

2^182 

3-366 

2-192 

95  25 

■885 

2^781 

4-890 

2-258 

■895 

~ 

■665 

55 

■212 

3^074 

4-227 

3-081 

93  56 

■498 

56°  18' 

■221 

-14'15 

+  15-42 

14-16 

90  30 

-077 

59 

■224 

±     CO      (^ 

+    4^906 
-    r761 

-1) 

-    3-671 
+    3-257 

4-912 
1-853 

90     0 

87  17 
108  11 

■000 

■159 
1-338 

6-932 

9-468 

2-536 
2-799 

■000 

~ 

■000 

60 

61 

63°  26'  -  .1 

63°  26'  +  ./ 

64 

65 

■234 

Convex  Orbits. 

■578 

~ 

CO 

■909 

■687 

■979 

2-404 

1-134 

120  21 

8-666 

18-014 

15-380 

2-945 

■591 

■805 

3-257 

1^000 

126  19 

<» 

11-633 

9-072 

3-036 

^ 

7-746 

1-386 

65°  52' 

■593 

■779 

2-221 

■979 

127  15 

53^83 

66 

■606 

■338 

1-894 

■693 

150  53 

3-645 

68 

■619 

-      '120 

1-708 

■630 

169     0 

2-834 

5-409 

3'649 

3-584 

5-736 

6-343 

2-685 

70 

■635 

+      ^027 

1-599 

■636 

182  25 

2-674 

72 

■654 

■186 

1-497 

■680 

195  47 

2^783 

3-859 

3-981 

4-644 

2-62 

6-68 

4-64 

75 

■692 

■366 

1-439 

-783 

207  52 

3-716 

3-327 

6-212 

6-870 

1-97 

10-21 

9-343 

80 

■740 

■514 

1-455 

•892 

314  47 

7-721 

3-115 

12 '895 

13 -480 

85 

■764 

■645 

1-605 

I -000 

219  61 

«> 

3'055 

99-43 

102-7 

1-200 

225-4 

OO 

89°  20' 

+    -770 

+      ■666 

+    1-527 

1-018 

220     6 

41^000 

3-055 

* 

oc 

1-148 

^ 

~ 

90- E 

The  mark  ~  in  any  of  the  T  columns  shows  that  the  Time  does  not  exist. 
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Article  Nob.  95  to  98.     Planogram  Ifo.  3,  the  Orhit-pole  at  one  of  the  points  A. 

95.  When  the  orbit-pole  is  at  one  of  the  points  A,  the  orbit-plane  passes  through 
one  of  the  rays,  and  as  there  ie  no  longer  on  this  ray  any  determinate  point  of 
intersection,  the  orbit  (as  was  seen)  becomes  indeterminate.  Thus  consider  the  point 
A  for  which  6  =  270",  e  =  60°:   we  have 


and  consequently  the  formula  gives 


0 

0 

0 

.   _iV3-VS; 

3   : 

-iVs-VS 

=  -^Vs-Vs  : 

-3  : 

-jvs-vs. 

and,  moreover,  x^  —  x',  y  =  —  i/.  From  the  formula  the  value  of  a:,'  or  jbi  is  given  as 
g,  but  the  true  value  is  obviously  Xi  =  l;  the  value  of  ^i  is  actually  indeterminate. 
The  formulffi  give  the  values  of  (a;,,  y,),  (w^,  y^,  viz.  the  system  is 

x,~      1,  y.-ini 

fl^3  =  —  1 ,  y^=        -.-,     whence  r.  =  rj  =  V^  , 

2 
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SO  that  the  orbits  in  the  planogram  are  the  whole  sciios  of  conica  having  a  given 
focus,   S,   and    passing    through    two    fixed    points,    2,   3,   having    the    common    abscissa 

3:  =  — 1,  and  at   equal   distances  {=1-15470)  on  opposite  sides  of  the  axis.     The  axis 

of  0)  is  obviously  the  common  transverse  axis  for  all  the  orbits ;  that  is,  the  equation  of 
the  orbit  will  be  of  the  form  r  =  Ax  +  B;  and  writing  3:  =  — 1,  we  bave  v^'^  —  A  +  B, 
viz.  the  equation  is  r—'^^  —  A(j:e+l);  the  value  of  A  will  be  determined  if  we 
assume  for  the  point  1  a  determinate  position  on  the  line  x  =  l,  say  its  ordinate  is  =^1; 
for  then  if  r.  —  VTT^  we  have  r,  —  -t/^=  2A,  and  the  equation  is  r  —  Vj  =  J  (rj  -  V|)(a:+  1), 
111  particular  if  y,=0,  we  have  ^1  =  1,  and  the  equation  of  the  orbit  is  r— \^  =  |(1— V|)(ic+1): 
this  is  the  orbit,  eccentricity  ^  {V|  —  1),  =  '264,  belonging  to  the  point  .A  as  a  point 
in  planogram  No.  1 :  for  the  value  of  y,  being  in  that  planogram  originally  assumed 
=  0,  is  of  course  =0  when  the  orbit-pole  comes  to  be  the  point  A. 

96.  We  may  conversely  take  the  equation  of  the  orbit,  or  say  the  value  of 
A{—±e)  in  the  equation  r —  V^=  A(ii:+l),  to  be  given;  and  then  writing  a:  =  «|  =  1, 
we  have 

r,  =  V|  +  2A,        that  is  iji'  -  (V^  +  2Ay  -  1  ; 
for 

(■.  =  1  or  y,  =  0,        A  =  ^(l-'Ji)^~-2M, 

and  as  r,  increases  to  )■,  =  ^^| ,  or  y,  increases  to  +    ,=  ,  A   diminishes  from  —  '264  to  0 ;  ^'iz,. 

for  r,  =  '</%,  or  1/,  =  +  -,.,  the  orbit  is  a  circle;  as  r,  increases  from  Vl,  or  y,  from  +-- 
■"        ■•"         V3  ^       "  -a/3 

A  increases  from  0  positively;  for  I'l  =  V^  +  2,  =3'527,  or  y,  =  +  Y « ,  =±2-896, 

A  becomes  =1;  that  is,  the  orbit  is  a  pai'abola;  and  for  larger  positive  values  of  ri, 
or  positive  or  negative  values  of  yi,  the  orbit  is  a  hyperbola  (concave) ;  and  ultimately 
for  r,  =  <»  or  p,  —  ±  'Xi ,  the  orbit  is  the  right  line  cc  + 1=0.  Thus  A  extends  from 
—  '264  to  0,  and  thence  from  0  positively  to  +  oo . 

97.  In  further  illustration,  suppose  that  the  orbit-pole,  instead  of  being  at  A,  is 
a  point  in  the  immediate  neighbourhood  of  A,  say  that  the  rectangular  spherical 
coordinates,  measured  from  A  in  the  direction  of  the  meridian  and  perpendicular 
thereto,    are    f    and    17 ;    the    colatitude    and    longitude    of    the    orbit-pole    being    thus 

c  =  60^  -I-  f ,  and  b  =  270"  +  --._  t) ;   we  have  then,  J,  ?j  being  indefinitely  small, 
a  ,  (3  ,  7     =  -1  . 


a",  /3",  7"  = 


VV'       »■ 

i+f  e  f 

-if. 

^3      ,  ,       , 

^5. 
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and  thence 


a;,'r 

=  (-nf  f)vs+^+if 

v! 

-y  ^ 

.       ^^      ,  »  ,  /,       V3U 

f-if+(i-¥)f     :-f; 


that  is,  iCi'^-l,  yi=-z,  or  what  is  the  same  thing,  x^  =  —X,  yi  =  ?;  the  values  of 
x^,  ys,  and  a;,,  y,,  differ  from  their  former  values  only  by  terms  in  |,  t],  which  may 
be  neclected;  that  is,  we  have  as  before  3^^  =  — 1,  iu_= -r-  and  re,  =  — 1,  w,  =  —  _:  and 
we  thus  see  that  the  foregoing  determination  of  the  orbit  for  an  arbitrary  value 
of   y,,   writing   therein   i/i=  — |   for   what   would    be   the   same   thing   yi  =  V]   gives   the 


Writing  for  greater  convenience  |  =  /3Cosi^,  ij^psim/^,  the  indefinitely  small  quantity 
p  will  denote  the  distance  of  the  orbit-pole  from  A,  and  its  azimuth  measured  from 
the  meridian  will  be  =  ■^.  We  then  have  y,  =  -  tan  i|r,  and  r,  =  Vl  +  yj'  =  +  sec  i^.  or, 
if  to  fix  the  ideas,  ^  be  considered  as  <  +  90°,  then  r^  =  sec  i^ :  we  have  thus 
{A  =  ±e  as  before)  A  =  ^  (- V|  +  sec  i^) ;   viz,,  observing  that  ■/!  =  1-527,  we  obtain 

1^  =  0,  ^  =  -i(Vf-l)  =  --264 

^  =  seo-^     V|         =  +  49°   6',  ^  =  0 

i/r  =  see-(2V|-l)=±(30°52',  ^=    i{Vf-  l)=-|--264 

V.  =  sec-'(    V|-|-2)=±73°32',  A  =     1 

^=  +(90°-e),  J.  =+00. 

98.  These  results  will  have  to  be  further  considered  in  reference  to  the  course 
of  the  iseccentric  curves  through  the  point  A.  I  remark  here  that,  although  it 
appeal's  that  although  for  eccentricities  less  than  -264,  and  in  particular  for  the 
eccentricity  =0,  there  are  real  directions  of  passage  from  J.  to  a  neighbouring  point, 
yet  there  are  not  through  A  any  real  branches  of  the  corresponding  iseccentric  curves; 
viz.,  .d  is  in  regard  to  these  curves,  an  isolated  point  with  real  tangents;  that  is  a 
point  in  the  nature  of  an  evanescent  lemniscate.  As  regards  the  eccentricity  =0,  it 
is  obvious  that  this  must  be  so;  viz.,  there  can  be  no  real  branch  through  A.  In 
fact,  the  orbit  can  only  be  a  circle  when  the  intersection  by  the  orbit-plane  of  the 
hyperboloid  which  contains  the  three  rays  is  also  a  circle;  that  is,  the  orbit  is  a  circle 
only  when  the  orbit-plane  coincides  with  the  plane  of  the  echptic. 
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Article  Nos.  99  to  103.     Planogram  No.  4,  the  Orbit-pole  in  the  Ecliptic 

99.     When   the  orbit-pole  describes   the   circle  of  the  ecliptic,  the  orbit-plant 
through  the  axis  of  s,  or  polar  axis.     We  have  0  =  90",  and  consequently 

a  ,  ^  ,  7     =  sin  6,     —  cos  b,         0, 


Reverting  for   a   moment   to   the  general  case   where  the   six  coordinates  of  the   ray  are 
(a,  b,  c,  f,  g,  h),  the  formula  for  the  intersection  by  the  orbit-plane  are 


(. 

b, 

cja' 

/?■ 

y 

=  -c 

(a 

b, 

c$« 

/3 

7 

):-a 

sin  J  +  b 

(f, 

g. 

H'" 

e" 

-l" 

:      t 

20S  6  +  g 

i  + 

F 
-cos 

b  + 

Esmi. 

=  0, 

I     h 


-sinb  —  0; 


consequently 
or,  what  is  tile 


hx'       :  gi/'- 


.  b-%' 

■  -fy  +  b; 


^''  =  (g;/  - 

thing, 

bx'^  =  (f  -I-  gs)  y'"  +  2{ag-  bf)  7/' +  3?  + 1)*, 
or,  in  particular,  if  (as  in  the  special  symmetrical  ease)  ag  — bf=0,  then 
hic'2  =  (f2  +  g2)y2  +  a''  +  b=. 
100.     For  the  symmetrical  system  of  rays  we  have  as  before 

b,,  c„  f„  g„  h,  =     0,     "/3,     - 1,      0,1,  V3, 

h„  c„  {„  g,,  h,=     3,     V3,         2,     Vs,     1,     -  2  V3, 


and  thence 


bj,    C; 


-  3,     ^3,         2,     v^,     1, 


-2V3, 


V3  cos  b 

sin  6 

3  sin  6  -1-  VS  cos  b 

sin  5  -1-  Vs  cos  6, 

3  sin  6  +  Vs  cos  b 

sin  b  -  V3  cos  5, 
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or,  what  is  the  same  thing, 

x(  =        eosec  h        ,  i/,'  =  VS  cot  h, 

. -1  ,_V3(cos6-V3siii6) 

sin  6  +  ^3  cos  h'  '             sin  6  +  Vs  cos  b 

-  2  ,     V3(cos6+ VSsini) 

*a  = ■ 7= ,  ^3  = ^^^ 7= '', 

sin  J  —  V  3  COS  b  sin  6  —  V3  cos  b 

or  as  these  may  also  be  written 

Xi'  =     cosec  b            ,  ^i'  =  VS  cot  b            , 

ai,'  =  -  cosec  {b  +  60°),  i//  =  Vs  cot  (6  +  60°), 

ic/  =  _  cosec  (i  -  60°),  y^  =  v'3  cot  (6  -  60'), 
so  that  for  each  of  these  sets  we  have 


(The  curve  is  in  fact  a  section  of  the  hyperboloid  of  revolution,  a:^  + j'  — ^3- =  1, 
which  passes  through  the  three  rays.) 

101.  As  regards  the  equation  of  the  orbit  I  will  tii-st  consider  the  particular 
cases  h  =  90°,  b  =  0°,  which  should  agree  with  the  orbits  for  c  =  90°  in  the  planograms 
1  and  2  respectively. 

For  b  —  90°  we  have  x'  —  x,  y'  —  y  and 

V=     1,     y/=     0, 

0^:  =  -%   y;=-3, 

x^  =  -  2,     y/  =     3, 

and  the  orbit  is  at  once  found  to  be 

r  =  l{l-'/\^){x'-l), 

the  eccentricity  (regarded  as  positive)  being  thus  ^(VTS-l),  ^-TeSo  as  before.  For 
6  =  0°  there  is  a  discontinuity,  and  I  write  successively  b=+e,  and  b  =  —  e.  For  6  =  4- e 
we  have  x'  =  ~y,  y'  =  x,  and 

xi  =     ic   ,     y,  =  X  Vs, 
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and  the  orbit  is  found  to  be 


r  = 

J"; 

*ik^' 

V7 

■666n!  +  -770y 

+  1-527  i 

and 

similarly  for  b=  —  e 

the 

equation  is 

r  = 

-i" 

-,^^^ 

■Jl 

■666a!  +  -770!/ 

+ 1-527 ; 

hen 

e  the  eccentricity  i 

e-Vp, 

=  I'Olf 

,  as  before. 

102.  Considering  now  the  general  ease  where  h  has  any  value  whatever,  the 
equation  of  the  orbit  is 

,         cc\  /  ,  1  =0. 

-,  sini  ,         1,  V3cos&  ,  sin  6" 

-3  (sin  &  +  \/3  cos  6),     -  2  ,     -  3  sin  t  +  VS  cos  h.  sin  6  +  V3  cos  h 

S  (sin  6  -  Va  cos  6),     —  2 ,         3  sin  ?>  +  V3  cos  b,  sin  6  -  VS  cos  6 
(a/  =  X svah  —  y cosb,  'i/  =  cccosb  +  y sin 6,  as  before). 

The  coefficient  of  r  is  readily  found  to  be  -  6  Vs  (sin=  b  +  cos=  b),  =  -  6  V3 ;  hence 
completing  the  development,  dividing  by  Q  V3,  and  transposing,  the  equation  of  the 
orbit  is 


^     {2r,  sin  b 
i-     ^    [4j"i  sin^  6 


-  r,  (sin  b  +  Va  cos  b)  -  n  (sin  J  -  Vs  cos  b)]  w' 
ib  +  r^i-'ismb  cos  6  +  Vs  (cos^  i  -  sin^  b)) 

■+r-^{~  2  sin6cos6  — V3(cos^6  -sin=t))]i/' 
+  Ca  (siii^  6+3  cos^  i  -1-  2  V  3  sin  ?J  cos  b) 

+  Ts  (    sin'  6+3  cos=  6  -  2  Vs  sin  J  cos  b)] , 

Vsin^  6  +  4  cos^  6 


sin  6 

^/l3 

sin 

6  +  7 

cos 

6  -  6  VS  SI 

ntoos 

b 

sin 

6  + 

VScosfc 

7l3 

sill 

b+1 

cos 

i  +  6V3sin6cos 

b 

in   which   expressions   the  signs   of    the   radicals   must   be   such   that   r,, 
positive.     Hence  writing  tan  6  =  tj,  (sec  6  =  Vl  +  ^,  which  determines  the  ; 


r^,   r.)  shall   be 
tgn  of  Vl  +))^), 


iJ,  =  V);^  +  4,     i;i,  =  7l3)?=-fi  V3>;  +  7,     lt,  =  JlSj]-'  +  6'J3ri  +  1, 
c.  VII.  58 


Hosted  by 


Google 


45S 

and  therefore 


ON    THE    DETERMINATION   OF   THE 


r,n  =  E„        (,+  V3)r,  =  -E„         (^-•J3)r,  =  E„ 


[476 


which   last   equations   determine   the  signs   o!'    Ri,   R^,   R^   respectively,   the   equation   of 
the  orbit  is 


1 


=  (4Ji,  +i?,{l  -^  V3)  +  ii,  (1  +  ^  VS))  / 


(4iS,  5?  +  iJ,  (i?  +  VS)  +  i?3  (t;  -  V3)). 


"  6  (1  +  rf) 
Thus  if  6  =  +  e,  then  also  tj  =  +  e, 


^7 


and  the  equation  is 

as  before ;  and  similarly  if  &  =  90°. 
And  moreover,  if  6  =  30°,  then 

1         „       /-       „       4        „  2v'0 

'     V3  ^  VS  3      ' 

whence  the  equation  of  the  orbit  is 

■8683;' +  0y+    1-868. 

103.  The  equation  of  the  orbit  should  be  tabulated  from  6  =  0  to  6  =  30°,  the 
equations  for  the  remainder  of  the  circumference  will  be  then  found  by  successive 
repetition  of  this  interval  in  direct  and  reverse  order,  with  however  a  change  of  sign, 
in  the  manner  about  to  be  explained. 


4-e, 

r  =  + -666  «'  + -770/ +1-527, 

b  -  30", 

r  =  +  -868,K'+     0   /+ 1-868, 

S  =  60°  -  «, 

r  =  +  -666it'--7703,'+l-527. 

b-eo'  +  e. 

i-  =  --666a!'-F-770t/'-H-o27, 

b  -  90-. 

i-  =  --868^+     0   j'+lS68, 

6  =  120"  -  e, 

r  =  - -666  It'- -770  y'  + 1-527, 

30°  +  /3  same  as  30°  —  0,  reversing  sign  of  the  y'  coefficient. 

90°  +  ^  same  as  90"  —  0,  reversing  sign  of  the  y'  coefGciont,  and  whole  interval 
60°  to  120°  same  as  interval  0°  to  60°,  except  that  the  signs  of  the  w  coefficient 
are  reversed,  and  the  remaining  two  intervals,  120°  to  240°  and  240°  to  360°,  are 
merely  repetitions  of  the  interval  0°  to  120°. 
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As    regards    the    interval    0"    to    30"    the    only    intermediate    value    that    I    have 
calculated  is  6  =  15",  viz.,  we  then  have 

b  =  15",     r=-SUx'  +  -403  y'  +  I'lSl. 

Calculating   for   the   foregoing   values   b  —  O",   &  =  15°,  6=30",   the   values   of  e,  w,  a, 
these  are  found  to  be 


e  -  1-018 

«  =  220"    6' 

a  =  41-24 

«=    -906 

»  .  206'  27- 

o  - 10-008 

e=    -868 

m-im' 

0=    7-604 

Article  Nos.  104  to  113.     Planogram  No.  5.     The  Orbit-pole  on  a  Separator. 

104.  If  the  orbit-plane  rotate  round  a  line  parallel  to  one  of  the  rays,  the 
orbit-pole  will  describe  a  separator  circle,  and  conversely,  I  consider  the  general  case 
of  a  ray  the  six  coordinates  of  which  are  (a,  b,  c,  f,  g,  h),  and  for  which  the  inter- 
sections with  the  orbit-plane  are  given  by 

^'  :  !/  :  l.(a,  b,  cj,',  13',  -,')  :  -  (a,  b,  cj»,  A  7)  :  tt  g,  hj"".  S",  7")- 

The  axis  of  a/  is  parallel  to  the  ray 

ii~A  _y-B     z-C 
t  g"  h      ■ 

that  is,  we  have 

a  :  /3  :  7  =  f  ;  g  :  h, 
whence,  putting  for  shortneys 

ii  =  Vi^  +  g^+h=  and  ^  =  V'f=^-g^ 
we  have 

h 


a  =  (^  =  cos  JV  cos  6,     /3  =  ^  =  cos  iV  sin  (7,     7  =  o  =  ~ 
and  thence 


tane  =  |,     sine  =  g, 

COS04,  cos.=n, 

I   the   values   of  a',  A, 

7';  a",  /S",  7"   in   terms   of  f, 

g,    h   and   the 

a.,  these  are 

gcosir     htsiniJ" 

„      -gsin/f     hfoosiT 

'  -     n          nn    ■ 

f  cos  H     gb  sin  H 

•    -Tr-+    nn-  ■ 

„,        f  sin  if     hgoOBif 

'^  ~      ii          nn    ' 

n^siniJ 

n'cosff 

mi    • 

1  =               "nn"' 

58—3 
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where    H   is    the    angular    distance    of    the    orbit-pole,   along    the    separator,   from    the 
point  A.     The  foregoing  values  give 

(a,  b,  oja  ,  ^  ,  7  )  =  0, 

(a,  b.  cja',  ff.  V)  =  -^  l{ag-bt)cosfl"  +  cnsinjr], 

(f,  g.hja"   /3",  7")  =  0. 

so  that  the  coordinates  a.',  /  of  the  intersection  with  the  ray  are  given  in  tho  form 

l!  :  y'  :  1=M  :  0  :  0, 


that  is 


but   the   value  of  y    is   determinate,  viz.,  this   is  equal   to   the  perpendicular   distance  of 
the  ray  from  the  point  S. 

105.  In  particular  when  the  raj^  are  the  special  symmetrical  system  before 
considered,  then  if  (a,  b,  c,  f,  g,  h)  refer  to  the  ray  1,  we  have  f  =  0,  g=l,  h=v3, 
n  =  1,  JJ  =  2,  and  thence 

a,  ^,7=0         ,     \  ,         i'^3, 

a',  /3' ,  7  =-cosif,     iV^sinif,     ~  |  sin  ff, 
a",  0',  7"  =  -  sin  R,    i  VS  cos  H,        ^  cos  H. 

For  the  intersection  with  the  ray  1  we  have 

«['  =  +  00 ,     yi  =  1, 

and  for  the  intersections  with  the  other  two  lines 

(3,     VS,         2       )(-cosff,  iVSsin//,  -  i  sin  B)  =-S<x,bH +  iBinII 

:  -(   3,     V3,         2       )(       0,  1,  i-JS)  ■■  }V3 

:  (Vs,  1,  -2V3)(-sinff,  -iVSoosS,  Joosfl)  :  -  V3sinfl-|VS  cos/i", 
and 

^;  i  ».'  :  1  = 

(-     3,     V5,     2        )(-cosif,  i-JSaiaH,  -ismB}=       3  cos  if  +  J  sin  i? 

:  -(-     3,     V3,     2       )(     0,     i,  iVS)  :  |  V3 

:      (--/S,       1,  -  2  \'3)  (- sin  ff,  -lV3cosJ?,  |cosff)       :     VSsin  J7-fV3cosif, 
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that  is,  we  have 


16  cos  H~    sin  if 

~  VS  3cosir+2siiijtf ' 


1    6  cos  if  +    sing 
"V3  3co3ir-2sinfl' 


106.     Writing  herein 


■JlZ '  Vl3 

the  formula  are  readily  converted  into 

w^'  =      ^  ,-  |10  -  15  tan  (H-  w)|, 


-j^.     tan(B=f, 


^{-16~l^tm.(ff-hco}], 


Vig" 


■.c(H~<o). 


where,  in  regard  to  this  angle  q>,  it  is  to  be  observed  that  it  represents  the  angular 
distance  from  the  ecliptic  along  the  separator  to  a  point  B,  or  what  is  the  same 
thing,  the  complement  of  the  angular  distance  on  the  separator,  of  the  points 
A  and  B.  We  have,  in  fact,  a  right-angled  spherical  triangle  ZAB,  ^Z  =  60°, 
/^  =  90°,  2'^  =  60=  whence  sin  60°  =  tan iliJ cot  60",  that  is,  tan  A5=sin60''tan60°=f, 
or.dfi  =  90=-(B. 

Hence,  ^=  +  90",  the  orbit-pole  is  on  the  ecliptic,  fl"=  ±  (90°  -  to),  it  is  at  a 
point  B  (the  intersection  of  the  sepai-ator  by  one  of  the  other  two  separators),  and 
H  =  0,  it  is  at  the  point  A  on  the  separator. 

The  foregoing  valnes  of  (a;/,  y,')  satisfy  the  equation 

251/^  =  39a^  -  32«  VS  -I-  37, 
and  similarly  the  valnes  of  (^s',  1/3')  satisfy 

25^  =  39^  -I-  32^  VS  +  37, 

results  which  would  be  usefnl  for  the  delineation  of  the  planogram. 

107.  As  regards  the  equation  of  the  orbit  wc  have  a:/=±xi ,  and  consequently 
iCi'=±n  =  ^n  if  for  convenience  0  he  written  to  stand  for  ±1.  The  equation  of  the 
orbit  then  is 


r,(3c 


iff). 


r,  (3  cos  f?- 2  sin//),      ]_  (- (y  cob  B  -  sin  E),     3,     3  cos//- 2  sin  ff 
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4G2 

that  is 
-(r(9-a;')12sinii'- 

y'  \-=.  (36  coa^  S  +  4  sin^  H)  -  dr^  (9  eos^  E-i  sin'  H)  +  Br^  (9  sin=  H-i  cos^  fl)[ 

-12\/3cos^+30(3cosfl"+2smiZ")ra-3^(3cosff-2sin^)n, 


[476 


^'21. 

20S 

•H-i 

cosffsmfi"+^sm= 

U 

Soos 

a-  +  2smS 

V21 

COS 

■Ji  +  4 

co&HsmH  +  ^siii 

•H 

3  COS  if  -  2  sin  H 

Hence,  writing  tanH  —  X,  and   therefore   secH^ -Jl  +  X^,  which   determines  the  sign 
of  VI  +  X",  and  moreover 

(3  +  2X)  r,  =  ii„     (3  -  2X)  r,  =  U,, 

which   last   equations,  since   r,,  r,   must   be   positive,  determine  the   signs  of  the  radicals 
iJj,  i?3 ;   the  equation  of  the  orbit  is 


and  thence  also 


i2x  VTTx^  (V3 

where  0  it  will  be  recollected  denotes  + 1 


{36  +  iX")  -  (3  -  2\)  R,  +  (3  +  2X)  R,\  +  - 
1  at  pleasure. 


108.     I    remark    that    ^  =  + 1     and    ^  =  - 1    may   lie    considered    as    belonging    to 
positions   of  the   orbit-pole   indefinitely  near   the  separator  on    the   opposite   sides  thereof 


respectively ;    the   annexed    figure    represents    a   portion    of    the   blank    spherogram,   and 
the    two    sides    of    the    half- separator    A'G'  will   he    traversed    by   the    orbit-pole,   if   H 
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extend  from  0"  to  90° -w  (=56°  19',  value  at  B')  and  theace  to  90",  ^  =  +1  belonging 
to  the  aide  marked  +  in  the  figure,  and  ^  =  —  1  to  the  opposite  aide.  But  the  same 
result  may  be  stated,  more  conveniently,  in  reference  to  the  blank  spherogram,  as 
follows : 

H.=    (f        to  H=    56°  19',     ^  =  +1  belongs  to  the  outside  of  AB',  viz.  to  positions 
within  the  region  of  convex  orbits, 
^=  —  1,  to  inside  of  AB', 
ff^Seng'  to  -ff=    90°       ,     ^  =  +1  belongs  to  inside  of  B'C, 
j?  =  90°        to  ir=  123M1',     ^  =  +1  belongs  to  inside  of  C'B, 

the  last-mentioned  values  being  identical  with  those  for  H=90''  to  H=56°19',  ^  =  —  1: 
viz.  the  formula  for  if  =  90°  +  ^,  ^=  + 1  is  equivalent  to  that  for  ^=90°-.^,  (9  =  -l. 

109.     I  consider  some  particular  cases. 

Orbit-pole    at    A :    here    H=0    and    therefore    X=  0,   R^  =  Rj  =  V21 ;    the    orbit    is 

r  =  6x'+  -  —(i/  —  1),  viz.  it  is  the  right  line  i/'-l  =  0. 

Orbit-pole  in  the  neighbourhood  of  B.  Suppose  first  ff  =  90°  —  co  —  e,  X  =  cot  to  —  e 
coaec^Qi  =  |  — J^e,  .S— 2X,  =-^e,  is  positive,  and  therefore  Rg  is  positive,  and  we  have 
IL^  =  Q,  Rs^i'JS;   whence  the  equation  is 

r=e.'+  y'(. 

9Vl3^ 
viz.  ^  =  -  1,  this  is  _ 

r  =  -!-  a/  -I-  V^ 
and  ^  =  -I- 1,  it  is 


and   so   secondly,  if   H  =  m''-a>  +  e,  X-|-|-J^e,   3  -  2>.,   = 
also  negative,  viz,  R^=Q,  R^^  —  i^'i,  and  the  equation  is 


and 

9  = 

+  1, 
.-1, 

this  is 
it  is 

r  =  , 

i'- 

■J^lf 

+  1, 

r=. 

-«■ 

-■^ 

''^^^7r 

At 

the 

point 

B 

there 

thus 

four 

orbits 

H^-90"~a-e,  ^  =  +1,  and 
^  =  90"  -  M  4-  e,  ^  =  -  I,  these  are  orbits  whereiu  the  eccentricity  is  =  V^-,  =  2-309, 
agreeing  with  that  found  for  the  point  B  in  planogram  No.  1,  or  say  for  an  orbit- 
pole  near  B  in  the  direction  of  the  meridian;  whereas  for  H^QO"  —  o>  — e,  0=^  —  1 
and  H  =  90°  -a>  +  e,  6  =  +!  the  eccentricity  is  Vj|  =  1-101. 
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Suppose   again   that   the   orbit-pole   is   on   the   ecliptic,  or  say  ^"=90"  — e,  \  =  +  x, 
J5i  =  2V'|^X,  Rs=-2'/^X,  and  Vr+V  =  A,  and  the  equation  is 


(/-£)-'-■ 


3V3. 

and  aimilariy  for  if  =  90°+ e,  X=  -  oo  ,  R^  =  2'/lx,  i?3  =  ~-2\/|x,  Vl+X^^X,  and  the 
equation  still  is 

viz.  0  retaining  the  same  sign,  there  is  no  discontinuity  in  the  passage  through  90°. 

The   eccentricity,  whether   B  =  +  1    or=  — 1,   is   v^,   =1-018,  agreeing   with    Piano- 
gram  No.  2. 

110.     For  the  more  complete  discussion  of  the  eccentricity,  we  have 

The  eccentricity  cannot  be  less  than  1,  which  is  evidently  right,  for  the  point  3  being 
at  infinity,  the  orbit  cannot  be  an  ellipse.  We  may  have  e  =  1  (or  the  orbit  a  parabola), 
viz.  this  will  be  the  case  if 


Proceeding  to  rationalize  this  equation,  we  have  first 

(3  -  2Xf  i?,=  +  (3  +  2\y  J4^  -  .^  (9  +  X^y  =  2  (9  -  4V)  B^B„ 

viz.   substituting   for   B^,   B^   their   values   V21  -  4\  +  ^f  V   ^nd   'J21  +  iX  +  ^^X\   this 
found  to  be 

2(9-4X0^/(21 +^y-16X=  =  -54  +  336V  +  t^X'; 
or,  what  is  the  same  thing, 

(9  -  4X=)  V3969T3384  X=  +  784  X^  =  -  81  +  504  V  +  104  X* 
whence,  squaring  i^nd  reducing,  we  have 

432  (4XS  -  248  X«  -  819  X'  +  162  V  +  729)  -  0 ; 
or,  what  is  the  same  thing, 

432(X^+l)(4X"-252X*-567X'  +  729)  =  0, 
or,  finally,  the  condition  for  a  parabola  is 

4V-2o2  X^-o67x'+729  =  0. 


Hosted  by 


Google 


476]  ORBIT   OF  A   PLANET   FKOM  THREE   OBSERVATIONS.  465 

111,  I  stop  to  remark  that  this  equation  may  be  obtained  differently,  aa  follows. 
Since  the  point  1  is  at  infinity  on  the  axis  of  x,  this  line  will  be  the  axis  of  the 
parabola;   or  the  equation  of  the  parabola  will  be 

~if  +  4a«  +  4(4^  =  0, 
and  wc  have  therefore 

—  y-i  +  ^ax^  +  4a^  =  0, 

-  ^3=  +  ^axs  +  4a^  =  0, 
that  is 

1  :  4ts  :  4a.' =  it!j  —  3^3  :  iji—yi    :  •- y^  ^3  +  J/^^ ^i, 
and  therefore 

(y.'  -  y^J  =  -  4  (a!.  -  ^0  iy-,^x,  -  y.^  a:,) 

as  the  condition  for  a  parabola. 

But  the  values  of  !c«_,  y-ii   x^,  y^,  ante  No.  104,  introducing  \  in  the  place  of  H,  are 


1     6-X 

^        1     6  +  \ 
'      '     V3  3  -  2X ' 

svr+x- 

*          3  +  2X 

SVl  +  X" 
■    *          3-2X    ' 

x.^-x^  = 

4     9+X= 
VS  9  -  iV ' 

y."-y."=- 

216X{1+X^) 

{s-ix-y  • 

y,'^,-y/x,-- 

36  (1  +  X')(9-X^) 
V5       (9-W)' 

'  (9  -  4X.7' 

^(i,t^.(9.x,(9-n 


(4V  -  9)  (A^  -  81)  -  243V  {X^  + 1)  =  0, 
4X«-252\^-  5C7X=+  729  =  0, 


i  before. 


112.  The  equation  considered  as  a  cubic  equation  in  V  has  its  three  roots  real, 
but  only  two  of  them  are  positive ;  viz.  there  is  a  root  not  very  different  from  1,  and 
which  is  easily  approximated  to  by  writing  V  =  1  —  a;,  this  gives 

ix^  +  240j;=  -  1068a:  +  8C  =  0, 
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nearly  a;  = -jgfg  =  "08 ;  a  second  approximation  gives   3;='0802;    or  we  have  V  =  -9198, 
:  '9592,  whence  H  =  43°  49'.     Substituting  in  the  equation 


this   will  be   satisfied   by  ^  =  —1,  viz.    the   parabola  belongs  (as   it  obviously  should    do) 
to  a  point  of  AB'  within  the  triangle  BB'B". 

To  obtain  the  other  positive  root  we  may  write  the  equation  in  the  form 

the  approximate  value  X'  =  63,  gives  more  nearly  \^=65  and  then 

X=-fiS  +  ^*^'^^-^^^'2*    -(55-177 
whence  X^=  8-073  or  3=82" 6&.     Substituting  in  the  equation 


we    have   ^  =  +1,   viz.   this   parabola    belongs    to    a  point   of    B'G'    within    the    triangle 
BB'B". 

The  two  values  of  e  for  $  =  +  1  and  ^  =  —  1,  are  each  infinite  for  X  =  0,  and 
they  become  equal  for  X  =  w  (viz.  when  the  orbit-pole  is  on  the  ecliptic),  but 
not  in  any  other  case ;  in  fact  they  can  only  do  bo  for  9  +  X^  =  0,  or  else  for 
(3-2X)ie,  =  (3-|-2X)i£a,  that  is,  X(288  + 128X=)  =  0,  viz.,  X(9  +  4X0  =  0. 

113.     In  further  explanation  I  give  a  diagram  of  the  eccentricity. 


rig.  11. 

i 

The   base   AB'G'B   is   here   the  broken   line   AB'O'B'    of   figure    10:    the   ordinatos 
along  the   base   AC'{—^(y')   of  the    two   continuous   curves   exhibit   the   values   of  e,   as 
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given  by  ^  =  + 1  and  ^  =  - 1  respectively ;  the  dotted  curve  on  the  base  C'B  (=  C'B') 
is  merely  the  upper  curve  on  the  base  C'B'  transferred  to  the  base  C'B;  and  the 
curve  composed  of  the  lower  curve  on  the  base  AG'  and  of  the  dotted  curve  gives 
by  its  ordinates  the  value  of  the  eccentricity  as  the  orbit-pole  moves  along  AB'B 
within  the  triangle  B'BB":  the  upper  curve  on  the  base  AB'  gives  by  its  ordinates 
the  value  of  the  eccentricity  as  the  orbit-pole  moves  along  AB'  on  the  other  side 
thereof,  that  is,  within  the  convex  region. 

The  base  of  the  dia^am  is  graduated  not  for  the  value  of  H,  but  for  that  of 
the  angular  distance  (or  distance  in  longitude)  of  the  orbit -pole  from  the  point  A 
(or  A');  viz.  this  is  the  angle  opposite  H  in  a  right-angled  spherical  triangle,  the  sides 
and  hypothenuse  of  which  are  60°,  H,  c ;   writing  0  for  the  angle  in  question  we  have 

_  2\\ 

and  any  position  of  the  orbit-pole  on  the  separator  may  bo  conveniently  laid  down  by 
means  of  this  angle  &.  The  values  of  j3  corresponding  to  the  before -mentioned  values 
X  =  -9592  and  X  =  8-073  are  /3  =  47°  54'  and  ^  =  83°  53'  respectively. 


Article  Nos.  114  and  115.     The  Spherogram  and  IsoparametriG  Lines — General 
Oonsiderationn. 

114.  We  first  construct  a  blank  Kpherogram,  as  already  explained  (and  see  also 
Plates  IV,  and  V.),  viz.,  we  draw  on  the  stereographic  projection  a  hemisphere — say 
the  northern  hemisphere ;  the  meridians  being  radii  and  the  parallels  of  colatitude 
circles  with  the  polo  as  centre ;  the  parallel  of  60°  is  the  regulator  circle,  and  the 
separators  are  great  circles  touching  this  at  the  points  A,  A,  A,  in  longitudes  SO",  150°, 
270°  respectively ;  the  separators  intersect  in  the  points  B,  B,  B,  in  the  northern  hemi- 
sphere, and  they  are  produced  to  meet  again  in  the  points  B,  B,  B,  of  the  southern 
hemisphere ;  but  instead  of  taking  the  whole  northern  hemisphere,  we  omit  portions 
thereof,  and  take  in  the  opposite  portions  of  the  southern  hemisphere ;  the  spherogram 
being  thus  bounded  by  portions  of  the  separator  circles,  and  consisting  of  the  inner 
spherical  triangle  B,  B,  B,  and  three  surroimding  triangles  B,  B,  B.  The  inner  triangle 
contains  the  regulator- circle,  touching  its  sides  at  the  points  A,  A,  A  respectively,  and 
dividing  it  into  an  inner  circular  region  and  three  surrounding  regions  A,  B,  A  ;  these 
last  are  the  lod  in  quibus  of  the  orbit- poles  which  correspond  to  convex  orbits;  and 
to  mark  them  off  from  the  other  regions,  it  is  proper  to  shade  them  in  the  sphero- 
gram. Excluding  them  from  consideration,  we  have  the  inner  circular  region  and  the 
outer  triangular  regions  separated  off  from  each  other  by  the  shaded  regions,  except 
at  the  points  A,  where  these  are  thinned  away  to  nothing.  The  points  A  arc  positions 
of  the  orbit-pole  for  which  the  orbit  is  indeterminate ;  and  consequently  any  parameter 
belonging  to  the  orbit  is  also  indeterminate.  Hence  the  isoparametric  line  for  any 
given  value  of  the  parameter  will  always  pass  through  the  points  A ;  that  is,  all  the 
isoparametric   lines  will   pass  through   these   points,  which   are   thus  points   of  connexion 

59—2 
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between  the  inner  circular  region  and  the  three  outer  regions,  but  it  must  be  recol- 
lected that  for  certain  given  values  of  the  parameter,  the  points  A  may  be  isolated 
points  on  the  isoparametric  line. 

115.  It  is  sometimes  necessary  (more  particularly  as  regards  the  Tirae-gpherogram 
and  isochronic  lines)  to  distinguish  from  each  other  the  several  points  A  and  B;  and 
for  this  purpose  I  consider  the  several  points,  as  situated  in  the  spherogram,  to  be 
accented  in  the  following  manner: 


so    that  the  inner  triangle   is   B'B"B"'  and   the   outer  triangles  are  BB'B",   B'B'^^B"'   and 
B"'B^B"  respectively;  this  distinction  has  been  already  partially  made  in  Fig.  10, 


Article  Nos.  116  to  122.     The  e-spkerogram  and  Iseccentrio  Lines.     See  Plate  IV. 

116.  Constructing  a  blank  spherogram  as  above,  we  may  from  the  tables  for 
planograms  Nos.  1  and  2  lay  down  numerically  the  values  of  the  eccentricity  at  the 
several  points  of  each  meridian  for  the  longitudes  0",  30", . ,  330°,  viz. 

Longitudes  Planogram   No.   2  shows  that  e  increases   from   0  at 

0°,  60°,  120°,  180°,  2W,  300".  the  centre  to  go  at  60°,  then,  60°  to  63°  26'  (shaded 
region),  it  diminishes  from  x  to  4'912 ;  on  passing  63°  26' 
it  changes  abruptly  to  1'853 ;  thence  diminishes  to  a 
minimum  =  '628  at  59",  and  again  increases  to  TOIS  at 
90°. 

Longitudes  Planogram    No.    1,   part    1,   shows    that    e    increases 

10°,  210°,  330°.  from    0   at   the   centre   to  a;  at  60°,  then,  60°  to  73°  54' 

(shaded  region),  it  diminishes  from  co  to  2'309,  this  last 
value  being  at  a  point  B,  the  termination  of  the  sphero- 
gram. 

Longitudes  Planogram   No.   1,  part   2,   and   for   values   over   90°, 

30°,  150°,  210°.  part   1,  shows   that  e  increases   from   0   at   the  centre  to 

■264  at  60°  (point  A).  -869  at  90",  and  2-309  at  100°  6', 
point  B. 

It  will  be  recollected  that,  although  e  has  the  same  value,  2-309  at  the  two 
opposite  points  B,  yet  there  is  an  abrupt  change  of  orbit,  indicated  by  the  change  of 
sign  o{  A(=  +  e). 

117.  Planogram  No.  3  shows  the  directions  at  the  points  A  of  the  several 
iseccentrio   lines.     Planogram    No.  4,  if  the  calculations  were   completed,  would  give  the 
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value  of  the  eccentricity  at  the  several  points  of  the  ecliptic,  but  besides  the  already- 
mentioned  values  1-018  at  0",  60°,  &c.,  and  -868  at  30°,  90°,  &c.,  the  only  value 
calculated  is  '906  at  15°,  45°,  &c.  It  thus  appears  that  the  eccentricity  =1-018  for 
longitude  0°  diminishes  through  '906  at  15°  to  -868  at  30°,  and  then  again  increases 
through  -906  at  45°  to  1018  at  60°,  and  so  on  through  successive  intervals  of  60°. 

118.  Planogram  No,  5,  if  the  calculations  were  completed,  would  give  the  value 
of  e  for  the  arc  AB  within  the  shaded  region  (but  no  values  have  been  found  except 
those  given  by  Planograms  1  and  2,  viz.  e  =  «o  at  A,  =4-912  at  longitude  30°  from  A, 
and  =  2-309  at  B) ;  and  it  would  also  give  the  value  of  e  for  the  whole  bounding 
arc  ABB  within  the  exterior  triangular  region.  We  have  e=co  at  A,  =1'853  at 
longitude  30°  from  A,  =1  at  distance  if  =  43°  49'  from  A,  =1-101  at  B,  and  then 
proceeding  along  the  arc  BB,  =1  at  distance  if  =  82°  56'  from  A,  =1-018  on  the 
ecliptic,  and,  finally,  =  2-309  at  B.  The  two  values  e  =  1  are  very  important,  as  will 
presently  appear,  with  regard  to  the  parabolic  curve. 

119,  It  is  now  easy  to  trace  the  form  of  the  iseccentric  lines, 

e  =  0,  the  curve  is  a  point  at  the  centre,  and  for  any  value  less  than  '264  it  is 
a  trigonoid  form  surrounding  the  centre,  the  maxima  radii  being  directed  towards  the 
points  A.     The  points  A  belong  as  isolated  points  to  all  these  curves. 

e='264,  the  curve  is  tricuspidai,  having  a  cusp  at  each  of  the  poiats  A.  The 
numerical  values  seem  to  show  a  singularly  blunt  form  of  cusp  (the  points  A  are,  in 
fact,  not  ordinary  cusps,  but  singular  points  of  a  higher  order) ;  but  the  data  do  not 
enable  me  to  draw  with  certainty  the  precise  forms  of  the  arcs  between  the  three 
cusps :  the  wavy  form  wag  drawn  purposely,  but  there  is  no  sufficient  evidence  for  its 
correctness. 

120,  It  is  convenient  to  pass  at  once  to  the  case  e  =  1,  or  say  the  parabolic 
curve,  locus  of  the  orbit-pole  when  the  orbit  is  a  parabola.  This  is  a  three-looped 
curve  cutting  itself  (having  a  node)  at  each  of  the  points  A ;  and  it  appears  from 
planogram  No,  5  that  each  loop  touches  at  tour  points  (two  points,  H  =  43°  49',  and 
two  points,  H=82°  56'),  the  sides  of  the  bounding  triangle  BBB.  The  loop  thus  divides 
the  triangle  BBB  into  six  regions,  viz.  one  within  the  loop,  two  subjacent,  two  lateral, 
and  one  superjacent. 

For  any  value  between  e  =  -264  and  e  =  1,  the  curve  is  a  three-looped  curve  inter- 
secting itself  at  the  points  A,  and  such  that  the  loops  lie  wholly  within  those  of  the 
parabolic  curve,  and  the  remaining  portions  between  the  parabolic  and  cuspidal  curves. 

121.  For  any  value  of  e  >  1,  wo  must  imagine  a  three-looped  curve  intersecting 
itself  at  the  points  A,  the  loops  respectively  containing  those  of  the  parabolic  curve, 
and  the  remaining  portions  within  the  regulator-circle  lying  between  the  regulator-circle 
and  the  parabolic  curve ;  and  we  must  then  obliterate  so  much  of  each  loop  as  lies 
in  the  shaded  regions,  or  outside  the  spherogram ;  viz.  instead  of  a  continuous  loop 
there   will    be    thus    a    broken    loop    with    detached    portions    thereof   in    the    subjacent 

the    lateral   regions,    and    the    superjacent    region    respectively.     More    precisely 
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this  is  the  form  for  any  value  of  e  h'om  e=l  to  e  =  I'lOl,  but  for  thia  last  value  the 
unobliterated  portion  for  each  lateral  region  evanesces ;  for  any  value  of  e  between 
e=l'101  and  e  =  2'309,the  unobliterated  portions  lie  wholly  within  the  subjacent  regions 
and  the  superjacent  region ;  for  e  =  2309  the  portion  within  the  superjacent  region 
evanesces ;  and  for  any  greater  value  of  e  the  unobliterated  portion  lies  wholly  within 
the  subjacent  regions,  the  loop  being  thus  a  mere  fragment. 

122.  The  iaeceentric  curves  within  the  shaded  regions  form  a  distinct  system;  such 
curves  belong  to  the  values  e  =  2'309  to  e  =  co ,  and  any  one  of  them  is  a  fragment 
of  a  three-looped  curve  intersecting  itself  at  the  points  A,  obtained  by  obliterating  so 
much  of  the  complete  curve  as  lies  outside  the  shaded  regions.  But  it  is  perhaps 
better  to  disregard  these  curves  altogether,  thus  in  effect  excluding  the  shaded  regions 
from  the  spherogram. 

Article  Nos,  123  to  143.     The  Time-spherogram  and  Isochronic  Lines.     See  Plate  V. 

123.  We  construct  a  blank  spherogram,  and  lay  down  upon  it  the  parabolic 
curve ;  we  may  then  lay  down  (as  will  be  explained)  the  numerical  values,  say  of  the 
times  T^,  but  in  order  to  gain  some  idea  of  the  form  of  the  Tu-lines  I  will  first 
consider  the  question  in  a  more  general  manner. 

124.  When  the  orbit  is  a  line,  parabola,  or  hyperbola,  we  may  distinguish  it  by 
the  letters  i,  P,  H  accordingly ;  and  by  the  numbers  1,  2,  3,  written  in  tho  proper 
order,  show  the  arrangement  of  the  three  points  on  the  orbit ;  observe  that  if  1  be 
the  middle  point  on  the  orbit,  we  may  write  indifferently  213  or  312,  and  so  in  other 
cases,  the  fixation  of  the  middle  number  is  alone  material.  When  the  orbit  is  a  line 
the  distances  of  the  points  are  always  finite ;  and  if  the  orbit  be,  for  example,  L  123, 
then  T-a  and  ^la  are  each  =  0,  but  T-^  is  non-existent.  For  the  parabola  and  hyperbola 
the  distances  are  in  general  finite  ;  but  it  is  necessary  to  distinguish  for  the  parabola, 
e.g.  the  case  P 123  where  an  extreme  point,  and  for  the  hyperbola,  e.g.  the  cases 
H 123  and  H  l23  where  one  or  each  of  the  extreme  points,  is  at  infinity.  We  have 
in   these   cases   respectively 

P123,  T,,finite,  r.jfinite,  2;,  =  oo 

Pl23,  i"i3=^,  7^  finite,  'i\i  =  'n 

and  it  may  be  added,  as  regards  P123,  that,  by  a  continuous  change  of  the  parabolic 
orbit  the  point  1  may  change  over  to  infinity  on  the  other  half-branch  of  the  parabola, 
or  the  arrangement  become  P23l.     And,  moreover 

Jri23,  Ti^finite,  r^jfinite,  1"^  non-existent. 

H  l23,  y,5  =  05  ,  T.^  finite,  iTai  non-existent. 

H  i2S,  2'i2=  -»  ,  r^  =  «=  ,  Tsi  non-existent. 

Thus  the  proper  symbol  L  123,  P123,  &c.  as  the  case  may  be,  will  always  at  once 
indicate  as  to  each  of  the  times  T^^,  T^,  T^-^,  whether  this  is  =0,  finite,  infinite,  or 
non-cxiatent. 
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125.  We  may  without  difficulty  attach  to  the  several  portions  of  the  regulator, 
the  separators  and  the  parabolic  curve,  to  each  portion  its  proper  symbol  L,  P,  H 
and  123,  123,  &c.  as  the  case  may  be. 

First,  as  to  the  regulator,  it  is  obvious  that  this  is  separated  by  the  points  A 
into  the  three  portions  i213,  X  321,  i  132,  respectively.  And  inside  the  regulator, 
adjacent  to  these,  we  have  portions  of  the  parabolic  curve  P  213,  P  321,  P  132, 
respectively. 

Again,  for  one  of  the  separators,  say  £'^B'AB"B''  (see  here  and  in  all  that  follows 
the  notation-diagram.  No.  115);  since  the  point  2  is  here  at  infinity  this  must  bo  at 
every  portion  thereof  either  ffl32  or  else  if  312.  The  point  B"  is  HiS2  and  the 
point  B'  is  if  312;  consequently,  as  the  orbit-pole  passes  along  the  separator  from 
£""  to  B',  the  symbol  is  at  first  H132  and  at  last  iZ  312 ;  the  transition  takes  place 
at  the  point  of  contact  of  the  parabolic  curve  which  is  indifferently  P13^  or  P213, 
(In  further  explanation  of  the  transition,  consider  the  orbit-pole  as  passing  from 
B^^  to  B,  not  on  the  separator,  but  indefinitely  near  it ;  it  can  only  do  so  by 
twice  crossing  the  parabolic  curve  near  the  point  of  contact;  the  orbit  is  first  H132, 
or  say  H 132,  then  P132,  then  an  ellipse,  which  when  the  orbit-pole  again  arrives 
at  the  parabolic  curve  changes  into  P312;  and  it  finally  becomes  if  312  or  if  312.) 

126.  Again,  since,  on  the  two  separators  through  B'",  in  the  portions  adjacent  to 
B",  the  symbols  arc  if  132  and  if  132,  it  is  clear  that  in  the  adjacent  portion  of 
the  parabolic  curve  (terminated  each  way  by  a  point  of  contact  with  these  separators 
respectively)  the  symbol  must  be  P 132 ;  at  the  point  of  contact  with  the  first- 
mentioned  separator  B'''B'AB"B^,  this  becomes  P  132,  =  P  213 ;  and  beyond  the  point 
of  contact  it  becomes  P213,  continuing  so  until  it  arrives  at  the  next  point  of  contact 
with  the  separator  B'A'B" :  there  is  always  in  the  symbol  for  the  parabolic  curve  this 
change  of  form  as  we  pass  through  a  point  of  contact  with  a  separator ;  and  there 
is  the  same  change,  when  travelling  along  the  loop  (that  is  without  going  inside  the 
regulator)  we  pa.ss  through  a  point  A.  The  foregoing  considerations  fully  explain  how 
the  proper  symbol  is  to  be  attached  to  each  portion  of  the  regulator,  the  separators, 
and  the  parabolic  curve :  to  avoid  confusion,  I  have  abstained  from  attaching  them  in 
the  Plate. 

127.  Imagining  the  symbols  attached  as  above,  it  at  once  appears  that,  for  the 
two  portions  A' A  and  AA"  of  the  regulator  curve,  we  have  y^j^O;  while,  for  the 
arc  A" A'  of  the  parabolic  curve  we  have  r,,  =  oo .  Moreover,  T,^  can  only  be  infinite 
on  one  of  the  separators  through  P"'  and  on  the  parabolic  curve ;  and  the  symbols 
show  that  the  curve  y^  is  made  up,  in  a  peculiar  discontinuous  manner,  of  portions 
of  these  two  separators  and  of  the  parabolic  curve,  as  shown  by  the  strongly  marked 
line  of  the  figure ;  we  have  thus  the  boundary  of  certain  lightly  shaded  regions  within 
which  (as  well  as  within  the  shaded  regions)  Ty^  is  non-existent ;  excluding  these,  the 
remaining  regions  (instead  of  a  trilateral  symmetry)  have  a  symmetry  about  the  axis 
BB'" ;  there  are  still  four  regions  which  may  be  distinguished  as  the  inner  region,  the 
axial  outer  region,  and  the  lateral  outer  regions;  or,  more  shortly,  as  the  inner,  axial, 
and  lateral  regions. 
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128.  The  times  T^^,  2'^,  J's,  are  calculated,  Planogram  1,  part  1,  tor  tlie  meridian 
long.  90°,  and  ditto  part  2  for  the  meridian  long.  270° ;  and  in  Planogram  2  for  the 
meridian  long,  180".  As  regards  these  last  values,  it  is  easy  to  see  that,  in  order  to 
pass  to  the  meridian  long.  0°,  the  numbers  2,  3  must  be  interchanged;  that  is, 
long.  0°,  the  r,„  T^,  T^  are  respectively  equal  to  the  values,  long.  180°,  T^,  Ti^,  Ti^. 
Moreover,  the  numbers  1,  2,  3  may  be  changed  into  2,  3,  1,  or  into  3,  1,  2,  provided 
the  longitude  is  increased  by  120°  and  240°  in  the  two  cases  respectively;  that  is. 


=  2*1,  long,  (a +  120°) 
=  2's3long.(a  +  240°). 

129.  By  means  of  the  foregoing  two  relations,  Tjs  for  the  several  longitudes 
0",  30°,  60°,  ...  330",  is  given  as  equal  to  the  Tj^,  T^,  or  T,i,  for  long.  90°,  270°,  or 
180°,  that  is,  to  the  2*13,  T^^,  or  2*81,  of  Planogram  No.  1,  part  1  or  2,  or  of  Planogram 
No.  2.  For  example,  Zi  long.  240°  =  2',^  long.  0"  =  2'^  long.  ISO",  that  is,  it  is  equal  to 
the  T,,  of  Planogram  No.  2.     Wo  thus  find 


Long. 

0"     . 
30°     . 

J",,  is  - 
.     r„  ot  Plan.  No.  2 

T.^  of  Plan.  No.  1,  pt.  2 

60-     . 
90°     . 

.     T,, 

120*     . 

■     I, 

180°     . 

■     T,, 

240°     . 

■     T„ 

800°     ...     To 

330° 

r,3  of  Plan.  No.  1,  pt  1 


and  observing  that  for  Planogram  No.  1,  part  1  or  2,  we  have  T^^  =  Tg„  it  hence 
appears  as  above,  that  the  meridian  30° — 210°  is  an  axis  of  symmetry  of  the 
spherogram.  In  what  precedes  it  has  been  assumed  that  the  colatitudea  only  extend 
from  0°  to  90°,  but  in  the  spherogram  they  extend  for  the  meridians  30°,  150°,  270°, 
to  the  colatitude  106°  6',  the  values  for  the  colatitudes  above  90°  are  those  for  the 
omitted  portions  90°  to  73°  54'  of  the  opposite  meridian. 


N.B,     A   meridian   extends   from  the   pole  in   c 
is  expressed  or  implied,  as  in  speaking  of  a  meridia 


?  direction   < 
0°— 180°. 


nlT/,  unless  the  contrary 
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130.  I  attendj  in  the  first  instance,  to  the  axis  of  symmetry  or  meridian  30° — 210°. 
Proceeding  along  the  meridian  long.  30°  or  towards  the  point  A,  the  value  of  T^ 
decreases  from  1  at  the  centre  to  a  minimum  =  ■950  at  colatitude  11°  (call  this  the 
point  X),  and  it  then  increases  to  1-983  at  A,  and  thence  to  58-62  at  90°  and  oo 
at  the  parabolic  boundary  of  tho  axial  region.  In  the  opposite  direction  it  increases 
from  1  at  tho  centre  to  oo  at  the  parabolic  boundary  of  the  inner  region.  The 
minimum  value  '950  on  the  axis  of  symmetry  indicates  a  node  on  the  isochronic 
curve ;  that  is,  the  point  X  is  a  node  on  the  isochronic  T^^  =  '950,  This  will  consist 
of  two  branches,  proceeding  from  A',  A",  respectively,  cutting  tho  axis  and  each  other 
at  X,  then  again  cutting  at  A,  and  thence  passing  on  into  the  axial  region,  and 
respectively  terminating  on  the  separator  boundary  B'AB"  thereof. 

131.  This  curve,  which  I  call  the  nodal  isochronic,  divides  the  inner  region  into 
a  loop,  antiloop,  and  two  side  regions.  On  each  of  the  meridians  0",  60",  the  value 
of  Tii  diminishes  from  1  at  the  centre  to  a  minimum  which  is  less,  and  then 
increases  to  a  maximum  which  is  greater,  than  "950;  the  value  then  diminishes  to  0 
on  the  regulator:  on  emergence  of  the  meridian  from  the  shaded  into  tho  axiiil 
region,  the  value  is  =  -909,  and  it  thence  increases  to  co  at  the  parabolic  boundary 
of  the  axial  region;  these  data  further  determine  the  form  of  the  nodal  isochronic, 
viz.,  each  of  the  two  half  meridians  cuts  the  loop  twice,  and  again  cuts  the  curve  in 
the  axial  region. 

The  nodal  isochronic,  at  each  of  the  points  A',  A",  continues  its  course  into  the 
lateral  region,  returning  to  the  same  point  A  or  A',  so  as  to  form  in  each  of  the 
lateral  regions  a  loop.  Considering  the  loop  as  formed  of  two  branches,  each  proceeding 
from  A'  or  A",  the  one  which  is  the  continuation  of  the  course  within  the  inner 
region  I  call  the  lower  branch ;  the  other,  the  upper  branch ;  and  I  say  that  the 
upper  branch  touches  the  separator  at  A'  or  A".  The  two  branches  and  the  entire 
loop  lie  on  the  left-hand  side  (or  side  away  from  A)  of  the  meridians  through 
A'  or  A".  As  to  the  contact  of  the  upper  branch  of  this  and  other  isochronics  at 
A'  or  A"  with  the  separator,  see  fost  No.  142. 

132.  It  is  convenient  at  this  point  to  consider  the  form  of  the  isochronic  curves 
within  the  axial  region.  The  parabolic  boundary  thereof  is  an  isochronic  Tij  =  co ,  and 
it  thence  appears  that  for  any  large  value  of  T^s  the  isochronic  curve  (portion  of  the 
curve)  is  a  curve  not  meeting  the  parabolic  boundary,  and  terminated  each  way  in 
the  separator  boundary  BAB".  As  the  value  of  T,^  diminishes,  the  curve  (which  is 
of  course  always  symmetrical  in  regard  to  the  axis)  bends  inwards  towards  the  point 
A  and  for  7,3  =  1-983  (value  on  the  axis  at  A)  the  curve  acquires  a  cusp  at  A. 
I  call  this  the  cuspidal  isochronic ;  I  remark  that  it  intersects  in  the  axial  region 
each  of  the  meridians  0"  and  60°, 

As  Tis  further  diminishes  to  any  value  between  1-983  and  -950,  the  curve, 
commencing  in  the  separator  boundary,  passes  through  A  into  the  inner  region,  and, 
forming  a  loop  within  the  loop  of  the  nodal  isochronic,  emerges  through  A  into  the 
axial  region,  terminating  again  in  the  separator  boundajy. 

c,  VII.  60 
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133.  On  the  meridians  90°,  330^,  through  the  points  B',  B",  respectively,  the  value 
of  Ti,  diminishes  from  1  at  the  centre  to  0  at  the  regulator,  where  these  meridians 
are  considered  as  terminating. 

On  the  meridians  120",  300"  (meridian  at  right  angles  to  the  axis  of  symmetry), 
the  value  of  r^  diminishes  from  1  at  the  centre  to  a  minimum  less  than  "STS,  and 
then  increasing  to  a  maximum  of  over  ■S95  diminishes  to  0  at  the  regulator.  On 
emergence  of  the  meridian  from  the  shaded  and  half-shaded  region  on  the  parabolic 
boundary  of  the  lateral  region  the  value  is  =  on ,  and  it  thence  diminishes  to  1'14S 
on  the  separator  boundary  B'^B'  or  B''B". 

On  the  meridians  150°,  270°,  which  pass  through  A',  A",  respectively,  the  value 
of  Tjs  increases  from  1  at  the  centre  to  1'377  at  the  regulator,  and  thence  through 
2-255  at  90°  to  x>    at  5"  or  R'. 

And  finally,  on  the  meridians  180°,  240°,  the  value  of  T,s  increases  from  1  at 
the  centre  to  co  at  the  parabolic  inner  boundary,  and  then  on  emergence  from  the 
half-shaded  and  shaded  region  at  the  separator  boundary  B"'A'  or  B"'A",  the  value 
is  =<»,  and  it  thence  diminishes  to  a  minimum  under  6'343,  and  again  increases  to 
oo   at  the  separator  boundarj'  S"'S"'  or  jB"'jS^. 

134.  By  what  precedes,  it  appears  that  on  the  separator  boundary  B'^B'  or  B^'B" 
of  either  of  the  lateral  regions,  the  values  of  Ti^  is  at  each  extremity  =  co ,  and  at  an 
intermediate  point  =1148;  there  is  consequently  a  minimum  value  less  than  1-148, 
and  therefore  two  points  at  each  of  which  the  value  ia  =  1'983. 

Now  resuming  the  consideration  of  the  cuspidal  isoehronic  (Tjj^  1*983)  as  regards 
the  i-emaiiiing  portions  thereof,  viz.,  those  in  the  lateral  and  inner  regions;  and  con- 
sidering first  the  lateral  region  B"'B^''H,  there  will  be  from  each  of  the  points  just 
referred  to  on  the  boundary  B'-^B'  a  branch ;  ono  (which  I  call  the  lower  branch)  from 
the  point  nearer  B',  passes,  on  the  right-hand  side  of  the  meridian  through  A',  to  A'; 
the  other  (which  I  call  the  upper  branch)  proceeding  from  the  point  nearer  B''',  cuts 
the  same  meridian,  and  then  on  the  left-hand  side  thereof  arrives  at  A',  touching 
there  the  separator:  at  A"  in  the  other  lateral  region  there  are  in  like  manner  an 
upper  and  a  lower  branch  (situate  symmetrically,  in  regard  to  the  axis,  with  the  upper 
and  lower  branches  at  A');  and  continuous  with  the  two  lower  branches  there  is  a 
branch  from  A'  to  A",  through  the  antiloop  of  the  inner  region. 

135.  Imagine  the  given  value  of  T^s  as  continuously  increasing  from  the  value 
■950,  which  belongs  to  the  nodsd  isoehronic ;  and  attend  in  the  first  instance  to  the 
form  within  the  lateral  regions,  There  will  be  a  loop  of  continually  increasing 
magnitude  (viz.,  the  loop  for  a  larger  value  of  i"i3  will  always  wholly  include  that  for 
a  smaller  value);  each  loop  formed  by  an  upper  branch,  which  at  A'  touches  the 
separator,  and  a  lower  branch  the  direction  of  which  from  A'  is  variable.  So  long 
as  Ta  is  less  than  1'377  (value  at  A'  along  the  meridian)  the  lower  branch,  and 
consequently  the  whole  loop,  will  lie  on  the  left  hand  of  the  meridian;  but  when  T^ 
is  =1377,  the  lower  branch  touches  the  meridian,  and  for  any  greater  value  of  T.j 
lies   on   the   right   of  the    meridian;   and   in  either  of  the  last-mentioned   cases  the  loop 
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is   cut    by   the    meridian,    and   thus    lies    partly   on    the    left,   and    partly   on    the    right 
thereof. 

136.  Now  by  what  precedes  there  is  on  the  separator  boundary  B'B"  of  the 
lateral  region  a  point  where  Tjs  has  a  minimum  value  less  than  1*148,  and  con- 
sequently, for  any  given  value,  say  for  a  value  between  this  minimum  and  1-377,  there 
are  on  B'B'"  two  points  where  T^a  has  the  given  value.  These  points  cannot  lie  on 
the  loop  of  the  cui-ve  belonging  to  the  given  value  {for  this  loop  is  wholly  on  the 
left  hand  of  the  meridian) ;  hence  the  complete  curve  for  the  given  value  of  T^s  will 
include  (within  the  lateral  region)  besides  the  loop,  a  branch  uniting  the  two  points 
in  question;   say  a  link  branch. 

137.  It  follows  that  there  is  between  T,s^VS77  and  1'983,  a  value  (to  fix  the 
ideas,  say  — 1'80  ?,  it  being  understood  that  I  do  not  attempt  to  determine  this  value) 
for  which  the  loop  and  link  branch  will  unite  themselves  together,  the  point  of 
junction  becoming  as  usual  a  node;  viz.,  there  will  be  a  curve  2',3  =  1'80?  having  in 
the  two  lateral  regions  respectively  the  nodes  Y,  T ;  or  say  the  curve  has  in  each 
lateral  region  a  self-intersecting  loop.  For  any  greater  value  of  J'13  (as  for  example 
the  value  1-9S3  belonging  to  the  cuspidal  curve)  there  are  two  branches  inclosing  the 
self-intersecting  loop ;  for  a  less  value,  as  baa  been  seen,  instead  of  the  self-intersecting 
loop,  there  is  a  loop  and  link  branch ;  at  least  this  is  the  case  until  for  the  minimum 
value  <  1-148  of  T^^  on  the  separator  boundary  B^B  the  link  branch  disappears.  For 
smaller  values  down  to  T^s  =  '950,  which  belongs  to  the  nodal  isochronic,  there  is  no 
link  branch,  but  only  the  loop ;  and  as  T^,  diminishes  below  this  value,  there  is  still 
a  continually  diminishing  loop,  lying  wholly  on  the  left  hand  of  the  meridian,  and 
with  its  upper  branch  always  touching  the  separator;  and  ultimately  for  Tis^O  the 
loop  vanishes. 

138.  We  have  attended  wholly  to  the  lateral  regions;  but  the  consideration  of 
the  axial  and  inner  regions  is  very  easy:  for  any  value  between  the  values  1-983  and 
■950,  there  are  in  the  ajcial  region  (between  the  nodal  and  cuspidal  curves)  two 
branches  each  proceeding  from  the  separator  to  A,  where  they  unite,  and,  crossing 
each  other,  pass  into  the  inner  region,  forming  a  loop  within  the  loop  of  the  nodal 
isochronic ;  and,  moreover,  there  is  in  the  inner  region  a  branch,  the  continuation  of 
the  lower  branches  of  the  lateral  loops,  uniting  the  points  A',  A",  and  lying  between 
the  nodal  and  cuspidal  isochronic.  And  for  ^13  less  than  950  there  are  in  the  axial 
region,  between  the  nodal  curve  and  the  separator,  two  branches,  each  proceeding  from 
the  separator  to  A,  where,  crossing  each  other,  they  enter  the  inner  region  passing 
outside  the  nodal  curve  (or  in  the  side  regions  of  the  inner  region)  to  the  points 
A',  A",  where  they  respectively  join  on  to  the  lower  branches  of  the  lateral  loops. 
Ultimately,  for  2'i3=0,  the  curve  coincides  with  the  finite  portions  AA',  AA"  of  the 
regulator  circle. 

139.  We  have  finally  to  consider  the  case  T,^  greater  than  1-983:  there  is  in 
the  axial  region  a  branch  lying  outside  the  cuspidal  curve,  and  extending  from 
separator  to  separator ;  in  each  lateral  region  two  branches  (lying  outside  those  of 
the   cuspidal   curve)  each   proceeding  from   A'  (or   A")  to  the   separator   boundary   B'B^^ 
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or  B"B^,  an  upper  branch  touching  the  separator  at  A'  or  A",  and  a  lower  branch ; 
and  in  the  inner  region,  a  branch  (continuation  of  the  lower  branches)  lying  between 
the  cuspidal  curve  and  the  parabolic  boundary  of  the  antiloop,  and  uniting  the  points 
A',  A".  In  the  ultimate  case  Tjs  =  <x>,  the  curve  coincides  -wibh  the  before-mentioned 
discontinuous  curve  composed  of  portions  of  the  parabolic  curve  and  of  two  separators. 

140.  To  obtain  a  comprehensive  statement  of  the  foregoing  results,  we  may  (as 
in  the  case  of  the  is  eccentric  lines)  imagine  the  curves  completed  and  rendered 
continuous  by  the  insertion  of  portions  lying  outside  the  spherogram,  or  within  the 
half-shaded  and  shaded  regions;  which  inserted  poi'tions  are  to  be  ultimately  obliterated. 
The  upper  and  under  branches  terminating  in  the  separator  boundary  of  a  lateral 
region  are  thus  completed  into  a  loop ;  the  link  branch  into  a  closed  curve  or  oval ; 
the  vanishing  of  the  link  branch  happens  when  the  oval,  on  the  point  of  passing 
outside  the  separator  boundary  of  the  lateral  region,  just  touches  this  boundary;  as 
T,s  diminishes  to  the  valvie  for  which  this  happens,  and  continues  still  further  to 
diminish,  I  think  it  may  be  assumed  that  there  is  some  value  (to  fix  the  ideas,  say 
rj3  =  l-10?,  but  I  do  not  attempt  to  determine  it)  for  which  the  oval  becomes  a 
conjugate  point,  viz.,  for  this  value  2'j3  =  l-10?  the  curve  will  have  two  conjugate 
points  (nodes)  Z',  Z",  outside  the  two  lateral  regions  respectively. 

141,  We  may  now  state  the  forms  of  the  curve.  The  points  A,  A',  A",  are 
always  nodes,  viz..  A',  A",  nodes  with  real  branches,  but  A  is  either  a  conjugate  point, 
a  cusp,  or  a  node  with  real  branches. 

7',3>  1-983:   two-looped  curve,  containing  within  it  ^  as  a  conjugate  point: 

as  Tji  diminishes,  the  curve  bends  inwards  towards  A,  and 

2'i3=l'983:   cuspidal  isochronic;  A,  a  cusp. 

T,s<l'9SS,  the  curve  cuts  itself  at  A,  having  thus  acquired  an  internal  loop:  as 
Tj3  diminishes,  changes  occur  first  as  regards  the  lateral  loops,  and  afterwards  as  regai'ds 
the  internal  loop;   viz.,  each  of  the  lateral  loops  is  gradually  pinched  together  until 

Tj3  =  1-80  ?   there  are  two  new  nodes  Y',  Y",  each  lateral  loop  being  a  figuie  of  8. 

As  fis  diminishes  the  figure-of-8-loop  breaks  up  into  a  loop  and  oval,  which  oval 
continually  diminishes  until  for 

Tij^l'lO?  the  ovals  have  each  become  conjugate  points,  or  there  is  a  curve  with 
two  conjugate  points  Z',  Z".  As  T^  diminishes  the  conjugate  points  have  disappeared, 
and  we  have  again  a  curve  with  an  internal  and  two  lateral  loops;  but  in  the 
meantime  the  internal  loop  and  the  branch  A'A"  are  continually  approaching  each 
other ;  and,  T,3  =  '950,  nodal  isochronic,  there  is  a  node  X  on  the  axis.  The  curve 
consists  of  two  figures  of  8,  each  crossing  itself  at  one  of  the  points  A',  A",  and  the 
two  crossing  each  other  at  the  points  A,  X. 

As  Tis  diminishes,  the  curve  breaks  off  from  X  on  each  side  of  the  axis  so  as 
not  any  longer  to  cross  the  axis  (except  at  A),  that  is 
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2'i3<'9o0;  curve  is  a  chain  intersecting  itself  at  A',  A,  A";  viz.,  from  each  loop 
there  pass  two  branches,  one  inside,  the  other  ontside,  the  regulator,  uniting  themselves 
at  A  with  the  branches  from  the  other  loop  outside  and  inside  the  regulator 
respectively ;  and  finally 

Tis  =  0,  the  curve  is  the  arc  A'AA"  of  the  regulator  circle. 

142.  There  is  not  in  the  several  curves  any  discontinuity  of  direction  at  the 
point  A'  or  A":  the  branch  from  A  within  the  shaded  or  half-shaded  region,  emerges 
at  A'  or  A"  into  the  lateral  region,  uniting  itself  with  the  upper  branch  of  the  loop; 
it  can  only  do  this  in  virtue  of  its  being  at  A'  or  A"  a  tangent  to  the  separator 
(for  otherwise  it  would  cross  the  separator  and  regulator  into  the  inner  region) ; 
that  is,  the  continuation  thereof,  or  upper  branch  of  the  loop,  must  at  the  point  A' 
or  A"  touch  the  separator;   it  has  been  previously  throughout  assumed  that  this  is  so. 

143.  It  is  to  be  observed,  both  as  regards  the  iseccentric  and  the  isochronic 
curves,  that  there  is  a  real  meaning  in  the  obliterated  portions;  viz.,  to  any  position 
of  the  orbit-pole  on  such  obliterated  portion  of  the  curve  there  corresponds  a  conic 
determined  by  means  of  a  given  trivector,  but  which,  by  reason  of  its  being  a  convex 
hyperbola,  or  hyperbola  such  that  the  three  points  do  not  lie  on  the  same  branch 
thereof,  is  not  regarded  as  an  orbit.  The  obliterated  portions  have  been  in  the  present 
Memoir  considered  only  so  far  as  they  present  themselves  in  continuity  with  the  curves 
which  are  the  loci  of  the  pole  of  a  proper  orbit,  and  for  the  purpose  of  explaining 
the  course  of  these  curves ;  and  the  curves  completed  as  above  are  not  the  complete 
loci  which  would  be  obtained  if,  instead  of  the  selected  conic  called  the  orbit,  we 
had  considered  simultaneously  the  four  conies  determined  by  means  of  any  given 
trivector ;  such  extension  of  the  theory  would,  it  is  probable,  be  interesting  geometrically ; 
but  it  would  be  devoid  of  all  astronomical  significance. 
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ON   THE   GRAPHICAL    OONSIBUCTION   OF   A   SOLAB    ECLIPSE. 


[From  the  Memoirs  of  the  Royal  Astronomical  Society,  vol.  xxxix.  (1870 — 1871), 
pp.  1—17.     Read  January  13,  1871.] 

The  present  Memoir  contains  the  explanation  of  a  Graphical  Construction  of  a 
Solar  Eclipse,  which  (it  appears  to  me)  is  at  once  easy,  and  susceptible  of  considerable 
accuracy:  I  think  that  if  made  on  the  suggested  scale  (radius  =12  inches)  wo  might 
by  means  of  it  construct  a  diagram  such  as  the  eclipse-diagrams  of  the  Naidical 
Almanac,  with  at  least  as  much  accuracy  as  could  be  exhibited  in  a  diagram  on  that 
scale. 

Article  Nos.  1  to  9.     General  Ewplunation  of  the  Construction. 

1.  We  may  imagine  the  celestial  sphere  as  seen  from  the  centre  of  the  Earth 
stereographically  projected  at  each  instant  during  the  eclipse — the  radius  of  the  bounding 
circle  of  the  projected  hemisphere  being  a  given  length,  say  twelve  inches,  which  is 
taken  as  unity — in  such  wise  that  the  centre  of  the  Moon  is  always  at  the  centre  of 
the  projection,  say  M,  and  the  pole  (suppose  the  north  pole,  say  N)  of  the  Earth  on 
a  given  radius:  its  position  on  this  radius  will  in  strictness  be  variable,  viz.  distance 
from  centre  =  projection  of  Moon's  N.  P.  D.  =  tan  JA.  Suppose,  for  a  moment,  that  the 
position  at  each  instant  of  the  Sun's  centre  were  also  laid  down  on  the  projection, 
so  as  to  obtain  the  projection  of  the  Sun's  relative  orbit ;  this  will  be  a  terminated 
short  line  A'B^  (fig.  1),  nearly  straight,  and  lying  near  the  centre  of  the  projection 
(this  relative  orbit  is  not  to  be  actually  laid  down,  but  it  is  replaced,  as  will  presently 
be  explained,  by  a  relative  orbit  on  a  very  enlarged  scale) ;  if  at  any  instant  the 
position  of  the  Sun  on  the  relative  orbit  be  denoted  by  S',  then  the  straight  line 
M8'  is  the  projection  of  the  arc  of  great  circle  through  the  centres  of  the  Moon  and 
Sun,  so  that  E  being  the  angular  distance  of  the  centres,  the  length  of  the  line 
MS'  is  =i&n^E,  or  {E  being  small)  it  is  =\E. 
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[4?7 

2.  Produce  S'M  through  the  centre  M  to  a  point  Z,  and  consider  Z  as  repre- 
senting a  point  on  the  Earth's  surface :  to  determine  the  geographical  position  of  Z, 
we   must   consider   the   projected   meridian   NZ  which   passes   through   Z:    the   are   NZ, 


regarded  as  a  projection,  repreeents  the  N.  P.  D.  or  colatitudc  of  Z,  and  the  actual 
angle  at  N  which  the  tangent  of  NZ  makes  with  the  line  IfM  is  equal  to  the 
celestial  angle  ZNM  which  is  =  Moon's  hour-angle  from  Z,  or  what  is  the  same  thing 
=  difference  of  Moon's  hour-angle  from  Greenwich  and  of  the  longitude  of  Z  (as  the 
figure  is  drawn,   Z  ZNM  =  Moon's  hour-angle  E.  of  Greenwich,  less  E.  longitude  of  Z). 

3.  Now,  considering  the  Moon  and  Sun  as  seen  from  Z,  we  may  disregard  the 
parallactic  depression  of  the  Sun,  and  attribute  to  the  Moon  a  displacement  equal  to 
tho  difference  of  the  parallactic  displacements  of  the  Moon  and  Sun ;  that  is,  regarding 
the  zenith  distances  ZM,  ZS'  as  equal,  we  may  consider  the  Moon's  centre  as  depressed 
by  parallax  in  the  direction  of  the  arc  M>S'  through  an  arc  MQ',  =  sin"'  P'  sin  ZM, 
where  P'  —  '99837  (a'  —  ir')  is  the  quantity  thus  designated  in  tho  Appendix  to  the 
Nauiicai  Almanac  for  1836,  viz,  it  is  =o-'  — tt',  the  difference  of  the  cquatoreal  horizontal 
parallaxes  at  the  time  of  the  eclipse,  multiplied  by  a  factor  '99837,  which  answers  to 
a  distance  of  Z  from  the  Earth's  centre  =  Earth's  radius  for  latitude  45°.  And  if  we 
take  Q  such  that  its  angular  distance  from  S'  =  sum  of  angular  semidiameters  of  the 
Sun  and  Moon,  the  locus  of  Q'  is  very  nearly  a  circle  about  tho  centre  S',  and  the 
corresponding  positions  of  Z  give  the  positions  on  the  Earth  where  the  limbs  are  in 
exterior  contact,  or,  what  is  the  same  thing,  give  the  penumbral  curve  on  the  Earth's 
surface  for  the  position  S'  of  the  Sun. 


4.     Instead  of 
we  may  write 


Arcj¥G'  = 
Arc  MQ'  = 


-'P'slmZM, 
P' sin  ZiM, 
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or,  using  p   to   denote    the   linear   distance   ZM  in  the   projection,  we  have  p  =  tan  \ZM, 

and  therefore  sin  ZM  =  — —^  ,  hence 
p'  +  l' 


Arc  MQ'  =  P'^—^ 
p'  +  l 


and   the 
or  c»lli»g 

Knear  distance  MQ 
this  hnear  distance 

in  the 

projection 
have 

is  =tan 

h 

r'  =  P' 

P 

p'+l' 

MQ',  say  this   is  =^amMQ, 


5.  Hence,  if  instead  of  the  original  representation  of  the  Sun's  relative  orbit  we 
consider  an  enlarged  representation  thereof  and  of  the  depressed  positions  Q'  of  the 
Moon,  obtained  by  increasing  the  several  distances  from  the  centre  of  the  projection 
in  the  ratio  ^.P  to  1,  and  if  instead  of  A',  B',  S',  Q',  we  use  A,  B,  S,  Q,  as  referring 
to   this   enlarged   representation,  then  representing  by  r  the  linear  distance  MQ,  we  have 


p'  +  l- 

We  have  here  )■  representing  the  parallactic  depression  coiTes ponding  to  the  zenith 
distance  ZM,  where  p  =  tAn.^ZM;  that  is,  ZM=90°,  p  =  1,  and  therefore  ?-  =  l;  but  for 
ZM=90°  the  parallactic  depression  is  =  P' ;  that  is.  the  scale  of  the  enlarged  repre- 
sentation of  the  Sun's  relative  orbit,  or  say  simply  the  scale  of  the  relative  orbit  (for 
on  the  original  scale  it  was  never  actually  constructed  at  all)  is  such  that  we  have 
P'  (=  about  60')  represented  by  the  radius  of  the  bounding  circle  of  the  projected 
hemisphere,  =  12  inches. 

6,  The  process  is,  construct  the  relative  orbit  on  the  scale  P'  =  radius  of  bounding 
circle :  take  S  for  the  position  at  any  given  instant  of  the  Sun  in  the  relative  orbit, 
and  with  centre  S  and  radius  =s  +  (7  (sum  of  the  angular  semidiameters,  of  course 
on  the  same  scale)  describe  a  circle.  The  positions  A  and  B  of  the  Sun  at  the 
beginning  and  end  of  the  eclipse  respectively  are  such  that  this  circle  just  touches 
the  bounding  circle  externally,  viz.  the  distances  of  A  and  B  from  the  centre  of  the 
projection  are  each  =  radius  of  bounding  circle  +s  +  a:  At  any  intermediate  instant 
the  circle,  radius  s  +  er,  lies  wholly  or  partly  within  the  bounding  circle ;  in  the  latter 
case  we  attend  only  to  the  arc  thereof  which  lies  within  the  bounding  circle.  Taking 
then  Q  any  point  whatever  on  the  circle  or  arc  in  question,  we  join  Q  with  the 
centre  M  of  the  projection,  and  produce  this  line  through  j\f  to  a  point  Z,  such  that 
the  distances  MQ,  MZ,  being  r,  p  respectively,  we  have  as  above 

2p 

P^  +  r 

or,   what   is   the   same   thing,   writing   6   in   place   of   s,  and   regarding   this   angle   d  as 

a  variable  parameter,  the  relation  between  r,  p,  may  be  expressed  by  means  of  the 
two  equations,  p  =  tan  ^6,  r  =  sin  6. 

c.  VII.  61 
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7.  Practically  the  construction  may  be  performed  very  easily  by  means  of  a  straight 
edge  twenty-four  inches  long,  graduated  from  the  centre,  one  half  of  it  for  the  values 
of  r,  and  the  other  half  for  the  corresponding  values  of  p  (that  is,  the  first  half  is 
graduated  for  sin  d,  and  the  second  half  for  tan  \Q) :  we  have  thus,  eorte spending  to 
the  circle  or  arc  of  circle  which  is  the  locus  of  Q,  a  closed  curve,  or  arc  thereof 
terminated  each  way  at  the  bounding  circle,  for  the  locus  of  Z:  which  curve  or  arc 
of  a  curve  is  the  penumbral  curve  on  the  Earth's  surface  for  the  position  S  of  the 
Sun  in  the  relative  orbit. 

8.  The  north  pole  of  the  Earth  occupies  in  the  projection  a  given  position,  viz. 
it  is  situate  on  a  given  radius  at  a  distance  —  tan  \  Moon's  N.P.D. ;  which  N.P.D. 
may  be  considered  aa  being  throughout  the  eclipse  constant,  and  equal  to  its  value 
at  the  middle  of  the  eclipse.  But  in  order  to  arrive  at  the  geogi'aphical  signification 
of  the  figure  it  is  necessary  to  lay  down  on  the  projection  the  position  of  the 
meridian  of  Greenwich;  which  position,  it  will  be  remembered,  varies  according  to  the 
position  of  B.  Supposing  this  done,  we  could  of  course  (at  least  theoretically)  draw 
the  whole  series  of  meridians  and  parallels,  and  thereby  determine  the  latitudes  and 
longitudes  of  the  several  points  of  the  penumbral  curve,  or  (if  need  is)  transfer  it 
to  a  different  projection  of  the  Earth's  surface.  The  actual  description  of  the  meridians 
and  parallels  would,  however,  be  very  laborious,  and  fortunately  it  can  be  avoided  by 
means  of  a  single  blank  projection  and  a  slight  modification  of  the  foregoing  process, 
as   will   be   explained. 

9.  But  before  considering  how  this  is,  it  is  proper  to  remark  that  constructing  as 
above  a  figure  of  the  penumbral  curves  corresponding  to  the  several  positions  of  the 
Sun :  by  what  precedes  these  difierent  curves  may  indeed  be  considered  as  belonging  to 
the  same  position  of  the  north  pole  in  the  projection,  but  they  belong  to  different 
positions  of  the  meridian  of  Greenwich ;  and  thus  they  do  not  constitute  a  represen- 
tation of  the  penumbral  curves  each  in  its  proper  terrestrial  position,  but  only  a  repre- 
sentation in  which  the  penumbral  curves  are  affected  each  of  them  by  a  different 
displacement  in  longitude. 

Article  Nos.  10  to  T3.     Modification  in  order  to  the  AppUcahility  of  a  Single  Blank 
Projection. 

10.  Imagine  a  stereographic  projection  of  the  mendians  and  parallels  on  tlie  plane 
of  a  -meridian,  i-adius  of  this  meridian,  that  is  of  the  bounding  circle  of  the  projected 
hemisphei-e,  being  =12  inches  as  before;  and  the  poles  N,  2  being  of  course  opposite 
points  on  the  circumference  of  the  bounding  circle — the  meridians  and  parallels  are, 
however,  to  be  produced  outside  the  bounding  circle;  say  this  is  the  "blank  projection," 
and  let  its  centre  be  denoted  by  Mt.  Theu,  if  at  any  point  M  on  the  radius  MN, 
we  draw  the  chord  CD  at  right  angles  to  MtN,  and  on  CD  as  diameter  describe  a 
circle,  this  will  cut  out  from  the  blank  pi'ojection  a  new  projection  having  the  last- 
mentioned  circle  for  its  bounding  circle,  and  in  which  N  is  the  north  pole;  viz.  the 
meridians  of  the  blank  projection  will  be  meridians,  and  the  parallels  of  the  blank 
projection  will  be  parallels,  in  this  new  projection.  And,  moreover,  if  the  longitudes 
are  reckoned  from  the  meridian  NMM^,  then  the  meridian  of  a  given  longitude  in 
the    blank    projection    will    in     the     new     projection     be     the     meridian    of    the    same 
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longitude — but  the  parallel  of  a  given  colatitude  c  in  the  blank  projection  will,  in 
the  new  projection,  be  the  parallel  of  a  different  colatitude  c', — the  relation  of  c,  c' 
being,  however,  a  very  simple  one,  as  presently  explained. 

Fig.  2, 


11.  The  blank  projection  thus  at  once  gives  a  projection  in  which  the  north 
pole  A'"  has  any  assumed  position  whatever ;  and  it  is  easy  to  see  that  in  order  that 
its  distance  MN  from  the  centre  of  the  projection  may  represent  a  given  angle  A, 
we  have  only  to  take  iIfiJf=cosA  (that  is  =12  inches  x  cos  A),  the  corresponding  value 
of  MG  being  MG^siiiA  (that  is  =12  inches  x  sin  A).  Hence  A  denoting  the  Moon's 
N.P.D.  at  the  middle  of  the  eclipse,  we  can  by  means  of  the  blank  projection  construct 
a  projection  such  aa  that  above  referred  to,  only  the  radius  of  its  bounding  circle, 
instead  of  being  unity  (12  inches),  is  in  the  reduced  ratio  of  1  :  sin  A. 

12.  The  figure  of  the  penumbral  curves  as  originally  constructed  lequires,  therefore, 
to  be  reduced  in  the  ratio  1  :  sin  A,  viz.  ea«h  of  the  distances  from  the  centre  M 
should  be  reduced  in  this  ratio ;  this  could  of  course  be  done  easily  enough  with  a 
pair  of  proportional  compasses ;  but  by  means  of  a  different  graduation  of  the  straight 
edge  we  may,  in  the  first  instance,  construct  the  penumbral  curves  on  the  proper 
reduced  scale ;  viz.  assuming  that  we  have  on  the  proper  scale  a  proportional-scale 
figure  such  as  is  here  shown,  the  line  Mr  (=12  inches)  being  graduated  for  sin  5, 
and  the  line  MA  (also  =  12  inches)  for  tan  ^6,  and  a  set  of  parallel  lines  being  drawn 
through  the  last-mentioned  graduations — then  taking  the  distance  Mp  =  siti  A,  that  is 
=  12  inches  x  sin  A,  and  drawing  the  line  Mp,  this  line  will,  it  is  clear,  be  graduated 
for  sin  A  tan  ^0:  so  that  we  may  from  the  figure  graduate  the  straight  edge,  the  one 
half  of  it  by  means  of  the  line  Mr,  and  the  other  half  of  it  by  means  of  the  line 
Mp ;  and  with  the  straight  edge  thus  graduated,  at  once  lay  down  the  penumbral 
curve   on   the   scale   now   in   question.     And    we   thus  obtain   a  figure  containing  as  well 
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the  penumbra!  curves,  as  the  meridians  and   parallels   which   serve    to  fix  their  terrestrial 
position. 


13.  It  remains  in  the  new  projection  to  find  the  colatitude  belonging  to  any 
given  parallel.  Supposing  that  the  colatitude  in  the  blank  projection  is  =  c',  then  it 
may  be  shown  that  the  colatitude  c  of  the  same  parallel  in  the  reduced  projection  is 
given  by  means  of  the  equation 

tan  i  c  =  cot  J  A  tan  ^  c', 

from  which  c  might  be  calculated  numerically:  but  the  required  value  may  also  be 
obtained  graphically.  In  fact,  considering  the  parallel  which  cuts  N"Z  (see  fig.  2)  in 
a  point  R,  then,  if  by  Hues  drawn  from  (7  as  a  centre  we  project  N,  R,  2,  on  the 
circumference  of  the  bounding  circle  of  the  new  projection — say  the  projections  of  these 
points  are  n,  r,  s,  respectively,  the  arc  ns  is  a  semicircle,  and  the  arcs  nr,  sr,  are 
respectively  the  N.P.D.  and  the  S.P.D,  of  the  parallel  in  question.  It  may  be  added 
that  in  the  new  projection  the  equator  is  represented  by  the  parallel  through  the 
points  C,  D;  so  that  if  this  cuts  NJ,  in  Q,  and  the  point  Q  be  in  like  manner 
projected  on  the  bounding  circle— say  its  projection  is  q,  then  the  arcs  nq,  sq,  will  be 
each  of  them  a  quadrant,  and  the  arc  qr  will  be  the  latitude  of  the  parallel  in 
question- 
Article  Nos.  14  to  IS.     As  to  the  Construction  of  the  Relative  Orbits. 

14.  It  is  convenient  to  notice  that  if  e,  e',  be  the  values  of  the  equation  of 
time  at  the  preceding  and  following  Greenwich  Mean  Noons  (viz.  e  or  e'  =G.M.T.  of 
apparent  Noon)  then  that  the  Sun's  hour-angle  E.  of  Greenwich  at  the  Greenwich 
mean  time  t  is 
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and  that  if  a,  a\  are  the  R.A.'s  of  the  Moon  and  Sun  respectively,  then  h'  —  h  =  a'  —  a, 
which  is  also  of  the  form  A  +  Bt.  In  the  reduced  projection,  the  Moon  is  always  at 
the  centre  M ;  by  means  of  the  values  of  h'  —  h  we  lay  down  at  any  instant  the 
Sun's  position  in  R.A.  and  then  by  means  of  the  values  of  h',  the  position  of  the 
meridian  of  Greenwich ;  and  we  thus  at  any  instant  read  off  the  terrestrial  longitude 
of  any  point  of  the  reduced  projection,  or  say,  of  a  point  on  the  penumbral  curve. 

15.  With  regard  to  the  construction  of  the  relative  orbit,  it  is  to  be  observed 
that  if  at  any  instant  the  hour-angle  and  N.P.D,  of  the  Moon  are  h.  A,  and  those 
of   the    Sun,  h',  A',  then    taking    M    as    origin,    aud    the    axes    Mx,    My,    in    the    direction 


of  NM  produced,  and  perpendicular  hereto  to  the  right  (or  eastwards),  then  the 
rectangular  coordinates  of  B'  are  approximately  x=\  (A'  —  A),  y  =  \Qi  ~K)  sin  A,  where 
h! —  h  is  equal  to  the  difference  of  R.A.  of  the  Sun  aud  Moon.  Hence,  in  the  i 
relative  orbit,  the  coordinates  of  S  would  be 


A'- 


12  ii 


h' ~h   .     ^     , ,  . 

=  — j-.^— sm  A.  12  m. 


where,  P'  being  reckoned  in  minutes,  A'  —  A  aud  h'  —  k  are  also  reckoned  in  minutes. 

16.  Moreover,  A  may  be  considered  as  constant  dunng  the  eclipse:  and  the  relative 
orbit,  assumed  to  be  a  straight  line,  will  be  determined  by  means  of  two  points 
thereof;  viz.  knowing  the  values  of  A'  — A,  and  h' —  h  at  about  the  time  of  the 
beginning  and  at  about  the  time  of  the  end  of  the  eclipse,  we  construct  by  these 
formulae  two  points  of  the  orbit,  and  joining  them  by  a  straight  line,  we  have  the 
orbit.  Also  the  position  at  any  instant  of  the  Sun  in  this  relative  orbit  will  be 
obtained  by  considering  its  motion  therein  as  being  uniform.  I  think  there  is  no 
advantage  in  the  adoption  of  a  more  accurate  construction :  for  although  we  may  for 
any  given  instant  use  the  accurate  values  of  h,  A,  h\  A',  and  so  construct  the  position 
in   the    relative    orbit,   and    the    corresponding    penumbral    curve,   yet    if    in    the    deter- 
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miiiation  of  the  geographical  significance  thereof,  we  were  to  use  for  each  curve  a 
different  value  of  A,  the  simplicity  of  the  construction  would  disappear ;  and  it  is, 
moreover,  doubtful  whether  the  trifling  corrections  would  not  be  within  the  limits  of 
the  necessary  errors  of  the  drawing. 

17.  But  if  MS"  be  =E,  and  zxMS' =  0,  the  accurate  values  for  the  coordinates 
of  ti'  are  a;  =  tan^£.  cos  ^,  y  =  tan  ^^.  sin  ^,  and  the  values  for  the  coordinates  of  5' 
are   *■  =  p> >  tan -I  S.  cos  ^.  12  in.,  j/  =  -p^ -y,  tan  J^,  sin  ^ .  12  in.,   where   P"   is   still 

reckoned   in  minutes,  and   of   course   arc  1'  ^    ^     .     As   the  scale   is   considerable,  it  is 

worth  while  to  inqnire  whether  the  employment  of  the  accurate  formula  would  produce 
an  appreciable  difference  in  the  position  of  S. 

We  have  sin  0 -t- sin  ^' =  sin  (h' —  h) -h  sm  S.  that  is,  sin  £"  sin  ^  =  sin  (/('-/O  sin  A',  and 
cos£=cos  A  cos  A'  +  sin  AsinA'cos(/t'-/();  or  putting  for  shortness  A'  — A  =  a,  h'~h  =  ^, 
we  have  sin£  sin  ^  =  sin  ^  sin  A',  and  cos  £  =  cos  a  —  sin  A  sin  A'  .  2  siti^-|/3.  Hence, 
attending  to  the  equations  cos=  \E  =1  (cos'  J^  a  -  sin  A  sin  A'  sin^  ^  0)  and  sin'  J  £■  = 
2  (sin=  ^  a  +  sin  A  sin  A'  sin^  ^  ^),  we  find 

,  r-  -    /)  sin  i  S  cos  i  B  sin  A' 

tan  hEsm3=       — -. — ^^ — ■■■^'    .,   . — — =. , 
cos'^  ^  a  —  sm  A  sin  A  sin''  \  p 

and 


-lIEcos0  =  a/  — -| 

*'  V  cos^Aa- 


sin  A  sin  A'  sin^  ^  ^ 


4  a  -  sin  A  sin  A'  sin'  ^  ^     (cos*  4  q  -  sin  A  sin  A' sin'  ^  ff^  ' 

whence,  considering  a,  /3  as  small  quantities  of  the  same  order,  and  neglecting  te 
of  the  third  order,  we  have  tan  |  £  sin  ^  =  sin  J  /3  cos  ^  0  sin  A',  or  what  is  the  s» 
thing,  =sin^^sinA,  or  finally,  =^/3sinA,  that    is  ^(A'  — A)sinA,   which  is  the  tbregt 


approximate   value,  and   thus  in   the   e«.v^ucM   vii-iu.  y  —  —  p, - 

regards  the  expression  for  tan  J  E  cos  6,  writing  for  a  moment  II  =  sec'  ^  «  sin  A  sin  A'  sin'  \^, 
the  quantity  under  the  I'adical  sign  is 

h  0-  _  sin^  ^^cos'^ffsin'A' 


1-Ii  cos' J  a  .  (1  -  n)' 

and,  taking  this  to  the  thii'd  order,  it  is 

-  t,.„.  a  +  n  (1  +  tan-  J  a)  -  '"■' t/^co^'p  ai-'A' 
'  CDS'"  ^  a 

which,  substituting  for  il  its  value,  is 

,     „ ,         sin-  it  8  sin  A'     .     .        -     « ,      „ ,  ^. 

=  tan'^a+  —, (sniA  — sinA  cos-Jr«), 

^  cos* -J  a       ^  '    ' 

where   sin  A  -  sin  A'  cos^  ^  ;8  =  sin  A  -  sin  (A  +  a)  cos*  ^  0, 
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or  neglecting  herein  terms  of  the  second  order,  this  is 

=  sin  A  -  (sin  A  +  sin  a  cos  A)  cos-  ^  ^, 

=  —  sin  a  cos  A,  =  —  2  tan  ^  a  cos°  ^  a  cos  A, 

so  that  to  the  third  order  thu  quantity  under  the  radical  sign  is 


cos'  I  a 

and  to  the  second  order,  that  is  finally  neglecting  terms  of  the  third  order, 

,  _,        .            ,         sin^  A /3  sin  A  cos  A 
tan  i  E  cos  9  =  tan  in — ^— -r, , 

or,  what  is  the  same  thing, 

=  ^  «  —  sin  A  cos  A ,  J  ,8-. 

18.     Hence,  writing  a  =  (A' -  A)  arc  1',  0  =  (h'  -k)ai-cV,  and  passing   to  the   adopted 
orbit,  we  have 


h'  —  h   .     ,    ,  -,  - 

=     p,     sni  A  .  12  m. 


or  say 

=  ^^  13  in.  -  s .  i  cos  A  (/.'  -  A)  jj^^j  . 

The   value   of  the   second   term    may  amount  to   about  ^  of  an   inch,  and   thus  be 
sensible,  but  there  is  no  difficulty  in  taking  account  of  it. 


Article  No,  19.     As  to  the  Eqaation  r—  -- — zr . 

19.     It    may    be    remarked    that    the    equation    J"  =   ,,  _^ ,  ,    which    served    for    the 
graduation  of  the  straight  edge,  was  in  effect  obtained  from  the  equations 


by  assuming  therein  tan^£'=^£^  and  smE  =  E  respectively.     But  the  elimination  of  E 
and  s  can  be  effected  without  this  assumption,  viz.  we  have  sin E  =  -j  .  tann  F ~i+i P'^r- ' 
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and   then   as   before,  sms  =  v  -^    t-,— =  i—     ,.  whence   the   relation  between  r   and   a  is 

1  +  tan=  1  a     1  +  p^  ^ 

found  to  be 

l  +  lP'^r'     1  +  p^' 

which   however   assumes   that   P'   is   reckoned   in   parts   of    the   radins ;    reckoning   it   as 

P'tt 
before   in   minutes,   we   must,   instead   of  F',  write   P'arc  1' = --^j^,  viz.   the   numerical 

value  is  about  ^,  and  taking  it  to  be  this  number,  the  formula  is 

r  _    2p 


1-f 


1        ,     1+p'' 


14400 

where   r,   p   are   reckoned   in   parts    of    the    radius   (=  12  inches).     Supposing    that   r^   is 

calculated   from   the   formula   r,  =  , — -■— ,   then    we   have    verv   nearly   r  =  r,(l+^'-„-A, 
1  +  p^  "  -  \        14400/ 

and   ri   being   =  1    at   most,   the   correction   is    inappreciable :    if  however   this   were   not 

the   case,  the   more   accurate   formula   might   have   been  used;   the   only  difference  being 

that  the  making  of  the  graduation  would  have  been  more  laborious. 


Article  No.  20.     Remark  as  to  the  Geometrical  Theory  of  the  Projection  of  the  Pemimbrat 
Curve. 

20.  The  stereographic  projection  of  the  penumbral  curve  on  the  Earth's  surface 
(assumed  to  be  spherical)  is,  as  I  have  elsewhere  shown,  a  bieircular  quai-tic.  It  may 
be  showu  that  the  stereographic  projection,  as  given  by  the  foregoing  approximate 
method,  is  a  bieircular  quartic :  we  have,  in  fact  a  circle,  the  equation  of  which  in  the 
polar  coordinates  r,  0  is 

(r  cos  0-ay  +  r^  sin=  0  =  ^, 

!  (0  being  unaltered)  »■  is  changed  into  p,  where  r  —  —   -    ,  that  is  -  =  ^[p-\ — )■ 

The  equation  of  the  circle  is 

^  -  lar  cos  e  +  fxr  -  ff"  ^  0, 
or  sav 


and  where  ( 


r  r' 

and  the  transformed  equation  is  therefore 

l-ac<»9(p+l)+i(.--«(p+l)'    -0, 

that  is 

(a.'~/3')(p'  +  iy-iacos0p(p'+l)^'ip'-  =0, 

or  in  rectangular  coordinates 

4a 
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that  is 

where    p^  =  0;=  +  ^^ ;    the    form    of   the    equation    shows    that    the    curve    is    a    bicircular 
quartic.     Writing  for  shortDesa   '^~~7jj  =  ''',  the  equation  is 

p*  —  2ina.xp'  +  (2  +  2m)  p=  + 1  —  2mixai  =  0, 
that  is 

|p=  -  m  (aa;  -  1)  +  1)2  -  m=  (oiC  -  l)=  -  2m  =  0, 

or,  what  is  the  same  thing, 

which  putting  iB  +  ^ma  for  x  is 

(a?  +  y=  -  J  m=a=  +  m  + 1)^  -  m^  (aa;  + 1  ma=  -  1)^  -  2m  =  0, 

viz.    the   terms    of  the   fourth   order   being   {a?  +  "iff,   and   there   being   no   terms   of  the 
third  order,  the  curve  represented  by  this  equation  is  a  bicircular  quartic. 


Article  Nofi.  21  to  30.     Practical  Details  and  Application  to  Eclipse  of  December  21-22, 
1870. 

21.  There  are  some  practical  details  which  it  is  proper  to  explain,  using  to  fis 
the  ideas  the  eclipse  of  December  21-22,  1870 :  the  constant  value  of  A  (see  infrd,) 
is  taken  to  he  +90''  +  22°35'('). 

I  have  a  blank  projection  (radius  12  in.  as  above)  with  the  meridians  and  parallels 
each  at  intervals  of  5".  And  also  another  blank  form  which  has  on  it  merely  a 
circle,  radius  12  in.,  graduated  as  to  one  quadrant  thereof  with  lines  about  1|  in.  long, 
inwards  towards  the  centre.  It  contains  also  in  a  corner  the  foregoing  proportional - 
scale  figure. 

22,  On  the  blank  projection  I  measure  off,  downwards  from  the  centre,  a  distance 
JfiJlf  =  12sin  22''35'(=4'61),  distances  all  in  inches;  and  then  with  the  centre  Jf  and 
radius  J/(?=  12  cos22'' 35' (=  II^OS),  describe  a  circle  which  is  the  bounding  circle  of 
the  reduced  projection.  With  this  same  radius  I  describe  on  the  second  form,  con- 
centric with  the  12-iuch  circle  and  above  the  horizontal  diameter  thereof,  a  semicircle: 
and,  cutting  out  the  included  area,  replace  it  with  tracing  cloth.  The  form  thus 
prepared  is  placed  over  the  blank  projection,  so  that  the  semicircle  shall  coincide  with 
the  corresponding  semicircle  on  the  blank  projection,  and  the  two  sheets  are  fixed 
together  by  their  lower  edges,  and  by  folding  down  the  remaining  sides.  We  have 
thus   the   upper  half  of  the   reduced   projection,  represented   by  the  semicircle,  with  the 

^  See  Plate,  whiclt  evliibits  in  dotted  lines  the  blank  projectioo  under  Uie  other  blauk  form ;  Uic  part  within 
the  red  semieirele,  ae  seen  through  the  tracing  cloth,  the  rest  really  hidden. 

C.    VIL  62 
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meridians  and  parallels  marked  out  thereon  by  lines  seen  through  the  tracing  cloth. 
See  the  Plate ;  the  dotted  line  shows  a  paper  scale  afterwards  affixed  to  the  second 
form  or  upper  sheet.  Observe  that  so  far  the  only  eclipse-datum  made  use  of  is  the 
value  A  =  90°  +  22'  35'. 

23.  We  have  for  the  eclipse  in  question,  taking  t  for  the  G.M.T.  in  houi^, 
positive  or  negative  according  as  the  time  is  after  or  before  G.M.  Noon,  Dec.  22,  and 
h'  also  in  hours, 

y  =  0'''02  +  i-9996, 


and  then  taking  the  values  of  «,  a',  A, 

A'  from  the  N.A.  we  have  as  follows: 

G.M.T. 
1870,  Dee. 

^'  +  2"  = 

«=. 

»■= 

A  =  90"  + 

A'=90''  + 

A'-a 
in  Minutes 
of  Arc. 

V-h 
in  ditto. 

d     h 

21  22 

22  3 

0  1  13-42 
5  1     7-37 

17  56     1-84 

18  9  26-74 

18  1  4872 
18  3  44-27 

22  27     8-5 
22  43  !2'5 

23  27  17-1 
23  27  13-9 

0     7     0'30 
4  54  24-90 

60-143 
44 '023 

-    86'620 
+  100-632 

and  moreover 

Moon's  Parallax 
Sun's  ditto 

Moon's  Semidiam 
Sun's  ditto 

a'  =  60'  38"-6 
^'=          9-1 

/-7r'  =  60   29-5  =  60'-4 
P'                  =60-3. 
s  =16'33"-2 
s'  =  16  17  -9 

s  +  s'  =  32  0 

1  -2  =  32'-85 

viz.  this  is  the  radius  of  the  circles  used  in  the  construction  of  the  penumbral  curves. 

24.     We  have  for  x,  y  the  formula 

0!  =  —^-  12  in.  +  y(k'-  h)  0'00006, 

h'—k  . 

y^—pT-    12m.  xsmA, 

viz.  I  find  Dec.  21,  22^ 
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and  Dee.  22— 3^ 

a;=    S-75  +  -ll=        8-85, 

y=  +18-45, 

where  I  have  taken  account  of  the  small  corrections  to  the  approximate  values  of  x: 
it  may  be  added  that,  using  the  conjunction-value  52'  9"'4  of  A'  —  A,  we  have  at 
conj  unction, 

ic  =  10-36,     y=0. 

25.  We  thus  lay  down  on  the  relative  orbit  the  two  points  22''  and  S^,  and  the 
point  of  conjunction  or  intersection  with  the  axis  of  x;  the  three  points  are  found 
to  be  sensibly  in  a  straight  Hne :  the  distance  between  the  extreme  points  is  about 
34  inches,  representing  5  hours,  so  that  the  scale  is  nearly  7  inches  to  an  hour:  the 
line  is  then  graduated  to  quarters  of  an  hour.  We  then,  by  means  of  the  distance 
12 +6-53  =  18*53,  mark  off  on  the  relative  orbit,  the  points  B,  E,  which  correspond  to 
the  beginning  and  end  of  the  eclipse  respectively;  the  times  as  read  off  from  my 
figure,  and  compared  with  the  true  times  given  in  the  N.  A.  are 

from  figure  N.  A. 

Beginning  22"  12'"-5  22  13'6 

End  2  40  -5  2  41-1 

26.  With  centre  B  describing  a  circle  radius  6'53  this  will  of  course  just  touch 
the  12-inch  circle,  and  the  penumbral  curve  will  be  a  mere  point,  viz.,  this  is  the 
point  B"  on  the  bounding  circle,  opposite  to  the  point  of  contafit.  And  so  with 
centre  E  describing  a  circle  of  the  same  radius  6'53,  that  will  just  touch  the  12-inch 
circle,  and  the  penumbral  curve  will  be  a  mere  point,  viz.,  the  point  E'  on  the 
bounding  circle,  opposite  the  point  of  contact. 

27.  I  draw  the  circles  corresponding  to  the  times  22"  30",  45"",  23'' 0™,  viz.,  so 
much  of  each  as  lies  within  the  12-inch  circle.  Each  of  these  is  then  transformed 
into  a  penumbral  curve,  drawn  in  the  upper  semicircle  on  the  tracing  cloth.  For 
this  purpose  wo  construct  a  straight  edge  of  paper,  the  one  half  graduated  for 
12  sin  ^,  the  other  half  for  ll'OS  tan^^,  by  means  of  the  proportional-scale  figure,  as 
already  explained :  ^  =  0°  to  90°  at  intervals  of  5°,  is  quite  sufficient ;  the  points  on 
any  particular  penumbral  curve  are  laid  down  in  pairs  with  the  utmost  facility,  and 
the  curve  is  traced  by  hand  from  4  or  5  pairs  of  points. 

28.  We  then  graduate  for  latitude ;  viz.,  we  see  through  the  tracing  cloth,  the 
equator  cutting  the  vertical  radius  in  Q,  and  a  parallel  cutting  the  same  radius,  say 
in  R;  drawing  lines  from  G,  we  refer  these  to  the  points  q,  r  on  the  bounding 
circle,  viz.,  on  the  quadrant  thereof  which  is  graduated  by  means  of  the  graduation- 
lines  of  the  12-inch  circle;  and  we  thus  read  off  the  latitude  of  the  parallel  in 
question ;  this  latitude  is  then  marked  for  each  parallel  on  the  vertical  radius  from 
Q  up  to  the  bounding  circle,  viz.,  not  on  the  tracing  cloth,  but  on  the  paper  affix ; 
and  we  then  on  this  same  radius  (on  the  paper  affix)  interpolate  the  positions  where 
this  would    be    intersected    by  the    parallels    for   the    colatitudes,   5°,   10°,   15°,   &c     Or 

62—2 
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h- 

-  2>  +  0     7     0-80 

At     3- 

h- 

-2^  +  4  54  24-90 
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(what  is  perhaps  better)  wc  may  without  marking  the  latitudes  of  the  parallels  of 
the  blank  form,  construct  directly  the  last-mentioned  graduations;  viz.,  marking  off  on 
the  bounding  circle  from  the  point  q,  equal  intervals  of  5°,  and  from  any  such  mark 
drawing  to  G,  a  line  to  meet  the  vertical  radius,  the  point  of  intersection  is  the 
point  belonging  to  the  parallel,  latitude  equal  to  the  corresponding  multiple  of  5°. 

29.  Finally,  we  must  (not  on  the  tracing  cloth  but  on  the  paper  affix)  graduate 
an  arc  of  the  equator  for  the  position  of  the  meridian  of  Greenwich,  that  is  for  k. 
We  have 

.-1  52  52-30  =  -28  13-08 
=  +  2  54  21-90  =  +  43  36-20 

The  equator  is  already  graduated  in  longitude  by  means  of  the  meridians  of  the 
blank  projection :  hence  we  lay  down  the  marks  for  22''  and  3''  in  the  positions 
belonging  to  —  28"  13',  ajid  +  43°  36'  respectively.  And  then  since  the  interval  of 
5  hours  answers  to  71°  49',  that  of  1  hour  will  answer  to  14°  22',  so  that,  measuring  off 
these  intervals  of  longitude,  we  have  the  marks  for  the  intermediate  times  23'',  0'',  I'',  2'' ; 
or  it  might  be  proper  to  find  in  this  way  the  marks  corresponding  to  each  interval 
of  20'°  of  time,  answering  to  about  5°  of  longitiide ;  the  further  subdivisions  would  be 
proportional  to  the  intervals  of  time, 

30.  I  have  in  this  way  read  off  the  positions  of  the  points  U  and  E'  belonging 
to  the  beginning  and  end  of  the  eclipse ;  the  values,  as  compared  with  the  true 
ones,  are 

From  Figure  N.  A. 

B'     latitude     N.  34  35  37 

longitude  W.  47  45  44 

E'     latitude     N.  26  26  5 

longitude  W.  38^  37  16 

I  remark  that  my  figure,  although  drawn  carefully,  is  not  drawn  with  anything 
like  the  degree  of  accuracy  which  would  be  easily  attainable ;  and  I  think  that  far 
better  results  might  be  obtained.  I  merely  from  a  scale  lay  down  tenths  and  estimate 
hundredths  of  an  inch,  but  certainly  fiftieths  might  be  laid  down  from  a  scale. 
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478. 

ON    THE    GEODESIC    LINES    ON    AN    ELLIPSOID. 

[From  the   Memoirs   of  the   Royal   Astronomical   Society,  vol.    xxxix.  (1872),  pp.  31 — 53. 
Read  January  13,  1871.] 

The  fundamental  equations,  in  regard  to  the  geodesic  lines  on  an  ellipsoid,  were 
established  by  Jacobi,  viz.,  representing  by  a,  b,  c,  the  squares  of  the  semiaxes,  that  is, 
taking  the  ellipsoid  to  be 

'^  +  t  +  '-  =1 

a  0  c 

(where  a>b>c),  if  we  introduce  the  elliptic  coordinates  h,  k,  and  write 

a  +  k^b  +  h^c  +  k      ^' 


or,  what  is  the  same  thing, 


a  +  k     b+  k     c  +  k 

„     a(a  +  k)(a  +  k) 
"        (a-b)(a-c)   ' 

b(b  +  h)(b+k) 
^~   (b-c){b-a)    ' 

^  _  c  (c  +  A)  (c  +  ^) 
^-  (c_a)(c-6)  ■ 

then,  if  ^  be  an  arbitrary  constant,  the  differential  equation  of  a  geodesic  line  is 
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and  the  expression  for  the  length  of  any  arc  of  the  curve  is  given  by 

,,,       _[,,      I  h(p  +  K)  r,       /  J!  (|3  +1) 

yi)    » -  j  '»  V  («  +  4)  (6  + 1) (c  +  4)  +  J  "  V  (o  +  t)(6  +  i)(c  +  t) • 

I  propose  in  the  present  Memoir  to  devciope  the  theory  to  the  extent  of  showing 
how  we  can,  by  means  of  the  (irst  of  these  equations,  explain  the  course  of  the 
geodesic  lines;  and  for  given  numerical  values  of  a,  b,  c,  calculate,  construct,  and 
exhibit  in  a  drawing  the  course  of  these  lines :  I  attend  more  particularly  to  the 
series  of  geodesic  lines  through  an  umbilicus  (which  lines  pass  also  through  the 
opposite  umbilicus),  and  to  the  case  where  the  semiaxes  are  connected  by  the  equation 
ac  —  b^=0,  a  relation  which  simplifies  the  formulse. 

General  Considerations  as  to  the  Course  of  the  Lines. 

1.  It  will  be  observed  that  h  and  k  enter  into  the  formula!  symmetrically:  it 
will  he  convenient  to  distinguish  between  these  coordinates  by  considering  !i  as 
extending  between  the  values  -a,  —b;  and  k  as  extending  between  the  values  —  6,  - c. 
Thus: 

h  =  const,  denotes  a  curve  of  curvature  of  the  one  kind,  viz. : 

h  =  ~-a,  the  principal  section  ABA'  (or  major-mean  section),  h  =  —  b,  the  curves 
UV  and   U"U"'  (or  portions  of  the  umbiJicar  section  ACA'C')\  similarly, 

k  =  const,  denotes  a  curve  of  curvature  of  the  other  kind,  viz. : 

k  =  —  c,  the  principal  section  CBC  (or  minor-mean  section),  k  =  —  b,  the  curves  UU'" 
and   U'U"  (remaining  portions  of  the  umbjlicar  section  AGA'C). 


2.  To  any  given  (admissible)  values  of  h,  k  there  correspond  eight  points,  situate 
in  the  eight  octants  of  the  surface  respectively ;  but,  unless  the  contrary  is  expressed, 
it  is  assumed  that  the  coordinates  a),  y,  z,  are  positive,  and  that  the  point  is  situate 
in  the  octant  ABC. 

3.  The  constant  ^  may  have  any  value  from  +a  to  +  c ;  viz.,  if  it  has  a  value 
between    a    and    h,   or    say,    if   —  /3    has    an    A-value,    then    the    geodesic    lines    wholly 
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between  the  two  ovals  of  the  curve  of  curvature  h  —  ~p  (being  in  general  an  indefinite 
undulating  curve  touching  each  oval  an  indefinite  number  of  times).  Similarly,  if  ^ 
has  any  value  between  h  and  c,  or  say,  if  —  yS  has  a  fc-value,  then  the  geodesic  line 
lies  wholly  between  the  two  ovals  of  the  curve  of  curvature  k~  —  /3  (being  in  general 
an  indefinite  undulating  curve  touching  each  oval  an  indefinite  number  of  times). 
The  intermediate  case  is  when  ^  =  b,  or  say  when  —  ,9  has  the  umbilicar  value :  here 
the  geodesic  line  is  in  general  an  indefinite  undulating  curve  passing  an  infinite 
number  of  times  through  the  opposite  umbilici  U,  U",  or  U',  W" ;  to  fix  the  ideas, 
say  through   U,   U". 

Lines  through  an  Umbilicus. 

4.  I  attend  in  particular  to  the  last -mentioned  case,  and  thus  write  ^=b.  We 
may  in  the  formula  (1)  fix  at  pleasure  a  limit  of  each  integral;  and  writing  for 
convenience 


^  '     J-„  6  +  AV  (a  + 


(a  +  h)(c  +  hy 

^'^^'"Jt     b  +  kVia  +  k)(c  +  k)' 
the  equation  (1)  becomes 

Const.  =  n(A)-|-^(&). 

5,     It   is   to   be   observed,  in  regard  to  these  integrals,  that   writing   h  =  —a  +  u,  we 


which,  for  it  small,  is 


Jo  a  —  b  —  uV  u(a  —  c~u) 
a-bV  a~cj„  Vm'  a-bV  a- 


By  the  assistance  of  this  formula  the  value  of  the  integral  may  be  calculated  by 
quadratures;  viz.,  the  formula  gives  the  integral  for  any  small  value  of  w,  and  we 
can  then  proceed  by  the  method  of  quadratures.  The  integral  becomes  infinite  for 
k  —  —  b:  suppose  that  we  have  by  quadratures  calculated  it  up  to  h  —  —  b  —  m  (m  small), 
then  to  calculate  it  up  to  any  value  —b—m  +  u  nearer  to  —  b,  we  have 


U<h)  =  U(-b~m)+        — ~a/ -, J ,     ,  „ — ; 

^  '  ^  '     J^  m-  uV  (a-b-m  +  u){b-c  +  m  —  u) 

=  n(-i,^M)V(„-iKi-o)'°g('-5'<'> 

where    the    second    term    is    positive,    and    the    value    thus    increases    slowly    with 
becoming  as  it  should  do  =00  for  m  =  m  or  k  =  -b. 

■  Except  wben  the  contrary  is  stated,  tlie  symbol  "log"  denotes  througliout  the  hjperboUo  logarithm. 
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6.     Similarly  in  the  second  integral  writing  &  =  — c  — )i,  we  have 


which,  for  v  small,  is 


1       /    e     f  dv^        __  l-Jv     I    c 
5  — c  Va  —  cJV«'  h—c\a  —  c 

he  c 
I  up 
■  -h, 

•  '  ^  Jon-vV(a~'0  +  n  —  v){o  —  c  —  n  +  v^ 


which  is  of  the  like  assistance  in  regard  to  the  calculation  by  quadratures.  And  if 
we  have  by  quadratures  calculated  the  integral  up  to  h  =  —  h  +  n  {n  small),  then,  to 
calculate  it  up  to  any  value  —b  +  n  —  v  nearer  to  —b,  we  have 


.M.  (-64- ,.)+■/       J'  r-J!L 

='^(-'+»)-\/orr4-o)'°^(i-;)' 


where    the    second    term     is    positive,    and    the    value    thus    increases    slowly    with    v, 
becoming  as  it  should  do  =  cc  for  v  =  n,  or  k=  —  b. 

1.     It   may  be  remarked  that  in    11  (h)  and  ^  (k)  respectively  the   coefficient  of  the 

logarithmic   term   has   in   each  case   the   same   value  =a,' t rrvr ■,■     As  regards  the 

initial   terms   Vw   and   Vti,   the   coefficients   are    7  a/——    and   ,— \l respec- 

a—h\a—c  b- c\  a—c        ^ 

tively,  which  are  equal  if  -. ^ ,-  = ,, ^- ,  or  aa-b^-  0. 

8.  We  may  consider  the  two  geodesic  lines  11  (A)  ±  ^  (A:)  =  const. ;  suppose  that 
these  each  of  them  pass  through  the  point  P,  coordinates  {h^,  ft„)  in  the  ABC  octant 
of  the  ellipsoid ;  then  for  one  of  them  we  have  T\.{h)  —  'V  (Jc)  =  H  {kg)  —  '^  (k^),  and  for 
the  other  of  them  we  have  U(k)  +  '^  {k)  =  n  (^)  +  ■*■  (k,) :  I  attend  iirst  to  the  former 
of  these,  say  U(h)~'¥(k}=C  (where  C  is  ^  U (h„) - "^ (k„)) ;  and  I  say  that  this 
denotes  the  curve  UPU".  In  fact,  by  reason  of  the  equation  IL{h)  and  "^(k)  must  both 
increase  or  both  diminish ;  they  both  increase  as  k  passes  from  A^  to  —  b,  and  as  k  passes 
from  k„  to  —b:  we  may  have  k  =  ~b  +  u,  k^-b  +  v  where  u  and  v  are  both  mdeiiuitely 
small,  the  functions  IT  and  ■*"  being  then  indefinitely  large,  but  U-'^  =  C;  and  we 
have  thus  a  series  of  points  nearer  and  nearer  to  the  umbilicus  U;  that  is,  we  have 
the  portion  PU  oi  the  curve.  Tracing  the  curve  in  the  opposite  direction,  or  con- 
sidering h  as  passing  from  A^  to  —a,  and  k  as  passing  from  jt„  to  - c,  then  if  0  be 
positive,  k  will  attain  the  value  —  c,  before  h  attains  the  value  —  a,  say  that  wo  have 
simultaneously  h  =  }i^,  /,-=-c;  the  equation  is  11  (^)-'*(-e)  =  C,  that  is,  H (/;,)  =  (7; 
and   the   geodesic  line   then   arrives   at   a  point   P,   on   the   arc   CB   of  the   minor-mean 
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principal  section.  The  function  ^  tiien  changes  its  sign,  viz.,  considering  it  i 
positive,  the  equation  is  now  II (A) -{■'^{k)  —  0,  k  passing  from  the  value  —  c  towards 
—  6,  that  is,  '^{k)  increasing,  and  therefore  11(A)  diminishing,  or  h  passing  from  h^ 
towards  the  value  —  a ;  until  at  last,  say  for  k  =  k^,  we  have  h  =  ~a,  that  is, 
C  =  IH-a)  +  '^  (k.j),  or  (7  =  ■*■  (k^) ;  the  geodesic  line  here  arrives  at  a  point  P^  on  the 
arc  BA'  of  the  major  mean  principal  section.  The  function  II  then  changes  its  sign, 
viz.,  n  denoting  a  positive  function  as  before,  the  equation  is  —  11(A) +  1'{fc)=C; 
h  passes  from  —  a  towards  —  b,  that  is  11  (k)  increases,  and  therefore  '^  (k)  must  also 
increase,  or  k  pass  fi-om  k,  towards  —b:  we  have  at  length  h=^  —  h—u,  k  =  —  b  +  v, 
u  and  V  being  each  indefinitely  small ;  and  therefore  II  and  ^  each  indefinitely  large 
(but  -  n  +  'J'  =  C) ;  that  is,  we  arrive  at  the  umbilicus  U",  completing  the  geodesic 
line  UPU". 

9.  If  instead  of  C  =  +  we  have  C  =  — ,  everything  is  similar,  but  the  geodesic 
line  proceeding  from  U  in  the  direction  UP  will  first  cut  the  arc  BA  of  the  major 
mean  section  at  a  point  Pj ;  then  the  arc  BC  of  the  minor  mean  section  at  a 
point  Pa;   and,  finally,  arrive  as  before  at  the  umbihcus   U'". 

10.  The  intermediate  case  is  when  C  =  0,  viz.,  we  have  here  II  (/t) -*"(&)  =  0 ; 
the  geodesic  line  here  passes  from  U  in  the  direction  UP  to  B  (extremity  of  the 
mean  axis,  h  =  -~a,  k  =  —  c);  Ti  and  "*"  then  each  change  their  sign,  so  that,  con- 
sidering them  as  positive,  the  equation  still  is  II  {h)  -'^(k)  =  0,  and  the  geodesic  line 
at  last  arrives  at  the  umbilicus  U".  It  will  be  easily  understood  how  in  the  like 
manner  IL{h)  +  '^(k)=C  refers  to  the  line    UPU'". 

11.  Reverting  to  the  equation  H(h)  —  '^{k)  =  C,  or  as  I  will  now  write  it 

n  (h)  -  ■*  (fc)  =  n  (ih)  -  -^^  ih), 

which  belongs  to  the  portion  UP  of  the  geodesic  line  UPU",  we  require  when  h 
is  =  —  t  —  M,  and  k=  —b  +  v  (u  and  v  indefinitely  small)  to  know  the  ratio  of  the 
increments  u,  v;  this  in  fact  serves  to  determine  the  direction  at  U  oi  the  geodesic 
line  through  the  given  point  (h„,  k^). 

12.  For  this  purpose  writing  h^-b—u,  we  find 


n('0=rv  Vw-- 


6-»)(6-c  + 


_/-'*(    /  l>+a /  l>  1 

"J.      u  \y  ia-b-ii){b-c  +  u)     V  {a-l,}{b-c)i 


'  (<i-6)(6- 
aiid,  when  u  is  indefinitely  small,  this  is 


"'''^"I    ¥{v(ri— 6-«T(F^+«")~V(<i-i)>-c)f"^V(«-6)(i^ 
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Similarly,  when  k=~b  +  v,  where  v  is  indefinitely  small 

* ®  "It  {V(«-t+t)~(L»-,)  -  \/(a-b)(b-c}  +  V(— SKS-O)  '°S  '-¥-" • 

13.     Ea«h   of  the   integrals   is   of  the   dimension    —J   in   a,  b,  c,  and   the   difference 
of  the  integrals  may  be  represented  by 


we  have  therefore 


nik)-^(k)  =  ^-^_^';-^-^^[M^io,l^jl 


V  (a-b){b-cy'     j„       u\V  {a-b-u){b~c  +  u)     V  (a-b)(b-c)\ 


_f^dvx    I  '  h-v  _     I  b  I 

j„       v\\l  {a-h  +  'B){h-c-v)     V  (a-6)(6-c)r 


14.     Suppose  the  inferior  limits  replaced  by  the  indeiinitely  small  positive  quantities 
e,  e'  respectively ;  and  for  the  variable  in  the  second  integral  write  -  u ;   then 


W-f""*/^'     /  ^  +  » /_      \ I 

''"J_,6^.,  1'*  V(a-6-M)(&-c  +  M)     V(a-i)(&-c)r 

it  being  understood  that  the  values  u  =  —  e   to  u  =  +  e  are  omitted  from  the  integration : 

this  is  

_  r  "^^  dw     /  b  +  u  /  ^       ~  1      «-^     e' 

^i_i^_,  w  V  ("(t-6~w)(&-c+2i)     V  (ft-'^Xt-c)^"^     e"  &-C 

with  the  same  convention  as  to  the  integral;    or  if  e'  =  e,  thou 

M  =  M'-a/.  —-/,--,,  —   ,  log  ^ , 

V  (a  -  6)  (o  -  c)     "  0  -  c 
where 

/         h  „p  _  f  °-*  ^    /'~^~b  +  u"  (■-=  d/.      /        T"~~ 

the    omitted    elements    being    from    M  =  -e    to    M  =  +  e;    that    is    (in   the    language    of 
Cauehy)  we  take  for  the  integral  its  principal  value.     And  hence 

15,     By   what    precedes    this    is    =11  (h^)  —  'SE'  (k„) ;    or    if    we    write    simply    (k,    k) 
instead   of  (he,   h),   that  is,   consider   the   geodesic   line    UP,   which   is   drawn    from   the 
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point  P,  coordinates  {k,  k),  to  the  umbilicus  U,  the  coordinates  of  a  point  consecutive 
to  the  umbilicus  are  —b  —  u,  —b  +  v,  where  u,  v  are  connected  by  the  last-mentioned 
equation,  m  which  M'  is  a  transcendental  function  depending  on  (a,  6,  c)  but  inde- 
pendent of  the  particular  geodesic  line. 


16.     If   for    the    geodesic    line    through    the    point 
-,  then  M'=  —  \og-,  and  we  have  in  general 


say    for    the    ii-geodesic 


nw-^(&)  =  y/--_ 


-b)(b  —  cj     ^  uv,' 
a  result  which  I  proceed  to  further  transform  as  follows : 

If   io„,    )/„,    s„    refer    to    the    umbilicus     U,   then    considering    first    the    consecutive 
point   P  on   the    geodesic    line   (coordinates    —b  —  u,  —b  +  v)   and   next   the    consecutive 


point  Q  on  the  unibilicar  section,  we  have  for  these  two  points  respectively, 


r-     i 

M'-u) 

V(« 

~b)(a~  c) 

VSVS 

•     V(» 

-J)(6-o) 

iv;(«-») 

'•    V(S 

-«)(»-») 

iVi 

•    V(. 

-b)(a-c) 

?.=o, 

-i-Jc 

V'(&  —c)(a~  c) 
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say  these  are  a,  |S,  7,  and  a,  0',  7' ;   and  then 


"    (i-c     V-6     6-c('        ((i-6)((i-c)' 


■  h 


_Uu  +  v)h_ 


Vflf^  +  ^^  +  7=  Va'^  +  0^~+  y°-      '^  +  w  ' 
that  is, 

cos(180°  — ^)  = ,    or   tatf^<^  =  -. 

where  if  U  is  the  umbilicus,  P  the  consecutive  point  —b  —  u,  —b+v,  and  ?7Q  the 
element  of  the  umbilicar  principal  section,  ^=  Z.PUQ,  180"  —  </i  =  Z  Pf/Q'.  For  the 
5-geodesic  we  have 

21ogtan^*o  =  log--iir. 
17.     The  foregoing  equation  for  Y\.  Qi)  ~  "•V' {k)  now  becomes 

viz.,  1^  is  the  south  azimuth  of  the  5-geodesic  at  the  umbilicus,  a  mere  function  of 
(a,  b,  c)  and  <f>  is  the  south  azimuth  at  the  umbilicus,  of  the  geodesic  line  under 
consideration,  so  that  we  may  consider  the  geodesic  line  to  be  determined  by  the 
south  azimuth  ^  as  its  parameter. 
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Farmulcs  for  lite  case  uc  —  lf=f)- 
18.     I  annex  the  following  investigation  in  regard  to  the  case  CTC  —  i'  =  0. 
We  have  in  general 

1                 d  1^    V-  a)  (»  -  6)  (t  -  e)  +  V-  b"(a  +  ij(e  +  ») 
^bXiT-Vj lb- c)  li^  °^ -J-xici-  b)  Jb^c)  -  V-  i (a  +  »)  (o  +  »)) 
_  _  1  J 

.^1      1         /  » 

^bb  +  a:V  (a  +  ^)(c  +  a,) 

1  /  """x 

In  fact,  denoting  the  logarithm  by  log  -p—  *; ,  we  have 

P  +  Q_iHPQ'-P'Q) 


where 

2  (PQ'  -  i»®  =  2P«  (I  -  p)  -  ^'S7« +  «)(«  +  »')»(« -6)16^)  {^  +  ,,  +  ,„-  j} 

Vir(a+a;)(c+«) 
?■-(?  = -B(<i-6)(t-c)  + 4  (o+!c)(c  +  «) 

=  (6« +  <.(,)  (6 +  »,); 
that  is 

2iPQ'-PQ)  _  _  ■Jb(a-b)<b'^)         i?-ac 
P'-Q-  Vr(o  +  »)  (c  +  4  (fa  +  m)  (6  +  e) ' 


_^^t(<'-i')(i'-o)Ll4■    ^"^  + 
Vs,(o +  «)(<!  +  »)  1    i     b(b  +  x) 

which  proves  the  theorem. 

19.     Hence  in  the  particular  case  ac  =  6*  we  have 


1  ,      V-j(»-i)J6-e)  +  V-t(»  +  t)(<!  +  *) 

■Jb{a-b)<h-c)    °  ^'- S (o - 6) (S^) - •/^bji^ h) (c  +  K)  ' 

^  _  1  (■  '  _        dh 
"  I  /_*.  bfh  ^(a  +  iHc+T)  (-  +  !  n  <*))  ■ 


Hosted  by 


Google 


502  OM"   THE   GEODESIC    LINES    ON    AN    ELLIPSOID.  [478 

that  is 


°*Lv*(«+*)(«+'')"^*^(" 


'  ^~h{a~b){b-c)-'/-b{a  +  h){c  +  h}' 

(„_6)(6_,)     «l_ff 
where 

H2^  ^  (fl_+^){o  +  A) 

^((l-(i)(6-c)  A 

viz,  we  see  that  11  (/t)  depends  on  the  more  simple  integral 

f »  dh 

20.     Similarly 

1  ^^    V- 1  (»  ~  t) (i  -T)  +  ^/^6(cl+lt) (cTt) 

V6(«-i)(6-e)  °^V-t(ii-J)"(r-^)-V-6(ci  + (;)(«  + /t) 

that  is 

■J-  h{a-b)(b^i)  +  '/-b(a+k)(i!+k) 


„,,,_,  f-^_<Jt  _      ,     /  b  ^^J-h^(a-b)(b-c)  +  -J-b(a+h)(c+i) 

^'         '1   fjk(a  +  lc){c  +  lc)     'V  (a-b){b-o)    °  ^-k(a-b){b-o)-'/-b(a+lc)(,c+t)' 
or  say 

where 

b  (a  +  t)(e  +  t) 

(»-6)(6-«)  t 

that  is,  "^(k)  depends  on  the  more  simple  integral, 

r-°  dh 

J   i'Jk(a  +  k){c  +  k)' 
Write  h  =  -b  —  u,  k  =  —  b  +  v,  where  u  and  !i  are  indefinitely  small,  then 


nw-*W  =  l/-^--jjjL_+V(7 


"6  ,      1  +  Ul-V 

■ log 

-b){b-c)    ^1-Ul  +  V 
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where 

U^ — - — — — —  =  1  -  .  ■■■  - ;-  ,-j 777- — r  (attending  to  ac  =  o=), 

u  ia-b){b-c)(b  +  u}  ^ 

^+ t 

and 

.  (a-b){b-c)(b-v)' 

b 

21.     Comparing    with    the    result    obtained    for    the    general    case    the    two    agree, 
if  only 


where   on   the    left-hand   side   the   integral  has   its  principal  value :   a   result  which  must 
therefore  hold  good  when  ac  =  6^. 


Cal&ulation  of  the   Umbilicar  Geodesies  for  Ellipsoid  u.  :  &  :  c  =  4  :  2  :  1. 

22.  As  a  specimen  of  the  way  in  which  we  may,  on  a  given  ellipsoid,  calculate 
the  course  of  a  geodesic  line,  I  take  the  semiaxea  to  he  as  2  :  V2  :  1,  or,  for  con- 
venience, ([  =  1000,  6  =  500,  c  =  250;  and,  considering  the  geodesic  lines  through  the 
umbilicus,  I  calculate  by  quadratures  the  functions 


*(*)  =  100,000/^     5»raV(Tao(>W(250Tl)- 

The  results  do  not  pretend  to  minute  accuracy :  I  have  not  attempted  to  estimate 
or  correct  for  any  ciTor  occasioned  by  the  intervals  (10  units)  being  too  large;  and 
there  may  possibly  be  accidental  eirors. 
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-h= 

n' 

n(/i) 

-h 

11' 

H{h) 

-/( 

n' 

n(A) 

1000 

0. 

0 

840 

27-6 

6746 

630 

51-5 

— 

13972 

999 

2314 

462 

830 

27-8 

7023 

620 

541 

14499 

998 

164-0 

659 

830 

27-9 

7301 

610 

69-2 

15066 

997 

134-2 

809 

810 

28-1 

7582 

600 

65-5 

15689 

996 

116-5 

934 

800 

28-4 

7865 

590 

72-1 

16377 

995 

104'4 

1044 

790 

28-7 

8151 

580 

80-9 

17142 

990 

74-6 

1492 

780 

29'2 

8440 

570 

93-0 

18011 

980 

54-0 

2135 

770 

29-7 

8735 

560 

106-8 

19010 

970 

45'1 

2630 

760 

30'3 

9035 

550 

127'6 

20183 

960 

40-1 

305  G 

750 

31 '0 

9341 

540 

159'1 

21616 

950 

36-6 

3439 

740 

31 '8 

9655 

530 

211-5 

23469 

940 

34-2 

3794 

730 

32-6 

9977 

520 

3167 

26111 

930 

32-5 

4127 

720 

33-6 

10308 

510 

632-7 

30858 

920 

31-2 

4446 

710 

34-7 

10650 

505 

1265-0 

35602 

910 

30-2 

4753 

700 

36-0 

11004 

504 

1581-2 

37014 

900 

29-4 

5051 

690 

37-4 

11371 

503 

2107-7 

38834 

890 

28-8 

5342 

680 

39-0 

11754 

502 

3162-3 

41398 

880 

28-4 

5628 

670 

40-8 

1215_3 

501 

6324-1 

45792 

870 

28-1 

5911 

660 

42-0 

12567 

500 

00 

860 

27-9 

6190 

650 

45-4 

13005 

850 

27-8 

6469 

640 

48-2 

13473 
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-k 

*■ 

*(A) 

~k 

*' 

*(A) 

-k 

*' 

*(A) 

250 

a, 

0 

320 

45-5 

4G55 

440 

107-1 

12207 

251 

332 '2 

462 

330 

46-1 

5114 

450 

127-9 

13383 

252 

165-5 

661 

340 

47-3 

5581 

460 

159-2 

14818 

253 

136-0 

811 

350 

48-9 

6062 

470 

211-6 

16673 

254 

118-6 

939 

3G0 

51-1 

6562 

480 

316-7 

19314 

265 

106-8 

1051 

370 

53-8 

7086 

490 

632-7 

24062 

260 

78-1 

1514 

380 

573 

7641 

495 

1265-0 

28806 

270 

60-5 

2207 

390 

61-4 

8235 

496 

1581-2 

30218 

280 

51-7 

276S 

400 

66-7 

8875 

497 

2108-1 

32037 

290 

48-2 

3268 

410 

73-2 

9575 

498 

3162-3 

34602 

300 

46-3 

3741 

420 

81-6 

10349 

499 

6234-1 

38995 

310 

45-5 

4200 

430 

91-4 

11214 

500 

- 

» 

23.  But  it  is  obviously  convenient  to  revert  these  Tables  so  as  to  have  for  the 
common  arguments  a  series  of  uniformly  increasing  values  of  II  or  ^,  viz.,  we  obtain 
by  interpolation  the  values  of  h  and  k  belonging  to  the  given  values  of  IT  or  "^, 
and  thus  obtain  the  following  Table.  Here,  in  any  line  of  the  Table  the  values  of 
A,  k  are  Huch  that  II  (A)  -  ^  (k)  =  0,  viz.,  the  values  in  question  belong  to  successive 
points  of  the  B-geodesic.  And  to  obtain  the  values  for  any  other  geodesic  line 
II  (A)  —  ■^  (k)  —  ±  500  m,  we  have  only  to  take  each  value  of  k  from  the  line  m  lines 
above  or  below  the  line  from  which  h  is  taken ;  and  similarly  the  table  gives  at  once 
the  values  belonging  to  a  geodesic  line  11  (A)  +  IT  (k)  —  500  m. 
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n  =  *  = 

h 

D. 

k 

D. 

IT-*  = 

h 

D. 

k 

D. 

0 

1000 

1-2 

250 

1-4 

13000 

650-1 

20-6 

446-7 

7-8 

500 

998-8 

3-4 

251-4 

3-1 

14000 

629-5 

18-3 

454-5 

6-5 

1000 

9954 

5-5 

254-5 

5-2 

15000 

611-2 

15-7 

461-0 

5-3 

1500 

989-9 

7-8 

259-7 

7-3 

16000 

595-5 

13-6 

466-3 

4-9 

2000 

982-1 

9-5 

267-0 

8-2 

17000 

581-9 

11-8 

471-2 

3-8 

2500 

972-6 

11-5 

275-2 

9-4 

18000 

570-1 

10-0 

4750 

3-8 

3000 

961-1 

12-8 

284-6 

10-3 

19000 

560-1 

8-5 

478  8 

2-6 

3500 

948-3 

14-5 

294-9 

10-7 

20000 

551-6 

7-3 

481-4 

2-2 

4000 

933-8 

15-6 

306-6 

110 

21000 

544-3 

6-2 

483-6 

2-0 

4500 

918-2 

16-5 

316-6 

10-9 

22000 

538-1 

4-9 

485-6 

2-2 

5000 

901-7 

17-2 

327-5 

10-8 

23000 

533-2 

46 

487-8 

2-1 

5500 

884'5 

17-7 

338-3 

10-4 

24000 

528-6 

8-1 

489-9 

2-1 

6000 

866'8 

17-9 

348-7 

10-1 

26000 

520-5 

4-5 

492-0 

2-1 

6500 

848-9 

18-1 

358-8 

9-6 

28000 

516-0 

42 

494-1 

1-7 

7000 

830-8 

17-9 

368-3 

9-2 

30000 

511-8 

3  0 

495-8 

1-2 

7500 

812-9 

17-6 

377-5 

8-6 

32000 

508-8 

2-1 

497-0 

0-8 

8000 

795'3 

17-3 

386-1 

8-0 

34000 

506- 

2-0 

497-8 

0-5 

8500 

778-0 

16-8 

394-1 

7-7 

36000 

504-7 

1-2 

498-3 

0-5 

9000 

761-2 

16-3 

401-8 

7-1 

38000 

5035 

1-0 

4a8-8 

9500 

744-9 

15-6 

408-9 

6-6 

39000 

499-0 

10000 

729-3 

415-5 

40000 

302-5 

U-9 

6-2 

0-6 

10500 

714-4 

14-3 

421-7 

5-9 

42000 

501-9 

0-5 

11000 

700-1 

13-5 

427-6 

5-3 

44000 

501-4 

0-4 

11500 

686-6 

12-8 

432-9 

5-0 

45800 

501-0 

12000 

673-8 

23-7 

437-9 

8-8 

M 

500 

500 
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Graphical  Construction:  Projection  on  the  Umhilicar  Plane. 

24.  The  most  convenient  mode  of  delineation  of  the  geodesic  lines  is  obtained 
by  projecting   them   orthogonally  on   the   umbilicar  plane:   the   contour   of  the   figure   is 

here   the   umbilicar  section,  or   ellipse   —  H —  =  1 :   and   the   curves   of  curvature  of  each 
^       ra       c 

scries   are   projected   into   elliptic   arcs  lying   within   the   ellipse   in   question,  the  one  set 

cutting   at   right   angies   the   axes   AA',  the  other  cutting  at  right  angles  the  axes  GC ; 

the  equations  of  the  complete  ellipses  being 

„ffl  —  6         „    e  —  h        ,      , 
and 

25.  I  constructed,  by  means  of  the  table,  a  drawing  of  this  kind  for  the  ellipsoid 
a,  h,  c=1000,  500,  250,  the  lengths  Va  and  Vc  being  taken  to  be  12  inches  and 
6  inches  respectively :  the  process  consists  in  taking  from  the  table  for  a  series  of 
values  n='^  {say  n  =  '*'  =  101)0,  =2000  &e.),  the  values  of  k  and  k,  laying  down  for 
such  values  the  elliptic  arcs  which  represent  the  two  curves  of  curvature  respectively, 
thus  dividing  the  boimding  ellipse  into  a  series  of  curvilinear  rectangles,  and  then 
obtaining  the  geodesic  lines  by  drawing  the  diagonals  of  these  rectangles,  and  of 
course  rounding  off  the  corners  so  as  to  form  continuous  curves,  The  Plate  shows  on 
a  reduced  scale  so  much  of  the  drawing  as  is  comprised  within  a  quadrant  of  the 
bounding  ellipse  (viz.  it  is  a  representation  of  an  octant  of  the  ellipsoid). 

Elliptic-Function  Formulce. 

26.  I  have  in  all  that  precedes  abstained  from  the  use  of  elliptic  functions,  since 
obviously  the  form  Vl-jt^sin=(^  of  the  radical  of  an  elliptic  function  is  In  nowise 
specially  appropriate  to  the  present  question.  But  (more  particularly  in  the  above- 
mentioned  case  etc  -  6^  =  0,  where  the  radical  is  V/t  {a  +  h)(c  +  h)  without  any  exterior 
factor  6  4- A.  in  the  denominator)  the  formulse  are  expressible  easily  and  elegantly  by 
elliptic  functions,  and  it  is  desirable  to  make  the  transformation.  Reverting  to  the 
formula  which,  in  the  case  in  question  (viz.  when  ac-i°=0),  give  the  values  of 
U(k)  and  ■Sf  (A);   and  writing  therein  h  =  -a  +  {a-c)siif  <}>,  k  =  -  a  +  <a-c)sm^^lr,  also 

/-,      c  c      ,        „         „ 

we  have 

r* dh of*-         -J^'t =,—-F(k   <b) 

l—'/h(a  +  h)(c  +  h)~    Id  ■Ja'-(a'-  o)sin'>     Vi        '^' 

I-  ""^         -  =  i»f"  ''"^ —  {*''■'-*'('  ti 

]   l,^h{a  +  lc)(c  +  k)       J  »Va-(o-<!)siii".f-     Vol  J 

64—2 
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27.     Hence 


where 


H 


(1  —  K')ain  ^cos  <f: 


(observe,   as   k    passes   from   —a   to   -  6,  »/)   passes    from    ^  =  0   to    sin^  <f>  =  y-—   and   H 
from  ^=0  to  ff=l). 
Similarly 


_  (1  +  «')  sin  yjr  cos  -ifr 
V*!  —  k"^  sin^  i/r 

and  as  k  passes  from  — c  to  —b,^  passes  from  ^tt  to  sin=i/'=  :j-—  ,  and  K  from  0  to  1. 
28.     The  before-mentioned  identical  equation 

J^b  +  kV  (a  +  k)(c  +  k)     * .L„  V^  (ffl  +  A) (c  +  7t) 

is  by  the  same  transformation  converted  into 

n'l-(l-K)sm''<p  d4> 

Jo    1  - (1  +  lif') sin^ <f>  Vl  —  «* ain' i^ 

To  prove  this,  I  remark  that  the  equation  is 


1^"  ,.  1  + 


~,[l-(l  +  «')sm=<^i+T 


•*=]-„ '^'^ r^(i+«')sin^^ Z 

viz.  this  is 

o  =  [^V,  +  i-^-,n,(-i-.'), 

or,  what  is  the  same  thing, 

n,(-i-,')--!^#„ 

where  n^(— 1— «')  denotes  the  principal  value  of  the  integral 
/.'  ''*r-(l+V)sm-,f.^- 
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Now  (Leg.  Fonct  Ellip.,  t.  i-,  p.  71),  we  have 

n,  {-  H?  sin=  0)  +  n  Y-  .  l-al  =  F„ 

'  '  '  \     sitr'dj 

where,  upon  examination,  it  will  appear  that  11,  f — ■"iTfl)  '"^  ^^^^  represents  the  principal 
value  of  the  integral. 

Writing  herein  sia''0  —  Y——,,  and  therefore  cos^^=-—    -,,  or  tari'$  —  K',  this  is 

n,(-l+«')  +  n,(-l-/c'),  =F„ 
and  the  formula  (p'),  p.  141,  attributing  therein  to  d  the  foregoing  value,  becomes 

n,  (- 1  -  k'}=e,  +  ^F^Ji'(e)-Ej{e)\ . 

But  d  is  the  value  for  the  bisection  of  the  function  F,,  viz.,  we  have 

2F(e)  =  F„ 

2E(e)  =  £\  +  l-K', 
whence 

F,  E  (0)  -E,F(0)  =  i(l-  «')  F^, 

or  the  formula  in  question  give; 
whence 

n,(-i-«')  = 

the  result  whieh  was  to  be  proved. 


29.     The  value  of  M'  /observing  that  t--—/^. 


(6-c)     (Vi-VJ)-     » (!-«')■/ 


V(i(l-,')  '-'-.VA(o  +  i)(c  +  A) 


'V2    "" 
that  is  we  have 

jr.(i-«')f,(«), 

or,  what  is  the  same  thing, 

log  tan  ^^,=    ^"^.«. 
that  is 

tani,f.=  (i^J,M) 

(00  the  South  azimuth  of  the  .B-geodesic  at  the  umbilicus). 

30.     I   purposely  calculated   the   Table   by  quadratures   as  being  a   method   available 
where   the   equation   ac  —  6^  =  0   is   not    satisfied ;    but    in    the   present    case,   where   this 
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equation  is  satisfied,  the  table  might  have  been  calculated  from  Legendre's  Tables  of 
Elliptic  Integrals.  Observe  that  a  =  1000,  b  =  500,  a  =  250,  gives  «  =  ^  Vg  or  angle  of 
modulus  =  60",  As  an  instance  of  the  companson(i),  suppose  h  =  —  800,  then  sin'  <f>  =  fight's' 
log  sin*  =  9-71298,  0=31^.5'. 


V{a-6)(6-c)      Vi 


■lOO       _  VlO  _ 
■00.  250 ^"50  " 


500.  200.. 5-50     110 


800. 500.  250      200' 
h  H  _  1-7416 

U  (h)  =  -03163  F(SV  5')  +  -O.^ieS  h.  1.  6-7582, 

FSr     =        -56166 

163 

^31"  5'=       -56329 

h.[.  6-7582=     1-91075 


2-47404. 

X  by         -03163 

-07S2043 

or  multiplying  by  100,000  (factor  introduced  into  my  Table)  this  is  =  7820-4S.  The 
value  n  (—  800)  =  7864  given  by  my  Table  agrees  sufficiently  well  with  this,  the  correct 
value. 

31.     I  calculate  also  the  angle  <fj„,  viz.  we  have 

h.  l.tani*„  =  ^- ^,A-,     =iJ',(601.         Leg.  vol.  m.  Table  vm. 

=  i  2-15651  =-53913, 
whence  by  Leg,  Table  iv. 

^*,  =  45°  +  ^.29''29'-64 

=  59°44'-82 
or 

0o  =  119''29'-64. 

This  exceeds  90°,  and  since  at  the  umbilicus  the  tangent  plane  is  at  right  angles 
to  the  plane  of  projection,  the  5-geodesic  should  in  the  drawing  proceed  (as  it  in 
fact  does)  from   U  in  the  sense   UC,  touching  the  bounding  ellipse  at  the  point   U. 

g  denotes  an  ordinary  logarithm,  the  hyperbolic  logarithm  being  difltinguished 
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479. 


THE  SECOND  PART  OF  A  MEMOIB  ON  THE  DEVELOPMENT 
OF  THE  DISTURBING  FUNCTION  IN  THE  LUNAR  AND 
PLANETARY    THEORIES. 


[From  the   Memoirs   of  the   Royal   Astronomical  Society,  vol.  xxxix.   (1872),  pp.  .55 — 74. 
Read  January  12,  1872.] 

The  present  communication  is  a  sequel  to  my  paper,  "The  First  Part  of  a  Memoir 
on  the  Development  of  the  Disturbing  Function  in  the  Lunar  and  Planetary  Theories," 
Memoirs  R.A.S.,  vol,  xxviii.  (1859),  pp.  187 — 215,  [214],  and  I  have  therefore  entitled  it 
as  above,  but  it,  in  fact,  relates  only  to  the  Planetary  Theoi-y.  In  the  First  Part,  I  gave 
in  effect,  hut  not  explicitly,  an  expression  for  the  general  coefficient  D{j,  j')  in  terms 
of  the  coefficients  of  the  multiple  cosines  of  6  in  the  expansions  of  the  several  powers 
(r"  +  r'"  —  2^/ COS  ^)~'~^,  or  say  {(i'^  + a'^  — 2iwt'cos  ^)~*~*;  viz.,  at  the  foot  of  page  208 
I  speak  of  the  term  involving  cos{jU  +j'U')  as  having  a  certain  given  value;  the 
term  in  question  is  ^  {j,  f)  cos  {jU  +  j'U') ;  and  consequently  the  expression  for 
■D  (i,  j')  is 

the  omission  was,  however,  a  material  one,  inasmuch  as  this  expression  for  the  general 
coefficient  serves  to  connect  my  formula  with  Leverrier's  development.  Annates  de  I'Observ. 
de  Paris,  t.  I.  (1855),  pp.  275—330  and  358 — 383,  and  I  resume  the  question  for  the 
purpose  of  applying  it. 

Formtda  for  the  general  Coefficient  D  (j,  j'). 

In  the  First  Part,  the  reciprocal  of  the  distance  of  the  two  planets,  or  function 

[r^  +  r'=  -  2rr' (cos  Ucos  V  +  &m  (7  sin  t/"' cos  O)}"* 
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is  taken  to  be  developed  in  multiple  cosines  of  U,   U',  the  general  term   being 

■D(j,/)c"s(i[r+/P'). 

where  j,j'  have  each  of  them  any  integer  value  from  -co  to  +  co  (zero  not  excluded),  but 
so  that  j,j'  are  simultaneously  even  or  simultaneously  odd.  We  have  D(—j,  ■'j')  =  I>ij,j') 
and  Ii(j',  j)  —  0{j,  j')',  and  it  hence  appears  that  the  really  distinct  values  of  the 
coefficient  may  be  taken  to  be  those  for  which  j  is  not  negative,  and  as  regards 
absolute  magnitude  is  not  less  than  / ;  and  for  such  values  of  j,  j  we  have  the  above- 
mentioned    expression 

-»(i./)-s3i§f^^-2tf.»-K.*, 

which  I  proceed  to  explain  and  develope. 

ni{a:-^)  and    Uo)   (x   being   a   positive   integer)   denote   respectively    ^.| ...(«- ^), 
and  1.2.3...*;   in  particular  for  x  =  0,  the  value  of  each  factorial  is  =1. 

1)  denotes  sin^*^. 

The   coefficients   R^^  are   those   of  the  multiple  cosines  in  certain  developments,  viz. 
we  have 

j^/*{r=  +  /^-2rr'cos(f/"-  U')}-'^=  tB^* cos i(U-  U'), 

where,  as  usual,  i  extends  from  —  cc   to  x  and  R^  —  R^.     Wiiting  with  Leverrier 

(a=  +  «'=  -  2a«'  cos  ^)  -  4  =  ^  2^ '  cos  iH, 

aa'  (a^  +  a"'  —  too!  cos  if ) "  =  =  J  tW  cos  iE, 

a?a'^  {a?  +  a'^  —  2aa'  cos  H)-i  =  ^  2C'  cos  iH, 

a?a''  (a=  +  a'"  —  2aa'  cos  fl") ""  ^  =  ^  11/  cos  iH, 

then  2Eo',  2R,\  2R,\  2iS/  are  the  same  functions  of  r,  r  that  A\  h\  G\  B'  respectively 
are  of  a,  a'. 

The  expression  of  Mx^  is 

jl//  =  {-f-H; 


and,  finally,  in  the  expression  for  D  (j,  j'),  x  has  every  integer  value  from  0  to  oc , 
and,  for  any  given  value  of  m,  S^  extends  by  steps  of  two  units  from  the  inferior 
value  —(x'-j')  to  the  superior  value  x—j. 

It  is  convenient  to  write  .«=  JO +/)  +  *;  we  have  then  '^  extending  from 
—  ^(j  —  j')  —  s  to  —  ^{j— /)+s,  or  writing  '^  —  —^{j—j')  +  S,  &  has  the  s+1  values  s, 
s  — 2,  5  — 4,...  — s,  vi?.  for  s=2^+l  the  values  are  ±1,  ±  3, ...  ±  (2p  + 1),  and  for 
s=^p  they  are  0,  ±2,  ±4,. ..  +  2^. 
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Making  these  changes  we  have 

^U'J)     ^     n  {Hi +/)  +  «!     ^         ^^'^   h;vi+!-"  iy+/H.' 
where 

Tl{i(j+j')+s\  u{i(j+j')  +  8\ 


!0+/)+« 


=(-y 


lii(s-0)U^(j+j'  +  s  +  0)U^{s+S)IIhU+j'  +  s- 


viz.   this   is   (-y   into   the   product   of   two   binomial   coefficients,   each   bekinging  to   the 
exponent  i  (j  +j')  +  s. 


Partioidar  Gases,  j+j'  =  0,  2,  4,  6,  being  those  required  in  the  Planetary 
CoDsidering  successively  the  cases  j+i'  =  0,  2,  4,  6,  we  have,  first, 

which,  developed  as  far  as  r/'^,  is 

-   I  vmB-i"+B-i-'> 

where,  and   in   what  immediately  follows,   A,  B,  C,  D  are   used   to  denote  functions  (not 
of  (o,  «'),  but)  of  r,  r'. 

Secondly, 

n/-        ■  .  «^      vni(s-fA)    ,v.sf/    >.  n(s  +  l) 

^<^'  -^  +  '>-^niTf)'''^'''i(->'nH?^-8)nu/+9)  +  i 
n(«+i) 


nj(s+«)nj(s-«)  +  i 

which,  developed  to  i;^  is 
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Thirdly, 

_,.        .     ,,      ^n,(s  +  f)   .   ,  ,,    ,,(  n(»  +  2) 


ni(»+«)n}(» 

which,  developed  to  rj^,  is 

(•)  D(j,-j  +  i)  =  v-\         l^-iO-^- 

and,  fourthly, 

n,-        -ioi     ,n,(»  +  S)    ,_  ,,    „(  n(a  +  3) 

_D(j,  -j+6)=2jj^^— g-j,'5;,"(-)  I   n,(,_«)n.(,  +  «)  +  3 


ni(s+f))"ni(s-9)  +  3   '+>    (' 

which,  developed  to  TJ^  is  simply 

The  foregoing  formula,  although  obtained  on  the  supposition  j  =  0,  or  positive, 
apply  without  alteration  to  the  case  j^negative,  and  the  entire  series  of  terms  of  an 
order  not  exceeding  6  as  regards  ij  may  be  written, 

-DO",  -j)  oosUU-jlT) 

+  2Z>(i,  -/+2)     oo^{jU+(-j  +  -2)U') 
+  2D(j,  -i  +  4)     mB{jU+(-j  +  i)U-) 
+  2D  (j,  -i  +  6)    cos  {jU  +  (~j  +  6)  U'}, 
■where  j  has  every  integer  value  from  —x  to  +qo. 


Comparison  with  Leverrier. 

This  is  in  fact  what  Leverrier's  expression  becomes  on  putting  therein  e  —  e  —0. 
To  verify  this,  observe  that  Leverrier  having  defined  his  A',  B\  C\  D\  as  above,  writes 
further 

H'  =  ^  {D^  +  95'+'  +  9Z)'+'  +  i>'*»), 
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(consequently  E-'-E'.  G-'-6',  H''-H',  i^'+'-i',  S-'*'-S\  T-<"~T'),   and   that   the 
terms  in  question,  putting  in  tlie  coefficients  e=e'  =  0,  are  with  him 

|(l)<  +  (n)','+(17  )','+(20  )•,•!     cos(if-iX), 

1(212)'  y'  +  (218)'  <)'  +  (221)<  V)     cos  [if  -  (i  -  2U  -  2t1, 
{(372)'  y  +  (S75)'  VI     COS  [(!'  -  (i  -  4)  X  -  4t'], 
{(449)'  ^}     cos  [i;'  -  (i  -  6)  X  -  6t'], 
where,  substituting  for  (1)',  (11)',  &c,,  their  values,  the  coeificieuts  are 
iA'-^'iE'  +  ti'.iG'-n'iH', 
=  iA<—iKi (B'-  +  ff +■)  +  V .  A (C-  +  4C  +  C'+') -  < .  /, (If-'  +  97)'-  +  9i>+'  +  i)'+-) ; 
n'.iB<--i'.L<  +  ,,'S;  =rf  .  1  B'«-y(fC->  +  C)  +  ,'.i|(i)'-'  +  3i)'-+B'"); 
i)'.|C»-'-,'P,  =,*.  }  C--,'.if  (B'-'  +  i)'-!); 
and 

->■■&-»'-■ 
Writing   herein  j  in   place   of  i,  and   for   A^,  B^~',  &c.,  the   equal   values   A^,  B~J''"',  &c., 
we  have  precisely  the  foregoing  cocfKcients  D{j,  -j), ...  D{j,  -j+6). 


The  Development  in  Powers  of  e,  e'. 
The  complete  expression  of  the  reciprocal  of  the  distance  is  obtained  from 

+  2I>  ( j,  -;  +  2)  cos  (jV  +  (- J  +  2)  V) 
+  ^I>  U,  -j  +  4)  «>'  (j^+i-j  +  4)  V) 
+  il>(j.  -i+6)  cos  (jU +  {-]  +  «)  W), 

by  writing  therein  for  r,  r\  U,  U\  instead  of  the  circular,  the  elliptic  values,  that  is 
the  values 

r    =a  elqr(e,  i  -n)  ,     ^a{\+x), 

/   =  a'  elqr  (e',  L'  -TV)  ,     =  a' (1  +  a:'), 

U  =  n  -  0  +  elta  (e.  L  -U),     =  H  -  0  +/, 
U'^U'-@'  +  elta  (e',  L'  -  H'),     =  H'  -  0'  +/' ; 

L,  n,  0  the  mean  longitude  in  orbit,  longitude  of  perihelion  in  orbit,  and  longitude  of 
node;  and  the  like  for  L',  II',  0';  " elqr "  =  elliptic  quotient  radius,  " elta "  =  elliptic  true 
anomaly;  or,  what  is  the  same  thing,  if  we  write  elta(e,  X -n)  =  i- II  +  eltt(e,  i-II), 
and  the  like  for  elta  (e',  L'  —  IT'),  then 


U  =L  -0  +eltt(«,  L  -n). 

=  i-©+J, 

U'  =  i'  -  ©■  +  eltt  (e',  X'  ~  n'). 

=  i;--0'  +  y'. 
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The  process  for  doing  this  is  explained,  First  Part,  pp.  205 — 207,  [214],  viz.,  writing 
r  =  a(l+x),  r' ^ a  (I  +  x'),  and  restoring  j'  (instead  of  its  value  -j,  ...—j  +  &,  as  the 
case  may  be),  we  have  a  general  term 


1      ,  '^'fdyfdy' 
nana' 


<"■ '''''  Gt)°  ©°  ■  ^  ^^'  ^'^  ■  *"'''"' '"'  [-''  ^"  ~  ®  +-^^ +•'"  ^^'  ~  ®'  ■^•^''^' 


where  I)  (j,  j')  now  denotes  the  value  obtained  by  writing  a,  a'  in  place  of  r,  r  and 
/,  f  are  the  true  anomalies  elta  (c,  i  —  n)  and  elta  (e',  L'  —  U').  And  the  second 
factor,  iCx'"'  into  the  cosine,  is  given  as  a  series 

XX  ([cos]*  +  [sin]')  ([cos]''  +  [sin]'')  cos  [i  (i  -  H)  +  V  (i'  -  IV)  +j  (H  -  0)  -f  {U'  -  &)]. 
where    [cos]',  [sin]'   are   functions   of  e,  [cos]*',  [sin]''   functions   of  e'.     Or,  what  is   hotter, 
the   term   a^ic'"'  into   the   cosine    may  be  written  x'i^'' cos  [j{L  —  &  + ^)+j' (L' ~^' +  y')], 
and  the  expansion  then  is 

22  ([cos]'  +  [sin]0  ([cos]''  +  [sin]'')  cos  [i  (i  -  n)  +  f  {L'  -  W)  +j  (L  -  ©)  +j'  {U  -  0')], 
where  as  before  [cos]',  [sin]'  are  functions  of  e,  [cos]'',  [sin]''  are  the  same  functions 
of  e',  viz.  the  e-functions  are  those  given  in  the  two  "datum-tables"  (of ...  x'') cos jy 
and  (of  ...x') SID jif,  taken  from  Leverrier,  which  I  have  given  in  my  "Tables  of  the 
Developments  of  Functions  in  the  Theory  of  Elliptic  Motion,"  Memoirs  R.A.S.  vol.  xxix. 
<1861),  pp.  191—306,  [216].  In  order  to  better  show  which  are  the  symbols  referred  to, 
we  may,  instead  of  [cos]',  &c,  write  [x'cosjyy',  &c.,  the  formula  wilt  then  be 
x-x''- cos  [j(L-&  +  y)+j'iL'-&'  +  y)]  = 

22  ([«■  cos7"y]*  +  [ic*  sinj^]')  ([«'■■  cosj'yj  +  [x''  sinfyj) 

X  cos  [i  (L-u)+ i'  {L'  -  no  +j  (L  -  e)  +/  (L'  -  &)]  ■ 

and  if  we  attribute  to  i,  i'  any  given  values,  that  is,  attend  to  any  particulai'  multiple 
cosine, 

cos  {i {L~n)  +  i  (V  -  W)  +j  (L  -  (Sl)  +/ (/>'  -  ©')], 

the  coefficient  hereof  will  be 

^  UatW  "'  W  '^'^  (Sa)  ^  ''^'  ■'"*  ■  ^^^  *^°^-^'^]'  + 1^  sin jy]')  ([a;'"'  cosj'yj  +  \x"-'  smj'yj), 
where  a,  a'  each  extend  from  zero  to  infinity,  but  to  obtain  the  expression  up  to  a 
given  order  p  in  e,  e',  we  take  only  the  values  up  to  a  +  a'^p. 

Particular    Case. 
Thus,  for  instance,  in  cos[j{L  —  ^)—j'{L'  —  <&')'\  the  terms  independent  of  e'  are 
■D  {j,  ~3  )  {[^  cosj>]"  +  [afi  sin  j(/]"] 
+    1   a  (^)  -0  0*.  -i')|['^'co9iy]"  +  [«'sinjV]''] 

+  f^g  •*'  t)  ^  '■''  ~^  '  ^^'^'  '^^^  ■'^^°  "^  f^"^  sin J7]»l, 
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which,  observing  that  in  the  present  case  the  sine  terms  vanish,  is 


1     1 

'iHi 

46080 

1 

1 
1 

1 
T.2 

1 

1.2.3 

1 
1.2.3.4 

1 
1.2. .5 

I 

1.2.. e*" 
1 

1.2. ,7 

d 
"  da 

■(0  ■ 
■(!)'  ■ 
•{£)'  ■ 
•©■  ■ 
'O'  ■ 

o(j,  -i) 

1          -8/ 

+  96/ 
-  54/ 

-    1280/ 
+    3920/ 
-    3440/ 

+  4 

-48j= 

-      360/ 

+  4 

-.96/ 

+    1920/ 
~    1320/ 

+  144 

-    2880/ 

+  144 

-    5760/ 

+ 14400 

+  14400 

0 

viz.  the  term  in  e''  is 


'■H"+*''<E+*»'(aj(^<.'--J) 


.  writing  Jj  =  0,  and  therefore  D(j,  ~j)=^A  i,  the  terra  in  e'  is 


''■'  +  i''S.+  i''"(EiH^"'' 


which,  conformably  with  Levenier's  subscript  notation 
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I  write 

^[-j'  +  H     ).+i2(     ),}iA-i^e^{-y'A-}+iAr^  +  iAr^. 

The   term   in   question   is   given   by  Levorrier  as   (^e)=(2)',  =e=.4(2),  h=i  and  K^  =  A\ 
=  ^ . l(~ 2i^ A*  +  A,^  +  A^^),  which  agrees. 

Similarly  the  term"  in  e*  is 

3^  196/ -54?-^- 48;= (     ),-9(3/=(     ),+  144(     ).  +  144  (     U  ^  A'K 


768 


{(96j^  -  54?^)  A-^  -  i8j~-  Ac^  -  96jMr^  + 144^,-^  +  144ylr 


and    the    term    in    question    is    given    by    Leverricr    as    (^  e)'  (4)'  ^  e* . -^^  (4),   h  =  i    and 
K'=A\ 

which  agrees.     I  have  not  made  the  comparison  of  any  more  terms. 


Leverrier's  Residts  expressed  in  terms  of  the  ArgHments,  L'  —  ^V,  L'—U',  i  — 0,  L  —  II. 

The   angles   which    Leverrier   uses   in    his   arguments   are   l',   \,   w,   w',   and   t',   viz, 
we  have, 

I'  =0'  +  (i'  -0'), 

\  =0'  +  (X  -B), 

^'  =  @'+(n'-©'), 
o)  =©'+(n  -0), 

t'  =0', 

where  L,  IT,  0  are  the  mean  longitude  of  the  planet  m,  its  perihelion  and  the  mutual 
node,  all  in  the  orbit  of  m;  and  similarly  L',  II',  0'  are  the  mean  longitude  of  the 
planet  m',  of  its  perihelion  and  of  the  mutual  node,  all  in  the  orbit  of  m'.  On 
substituting  the  foregoing  values  of  I',  \,  Sac,  0',  as  it  should  do,  disappears,  and  the 
ai^uments  are  all  of  them  linear  functions  of  L'  —  0',  IT'  —  ©',  Z  —  0,  II  —  0 ;  or,  if 
we  please,  of  L'  —  0',  £'  — 11',  i  —  0,  L  — 11,  that  is  of  the  distances  of  each  planet 
from  its  own  perihelion  and  from  the  mutuat  node.  It  is,  I  think,  convenient  to  use 
these  last  angular  distances,  and  accordingly  in  Leverrier's  arguments,  I  write, 

;'  =0'  +  (i'-0'), 

X  =  0'     .         .         .         .  +(L-@), 

Z7'  =  ®'  +  (£'  -  ©')  -  {L'  -  W), 

«  =0' +{L-®)-{L-U), 

t'  =  ©', 
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and  for  the  purpose  of  reference  form  as  it  were  an  Index  to  hia  result  as  follows : 
Reciprocal  of  Distance  =  as  follows  : 
Terms  of  order  zero:   terms  of  orders  2,  4,  6,  having  the  same  arguments. 


i'-e'i'^n'j     I 

-e 

i-n 

(1)' 

(  1 

.     20)         . 

OOJ 

0    j    - 

0 

(21)' (i.)  (J.') 

(21 

.     30) 

+ 1 

- 1 

(3i)'(l«)'(4-T 

(31 

.     34)         . 

+  2 

-  2 

(35)>(J.)'(i,')- 

(35     . 

.     35)         . 

+  3 

-3 

(36)'(}«)V 

(36     . 

.     39) 

„ 

0 

+  2 

-  2 

(40)<  (J  ,)(},■) , ■ 

(40     . 

.     43)        . 

-  1 

+  2 

-  1 

(44)' (J.')  V 

(44     . 

.     47)        . 

-  2 

+  2 

0 

(48)>(Je)'(i.'),' 

(48     . 

.     48)        . 

+  1 

+  2 

-3 

(49)' (J.)  (j  «■)■?■ 

(49     . 

.     49)        . 

-3 

+  2 

+  1 

Terms  of  the  first  order :   terms  of  orders  3,  5,  7,  having  the  same  arguments. 


(  50)'  1  .                   (  60     . 

69)        . 

(  70)'  J,'                 (  70    . 

S9)        . 

(  90)M1«)'(J.-)       (  90     . 

99) 

(100)' (J.)  (J.')'      (100    , 

109) 

(UO)'(l.)'a>T      (110    . 

113) 

(114)'(i<i)'(i.')'      (114    . 

117)         . 

(11S)'(1«)'(J.T      (118     . 

118) 

(119)'(J. )■(}.')•     (119     . 

119) 

(120)'(1«),'            (120    . 

129) 

(130)'(1.')  f           (130     . 

139) 

(140)'(J«f,'           (140    . 

1431 

(144)<(J.)'(1«')V(144     . 

147)        . 

(148)-(i.)-(},'),^  (148    . 

151)        . 

(I52)<(J,)  ^^,■)•i^  (152     . 

165)         . 

(156)'  je    (J.T,'(156    . 

159) 

(160)-(J.')-,"           (160    . 

163) 

(164)'(1.)'(1.')^(164    . 

164) 

(165)'(i.)-(J.')V  (165     . 

165) 

(166)<(Ja)'(Ja')V(166     . 

166) 

(167)'(l,)(l»')<y(167     . 

167) 

(168)'(Je)',<           (168    . 

168) 

(169)' (1.)' (J.') ,'(169    . 

169) 

(170)'(i,)(i=')'l'("0    . 

170) 

(171)' (5  «■)■,'           (171     . 

171)        .. 

rj-®-  L'-w 
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Terms  of  second  order :   terms  of  orders  4,  6,  having  the  same  arguments. 


L'-& 

i'  -  n'       L 

-® 

z-n 

{myiyy          (172   . 

181) 

cos 

0 

+  2 

(182)'(ie)(ie')         {183     . 

191) 

+  1 

+  1 

(192)'(^e7               (193    . 

201)         . 

+  2 

0 

(202)*(^e)M^«')        (202     . 

205) 

+  1 

-  3 

i20QyQe){ler       {206     . 

209) 

„ 

+  3 

-  1 

{2l0yqey{ier      (210    . 

210)         . 

+  2 

-4 

{2Uy{iefQe'y       (211     . 

211) 

+  4 

-2 

(212)V                      (212     . 

221) 

„ 

0 

+  2 

0 

{222)*(^.){ie'),=   (222     . 

225)         . 

+  1 

+  2 

-  1 

{22&y{^e)iy)rr   (226     . 

229) 

-  1 

+  2 

+  1 

(230)'{ie)'^=             (230     . 

230) 

0 

+  2 

-  4 

{23iy{ier(^e-)rf    (231      . 

231) 

„ 

-1 

+  2 

-3 

{232)*(^e)'(^e')V  (232     . 

232) 

-  2 

+  2 

-3 

(233)'(j€)  i^ejyf  (233     . 

233) 

„ 

-3 

+  2 

-  1 

(234)'(^e')S=             (234     . 

234) 

-  4 

+  2 

0 

(235/(^67  (^.7  ^=(235     . 

235) 

+  2 

+  2 

-2 

(236)'(ie)=(^e7>^(236     . 

236) 

„ 

-2 

+  2 

+  2 

(237)'(ie)V             (237     . 

237) 

0 

+  4 

-2 

(238)*(ie)(^.')>,^  (238     . 

238) 

-  1 

+  4 

-  1 

{239y{|er,«            (239     . 

239) 

i 

-2 

+  4 

0 

TeniTS  of  third  order:   terms  of  orders  5,  7,  having  the  same  arguments. 


L'  -  & 

L'-W 

L-® 

L-ll 

(240)U^)^ 

(240     . 

.     249)         .. 

COS 

0 

_i 

+  3 

{250)'(i.)^(^.') 

(250     . 

.     259) 

+  1 

-i 

+  2 

(360)'(ie)aO 

(260     . 

.     269) 

+  2 

~i 

+  1 

(270)' (iO' 

(270     . 

.     279) 

" 

+  3 

-i 

0 
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Terms  of  third  order  (concluded) : 


\ 

i'-S' 

£'-n'      L 

-e 

L-Jl 

(280)'(i«)'{,lO       (280    . 

.     283)        . 

.            CO! 

+ 1 

-4 

(284)'a.)  (i.-)'      (284     . 

.     287) 

+  4         -. 

-  1 

(288)'(}.)'(i.-)'     (288     . 

.     289) 

*2 

-5 

(290)'(i»)'(i«T      (230    . 

.     299) 

0 

+  2 

+  1 

(300)' (J  .■)^            (300     , 

.     309) 

+  1         — 

+  2 

0 

(310)'(}.)"(i«')l'(310    • 

.     313)        . 

-1 

+  2 

+  2 

<314)'(i«)  (i^frf  (314     . 

.     317) 

+  2          — 

+  2 

-  1 

(318)'(}.)V           (318     . 

.     318) 

0 

+  2 

-6 

(319)>(}e)'(!«')l"  (319     . 

.     319) 

. 

^1 

+  2 

-4 

(320)"(}.)'(J.rf  (330    . 

.     320) 

-2 

+  2 

-3 

(321)'(i.)'(i.?,-  (321     . 

.     321) 

-3 

+  2 

-2 

(322)"(i.)(J=Tl'(322     ■ 

.     322) 

-4 

+  2 

-  1 

(323)' (J  a7,-           (323     . 

.     323) 

-5 

+  2 

0 

(324)<(ie)'(J»')V  (324     . 

.     324) 

-2 

+  2 

+  3 

(326)' (l.)'(  J  .')*•)•  (326    . 

.     325) 

+  3         - 

+  2 

-2 

(326)'(i«),'           (326     . 

.     329) 

0 

+  4 

-  1 

(330)' (^b')  V           (330     . 

.     333) 

-1 

+  4 

0 

(334)'(Ja)'(^,'),<  (334     . 

.     334) 

+  1         - 

+  4 

-  2 

(335)1(5,)  (JO" V  (335    . 

.     335) 

* 

-  2 

+  4 

*1 

Tsrins 

of  foiiHh  order:   terms  of  order 

3,  mtd  of  m,me 

arffvment 

339) 

L'-» 

L'^IV       L-& 

L-n 

(336)' (J.  )• 

(336    . 

cos 

0 

_i 

+  4 

(340)' (J.)- (J, 

)       (340     . 

343) 

+  1 

-i 

+  3 

(344)'(i.)'(l 

)■      (344     . 

347)        .  . 

+  2 

-i 

.2 

(348)' (J,)  (J. 

)■      (348    . 

351)        . . 

+  3 

-i 

+     1 

(352)' (i  e-)' 

(352    . 

355) 

+  4 

-i 

0 

(356)' (I,)' (J 

')       (356     . 

356) 

+  1 

-i 

-5 

(357)' (J.)  (J. 

)=      (357     . 

357)        . . 

• 

+  5 

-i-l 

0 
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Terms  of  fourth  order  {concluded): 


\l'~@' 

L'  -W        L 

-« 

i-n 

(358)<(^e)S^             (358     . 

.     358) 

cos 

0 

+  2 

+  2 

(362)*(^.)(^e')/    (362     . 

.     364) 

■     +1 

+  2 

+  1 

(366)*^^')^^           (366    . 

.     369) 

■     +2          -J 

+  2 

0 

(Z10y{h^n\^')v'   (370     . 

.     370) 

1     -1 

+  2 

+  3 

{?>nY{ke){^i!f^^    (371     . 

.     371) 

+  3     i     - 

+  2 

-1 

(372)' V                    (372     . 

.     375)         . 

0 

+  4 

0 

(376)M^)(^ «')')'     (376     . 

.     376) 

+  1 

+  4 

-1 

(377)Mi«)(^«')V     (377     . 

.     377) 

i 

-1 

+  4 

+  1 

Terms  of  fifth  order:   terms  of  order  7  having  the  same  arguments. 


L'-& 

L'-W        L 

-0 

x-n 

{my(^ey           (378   . 

381) 

cos 

0 

+  5 

(382)'(^e)«(|.')       (382     . 

385) 

+  1 

+  4 

(36&Y{ley{^ey      (386     . 

389) 

H-  2           — 

+  3 

{mydefiiey    (390  . 

393) 

+  3 

+  2 

(SMy{^e)(ie'y      (394     . 

397) 

+  4 

+  1 

(398)<(ie7               (398    . 

401) 

+  5 

0 

(402)' (^ «)'(!«')       (402     . 

402) 

+  1 

-6 

(i03y{ie){^e'y      (403     . 

403) 

+  6 

-1 

(404)' (iOV            (404     . 

407) 

0 

+  2 

+  3 

(408)'(ie)'(ie')f   (408     . 

411)         . 

+  1 

+  2 

+  2 

(413)'(i.)  (iOV  (412     - 

415) 

+  2 

+  2 

+  1 

{ilQyiieyv'            (416     . 

419) 

+  3 

+  2 

0 

(420)'(ie)*(|e')7,'  (420     . 

420) 

-  1 

+  2 

+  4 

(421)'(^e)  (|.r^M421     . 

421) 

+  4          - 

+  2 

-1 

(422)*(^e)V             (422     . 

425) 

0    .    - 

+  4 

+  1 

(426)*  (^e-)^^              (426     . 

429) 

+  1     '     - 

+  4 

0 

{i30y{^efQe')v'  (430     . 

430) 

-  1 

+  4 

+  2 

(431)H^«)(|-e')V    (431     - 

431)         . 

+  2 

+  4 

-1 

(iZ2y(^e)n'             (432     . 

432) 

0 

+  6 

-1 

(433)*(ie')V             (433     . 

433) 

i 

-1 

+  6 

0 

1 
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Terms  of  sixth  order. 


L--& 

L'-W        L 

-0 

i-n 

{iSiYi^ef 

(434 

.     434) 

C08 

0    i    ~ 

+  6 

(435)'(^«)=(i 

')       (i35 

.     435}         . 

„ 

+  1 

+  5 

{i36)M^era 

')=      (436 

.     436) 

, 

+  2 

+  4 

(437)'ae)'(i 

y      (437 

.     437)         . 

, 

+  3 

+  3 

(^SSf{^efa 

')'      (438 

.     438) 

, 

+  4 

+  2 

(439)' (^«>  a 

')'      (439 

.     439) 

+  5 

+  1 

(WO)^  (!«')' 

(440 

.     440) 

+  6 

0 

(441)'a«)V 

(441 

.     441)         . 

0 

+  2 

+  4 

(442)'(ie)Mi 

')v'  (442 

.     442) 

+  1 

+  2 

+  3 

(443y(>«)={i 

7,M443 

.     443) 

+  2 

+  2 

+  2 

(444/(^0  (i 

')V(444 

.     444)         . 

+  3 

+  2 

+  1 

(iiby(^err,' 

(445 

.     445) 

+  4 

+  2 

0 

{UGYi^efv' 

(446 

.     44G) 

0 

+  4 

+  2 

(447)'a.)a«' 

y     (447 

.     447)         . 

+  1 

+  4 

+  1 

(448y(^«TV 

(448 

.     448) 

+  2 

+  4 

0 

(449)S» 

(449 

.     449) 

i       j        0          - 

+  6 

0 

Terms  of  seventh  order. 


|//-e- 

L'-W 

L-@ 

L~n 

(450)' (J,)' 

(460 

.     460) 

i 
cos  : 

0 

- 

+  7 

(461)' (J.  )•(;.■) 

(451 

.     451)        . 

„ 

1 

- 

+  6 

(452)' (J.)' (J.') 

(452 

.     452)         . 

2 

- 

+  5 

(453)'(}.)'(i.-) 

(453 

.     463) 

3 

- 

+  4 

(454)'(4«)'(iO 

(454 

.     464)         . 

4 

- 

+  3 

(465)'(5.)-(i.-) 

(465 

.     466) 

5 

- 

+  2 

(456)'(ie){l.') 

(456 

.     456)        . 

6 

- 

+  1 

(457)' (J  .7 

(457 

.     457)        . 

, 

7 

- 

0 

(468)' (},)', ■ 

(458 

.     458) 

' 

i 

0 

-i  +  2 

+  5 
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! 

L'  -& 

i'     H        L 

+  2 

i-n 

+  4 

(459)*  (lOMI^')  '7^(459     . 

.     459) 

COS 

+  1 

(460)'(i.)M^OV(460     ■ 

.     460) 

+  2 

+  2 

+  3 

(461)<(^«)=(|e')V(461     . 

.     461) 

+  3 

+  2 

+  2 

(462)*  (^e)  (iO'')M462     - 

.     462) 

+  4 

+  2 

+  1 

{463y(^e')=f            (463     . 

.     463) 

+  5 

4  2 

0 

(464^(^6^ 'J*            (i64     . 

.     464) 

. 

0    1    - 

+  4 

+  3 

(465)<(iOMi«')y  (465     . 

.     465) 

+  1       - 

+  4 

+  2 

(466)*  (^0  (^eTijMiCe     . 

.     466) 

+  2 

+  4 

+  1 

{467y(^e')^V             (467     . 

.     467)         . 

+  3     i     - 

+  4 

0 

<468)'(ie)y             (468     . 

.     +68) 

0   !   - 

+  6 

+  1 

(469)Mi0'3'             (*69     . 

.     469) 

i            +1     ,     - 

+  6 

0 

Here  the  several  coefficients  are  ultimately  given  in  terms  of  the  before-mentioned 
quantities  j4',  B*,  O,  jO*,  E^,  G',  H',  L',  ^,  T^  (functions  of  a,  a),  and  their  differential 
coefficients  in  regard  to  a 


^  1 . 2  *  da^ 


A\  &c. 


as  follows;— we  liave  Leverrier,  pp.  299—330,  a  list  of  functions  (1),  (2),. ..(154)  of  the 
form  (1)  =  ^^*,  ('2)  =  -2h'K^  +  K^'  +  K^\  {1i)  =  -2i'K*  + Ki'+ K^\  &c,  involving  t,  k,  and 
K^  and  its  derived  functions  K-f,  Ki,  &c.  The  coefficients  of  the  several  cosines  are 
given  by  means  of  the  functions  in  question,  thus,  first  coefficient,  above  denoted  as 
<1)*(1...20),  is 

=  (1)*  +  (2)' (i  e)  +  (3)' (^  O  -  ■  +  (20)W' 

where  (1)'  =  (1),  (2)'  =  (2) ...  writing  in  the  functions  (1),  (2) ...  (10),  h  =  i,  and  K^  =  A^\ 
(11)*  =  (1),  (12)' =  (2),  &c.,  writing  h  =  i  and  K'  =  -E\ 
(20y  =  (1),  writing  h  =  i  and  X'  =  -  H\ 

and  so  on  for  the  various  component  coefficients  (1)',  (2)*^ ...  (469)'. 

But  the  resulting  expressions,  for  the  several  integer  values  i  =  — 10  to  +10,  are 
worked  out  in  the  Addition  II.  (Numerical  Tables  for  the  Calculation  of  the  Coefficients 
of  the  Development  of  the  Disturbing  Function),  pp.  358—383.  And  this  Addition 
contains   also,   indicated   by   the    letters    8    and   A    respectively,   the    expressions    of    the 
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terms  which  experience  : 
of  the  distance  to  thos 
respectively. 

We  have 


FUNCTION    IN   THE   LUNAR   AND    PLANETARY    THEORIES. 


1  alteration  in   passing   from  the  development  of  the  recipro* 
of   the    disturbing    functions    m'    upon    m,   and    m    upon 


Disturbing  Function   mf  upon  i 


Disturbing  Function  m  upon  ni' 


rcosH 


bH 


The   expressions  of  —'*'——   and -^-    ,   developed   to   the   third   order   in   the 

eccentricities  and  inclination,  are  given,  Leverrier,  pp.  2J2  and  274.  Expressed  in  the 
terms  of  the  foregoing  arguments  L'  —  ©',  &a,  and  in  terms  of  a,  a'  in  place  of  a 
and  a,  these  are  as  follows : 


rcosJ/      a 

iuto 

\L'  ~& 

i'-n' 

i-e 

L~U 

-l+4(«'  +  .")  +  T'      •• 

cos    ''■         1 

0 

-1 

0 

-ee' 

+  1 

+  1 

-1 

-1 

+  5«-}«^--}V     .. 

„         ;         +1 

0 

-1 

+  1 

-i«  +  i«"  +  (."  +  J.V 

.          „     ■     +1 

0 

-1 

-1 

-3e'  +  eV    +|e'^+2eY 

■     1     „          +1 

+  1 

-1 

0 

-4« 

+  1 

+  1 

-1 

-2 

+  A..' 

-1 

+  2 

+ 1 

-1 

-««.-       .. 

+   1 

.. 

-1 

-1 

*i,f 

+   1 

I 

0 

+ 1 

-1 

i 
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- 

L'S' 

i'-ir 

L-& 

i-n 

-t'- 

CO. 

+  1 

0 

_  1 

+  2 

-  |e= 

+  1 

0 

-1 

-2 

+   3  ee' 

+  I 

+ 1 

-1 

+  1 

-  J  «■■ 

-1 

+  2 

+  1 

0 

-'-,'-'" 

+  1 

-  2 

-1 

0 

-l" 

+  1 

0 

+  1 

0 

-A«- 

+  1 

0 

-1 

+  3     1 

-  i  "■ 

+  1 

0 

-1 

-3     1 

-  J  eV         . 

+  1 

+  1 

-1 

+  2     i 

-tV«"        . 

-1 

+  2 

*  1 

+  1 

+  s«-     ■ 

+  1 

+  2 

-  1 

+  1 

-  i  '" 

-1 

+  3 

+  1 

0 

-¥•- 

+  1 

+  3 

--1 

0 

-  i'f 

+  1 

0 

+  1 

+ 1 

-  2  .',- 

+  1 

+  1 

0 

+ 1 

-^^  =  511110 

i'-©' 

L'-W 

L-& 

L~n 

-1  + J(s.  +  ,-)  +  ,.    .. 

cos 

0 

-  1 

0 

~ee'  .. 

+  1 

+  1 

-  1 

-1 

-  2  e  +   ee''+^f^  +  -2e^ 

„ 

+  1 

0 

„I 

- 1 

+   }. ■-}.'.■  -l.','.. 

„ 

-  1 

+  1 

+  1 

0 

-  j(>'  +  l.v  +  j."  +  i.¥     . 

+  1 

+  1 

-1 

0 

+  A-''' 

„ 

+  2 

-1 

-2 

+  2 

-(f."«'       . 

•     i     „ 

+  1 

+  1 

-1 

-2 

-  }  «■'       . 

+  1 

+  2 

-  1 

- 1 

+  J  «¥       . 

.     1     „ 

+  1 

~  1 

+  1 

0 

—  i  *^ 

+  1 

0 

-  1 

+  2 

-^e' 

+  1 

0 

-1 

-2 

+  3  ee' 

-1     ,     +  1 

+  1 

+ 1 

-  i .-      . 

■    !    .) 

-1     ,     +2 

+  I 

0 
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- 

/CO.  J 

■  |.  ■»'<' 

i'-®' 

i'-n' 

L-& 

z-n 

-  1   e'= 

1 

COS      '.       +1 

-t-  3 

-  1 

0 

-1" 

+  1 

0 

+  1 

0 

-  J«' 

+  1 

0 

-1 

+  3 

, 

+  1 

0 

-1 

-3 

+  «.v       . 

-1 

+  1 

■*■! 

+  3 

-  A «'«' 

+ 1 

+  1 

-1 

+  3 

-  i  .."        . 

-1 

+  2 

+  I 

+  I 

-A<" 

, 

-1 

+  3 

+  1 

0 

-  i  .■■         . 

+  1 

+  3 

-1 

0 

-  2  «,- 

+  1 

0 

+  1 

+  1 

-  1  «¥       . 

+  1 

+  I 

+  1 

0 

It  is  hardly  necessary  to  observe  that,  to  obtain  the  expressions  of  the  Disturbing 
Functions,  these  additional  terms  are  to  be  combined  with  the  corresponding  terms 
in  the  expression  of  the  reciprocal  of  the  distance :  thus,  in  the  Disturbing  Function 
il  {m!  upon  Mi),  the  entire  term  depending  on  cos  \L'  —  %'  —{L  —  ©)]  is 

=  m'|2{l,  ...20),., +  |-^(-l+He=  + e'^)  +  'J=)[  cos  [(i' -©')-(-& -0)], 
where,  however,  the  supplemental  term  is  taken  to  the  third  order  only. 
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480. 


ON    THE    EXPRESSION    OF    DELAUNAY'S    I.   g,   h,    IN    TERMS    OF 
HIS    FINALLY   ADOPTED   CONSTANTS. 

[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.    xxxii.  (1871—72), 
pp,  8—10.] 

We  have  in  Delaunay's  lunar  theory, 

I,  the  mean  anomaly  of  the  Moon, 

g,  the  mean  distance  of  perigee  from  ascending  node, 

h,  the  mean  longitude  of  ascending  node, 

quantities  which  vary  directly  as  the  time,  the  coefficients  of  (,  or   values  of  ^,  -^,  -^ , 

at    at     at 

being  given  in  his  Thearie  du  Mouvement  de  la  Lime,  vol.  II.  pp.  237,  238.  But 
these  values  are  not  expressed  in  terms  of  his  constants  a  (or  n),  e,  y,  finally  adopted 
as  explained  p.  800,  and  it  seems  very  desirable  to  obtain  the  expressions  of  t,  g,  h, 
in  terms  of  these  finally  adopted  constants:  I  have  accordingly  effected  this  trans- 
formation (which  I  found  less  laborious  than  I  had  anticipated).  It  will  be  convenient 
to   imE^ne   the   a,  v,  e,  7   of  pp.   237,  238   replaced   by  A,  N,  E,   T   respectively.     This 

being  so,  and  writing  m  for  the  —  of  p.  800  we  have,  p.   800, 
^=o|l +  [-}»■-{«».-]  ?J 

+  (- 1  +  V  -  f  <?  -  "■■  -  2/ + 1  tW  +  ?  T"*"  -  A  «•  - 1  «%'•  -  i  e'') '»" 

+  (at'-i*P7'-  -4JF  e'  +  'm^')^' 

+  (W  - W 7=- »»ij*e'  + Iff «'■)>»• 
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and  hence  calculating  N  from  the  formula  N^A'  =  nW,  we  find 

+(- w+  tS'f+  m¥- If-  ^ft  ■>'•)"• 

+  (- W + 'W /  +  '«»'«•- »W  «'■)  •»■ 

+  (-»««»''. 
=  «.  (1  +  Q)  suppose. 

The  values   of  E,  F   are   given    p.  800,  hut  for  the  present  purpose  we  only  require 
E^,  and  F*  to  the  fifth  oixler,  viz.  the  values  of  these  are  at  once  found  to  be 
Jl-.d-d  +  Hm'-lffjLm'), 

whence  also  E*  =  e*  and  P  =  7*. 

The  formulai  of  pp.  237— 23S  now  give 

! = rf  |i  +  h  » '»•  -  ¥»-  »•']  ^. + e 

+    f     (-J  +  ¥7"-|«'-¥e'"  +  ¥y-¥7'«'+¥'>'«''-|e'«'"--i!fife'')~"'| 

+  (    W-r--SU  «■)«>•  (!  +  «- 

+(-  vs  +  '-iv  I"-  '^  «■-  mv  e-)»'a  +  e)- 
+(-"«»«")•»' (i  +  sr 

(Observe  that  writing  herein  Q  =  0,  and  omitting  the  terms  in  m*  and  m'  in  the 
coefficient  of  (1  +  Q)-',  and  the  term  in  m^  in  the  coefficient  of  (1  +  Q)-',  we  have  the 
original  formula  of  p.  237) 

+  (- HI  7- +  «?«■)»•'  !-(l  +  e)-' 

c.   VII.  67 
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+ /W -«■  7"  -  W- «"  + W  «''  + ^P  7*  - 'S»  7'e' - 'S'- ■/"«'■  + SS  «•- iJJ"  «■«'■)  "•■'I 


+  (1|M  _  ijj.    y_   iy^  e'+  M4|i  e'-)"" (!  +  «-' 

+  (-HK*  - '^¥»  7- -  *1S1F  «■+ SflV  e'-)  m- (1+ «)- 

+    >S&"  »•(!  +  «)-' 

+  "a'g'^Ml  +  g)"* 

(where  writing  Q  =  0,  and  omitting  the  terms  in  m*  and  m°  in  the  coefficient  of 
( 1  +  Q)~',  and  the  term  in  m^  in  the  coefficient  of  (1  +  Q)~^  we  have  the  original 
formula  of  p.  237).     And 

-f(-f  +  }7'-|«"-{<!''-¥7'e'+!7V-  +  Jie'-f«V-jfe'')m'1 

+  (ffi7'-tMe-)'»'  [<l+«)- 

+  |(A-?}<'"-W7"  +  He'-+?}y  +  W7'e'-fl7'e''-m8'-'W"e"«'")»'| 
i.  +(-iBl7--SS'e')'»'  /      * 

+ ( Si  -  -w  7- -  4S?  «■  +  Iff  '•) »•  (1 + g)- 
+ Pffif  -'m-f-  'mi'  «■ + ^.w?  ''•)  •»'(!  +  0)- 
+  «*w»'(i  +  e)- 

(where  writing  (2  =  0,  and  omitting  the  terms  in  m*  and  m'  in  the  coefficient  of 
(1  +  Q)~^,  and  the  term  in  to'  in  the  coefficient  of  (1  +  Q)--,  we  have  the  original 
formula  of  p.  238).     We  hence  have 

l-ialA  +  (l  +  B)Q+C<f}, 

=  nt{A  +  Q  +  BQ  +  CQ-\, 
g.,ii[A'  +  Eq  +  C-(f\, 
h.<,t{A"  +  B"Q+C"Q% 


where  [omitting  the  terms  in  -r-A 


=  l  +  (-  i  +¥7'-  }<!*-¥  e''+  ¥  7*-  T  7'«'+  -¥7V'-  j<i'«''-W«")"' 
+  (- W  +  ¥  7"  -  "a"  «•  -  Ift' e'"  -  »4»  7*  +  Iff  7W  +  »t»  7V' +  Jifflf  e*  — «!f  «'')  •»• 
+  (-    Sfff  +  ^SP  7"-  -W  «■-    Igl')       '»* 

+ (-  4m' + ^¥#i  7-  -  •JS8I'  «■  -  -"vvir  «■')>»• 

+  (-  "g".")  "■ 
+  (-"fiMtS^i)'»'- 
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S  -       (i   -¥7"+    }#+¥■>'■)»•■ 

+  (W-7-7'  +  'S'e'  +  W  «")»•■ 

+  IIW  m' 

+  2A13^m=. 

0  -    -  }      m" 

-  "»   "'• 

^'-       (}  -  V7'+   I  «"+  }  e'-  ¥7*+  13  T"!!'  -   ¥  T"'"-  S  e'  +  ft#e"  +  Ke'')» 
+  (y_J|^y-¥f  .•  +  l|5*e'-  +  iMy-i§  sS,%._  lulls'- +  }J(e'_J.|MeV=)  „. 

+  (If. .  _  iilji  y  _  i{i|.  #  +  iH|i  e'-)  m- 
B  =      (-  i  +  ¥t"-   S  e>-  }  e'')m- 

+  (- ¥  +  "P  7"  +  ?J  «■  -  *Si «")  «■ 

-  s||i  jji* 

4"-  (-  i  +  J  r'-  I  e'-  *  e"-¥7'e'+  i  7V-  +  H  e*  -  f  «"«'■-  ft  e'"  )m' 
+  (  &-a7'-W«"  +  Be'"  +  Hy  +«S?-7"^-a7'«''-!Be*  -lffeV)m' 
+  (  ffl  -  ?K  7"-  •»  «■+  tH-  e")"' 

+  («#  -  V»  7- -  ■iHF  «■  +  Ws?  «■■) '»■ 

+   ^iS^if  «'• 
+  JHJJjJ.„., 

.B"-  +  (    f  -  i7'+  S  «■+  8 ''")'»■ 
+  (-*  +  ¥- 7-  +  Vif^-!*«'")'»' 

-  HI  >»' 

0"  =  -  }  m' 
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And  ill  terms  BQ,  B'Q,  B"Q,  we  have 

+  »  7" +  '»«■)'»" 

and  in  the  terms  CQ",  C'Q',  (?"Q^,  simply  C^=m'.     Hence   iinally  the   required   values   of 
I,  g,  k,  are 

(  =  »i  {1  + [-«  m- -"#«■]  J, 

+  (- }  +  67°  +  i  e' - 1  e'' +  V  y*  -  ¥  T'«*  +  Vs'' +  iV  e' + -ft  «"«■■  -  «  «'')  ">' 
+  (_  igs  +  J|«  ^  +  lijf  «•  -  If/ e"  -  iiJI  y  -  «  78- +  115  r e'- +  2  Jii  e V")  m- 

+ (- «Kir + "wp  •/ + i««r  «■  -  "JSij^  «■")  rf 
+(-  ",'sm)''' 

+  (--^»HI")'»'. 

+  (}-¥7'+  J   «"+  1  «'=- ¥  T'  +  l»7"e"--V7"e''-Jie'  +  »}«V  +  He'')m' 

+  (¥-"*  f  -  W  «•  + 'W  «'"  + ^  •/*- ^tf  W  -  ^P  f''''' +  H*  «' ~  "'Sr"'"""*  ""■ 
+  (  j|j.  _  liJJ.  ^_   Jgljil  e'-  »fU«  e'-)m' 


+  (-  }  +  }  7"-  I  e"-  |e''-Tr7'«'+    T  7"i!''  +  U    «*  -|«"«'"-  a  e''  )» 
+  (    A-W7'-W«'  +  H«"  +  Sl'    +  W  7'e"  -  a  T"e'=- Mi  e--^  «■«'")'« 

+(  w -?a  7*- w 'i'+w- "'■)>»' 

+  (    IHi  -  fill  7- --^S^e" +  ¥««■•)•»■ 

+     3"4B76     *" 
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which  values  satisfy,  as  they  should  do,  the  equation  l  +  g  +  h=:nt.  I  recall  that  the 
precise  signification  of  the  constants  is  as  follows:  n  is  the  coefKcient  of  t  in  the 
expression  of  the  Moon's  longitude  in  terras  of  the  time,  a  the  corresponding  elliptic 
value  of  the  mean  distance  («.^a'  =  8uni  of  masses),  e  the  eccentricity,  such  that  in  the 
expression  of  the  longitude  the  coefficient  of  the  leading  term  of  the  equation  of  the 
centre  has  its  elliptic  value 

and  7  the  sine  of  the  half- inclination,  such  tliat  in  the  expression  of  the  latitude  the 
coefficient  of  the  leading  term  has  its  elliptic  value 

=  2y  -  276*  -  i  T- +  g\  7^*  +  i  r/e^  - -r^  76" 

n',  a'  are  the  mean  motion  and  mean  distance  of  the  Sun,  m  =  — ,  and  e'  is  the 
eccentricity  of  the  Sun's  orbit,  considered  as  constant. 
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481. 


ON   THE    EXPHESSION    OF    M.    DELAUNAY'S   l+g   IN    TERMS   OF 
HIS   FINALLY   ADOPTED   CONSTANTS. 


[From  the  Monthly  Notices  of  the  Royal  Astr&nomical  Society,  vol.  xxxri.  (1871 — 72), 
p.  71.] 

I  HAD  the  pleasure  of  receiving  from  M.  Dclaunay  a  letter  dated  Paris,  17th  Dec. 
1871,  in  which  he  informs  me  that,  on  referring  to  his  papers,  he  had  found  there 
expressions  for  t,  g,  h,  identical  with  those  given  by  me  in  the  November  Number  of 
the  Monthly  Notices, — with  only  a  single  typographical  error,  ^e'=m'  instead  of  ffe'^m^ 
[ante  p.  532,  corrected]  in  my  expression  of  /(. 

M.  Delaunay  mentions  also  that  he  had  obtained  four  additional  terms  in  the 
expression  for  k  +  g  (longitude  of  the  Moon's  perigee),  and  that  the  complete  expression 
in  terms  of  the  finally  adopted  constants  is 

*+»  = 

«l|     (i-(rf-ie-+Se--i{'^  +  '^,f^-9y'e'--i,e'-i;eV'  +  tie')m- 

+  ra  -  -ir  7'  --¥.'-«'  +  %¥  e"  +  Hr  7-  +  H  7W  -  ^  tV  -  »»Ji  «■«'■)  m- 

+  («^  - 'W  7' -  »JW 'i' +  "MP  «'■)  "* 

+  CffiF -•¥,¥»  y  -  ^Sr  e' +  "fflft"  e'")  >»■ 

+  ("A'i%"  -  'WW  If)  If 

+ ("HUH" + Hwan^ «')  »>' 
+  "mm"'<'' 

[Observe  that  k+g  is  —nt  —  l,  and  compare  with  the  expression  for  I,  ante  p.  532.] 
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NOTE     ON     A    PAIR     OF    DIFFERENTIAL    EQUATIONS    IN    THE 
LUNAR   THEORY. 


[From  the  Monthly  Notices  of  the  Rmjal  Astronomical  Society,  vol,  XXXII.  (1871 — 72), 
pp,  .31—32.] 


The  equations 


IS-''©"V  =  ^»'Vli  +  J-(2.-2„.,|. 


d    ,^dv 


^jmy{    -.;}sin(2y-2m()), 


taking  therein  j  =  k  =  l  in  effect  present  themselves  in  the  Lunar  Theory,  and 
particular  integrals  in  series  have  been  obtained,  the  development  being  carried  to  a 
great  extent;   but  I  give  the  results  only  as  far  as  m*,  viz.,  writing 


V  =  ( +  (^  ^=  +  .^1  m=  +  2V^  m')  sin  2Z) 
+  ^1  m'  sin  iD, 
-  =  1+    I  m^  -aim' 

+  i   m'  cos  iD. 
In   the   Lunar    Theory  j  and    k    are   properly   each   =  =-  {E   the   mass    of    the 

Earth,  m'   that   of  the   Sun),  but   they   arc   taken   to   be   =1;    the   numerical   difference 
is   inappreciable;   but   there   would   be   a   considerable    theoretical    advantage  in  retaining 
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in  the  equations  the  coefficients  j,  k  [regarded  as  each  of  them  =k'\:  in  fact,  the 
developments  could  then  be  arranged  according  to  the  powers  of  k,  that  is  according  to 
the  powers  of  the  disturbing  force;  whereas,  when  k  is  taken  =1,  we  have  only  a 
development  in  powers  of  m,  and  since  m  also  presents  itself  through  the  coefficient 
2  —  2j>i  of  (  in  2ii  —  2mi,  terms  which  are  really  of  different  orders  in  regard  to  the 
disturbing  force,  are  united  together  into  a  single  term  :  so  that,  instead  of  a  term 
of  the  form  {Ak  +  Bk''  +  &c.)  «iP,  where  A,  B,  are  numerical,  we  have  the  term 
(A  +  B  +  . .) TiiP,  where  of  course  A  +  B..  is  given  as  a  single  numerical  coefficient. 
There  is  no  equal  advantage  in  retaining  the  two  coefficients  k,  j,  as  this  only  serves 
to  show  how  a  term  arises  from  the  central  and  tangential  forces  respectively;  thus 
retaining  these  coefficients,  the  integrals  as  far  as  w?  are 

v=         t        +(^k  +  ^j)m''sin2D, 

-  =  1  + 1  m^'k  +  (P  +  y)  nf  cos  2D, 

agreeing  with  the  former  result  when  ^  =  j  =  1 ;  but  there  is,  nevertheless,  some  interest 
in  retaining  the  two  coefficients.  I  hope  to  deveiope  the  results  somewhat  further, 
and  to  communicate  them  to  the  Society. 
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ON    A    PAIR    OF    DIFFERENTIAL    EQUATIONS    IN    THE    LUNAR 
THEORY. 

[From   the  Mouldy  Notices  of  the  Ro^ai  Astronmnical  Society,  vol.  XXXII.  (1871 — 72), 
pp.  201— -206.] 

I  CONSIDER  the  differential  equations 

a  ('■'a)  =>'"''"  1  -i^c^'-a"")). 

which  when  j  =  /c  =  1  give  the  following  equations  in  the  lunar  theory  (D  =  t—  nit) : 

1  =  1  +  J  »■  -  ia  »' - -1.5  m- -  Hi  m- -  4S#  m' -  "A'*,'A'/ «•  -  iffffflr  "■ 
+  cos  22)  [m-  +  -',*  m'  +  -■#  «•  +  ¥/  m=  +  Ififlf  rf  +  mSW- »' 

+  cos  iD  [{  m-  +  Hfiy  rf  +  ijgy  ,„■  +  iggf>  rf  +  'jMaWF »»'  +  "AgAVa"  »'] 

+  cos  6i)  [  H  »•  +  JASf  »' + >Mffi8^  »■ + «Hi«S8»i  »■] 

+  COS  8J)  [gjl  rf  +  ','ffffi','  m>], 
or  as  far  as  m', 
P  =  1  -  ffTO' +  IsB  *^'  +  fl™'  + iresif™' +  "w  »^' 

+  cos2J)[-    m'-  .^f   »■-   J#  «•-     'ifm--'ifm«t'-Hmm">'] 
+  00a  4i)  [- J  m- -  JiW  «.■  -  I,«flj>  m- -  lilSJF  "T 
+  cos  61)  [-  ^\^E  m«  -  Jij^Sw  «*']. 
c.  VII.  68 
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[483 


i-  is  given  by  M.  Delaunay  only  as  far  as  m^,  the  additional  tenns  of  -  and  expression 
for  p  were  kindly  communicated  to  me  by  Prof.  Adams);   and 


+ sin  42>  (m  M^* + m-  m' + w^o^  ^' + Hmw-  »*' + ^ 

(Delaunay,  t.  ii.  pp.  815,  836,  845), 

To  integrate  the  original  equations  write 


-^MfW^«^°) 


p  =  l  +  p-,  +  p^  + . 


where   the   suffixes  indicate  the 

for  p„,  Vn  take  the  form 

d  dpn 
dt   dt~ 


1  the  coefficients  k,  j  conjointly :   the  equations 


where  F„,   U^,  P,. 


1  do  not  contain  p,j  or  i 
dva 


From  the  second  equation  we  have 
fl„    is    a    constant    of   integration,   the    integral    jPudt   containing   only   periodic 


where 

terms;  and  then 


twice  this  to  the  iirat  equation  we  have 
3t  ^"  "^ '""  +  ^"  +  2  ^"  =  2^"  +  ^"  +  2  [p,.  dt 
which   determines  p„;   and   substituting   its   value   in   the   other   equatio 


ha' 


dt  ' 


and   thence  Va ',    the   constant   Ii,j   is   determined   : 
term.     We  have 
V,  =  0, 

dvi  ,  .   „ 


^■^  =  -[-dt)-^'"dt- 


„  dvi  dv^ 


.  ^. 


djij 


-4ft', 


J   that    -j^   may   contain    no   constant 
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Q,  =  ^^  (i  +  I  COS  ID),  P,  =  jm=  (-  f  sin  W), 

Q^^kmP  J3di ain  2D  +  p, ( J  4- f  cos  2i>){,  P.  ^jm? (- 3i/,  cos  D  -  3p,  sin  21)), 

Qa  =  t7«^  |-  S);^  sin  2D  -  3ui=  cos  2D  P,  =jW  [-  3i;,  cos  2D  +  3w,=  sin  2D 

+  piVi .  3  sin  2D  -  Qp^v^  cos  2D 

+  Pa  (J  +  f  cos  2D)j,  +  (2p,  +  pi=) .  -  f  sin  2Dj, 

&c.                                                                  ,  &e. 

In   particular   attending   to   the   values   of  P,,  Q,    the   equations   for   p,,  i;,   are   in   their 
original  form 


ie+^-)  ->•■( -f^i-io. 


whence  in  the  transformed  form  they  are 

^'  +  2ft  =  n,  +  —■'^  cos  2D, 
d(        '^        '     4  (1  -  m) 

and 

"J;  +  p,  =  2n,  +  yt)«'(i  +  I  cos  2D)  +  ^^  cos  2D. 

Thus   the  constant  term  of  p,  is   2fij  +  ^A:m^,  giving  in    -J  a  constant  term  —^D,i  —  hn 
this  must  vanish,  or  we  have  H,  =  - 1  fon.^ ;   and  the  equations  thus  become 


and  then  completing  the  integration 

,,  =  f t^'"'  gjmM7-8m  +  4TO^)  1    -    gn 

'  |(l-m)(3-8m  +  4m=)'^(l-m)^(3-8m+4»i*)[  ' 

which  are  the  accurate  values  of  p^  and  v,. 
Ebtpanding  as  fer  as  m*  we  have 

p,  =  i  (-  ^  m?)  +  cos  2D  [    fc  (-  i  m=  -  I  m^  -  ^  m*  -  ^  m»  -  ^   m') 

+i(-i  m'-V-m'-  fg  m^-  ^^  m°-  ^^  m% 

which  for  j  =  k  \s  =  k  {—    m^  -  ^f  m^  -  ^  m''  -  ^-  m^  —  ^^j?-^-  m')  , 

68—2 
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I   have,   not  in   general,   but    ibr   the  value  j  =  k,   calculated   p,   and    v^   as    far   as    m" : 

I   have   not   made   the  calculation  for  p,  and   v^,  but  their  values   may  be  deduced  from 

the  foregoing  values  of  p,  v;   the  final  expressions  (whenj  =  £)  oi  p,  ^1  +pi  + ps  +  p3+ ... 
and  V,  =  (  +  «!  +  jjj  +  jia  ...  are 


540 
and 


which  for  j 


+  i  (-Jm* 

) 

+  J?( 

«*»•'+  a 

m=+  i¥,i#rf) 

+y( 

-MM"') 

+  cos  2D  1     k  {-    m^' 

-f 

»•'-«»'- w 

m'-  -VW  "■) 

+  /<•( 

}  m'+   4f 

«•+   J,'^  «•) 

+  t'( 

-  m  »•)! 

+  cos  411 1     t( 

-  j»'--asf 

m'-Wfm') 

+  e{ 

+    *    >»■)) 

+  eos6Dl    i-( 

-  »  -■)! 

+  sin  2D  {     k  (V-m=  + 

H' 

r.-  +  !i^m'+    fVl 

<"'+  "HP  »•) 

+  *■( 

-    i  m'-    « 

»■-     4jl     m') 

+  P( 

-  Alt    »') 

+  sin  4D 1     f  ( 

Mj™'+  fS 

™- +«#>»•) 

ti-C 

-  a  »>■)! 

+  sin6Dl     e{ 

+    ffTT?   *^0i 

which   for  £=1    agree   with  the   foregoing  formula  (verifying  them   i 


present   formulae    exhibit   the 
powers  of  the  disturbing  force. 


t^) ;   the 


in   which   the   expressions   depend  on   the   sevei'al 
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ON    THE    VARIATIONS    OF    THE    POSITION    OF    THE    ORBIT    IN 
THE   PLANETARY   THEORY. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxxii.  (1871—72), 
pp.  206—211.] 

It  has  always  appeared  to  mo  that  in  the  Planetary  Theory,  more  especially  when 
the  method  of  the  variation  of  the  elements  is  made  use  of,  there  is  a  difficulty  as 
to  the  proper  mode  of  dealing  with  the  inclinations  and  longitudes  of  the  nodes, 
hindering  the  ulterior  development  of  the  theory.  Considering  the  case  of  two  planets 
TO,  m',  and  referring  their  orbits  to  any  fixed  plane  and  fixed  origin  of  longitudes 
therein,  let  6,  8'  be  the  longitudes  of  the  nodes,  ^,  ^'  the  inelinatiorm  (p  =  tan  0  sin  6, 
q  =  tan  4>  cos  6,  &c.,  an  usual) ;  then  the  disturbing  functions  for  m,  w!  respectively  are 
developed,  not  explicitly  in  terms  of  0,  ^',  6,  &,  but  in  terms  of  0,  the  mutual 
inclination  of  the  two  orbits,  and  of  ©,  0'  the  longitudes  in  the  two  orbits  respectively 
of  the  mutual  node  of  the  two  orbits ;  *  and  @,  0'  being  functions  (and  complicated 
ones)  of  0,  0',  8,  $'.  Moreover,  although  in  the  general  theory  of  the  secular  variations 
of  the  orbits  of  the  planetary  system,  6,  <p,  &c.,  are,  as  above,  referred  to  one  fixed 
plane  (the  ecliptic  of  a  certain  date),  yet  in  the  theory  of  each  particular  planet  it 
is  the  practice,  and  obviously  the  convenient  one,  to  refer  for  such  planet  the  6,  <f) 
to  its  own  fixed  plane  (the  orbit  of  the  planet  at  a  certain  date),  the  effect  of  course 
being  that  0,  and  consequently  p,  q,  instead  of  being  of  the  order  of  the  inclinations 
to  the  ecliptic,  are  only  of  the  order  of  the  disturbing  forces.  It  has  occurred  to  me 
that  the  last -mentioned  plan  should  be  adhered  to  throughout ;  viz.,  that  for  each 
planet  m,  the  position  of  its  variable  orbit  should  be  determined  by  8,  the  longitude 
of  its  node,  and  0,  the  inclination  in  reference  to  the  appropriate  fixed  plane  (orbit 
of  the  planet  at  a  certain  date)  and  origin  of  longitude  therein.  The  disturbing 
functions  for  the  planets  m  and  m'  will  of  course  depend  not  only  on  8,  6',  <^,  i^', 
but   on  the   quantities   ^,  0,  0'   which  determine   the  mutual  positions  of  the  two  lixed 
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plaues  of  reference  and  origins  of  longitude  therein,  these  la,st  being  however  absolute 
co7istants  not  affected  by  any  variation  of  the  elements;  so  that  as  regards  the  variation 
of  the  elements  the  disturbing  functions  are  in  fact  given  as  ea^licit  functions  of  the 
variable  elements  0,  6',  (f>,  ^' ;  and  where  0,  -p'  and  therefore  also  p,  q,  p',  q'  are  only 
of  the  order  of  the  disturbing  forces. 

I  proceed  to  work  out  this  idea,  for  the  present  considering  the  development  of 
the  Disturbing  Function  only  as  far  as  the  first  powers  of  p,  q,  &c.  For  comparison 
with  the  ordinary  theory,  observe  that  in  this  theory  the  disturbing  function  contains 
only  the  second  powers  of  the  p,  q,  &c.,  made  use  of  therein ;  these  are  in  fact  of  a 
form  such  as  P+p,  Q  +  q,  ...  where  P,  Q  are  absolute  constants  and  p,  g, ...  are  the 
p,  q,  ...  of  the  present  theory;  the  ordinary  theory  gives  therefore  in  the  disturbing 
ftinetion  a  aeries  of  terms  involving  (P+py,  (P+p){Q  +  q),  ...  which  I  now  take 
account  of  only  as  far  as  the  first  powers  of  p,  q,  ...  viz.,  they  are  in  effect  reduced 
to  P^  +  2Pp,  PQ  +  Pq  +  Qp,  &c...  The  present  theory  is  thus  not  now  developed  to 
the  extent  of  giving  the  p,  q,  ...  of  the  ordinary  theory  in  the  more  complete  form 
as  the  solutions  of  a  system  of  simultaneous  linear  differentia!  equations,  but  only  to 
the  extent  of  obtaining  for  these  p,  q,...  respectively  the  terms  which  arc  proportional 
to  the  time. 

I  commence  with  the  following  subsidiary  problem.  Consider  a  spherical  triangle 
ABC  (sides  a,  b,  c,  angles  A,  B,  G,  as  usual),  and  taking  the  aide  c  as  constant,  but 
the  angles  A  and  B  as  variable,  let  it  be  required  to  find  the  variations  of  0,  a,  b 
in  terms  of  variations  dA,  dB  and  the  variable  elements  C,  a,  b  themselves.  Although 
the  geometrical  proof  would  be  more  simple,  I  give  the  analytical  one,  as  it  may  bo 
useful. 

We  have 

cos  C  =  —  cos  A  cos  S  +  sin  ^  sin  B  cos  c, 
and  thence 

-  sin  CdG  =     (sin  ^  cos  B  +  cos  A  sin  B  cos  c)  dA 
+  (sin  B  cos  .1  +  sin  A  cos  B  cos  c)  dB 


= 

'^^f'dA+'^'^'^^'^dB, 
tan  b                    tan  a           ' 

that  is 

sin  C  , ,, 

-. —  dC  = 

sine 

sin  6                        sni  a 

or  finally 

-dC  = 

cos  bdA  +  cos  (idB. 

Next 

sina  = 

.       f,mA 
*^"  '^  sin  (?  ' 

or,  differentiating, 

cos  ada=   .-  ^-^,  (sin  C  cos  AdA  —  cos  (7siii  AdC) 
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or,  substituting  for  dG  its  value, 


„  \  dA  (sin  C  cos  A  +  cos  (7 sin  A  cos  b)  +  dB  cos  (7  sin  A  cos  a  k 

1   G   (_  ) 


-  +  tiS  COS  G  sin  ^  c 


1       (  ,  .  sin.il    . 


dA  —. sin  b  +  dB  coa  GsmAv 


and  similarly 


da=     --.  -~  (dA  sin  i  +  (^B  cos  G  sin  a) : 
sin  C  *  " 

db  =     -. — 7=  (dB  sin  a  +  <i.d  cos  G  sin  t). 


Now    let    the    continuoos    lines    represent    the    orbits    of   m,   m'    at    certain    dates, 
0,  Q  the  origins   of  longitude  therein ;   and  the   dotted   lines   the   vai-iable   orbits   of  the 
i  respectively. 


Write 

0C=%,     GA  =  e,     zCAC'  =  <f,, 

QC=e',     GB  =  0;     ^GBG^<t>', 

zG  =  'P. 

Then,  answering  to  the  notation  of  the  lemma,  we  have 

a  =  e',     b^e,     C=*,  dA-0, 

or  say  =  tan  0, 

C'£  =  a  +  da, 

=  ^  +  -^—^  (tan  0  sin  ^  —  tan  ^'  cos  <I>  sin  & 


dB  =  -  <l>', 
=  —  tan  0', 


^{p-p'cos^), 
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C'A=b  +  db, 

=■6  +   .  -£  (—tan  ^siiidi'  +  tan  Acos^sin  6), 
sin  <!>  ^  ^  ^  " 

=  6  — —■  ..(v'  —  p  cos  •!*), 
sin*  '^     '^  ' 

£  C  =  C  +  dC=  ^  —  cosd  tan  ^  +  cos  6'  tan  0',  =  <I>  -  5  +  q. 

Suppose   V,  1/   are    the   longitudes   of  the   planets    in    their   two    orbits   respectively ; 
that  is 

V  =0A  -{■  Am  =  0  +  ^  +  Am  , 

v'^QB-y  Bm'  ^%  +  ff  +  Bm', 
whence 

Cm  =  C'A  +  Am,  =v  -S  -  ^—^  (»'  -  «  cos  *), 
sin  <P  ^       "^ 

Cm'  =  CB  +  Bm,   =v'  —  &'  +  -^-^  (p  -  p'  cos  ^), 

zC      =  O  -  ^  +  2  ; 

say   these   values   are   v—S  +  x,  1/  —  ^'  +a:',  <5  +  y.     Then   if  H  is   the   angular   distance 
mm'  of  the  two  planets, 

cos  S'  =  cos  (y  -  0  +  x)  cos  {v'  -&  +  x')  +  sin  (^  -  @  +  x)  (sin  v'  —  &  +  a;')  cos  (■!>  +  j/), 
=  cos  (v  -  ®)  cos  (v'  -  ©')  +  sin  {v  -  ©)  sin  {v'  -  0')  cos  0 

+  a:  [-  sin  (n  -  0)  cos  (v'  -  0')  +  cos  (v  -  0)  sin  (/  -  0')  cos  *] 
+  sc-  [-  cos  (0  -  0)  sin  («;'  -  0')  +  sin  (v  -  0)  cos  (v'  -  0')  cos  *] 
+  )/  [-  sin  (w  -  0)  sin  {v'  -  0')  sin  O], 
=  cos  ^  +  V  suppose. 


The  disturbing  function  for  the  planet  m  disturbed  by  vi'  is 


(li  =  —  iJ,   if    -K   is   the   disturbing   function    of    the   Mecanique    Celeste) :    and    the   term 
hereof  which  involves   V   is 

d  .  cos  // 
where  after  the  differentiation  cos  H  is  replaced  by  cos  H, 


{(r' +  r'^  ~  2r7-' cos  Hy 
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viz.,  this  is  a  linear  function  of  x,  x',  y,  that  is  of  p,  q,  p',  cf,  with  coefEcients  which  of 
course  involve  the  other  variable  elements  and  the  time ;  btit  it  will  be  remembered 
that   @,   0',   0   are   not   variable   elements,   but   are   absolute    constants.     The   variations 

-,--    auu    Kiiuoc    ui    y    on    -J- ,   and    the   quantities   p,  q,  p',   q',... 

from    these    differential    coefficients      j-  ,    -^j- : 
dq      dp 


dp     dq 


absolute   constants,  or 


reckoning  the  time  from  the  epoch  belonging  to  the  fixed  orbit  of  m,  we  have  p,  q 
as  mere  multiples  of  the  time  {p  =  At,  q  =  Bt,  where  A  and  B  are  constants) ;  agreeing 
with  the  statement  preceding  the  investigation. 

Observe  that  the  p,  q,  as  used  above,  have  reference  not  only  to  the  fixed  orbit  of 
m,  but  also  to  the  node  thereon  of  the  fixed  orbit  of  m':  we  may,  if  we  please,  write 
p  =  tan  0  sin  (0  +  e),q  =  tan  tf)  cos  {0  +  d),  that  is,  p  =  g  sin  0  +p  cos  0,  Q  =  g  cos  O  -p  sin  0 
(or  p=ji  cos  0  —  q  sin  0,  g  =  P  sin  0  +  q  cos  0),  and  in  place  of  p,  q  introduce  into  the 
formulte  p  and  q,  which  have  reference  only  to  the  fixed  orbit  of  m,  and  similarly 
writing  p'  -  tan  ^'  sin  (©'  +  &),  q'  =  tan  <f>'  cos  (0  +  0'),  instead  of  p',  q'  introduce  p',  q' 
which  have  reference  oniy  to  the  iised  orbit  of  m'. 

I  remark  that  a  table  for  the  relative  positions  of  the  orbits  of  the  eight  Planets 
for  the  Epoch  1st  January,  1850,  is  given  in  Leverrier's  Annates  de  VObserv.  de  Paris, 
t.  II.  (1856),  pp.  64—66. 
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485. 

PROBLEMS    AND    SOLUTIONS. 


[From  the  Mathematical  Questions  with  their  Solutimia  from  the  Educational  Times. 
vols.  V.  to  XII.  (1866—1869).] 

[Vol.  v.,  January  to  July,  1866,  p.  17.] 
1791.  (PeopoSED  by  Professor  Cayley.) — Given  a  quartic  curvt;  f7=0,  to  find  three 
cubic  curves  P  =  0,  Q  =  U,  Ji  =  0,  each  meeting  the  quartic  in  the  same  sis  points 
1,  2,  3,  4,  5,  6,  and  such  that  P  —  0,  R=0  may  besides  meet  the  quartic  in  the  same 
three  points  a,  b,  c,  and  that  Q  =  0,  iJ  =  0  may  besides  meet  the  quavtic  in  the  same 
three  points  a,  0,  y. 


[Vol.  V.  pp.  25,  26.] 
Note  on  the  Problems  in  regard  to  a  Conia  defined  by  five  Conditions  of  Intersection. 

I  use  the  word  "  intersection  "  rather  than  "  contact "  because  it  extends  to  the 
case  of  a  1-pointic  intersection,  which  cannot  be  termed  a  contact.  The  conditions 
referred  to  are  that  the  conic  shall  have  with  a  given  curve,  at  a  point  given  or 
not  given,  a  1-pointie  intersection,  a  2-pointic  intersection  (=  ordinary  contact),  a 
3-pointic  intersection,  &c.,  as  the  case  may  be.  It  may  be  noticed  that  when  the 
point  on  the  curve  is  a  given  point,  the  condition  of  a  A-pointic  intersection  is  really 
only  the  condition  that  the  conic  shall  pass  through  k  given  points ;  though  from  the 
circumstance  that  these  are  consecutive  points  on  a  conic,  the  formula  for  a  conic 
passing  through  k  discrete  points  require  material  alteration ;  for  instance,  in  the  two 
questions  to  find  the  equation  of  a  conic  passing  through  five  given  points,  and  to 
find  the  equation  of  a  conic  having  at  a  given  point  of  a  given  curve  5-pointic  inter- 
section with  the  curve,  the  forms  of  the  solutions  are  very  different  from  each  other. 

The  foregoing  remark  shows,  however,  that  it  is  proper  to  detach  the  conditions 
which   relate   to   intersections   at   given   points ;   and   consequently  attending   only  to   the 
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conditions  which  relate  to  intersection  at  an  unascertained  point  (of  course  the  inter- 
sections referred  to  must  be  at  least  2-pointic,  for  otherwise  there  is  no  condition  at 
all)  we  may  consider  the  conies  which  pass  through  four  points  and  satisfy  one  con- 
dition ;  or  which  pass  through  three  points  and  satisfy  two  conditions ;  or  which  pass 
through  two  points  and  satisfy  three  conditions ;  or  which  pass  through  one  point  and 
satisfy  four  conditions ;  or  which  satisfy  five  conditions.  Considering  in  particular  the 
last  case,  let  1  denote  that  the  conic  has  2-poiiitic  intersection,  2  that  it  has  3-pointic 
inteisection, ,,,  6  that  it  has  6-pointic  intersection  with  a  given  curve  at  an  unascertained 
point. 

Then  the  problems  are  in  the  first  instance 


5  :   4,  1 ; 


I,  2  ;    3,  1,  1  ;    2,  2,  1 ;    2,  1,  1,  1  ;    1,  1,  1,  1,  1. 


But  the  intersections  may  be  intersections  with  the  same  given  curve  or  with  different 
given  curves ;  and  we  have  thus  in  all  27  problems,  viz.  these  are  as  given  in  the 
following  table,  where  the  colons  (:)  separate  those  conditions  which  refer  to  different 
curves ; 


No.  of 
Prob. 

Conditions. 

No.  of 

Prob. 

Conditions. 

Ko.  of 
Prob. 

Conditions. 

1 

5 

10 

3,   1  :1 

19 

3:1:1 

2 

4,    1 

11 

3:1,   1 

20 

2:2:1 

3 

3,  2 

12 

■2,  2  :  1 

21 

2,   1  r  1  :  1 

4 

3,   1,  1 

13 

2,  1  :2 

22 

2:1,  1:1 

2,  2,  1 

14 

2,   1,  1  :  1 

23 

1,   1,  1:1:1 

6 

2,   1,  1,  1 

15 

2,   1  :  1,   1 

24 

1,  1:1,  1:1 

7 

1,   1,  1,   1,   1 

16 

2:1,  1,  1 

25 

8 

4:1 

17 

1,  1,  1,  1  :1 

26 

1,   1:1:1:1 

' 

3:2 

18 

1,   1,   1  :  1,   1 

27 

1:1:1:1:1 

Thus  Problem  1  is  to  find  a  conic  having  6-pointie  intersection  with  a  given  curve : 
Problem  2  a  conic  having  5-pointic  intersection  and  also  2-pointic  intersection  with  a 
given  curve...  Problem  7  is  to  find  a  conic  having  five  2-pointic  intersections  with 
(touching  at  five  distinct  points)  a  given  curve.... Problem  27  is  to  find  a  conic  having 
2-pointic  intersection  with  (touching)  each  of  five  given  curves.  Or  we  may  in  each 
case  take  the  problem  to  be  merely  to  find  the  number  of  the  conies  which  satisfy 
the  required  conditions,  This  number  is  known  in  Prob.  1,  for  the  case  of  a  curve 
of  the  order  m  without  singularities,  viz.  the  number  is  =  m  (12itt  -  27).  It  is  also 
known  in  Problems  25  and  26  in  the  case  where  the  first  curve  (that  to  which  the 
symbol  2,  or  1,  1  relates)  is  a  curve  without  singularities ;  and  it  is  known  in  Prob.  27, 
viz.   if  m,  n,  p,  q,  r  be   the   orders   and   M,  N,  P,  Q,  R   the  classes   of  the   five   curves 

69—2 
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respectively,  then  the  number  is  =(M,  m){N,  n)(P,  p)(Q,  q)(M,  r){l,  %  4,  4,  2,  1},  that 
is,  1  MNPQR  +  2  tMNPQ  r  +  &c,  The  number  is  not,  I  believe,  known  in  any  other 
of  the  problems.  In  particular,  (Prob,  7)  we  do  not  as  yet  know  the  number  of  the 
conies  which  touch  a  given  curve  at  five  points.  It  would  be  interesting  to  obtain  this 
number;  but  (judging  £i-om  the  analogous  question  of  finding  the  double  tangents  of  a 
curve)  the  problem  is  probably  a  very  difficult  one. 


[Vol.  V.  p.  37.] 
1857.     (Proposed  by  Professor  Caylby.) — If  for  shortness  we  put 

P  —  a^  +  y'  +  ^,     Q  =  yz'^  +  yH  +  zx"^  +  z'a:  +  ay^  +  ai'y,     R  —  xyz, 

Pf,=  a?-\-h^  A-  c\     Qa  =  bc^  +  ft'c  +  ca"  +  tfa+  aH^  +  a%,    R„  =ai)C] 

then   (a,  ff,  7)   being   arbitrary,  show  that   the   cubic   curves      a  ,     /3  ,     7      =0  pass  all 

P,    Q.    R 
P..    a,    -fi. 

of  them  through  the  same  nine  points,  lying  sik  of  them  upon  a  conic  and  three  of 
them  upon  a  line;  and  find  the  equations  of  the  conic  and  line,  and  the  coordinates 
of  the  nine  points  of  intersection ;  find  also  the  values  of  (a  :  /3  :  y)  in  order  that 
the  cubic  curve  may  break  up  into  the  conic  and  line. 


[Vol.  V.  p.  37.] 


1730.     (Proposed  by  Professor   Cayley.) — Show  that  (I)  the  condition  in  order  that 
the  roots  ki,  k^,  kg  of  the  equation 

7^+(-j7-^«  +  i^  +  l7)^'  +  (-!)'-t«-^/3  +  -i7)i-a  =  0  (A) 

may  be  connected  by  a  relation  of  the  form 

h(k,-k,)-{k,-h)^0,  (1) 

and  (II)  the  result  of  the  elimination  of  a,  h,  0  from  the  equations 

a^(b+c)  =  -2a,  (2) 

bHc  +  a)=     20,  (:j) 

c^  (a -1-6)=- 27,  (4) 

(b-c)(e-a)(a-b)^-4ff,  (5) 

are  each 

4  (y3  -  7)  (7  -  a)  (a-/3)g'+4  {-  2^»y3  +  42a=/S='  -  22a^;S7)  g'' 

+  W-'y)(y-a)(a-mg  +  ^(0-jy(7-'x'n'x-0y  =  O.         (B) 
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[Vol.  V.  pp.  38,  39.] 

1834.  {Proposed  by  Professor  CatlEY.)— 1.  It  is  required  to  find  on  a  given  cubic 
cm-ve  three  points  A,  B,  C,  such  that,  writing  «=0,  y  =  0,  3:  =  0  for  the  equations  of 
the  lines  BC,  CA,  AS  respectively,  the  cubic  curve  may  be  transformable  into  itself  by 
the   inverse   substitution   (ax~^,  0y~'^,  yz~')  in   place    of  a;,  y,  s  respectively,  a,  yS,  7  being 


2.  In  the  cubic  curve  ax  (f  +  s^)  +  by  {z^  ^3?)-\-ce  (a?  +  if)  +  %xyz  =  0  the  inverse 
points  {x,  y,  z)  and  {x~^,  y~\  ^~')  are  corresponding  points  (that  is,  the  tangents  at 
these  two  points  meet  on  the  curve). 


Solution  by  the  Proposer,  S.  Kobf^KTh,  M.A.,  and  others. 

Since  the  points  A,  B,  G  are  on  the  curve,  the  equation  is  of  the  form 
fy^z  +      gz'^x  +     k3?y  +       iyz'^  +      jza?  +      hxy^  +  2lxyz  —  0  ; 
hence  this  equation  must  be  equivalent  to 

yH  z^x  ul'y  yz'  z-d-  wy''        xyz 

j^fz+k^z^x  +  i'i^x^y-rh'^yz'+f^^za?+g'^^xf  +  2lxyz  =0, 

which  will  be  the  case  if 

/=i|,       9-k^.       h^a,       i^h"-,       i^f^-,       k  =  gl. 

This  implies  fgh  =  yk;  and  if  this  condition  be  satisfied,  then  0:^:7  can  be  deter- 
mined, viz.  we  have  a  :  ^  ;  y=iif  :  ij  •  hf,  which  satisiy  the  remaining  equations,  so 
that  the  only  condition  is  /gk=ijk. 

Writing  in  the  equation  of  the  curve  ie  =  0,  we  find  fy^z  +  iyz^  =  0,  that  is,  the  line 
ic  =  0  meets  the  curve  in  the  points  (x  =  0,  y  =  0},  {x^O,  z  =  0),  and  (x=0,  fy  +  iz  =  0). 
We  have  thus  on  the  curve  the  three  points 

{x  =  0,  fy+iz^  0),       {y  =  0,  gz  +jx  =  0),       (z  =  0,  Iiw  +  ky  =  0), 

and  in  virtue  of  the  assumed  relation  fgh  —  ijk,  these  three  points  lie  in  a  line. 
Hence  the  points  A,  B,  G  must  be  such  that  BG,  OA,  AB  respectively  meet  the  curve 
in  points  A',  B',  G',  which  three  points  lie  in  a  line ;  that  is,  we  have  a  quadrilateral 
whereof  the  six  angles  A,  B,  C,  A',  R,  0'  all  lie  on  the  curve.  It  is  well  known 
that  the  opposite  angles  A  and  A',  B  and  B',  G  and  C  must  be  corresponding  points, 
that  is,  points  the  tangents  at  which  meet  on  the  curve.  And  conversely  taking  A,  G 
any   two    points   on    the   curve,   A'   a   corresponding   point   to   A    (any   one   of    the    lour 
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corresponding  points),  then  AG,  A'G  will  meet  the  curve  in  the  corresponding  points 
R,  B ;  and  AB,  A'B'  will  meet  on  the  curve  in  a  point  C  corresponding  to  G,  giving 
the  inscribed  quadrilateral  (A,  B,  C,  A',  F,  G') ;  the  triangle  ABG  is  therefore  constructed. 

It  is  to  be  remarked  that  the  equation  fgh  =  ijk  being  satisfied,  we  may  without 
any  real  loss  of  generality  write  f=j,g=k,h  =  i,  and  therefore  «  =  y3=7;  hence 
changing  the  constants  we  have  the  theorem :  the  inverse  points  (»,  y,  z),  (x~^,  y~',  sr'} 
are  corresponding  points  on  the  curve 

ax  (f  +  s=)  +  by(^  +  a:')  +  vx  (^=  +  7/^)  +  2lxyz  =  0. 


[Vol.  V.  pp.  57,  58.] 


Addition  to  the  Note  on  the  Problems  in  regard  to   a  Conic  defined  hy  five   Gonditions  of 
Intersection. 

Since  writing  the  Note  in  question,  I  have  found  that  a  solution  of  Problem  7 
has  been  given  by  M.  De  Jonquiferes  in  the  paper  "  Du  Contact  des  Courbes  Planes, 
&c.,"  Nouvelles  Annates  de  Maih4matiques,  vol.  iir.  (1864),  pp.  218 — ^222:  viz.  the  number 
of  conies  which   touch   a   curve   of  the   order  n   in   live   distinct   points   ia   stated   to   be 

°'"-"<°-i';7/><''-'>(»'  +  15..-55„.-49o„-H.lo84„  +  15). 

There  are  given  also  the  following  results;  the  number  of  conies  which  pass 
through  two  given  points  and  touch  a  curve  of  the  order  n  in  three  distinct  points  is 


and  the  number  of  conies  which  pass  through  a  given  point  and  touch  a  curve  of 
the  order  n  in  four  distinct  points  is 

«j!^ifczaK!ti)  (,,  +  io„.  -  87„.  -  U8„  +  282). 

These  formulse  are  given  without  demonstration,  and  with  an  expression  of  doubt  as 
regards  their  exactness — ("  elles  sont  exactes,  je  crois ") ;  they  apply,  of  course,  to  a 
curve  of  the  order  n  without  singularities;  but  assuming  them  to  be  accurate,  the 
means  exist  for  adapting  them  to  the  case  of  a  curve  with  singularities. 

[There  is  also  a  paper  on  the  same  subject  in  the  Annates  for  January,  1866 
(pp.  17- — ^20),  from  the  Editor's  Note  to  which  we  have  introduced  a  correction  (+15 
instead  of  —  35)  m  the  formula  given  above.] 
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[Vol.  V.  pp.  58,  .5.9.] 

1876.     (Proposed    by    R.    Ball,    M.A.) — If    three    of    the    roots    of    the    equation 
(«,  b,  c,  d,  e'^x,  iy  =  0  be  in  arithmetical  progression,  show  that 

55296  H'J  -  2304  aH'P  - 16632  a^HIJ  +  625  a^P  -  9261  a'J'  =  0, 
where 

H-ac  —  b',     /=  ae  — 4M  +  3c^     J^ace+  Ihcd—a/P  —  l^e  —  c". 


Solution  hy  Professor  C'ayley. 

Write  (tt,  b,  c,  d,  e\x,  ly  =  a  (x  —  a){x ~  ff)(x  —  y)  {x  —  S) ;  then  putting  for  a  moment 
,3  +  7+  2  =  p,  0y+^B  +  yS  =  q,  0^8=  r,  and  forming  the  equation 

(0  +  J  -  2S){0+  B^  2y)(y+  S  ~  2^)  =  0, 
this  is  eaJiily  reduced  to 

-  2p^  +  ^pq  -  21r  =  0. 
But  we  have 

a{x^—p'.i?-\-ilx  —  r)(x~a)={a,  h,  c,  d,  e^w,  1)', 
and  hence 

ib  6c  ,  46  „  id     6c        46    „       ^ 


Substituting  these  values  of  p,  q,  r,  the  foregoing  equation  becomes,  after  all  reductions, 

(20a\  20a%     -  16o&^+ 36  a=c,     128  6^- 216  ate  +  108 a^dja,  1)^  =  0, 

and  from  this  and  the  equation  (a,  b,  c,  d.  e§a,  \y  =  0,  eliminating  a,  we  should  find 
the  condition  for  three  roots  in  arithmetical  progression.  But  it  appears  from  the  theory 
of  invariants  that  the  result  of  the  elimination  may  be  obtained  by  writing  6  =  0,  and 
expressing  the  result  so  obtained  in  terms  of  a,  H,  I,  J.  Hence,  writing  in  the  two 
equations  6=0,  the  first  equation  contains  the  factor  4«.^,  and  throwing  this  out,  the 
equations  become 

5ac^  +  27ca  +  21  d  =  0,     aa*  +  eca^  +  4(Za  +  e  =  0  ; 

or  multiplying  the  first  by  a  and  reducing  by  means  of  the  second,  the  two  equations 
become 

5«a^  +  27ca  +  27d  =  0,     3ca^  -  7  da  +  Se  =  0. 

The  result  is  of  the  degree  5  in  the  coefficients,  but  in  order  to  avoid  fractions  in 
the  final  result  it  is  proper  to  multiply  it  by  a*;   it  then  becomes 

62-5  d'e'- 4050 a''tf'e'  + 6561  ttVe-  1890  a'cet?' +  13122  a'c't^  +  9261  «'<?'  =  0. 

But  writing  as  above  6  =  0,  we  have 

H 


I 

SH-' 

d'  = 

J   HI   m- 

a 

"a'   ' 

a       ce        a' 
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—  ,    —r  with 
a        a' 
coefficients  which  vanish ;    viz,  the  coefficient  of  the  first  of  these  terms  is 

+  16875  +  24300+    6561+    7560  +  18792- 74088,  =0  ; 

and  the  coefficient  of  the  second  of  the  two  terms  is 

-  16875  -  36450  -  19683  -  75168  +  148170,  =  0, 
The  remaining  terms  give 

+      625 

-  5625  -  4050  -  1890  +  9261 
+    1890  -  18522 

-  18792  +  74088 
+    9261 

which  is  the  required  result;   a  more  convenient  form  of  writing  it  is 

(55296  J,     -  768  P,     -  5544  //,     625  P  +  9261  P\H.  af  =  0. 

Remark.    If /and  /denote  as  above  the  two  invariants  of  the  form  U={a,  b,c,d,  ejic,  1)', 
and  if  we  now  use  H  to  denote  the  Hessian  of  the  form,  viz. 

H  =  (ac~b'',     ^(ad-bc),    i(ae+2bd-Sc^),     ^(he-cd),     ce-d^'^a>,  ly, 

then  it  appears   by   the  theory  of  invariants  that   the  equation  of  the   twelfth  order 

(55296/,     -768/=,     -5544/J,     625 /^  +  9261J=5/r,   llf  =  (i, 

is   such   that   each    of   its   roots   forms   with   some    three   of    the    roots   of    the   equation 
(7=0  a  harmonic  progression;    viz.  if  the  three  roots  are  ,S,  7,  S,  then  we  have 

^-^_4.J^      ,,   ,^2/3S-(^+8)7. 

SO   that   the   roots   of  tbe   equation   of  the   twelfth   order   are   the   twelve    values   of  the 
last-mentioned  function  of  three  roots. 


625 

,,j,      1 

2304 

iH'I' 

6632 

fHIJ  I 

5296  H--J 

9261  a'J' 

[Vol.  v.  pp.  65,  66.] 

On  the  Problems  in  regard  to  a  Conic  defined  by  Jive  Conditions  of  Intersection. 

There  has  been  recently  published  in  the  Comptes  Bendus  (t.  Lxil.  pp.  177 — 183, 
January,  1866)  an  extract  of  a  memoir  "  Additions  to  the  Theory  of  Conies,"  by 
M,  H,  G.  Zeuthen  (of  Copenhagen),  The  extract  gives  the  solutions  of  fourteen  pro- 
blems, with  a  brief  indication  of  the  method  employed  for  obtaining  them.  Of  these 
problems,   four   relate   to   intersections   at  given   points,   the   remaining   ten   are   included 
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among  the  twenty-seven  problems  enumerated  in  my  Note  on  this  subject  in  the 
January  Number  of  the  Educational  Times  (Reprint,  vol.  v.,  p.  25) ;  but  two  of  these 
ten  are  the  problems  25  and  26  which  are  in  my  Note  stated  to  have  been  solved ; 
there  arc,  consequently,  of  the  twenty-seven  problems,  in  all  twelve  which  are  solved : 
viz,   these   are  where   it   is   to   be   observed   that   Zeuthen's   solutions   apply  to   the   case 


No,   of   Prob. 

1,     8,  10,  12,  U,  17,  19,  21 

23,  25,  26,  27 

Zeuthen's  No. 

—,   14,  13,  11,     8,     3,   12,     7 

3,     6,     ],  — 

of  a  curve  of  a  given  order  with  given  mnnbers  of  double  points  and  cusps.  The 
problems  25  and  26  had  been  previously  solved  only  in  the  case  of  a  curve  without 
singularities.  As  to  Prob.  27,  the  solution  mentioned  in  my  former  Note  is  in  fact 
applicable  to  the  general  case.  The  solution  for  Prob.  1  may  also  be  extended  to  this 
general  case,  viz.  for  a  curve  of  the  order  m  with  S  double  points  and  «■  cusps  the 
required  number  is  =m  (12m-27)  — 24S-27«;  or,  if  n  be  the  class,  then  this  number 
is  =  12m  —  lorn  +  9« ;   so  that  all  the  twelve  problems  are  solved  in  the  general  case. 

The  results  obtained  by  M.  de  Jonquieres,  as  stated  in  my  Note  in  the  March 
Number  (Reprint,  vol.  v.,  p,  57),  seem  to  be  all  of  them  erroneous.  In  fact,  for  the 
number  of  conies  passing  through  two  given  points  and  touching  a  curve  of  the  order 
m  in  three  distinct  points  (which  is  a  particular  case  of  Prob.  23),  Zeuthen's  formula 
applied  to  a  curve  without  singularities  gives  this 

=  j^  m  (m  -  2)  (m'  +  5m=  -  17  m^  -  49  m  +  108) 
instead  of  the  value 

im{m-l)(m-2)(m'+  Gm^^Wm-   12) 
which  is 

=  i  m  (m  -  2)  (vi*  +  Dm"  -  25  mr  +    7m  -1-  12) ; 

and   I  have  by  my   own   investigation  verified   Zeuthen's   Number.     So   for   the   number 

of  conies  through   a  given   point   and  touching  a  curve  of  the  oixler  m  in   four  distinct 

points  (which  is  a  particular  case  of  Prob.  17),  Zeuthen's  formula  applied  to  a  curve 
without  singularities  gives  this 

=  J5  m  (m  -  2)  (m  -  3)  (m'  +  9m'  -Urn'-  225  m'^  +  140  m  +  1050) 

instead  of  the  value 

r/jm(vi-l)(m~  2)  (m-S){ni' +  10  m'-:i7m'-118m+   282) 
which   is 

-  ij  in  (m  -  2)  (m  -  3)  (m'  +  9m'  -  47  in^  -  81 711=  -|-  400  m  -    282), 

and  it  may  I  think  be  inferred  that  the  expression  obtained  for  the  number  of  conies 
which  touch  a  given  curve  in  five  distinct  points  (Prob.  7),  containing  as  it  does  the 
factor  (m-1),  is  also  erroneous. 

c.   VIT,  70 
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I  have  obtained  for  Prob.  2  a  solution  which  I  believe  to  be  accurate ;  viz.  the 
number  of  the  conies  {4,  1),  (that  is,  the  conies  which  have  with  a  given  curve  a 
5-pointic  intersection  and  also  a  2-pointic  intersection,  or  ordinary  contact),  is 

=  10n^  +  10nm-20m^-lSOn  +  UOm+10ic(m  +  n-9)-i[{n-S)ic  +  (vi-3)i] 

where    t  (the   number   of  inflexions)   is   =  Sn  —  Hm  +  k,   but    I   prefer   to  retain   the   fore- 
going form,  without  effecting  the  substitution. 


[Vol.  V.  pp.  88,  89.] 

1890.     (Proposed    by   Professor    CAYLEY.)^Find    the    equation    of   a    conic    passing 
through  three  given  points  and  having  double  contact  with  a  given  conic. 


Solution  hy  the  Proposer. 

Let  the  given  points  be  the  angles  of  the  triangle  {« =  0,  y  =  0,  s  =  0),  and  let 
the  equation  of  the  given  conic  be  U^ia,  b,  c,  f,  g,  h^x,  y,  2)^  =  0;  then  the  equation 
of  the  required  conic  is 

U-(x^a^y^/b  +  z^icy^Q, 

for  this   is   a  conic   having  double   contact  with   the   conic    U=0,   and,   since   the   terms 
in  (a?,  y"^,  s")  each  vanish,  it  is  also  a  conic  passing  through  the  given  points. 

It  is  clear  that  there  are  four  conies  satisfying  the  conditions  of  the  Problem, 
viz.  putting  for  shortness 

P  =  X  »Ja  +  y  ^/b  +  z  \/c,         P,  =  —  x  ^a  +  y  ^/b  +  z  fje, 
P^=  X  ^/a  —  y  ^/b  +  z  -Jc,         P a  =      x  -Ja  +  y  »Jb~  s  fjc, 
the  four  conies  are 

It  may  be  remarked  that  the  conies  P,  P,  have  a  fourth  intersection  lying  on  the 
line  y  V^  +  £  Vc  =  0,  and  the  conies  P^,  P^  a  fourth  intersection  lying  on  the  Hne 
fj  'Jb  —  z  -Jc;    which  two  lines  are  harmonics  in  regard  to  the  lines  ^  =  0,  3  =  0. 

Similarly  the  conies  Pj,  P^  have  a  fourth  intersection  on  the  line  xiyJa+ziyJc^O, 
and  the  conies  P,  P,  a  fourth  intersection  on  the  line  x ^a~ z •Jc^O;  which  two  lines 
are  harmonics  in  regard  to  the  lines  z  =  Q,  x  =  0.  And  the  conies  P,,  P3  have  a  fourth 
intersection  on  the  line  x  -Ja  +  y  »Jb  —  Q,  and  the  conies  P,  P3  a  fourth  intersection  on 
the  line  a:^/a  —  y-Jb  =  0;  which  two  lines  are  harmonics  in  regard  to  the  lines 
3^  =  0,  3/=  0.  It  may  further  be  remarked  that  the  equations  of  any  two  of  the  four 
conies  may  be  taken  to  be 

ayz  +  ^zx  +  '^xy  =  0,     ayz  +  ffzx  +  'f'xy  =  0. 
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The  general  equation  of  a  conic  having  double  contact  with  each  of  these  conies  then  is 

m=5=  -  2h  (7a'  +  7' a)  yz  ~  2n  (7^  +  ^/ff)  zx  -  ^nrf/xy  +  [(/S7'  -  ^S'y)  ai  -  (7a'  -  7'a)  yj  =  0, 

where  n  is  arbitrary ;  and,  having  double  contact  with  this  conic,  we  have  (besides 
the  above-mentioned  two  conies)  two  new  conies  each  passing  through  the  angles  of 
the  triangle ;   viz.  writing  for  greater  convenience 

^  _  tfy-y7)(y'-V")    „  ji-  =   - ,  w-ff'i)(i''  -  y«) 

K  —  yy'  '  ''''  n 

then  the  equations  of  the  two  new  conies  are 

y'a  ys  +  y^'  zx  -\-  Kxy  =  0,     y^  yz  +  y'Q  sx  +  Kxy  =  0. 
In  fact,  writing  the  equation  under  the  form 

[xz  +  (^7  -  ^'7)  X  +  (7a'  -  7'a)  yj 

-  4    iPy  —  ^'y)  (7a'  -  7'a)  xy  ~  inyy'xy 

-  2n  {8y  -  ^y)  xz  -  2n  (^7'  +  ^7)  xz 

-  2n  {yd'  —  7'a)  yz  —  2n  (70"  +  7'a)  yz  =  0, 

we  at  once  see  that  this  is  a  conic  having  double  contact  with  the  conic  yayz+y/3'zx+Kxy=0, 
the  equation  of  the  chord  of  contact  being  nz  +  {^y  —  ^'y)  x  +  (7a'  —  7'a)  y  =  0:  and  similariy 
it  has  double  contact  with  the  conic  70'  yz  +  y'^  zx  +  Kxy  -  0,  the  equation  of  the  chord 
of  contact  being  nz  —  (,87'  —  Q'y')  x  —  (7a'  —  7'a)  y  =  0. 


[Vol.  V.  pp.  99,  100.] 

1564  (Proposed  by  Professor  CayLEY.) — Show  that,  in  the  ellipse  and  its  circles 
of  maximum  and  minimum  curvature  respectively,  the  semi-ordinates  through  the  focus 
of  the  ellipse  are 

For  the  circle  of  maximnm  curvature     7/i  =  a(l  —  e)(l +2e)^, 

for  the  ellipse  i/s=  a(l  -  e"), 

„,,.,,...                    ^                     a[(l-eHe')^-e=l 
for  the  ciicle  01  minimum  curvature        7,  =  — ^ — .  -, -. 

and  that  these  values  are  in  the  oixler  of  increasing  magnitude. 


[Vol.  VI.,  July  to  December,  1866,  pp.  18,  19.] 

1931.     (Proposed   by  Professor   Catley,)— Find   the   stationary  tangents  (or  tangents 
at  the  inflexions)  of  the  nodal  cubic 

x{y-zy^y{z-a-:f\z{x-yy  =  Ki. 
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Solution  hy  the  Proposer. 

The  equation  may  be  transformed  into  the  form 

{-Sx  +  y^zf^     {x~%y  +  zf+     (x-Vy-%tf  =  0, 

and  it  thence  follows  immediately  that  the  stationary  tangents  are  the  lines 

-Sa;+i/  +  2  =  0,     a;-8)/+2  =  0,     x-\-y-^z     =0, 

respectively,  and   that   the   three    points  of  contact,  or  inflexions,  are  the  intersections  of 
these  lines  with  the  line  x  +  y  +  z  —  i.). 

In  fact,  writing 

X  =  kx  +  y+z,     Y^x  +  ky  +  z,     Z  =  x  +  y  +  ks, 
we  have  identically 

(X+Y  +  Zy-nXYZ 

=  {k  +  -2y(x  +  y  +  zy-2T(kx  +  y  +  s)<x  +  ky  +  z)(x  +  y  +  kz), 
(x'  +  y^  +  s')  {{k  +  2y-  2lk} 
+  Siys"  +  fz  +  ss^+  z^x  +  aK/=  +  xhj)  \(k  +  2)=  -  9  (^'^  +  A  +  1)1 
+  3  iCT/a  (2  (i  +  2)'  ~  9  (i'  +  3i  +  2)} 
=  {k-iy{k-h^){(i!'  +  y^  +  s'>)^-^{k-lf{yz^  +  fz-\-zx''^-z'x  +  xy^  +  a?ij)~'i{k-\y('lk-\-'2.)xyz. 
Hence,  writing  k=  —  %,  we  have 

{X^Y+Zf-21XYZ=-2lS7[y^  +  fz  +  za?-\-z^x-\-xy^-{-x'y-Qxyz}, 
=  -2lH1[x{y~zf  +  y{z-xy  +  z{x~yf}. 
The  equation  of  the  given  curve  is  therefore 

{X-\-Y-\-Zf-21XYZ  =  (i,     or  X*+F*  +  Z*  =  0, 
where  of  course  X,   Y,  Z  have  the  values 

X  =  -  Sjc  + 1/  +  £,     Y^x-Sy  +  z.     Z  =  x  +  y~%z. 


[Vol.  VI.  pp.  35—39.] 

1990.  (Proposed  by  Professor  Sylvester.) — Prove  that  the  three  points  in  which 
a  circular  cubic  is  cut  by  any  transversal  are  the  foci  of  a  Cartesian  oval  passing 
through  the  four  foci  of  the  cubic. 

Solution  by  Professor  Oaylev. 
Some  preliminary  explanations  are  required  in  regard  to  this  remarkable  theorem. 
1.     I  call   to   mind   that  a   circular  cubic  (or   cubic  through  the   two  circular  points 
at   infinity)   has    16    foci,   which    lie   4    together    on    4    different    circles;    and   that    the 
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property  of  4  concyclie  foci  is  that  taking  any  three  of  them  A,  5,  C,  the 
of  a  point  P  of  the  curve  from  these  three  foci  are  connected  by  a  linear  relation 
\ . AF  +  fi.BP  +  p.GP  =  0,  where  X±fi+v  =  0,  or  if  aa  is  more  convenient  the  distances 
are  considered  as  ± ,  then  where  \  +  fi  +  v  =  0.  A  circular  cubic  may  be  determined 
BO  as  to  satisfy  7  conditions ;  having  a  focus  at  a  given  point  is  2  conditions ;  hence 
a  circular  cubic  may  be  determined  so  as  to  pass  through  three  given  points,  and  to 
have  aa  foci  two  given  points. 

2.  A  Cartesian,  or  bicircular  cuspidal  quartic  (that  is  a  quartic  having  a  cnsp 
at  each  of  the  circular  points  at  infinity)  has  nine  foci,  but  of  these  there  are  three 
which  lie  in  a  line  with  the  centre  of  the  Cartesian  (or  intersection  of  the  cuspidal 
tangents),  and  which  are  preeminently  the  foci  of  the  Cartesian.  We  may,  therefore, 
say  that  the  Cartesian  has  three  foci,  which  foci  lie  in  a  line,  the  axis  of  the 
Cartesian.  A  Cartesian  may  be  determined  to  satisfy  6  conditions;  having  a  focus  at 
a  given  point  is  2  conditions ;  but  having  for  foci  three  given  points  on  a  line  is 
5  conditions;  and  hence  a  Cartesian  may  be  found  having  for  foci  three  given  points 
on  a  line,  and  passing  through  a  given  point ;  there  are  in  fact  two  such  Cartesians, 
intersecting  at  right  angles  at  the  given  point. 

3.  The  theorem  at  first  sight  appears  impossible;  for  take  any  three  points 
F,  G,  H  in  a,  line  and  any  other  point  A  ;  then,  eis  just  remarked,  there  are,  having 
F,  G,  H  for  foci  and  passing  through  A,  two  Cartesians.  And  we  may  draw  through 
F,  G,  H,  and  with  A  for  focus,  a  circular  cubic  depending  upon  two  arbitrary 
parameters ;  the  position  of  a  second  focus  of  the  circular  cubic  is  (on  account  of 
the  two  arbitrary  parameters)  primd  facte  indeterminate ;  and  this  is  confirmed  by  the 
remark  that  the  circular  cubic  can  actually  be  so  determined  as  to  have  for  focus  an 
arbitrary  point  B;  and  yet  the  theorem  in  effect  asserts  that  the  foci  concyclie  with  A, 
of  the  circular  cubic,  lie  on  one  or  other  of  the  two  Cartesians. 

4.  To  explain  this,  it  is  to  be  remarked  that  the  arbitrajy  point  if  is  a  focus 
which  is  either  concyclie  with  A  or  else  not  concyclie  with  A.  In  the  latter  case, 
although  B  is  arbitrary,  yet  the  foci  concyclie  with  A  may  and  in  fact  do  lie  on 
one  of  the  Cartesians;  the  difficulty  is  in  the  former  case  if  it  arises;  viz.,  if  we 
can  describe  a  cubic  through  the  points  F,  G,  H  in  a.  line,  and  with  A  and  B  as 
concyclie  foci;  that  is,  if  we  can  find  a  third  focus  0,  such  that  the  distances  from 
A,  B,  G  o{  a,  point  P  on  the  curve  are  connected  by  a  relation  X.AP  +  /J,.  BP  +  v .  CP  —  0, 
where  \  +  /i  +  i'  =  0.  It  may  be  shown  that  this  is  in  a  sense  possible,  but  that  the 
resulting  cubic  is  not  a  proper  circular  cubic,  but  is  the  cubic  made  up  of  the  line 
FGH  taken  twice,  and  of  the  line  infinity.  To  show  this,  since  the  required  cubic 
passes  through  the  points  F,  G,  H  we  have 


\.AF  +fL.BF  +  V.GF  =i)  and  thence    !  AF,  AG,  AH,  1  , 

X.AG  -V  fi..BG  +V.GG  =(i  ]bF,  BG,  BH ,  ij 

\.AH+^^.BH  +  v.OH  =  0  ■(  CF,  CG,  GH ,  1  ! 

\  +  fj.  +v  =0 


=  0, 
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being  two  conditions  for  the  determinfttion  of  the  position  of  the  point  C;  these  give 
CO,  OH  as  linear  functions  of  GF;  the  distances  GF,  GG,  GH  of  the  point  G  from 
the  points  F,  G,  H  in  the  line  FGH  are  connected  by  a  quadratic  equation,  and  hence 
substituting  for  GG,  GH  their  values  in  terms  of  OF,  we  have  a  quadratic  equation 
for  0F\  as  the  given  conditions  are  satisfied  when  0  coincides  with  A  or  with  B, 
the  roots  of  this  equation  are  OF=AF  and  CF=BF.  But  if  CF=AF,  then  the 
linear  relations  give  OQ  =  AG  and  GH=AH,  that  is,  (7  is  a  point  opposite  to  A  in 
regard  to  the  line  FGH.  And  similarly  if  CF=BF,  then  (7  is  a  point  opposite  to 
B  in  regard  to  the  line  FGH.  But  0  being  opposite  to  A  or  B,  the  fourth  concyclic 
focus  D  will  be  opposite  to  B  or  A;  that  is,  the  pairs  A,  B  and  G,  D  of  concyclic 
foci  lie  ayminetrically  on  opposite  sides  of  the  line  FGH;  this  of  course  implies  that 
the  four  points  lie  on  a  circle. 

■5.  Taking  Y—0  as  the  equation  of  the  line  FGH,  a^  +  y^—\—0  as  the  equation 
of  the  circle  through  the  four  points  A,  B,  G,  D,  then  these  lie  on  a  proper  cubic 

(not  passing  through  the  points  F,  G,  H)  and  the  four  foci  are  given  as  the  inter- 
sections with  the  circle  af  +  if  —  X  —  O  of  the  pair  of  lines 

(c'-'inx-nl^Q. 
But  if  we  attempt  to  describe  with  the  same  four  foci  a  cubic 

{x^-^y'^+V)y  +  l'a?  +  lidxy  +  riif  =  0, 
then  the  foci  are  given  as  the  intei-sections  with  the  circle  a?  +  y''—l=0  of  the  conic 

y^  +  ^I'x  -  2l'y  +  Mi'=  -  n'l'  =  0. 

In  order  that  these  may  coincide  with  the  points  (.4,  B,  0,  D)  we  must  have 

(a?  -  2nie  -  nl)  +  (y^  4-  2m'x  -  2l'y  +  m"'  -  n'l')  =  x^  +  y^-\; 
that  is 

m'  =  n,    /'  =  (),     -nl  +  n--n'l'  =  -\. 

The  last  equation  is  n'l'  —  v?+l  —nl,  which,  assuming  that  nl  is  not  equal  to  n^  +  l, 
{in    this    case    the    cubic   {ci?  +  'f  +  l)x  +  l:^  +  inf=(i    would    reduce    itself    to    the    Hue 

and  conic  (*  +  ?;)  ^3^-|-?/=  +  -j  =0),  since  ^  =  0,  gives  «.'  =  <»,  and  therefore  the  cubic 

{(I? -V  y"- -^  \)  y  +  I'a?  +  Hm'xy  +  n'y^  =  0, 

reduces  itself  to  j^=0,  that  is,  the  cubic  in  question  reduces  itself  to  the  iine 
FGH  twice  repeated,  and  the  line  infinity. 

6.  The  conclusion  is  that  F,  G,  H  being  given  points  on  a  line,  and  A  and  B 
being  any  other  given  points,  there  is  not  any  proper  cubic  passing  through  F,  G,  H 
and  having  A,  B  for  concyclic  foci :  and  the  prima,  fade  objection  to  the  truth  of 
the  theorem  is  thus  removed. 
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7.  Considering  the  points  F^  G,  if  on  a  line  and  the  point  A  as  given,  it  has 
been  seen  that  there  are  two  Cartesians  through  A  with  the  foci  F,  G,  H ;  and  the 
theorem  asserts  that  in  the  circular  cnbica  through  F,  G,  H  with  the  ibcus  A,  the 
foci  concyclie  with  A  lie  on  one  or  other  of  the  two  Cartesians :  there  ai-e  consequently 
through  F,  G,  H  with  the  focus  A  two  systems  of  circular  cubics  corresponding  to 
the  two  Cartesians  respectively,  each  system  depending  upon  two  ai'bitrary  parameters. 
But  if  we  attend  only  to  one  of  the  two  Cartesians  and  to  the  corresponding  system 
of  cubics,  then  the  Cartesian  passes  through  the  four  foci  of  each  cubic,  and  if 
(instead  of  taking  as  given  the  points  F,  G,  H  and  the  focus  ^)  we  take  as  given 
the  four  concyclie  foci  A,  B,  C,  D  of  &  cubic,  the  theorem  asserts  that  we  have 
through  A,  B,  0,  D  a  Cartesian  depending  on  two  arbitrary  parameters  (or  having  for 
its  axis  an  arbitrary  line),  and  such  that  the  foci  of  the  Cartesian  are  the  points  of 
intersection  F,  G,  S  of  its  axis  with  the  cubic.  And  I  proceed  to  the  proof  of  the 
theorem  in  this  form. 

S.     The  equation  of  a  circular  cubic  having  four  foci  on  the  circle  a,^  +  7/-  —1  =  0  is 

(af  +  f+l)  {Px  +  Qy)  +  ia?  +  2inxy  +  ny^  =  0: 

and  this  being  so,  the  four  foci  are  the  intersections  of  the  circle  with  the  conic 

(Qx-Pijy+2(-nP  +  mQ)x  +  2(mP~lQ)y  +  m'-nl  =  0. 

9.     The  general  equation  of  a  Cartesian  is 

(a:^  +  ;/^+  2Ax+2By  +  CY  +  2Dx  +  2Ey  +  F=^  0, 

and    by  assuming   for  A,   B,    C,   D,   E,   F,  the   following   values   which   contain   the   two 
arbitrary  parameters  a  and  6,  viz.  by  writing 

lA^eq,  2B=~0P,  0  =  0-1,  D  =  -n0'P  +  {m^~ae)Q, 

E^(m^+dd)P-l&'Q,  ii'=-a'  +  ^(m^-«0. 

we   have   the  equation  of  a   system  (the  selected   one  out  of  two   systems)  of  Cartesians 
through    the   four   foci ;   in   fact,  substituting   the    foregoing   values,    the   equation   of  the 


+  2&'(-nP  +  mQ)x  +  2$^{mP-lQ)y-a'  +  S^(m^-nl)  =  0, 
and  writing  herein  x'^  +  y'^—l  =0,  the  equation  reduces  itself  to 

e^KQx-  P^y  +  2{-nP  +  mQ)a:  +  2(mP  -lQ)y  +  m'  -  ni]  =  0, 
verifying  that  the  Cartesian  passes  through  the  four  foci. 

The  coordinates  of  the  centre  of  the  Cartesian  are  a!=  —  A,  y  —  —B,  and  the 
equation  of  its  axis  is  E{x-\-A)—D{y  +  B)  =  0\  we  have  therefore  to  show  that  the 
points  of  intersection  of  this  line  with  the  cubic  are  the  foci  of  the  Cartesian. 
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10.  To  find  where  the  line  in  question  meets  the  cubic 

(a:'  +  y'+l)  (Px  +  Qy)  +  laP  +  2m*y  +  nf  =  0, 
writing  in  this  equation 

we  have  for  the  determination  of  fl  the  equation 

{A'  +  B'  +  l-2(AD  +  BE)n  +  (Ifi  +  E')a.'}  x 

[-AP-BQ  +  (DP  +  EQ)a}+{l,  m,  n'^- A  +  Dil,  -B  +  Eny=0, 
or  observing  that  we  have  AP  +  BQ  =  0,  this  equation  becomes 
iD"'  +  E')(DP  +  EQ)n^ 
+  [-  2  (AD  +  BE)  (DP  +  EQ)         +   ID"-  +  2mDE  +  «^=}  ii^ 
+  [     {A^+B'-Y  1)  (DP  +  EQ)         -  21AD  -  2m  {AE  +  BD)  -  2nBE\  il 
+  {  IA^  +  ImAB  +  nB"]  =  0. 

11.  Substituting  for  A,  B.  D,  E  their  vahies  in  terms  of  (P,  Q,  a,  6),  we  find 

DP+    EQ=  -e^inP^-^mPQ  +  lQ'l 

lA-'  +  %mAB  +  nB^   =  \&' (nF' -  ImPQ  +  IQ% 

lAD  +  m{AE  +  BD)+nBE=  -^ae-'(nP'-2mPQ  +  lQ% 

lD'  +  2mDE  +  nE'   -  {{nl^m')0' +  0'^')  (nP^~2mPQ  +  m, 

and   substituting   these    values    in   the    equation   for   fl,   the   whole   equation   divides   by 
^  (nP^  -  2mPQ  +  IQ^),  and  it  then  becomes 

4  {D"-  +  E^)  fi'  +  4  {-  2  (AD  +  BE)  -  (nl  -  m?)  ^-  -  a=|  11=  +  4  [^=  +  i?^  +  1  -  a}  fl  - 1  =  0, 
or,  putting  for  shortness 

C'=C-A'-B\  =  a-\-A'-B\ 

F'^F~2  (AD  +  BE),     =-a'-&^  („;  -  „i^)  -  2  (AD  +  BE), 

the  equation  in  H  is 

4  (D''  +  E-')  a'  +  iF'il-  -  Wn  -1=0, 

so  that,  il  satisfying  this  equation,  tho  intersections  of  the  axis  with  the  cubic  are  given 

by  !L  =  -A  +  Da,  y^-B  +  sa. 

12.  The   equation   of  the   Cartesian,  writing   therein   cc  +  A=u   and   y+B^v,   and 
attending  to  the  values  of  C  and  F',  is 

(m=  +  v^  +  CJ  +  Wu  +  2Ev  +F'  =  0. 

Aiid  to  find  the  foci,  writing  in  this  equation  m  +  p,  v  +  ip  in  place  of  u,  v,  we  find 

[m=  -4.  i,^  +  C  +  2  (i(  +  vi)  p\^  +  2(D  +  Ei)p  +  Wu  +  2Ev  +  J?"  =  0, 
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tbat  is 

{u,'  +  v'  +  Gy  +  2Da+2Ev  +  F'+{2(u+m)(v!'+>}'  +  C')  +  D  +  Eil2p  +  4-(u+viyp'=0. 
Expressing  that  thia  equation  in  p  has  two  equal  roots,  we  find 

^iu  +  viy{(u^+v!'  +  C"y+2I>u+2Ev  +  F']-{2(u  +  vi)(u^  +  ,f  +  G')  +  D  +  EiY  =  0, 
that  is 

4  {2Du  +  2&  +  F')  (u  +  vif  -  4  {u^  +  w^  +  G')  (u  +  vi)  (D  +  Ei)  -(D-  Eif  =  0, 

which  equation  is  in  fact  the  equation  of  the  three  tangents  from  one  of  the  circulai- 
points  at  infinity.  Writing  it  under  the  form  [/"  +  Fi  =  0,  the  nine  foci  of  the 
Cartesian  are  given  as  the  intersections  of  the  two  cubics  ^7=0,  F=0.  But  of  these 
nine  points,  three,  the  foci  that  we  are  concerned  with,  he  on  the  axis,  or  line 
Eu  —  Dv  —  Q\   in  faj3t,  we  have 

0"  =  4  (m^-  «=)  {IDu  A-  2Ev  +  F)  V=  8m  {Wu  +  2Ev  +  F') 

-'k{uD-  vE)  (u'  +  v'  +  C'}  -  4  {uE  +  vD)  (u^  +  v'  +  0') 

~(iy-E^),  -2DE; 

and  hence 

WEU~(I>-E^)V^(EH~Ihj)\8(Du  +  Ev)(Wu  +  2Ev  +  F')-i(ir-  +  E-^){u^+v''+G')}=0, 

which  shows  that  the  nine  points  lie  three  of  them  on  the  line  Eu  —  Dv=  0,  and  the 
remaining  six  on  the  conic 


2{Du  +  Ev){2Du  + 


H  F')  -  (D'  +  E^)  {y?  +  ip=  +  C)  =  0. 


13.     We  have  thus  the  three  foci  given  as  the  intersections  of  the  axis  Eu~-Dv  =  0, 
with  the  cubic 


U=4-{u'-'if) (IDu  +  2Ev  +  F')-i  {uD -  vE)  (w- 


\-G')~(D'-E^)  =  0; 
a:  =  -A+Dil,  7/  =  - 


or,  writing  in   thia   last   equation   u  =  Dil,  v  =  Eil,  that 
we  have 

u-'-if  =  {iy-  E'}  il\    uD-vE^(iy-E^)  Ct. 

The  whole  equation  divides  by  (I^  —  E%  and  omitting  this  factor,  it  is 
411=  (2 (i>  +  ^) fi  +  F'} - m  {{B^  +  E^) D?  +  G']-l  =  0, 
4  (i>=  +  E-')  il=  +  4f  fi^  -  4(7'n  -1=0, 
the   same   equation   as   the   equation   in   il  before   obtained;   that  is   the   in t ejections  of 
the  cubic  with  the  axis  are  the  three  foci  of  the  Cartesian. 


that  is 


[Vol.  VI.  pp.  57—59.] 
1949.     (Proposed   by  Professor  Cayley.) — Find   the   ■ 
at  any  point  of  the  cuspidal  cubic  y''=u?z. 


of  five-pointic  intersection 
71 
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Solution  by  the  Proposer. 

The  equation  y'  =  x'z,  is  satisfied  by  the  values  a:  :  y  :  z-=\  :  6  :  B';  and  con- 
versely, to  any  given  value  of  the  parameter  9  there  corresponds  a  point  on  the  cubic 
^  =  a?z.  Consider  the  five  points  corresponding  to  the  values  (^,,  6.^,  63,  0„  0^)  respec- 
tively ;   the  equation  of  the  conic  through  these  five  points  is 


f,    ^^     yz,    zx,     xy 

e>-,    o,\   e,\   e;\   e. 


=  0, 


where  the  remaining  four  lines  of  the  determinant  are  obtained  from  the  second  line 
by  writing  therein  6^,  63,  B,,  0^  successively  in  place  of  ^1.  Writing  for  shortness 
?'(^i,  Bii  &!•  Bi,  8^)  to  denote  the  product  of  the  differences  of  the  quantities 
(^1.  Si,  01.  0i,  0^),  the  equation  contains  the  factor  ^  (6„  0^,  8i,  0t,  ^1).  and  we  may 
therefore  write  it  in  the  simplified  form 


1 


,  0,,  0,.  S,) 


^,    y^ ,    ^ ,    y^,    ^*.    ^   =0. 
1,  e,\   0,",  0,\  0,\  e, 


Hence  putting  in  this  equation  0^=  $1  =  63  =  6,=  6^-  tf>,  we  have  the  equation  of  the 
«onic  of  five-pointic  intersection  at  the  point  (<^).  The  result  in  its  reduced  form 
may  be  obtained  directly  without  much  difficulty,  but  it  is  obtained  most  easily  as 
follows:   let  the  function  on  the  left  hand  of  the  foregoing  equation  be  represented  by 


(a,  h,  c,  f,  g,  h\x.  y,  ^)^ 


then  writing  x  :  y  :  z  =  l 
(a,  b,  c,  f.  g,  A5I,  9,  ^f 


KH8,.  0.,  63,  9„  ^.)|  1,     0.^     e,\     0,\     0,\     0, 

I    ; 

_(0-e,)i9-e,){9-0,)(e-9t)(e-0,)  ■  i,   ^,  e^,   e^.  0\  0  \, 
b  {e,  6.,  8..  0.,  0.,  0,)  '1,   e,\   0,",   0,\   e,\   9,\ 

'■  i 

^(0 -  0,)(0 -  0,)i0-93)(9 -0,){0 -  9,){9  +  0,  +  $,  +  0,  +  0,  +  0,); 

for  the  determinant,  which  is  a  function  of  the  order  16  in  the  quantities  (0,  0j,  8^,  9s,  9,,  6,) 
conjointly,  divides  by  ^''(8,  8^,  0^,  03,  0i,  0a),  which  is  a  function  of  the  order  15;  and 
as  the  quotient  is  a  symmetrical  function  of  8,  8,,  8^,  83,  8i,  8^,  it  must  be  equal, 
save  to  a  numerical  factor  which  may  be  disi'egarded,  to  ^  -I-  ^1 4-  ^3  4-  ^j  +  ^i  +  0^. 
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Hence   if  <ji   be   the   parameter   of  the   given   point,  writing   ^,  =  ^j  =  ^3  =  ^j  =  ^5  =  <^, 
we  have 

(a,  h,  c.f,  g,  h\i,  e,  e>y  =  ie-^y(e+o4>) 

=  (1,  0,  -15,  +40,  -45,  +24,  -5%0,  4>f, 
where  the  left-hand  side  is 

a  +  b&'  +  ce'+fe'  +  ge'  +  kO,  ={c,  O,/,  g,  b,  h.  0.)  (^,  1)', 
that  is  we  have 

c=l,    /=-15^^     (/  =  40l^^     &  =  -45i^',     A  =  24^^     a  =  -5<p\ 
and  the  equation  of  the  conic  of  five-pointic  intersection  therefore  is 
(-5^«,  -i5<f>',  1,  -15^=,  40.^^  240=1Ja;,  y,  ey  =  0. 
or,  what  is  the  same  thing, 

-  Stp^af  -  45^''^^  +  3'  -  lo^i'yz  +  400^ sai  +  24<(^^xy  =  0, 
which  is  the  required  result. 

Note.     The   condition   in   order   that   any  six   points   (^1,   $^,   B,,   8,,   8^,   8^)   of  the 
cubic  ^  =  a?z  may  lie  on  a  conic,  is 


[Vol.  VI.  p.  65.] 

1872.     (Proposed  by  Professor  Oayley,) — Show   that  tha  surfaces 

a,-yz  =  1,  yz-\-  zx  +  xy  -^  x  +  y  ^-z-^-^^Q, 

intersect    in    two    distinct    cubic    curves ;    and   find    the    equations    of    the    cubic    cones 
which  have  their  vertices  at  the  origin  and  pass  through  these  curves  respectively. 


[Vol.  VL  pp.  67—69.] 

1969.  (Proposed  by  Professor  Sylvester.) — In  two  given  great  circles  of  a  sphere 
intersecting  at  0  are  taken  respectively  two  points  P  and  Q,  the  arc  joining  which 
is  of  given  length ;  prove  that  S,  H  two  fixed  points,  and  M  a  fixed  line,  in  a  plane 
may  he  found  such  that,  for  all  positions  of  the  arc  PQ,  a  point  M  in  the  fixed 
line  may  be  found  satisfying  the  equations 

SM±HM=&mOP,    SM  +  EM==smOQ. 
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Solution  hy  Professor  Cayley. 

1.  In  the  spherical  triangle  OPQ,  whereof  the   sides   OP,  OQ,  PQ  are  0,  ^,  /3  and 

,,  I      rt   ■  ^1  1  ■■        1    .  ..  .V-       ■  cos ,S  —  cos ^ cos  (6 

the   angle    O   is   =a,   the   relation    between   these   quantities   is   cos  a  =  — — ; — ^-^. — -j — -  ; 

hence  treating  a,  /3  as  constants,  and  0,  <ti  as  variable  angles  connected  by  the  fore- 
going equation,  it  is  required  to  show  that  we  can  find  two  fixed  points  S,  H  and 
a  fixed  Hne,  such  that  taking  M  a  variable  point  in  this  line  and  writing  8M  =  r, 
HM  —  s,  the  relation  between  r  and  s  (or  equation  of  the  fixed  line  in  terms  of 
r,  s  as  coordinates  of  a  point  thereof)  is  obtained  by  substituting  in  the  foregoing 
equation  for  d  and  ^  the  values  given  by  the  two  equations 

sin^  =  (r  +  s),     sin0  =  (r-s), 

or  as,  for  the  sake  of  homogeneity,  it  will  be  more  convenient  to  write  these  equations, 

msin^==(r  +  s),     m  sin  .^  =  (r  -  s). 

2.  Suppose  that  the  perpendicular  distances  of  S,  H  from  the  fixed  line  arc 
a  and  h,  and  that  the  distance  between  the  feet  of  the  two  perpendiculars  is  2c,  then 
if  cc  denote  the  distance  of  the  point  M  from  the  midway  point  between  the  feet  of 
the  two  perpendiculars,  we  have 

and  (a,  h,  c)  being  properly  determined,  the  elimination  of  !c  from  these  equations 
should  give  between  {r,  s)  a  relation  equivalent  to  that  obtained  by  the  elimination 
of  {6,  <p)  from  the  before- mentioned  equations.  Or,  what  is  the  same  thing,  the 
elimination  of  (r,  s,  x)  from  the  equations 

m  sin  f  =  r  +  s,     m  am  4>  =  r~s,     r  =  Vi(e  +  xf  +  aJ'].     s  =  ^{{c  -  xf  +  6^j 

should  give  between  (6,  <p)  the  relation 

_  cos  ff  —  cosO  cos  <f>  _ 

that  is,  the  last-mentioned  equation  should  be  obtained  by  the  elimination  of  x  from 
the  equations 

m  {sin  d  +  sin  0)  =  2Vl(c  -I- «)'  +  «'],     m  (sin  0  -  sin  <p)  =  2^/{(e  -  xf  +  h'']. 

3.  The  equation  in  (d,  tfe)  may  be  written 

or,  squaring  and  reducing, 

sin^  0  +  sin^  0  =  sin^  ^  +  2  cos  a  cos  0  sin  ^  sin  .^  +  sin^  a  sin''  6  sin^  0, 
that  is 
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But  from  the  two  equations  in  x,  we  have 

■m^  (sin*  Q  +  sin'  <^)  =  4c^  +  2«^  +  26^  +  ^!',     in?-  sin  ^  sin  0  =  4cai  -^a?  —  \?, 
whence 

6.-„.  +  ,„..i„D.inj, 
*^*  2c 

therefore 

■  ^  a       ■  ^  J      4c=  +  26=  +  2(1-      /6'  -  (t=  +  m=  sin  ^  sin  iA'\= 


Hence,  comparing  the  two  results,  we  have 

I  —  cos^  a  —  cos^  ;3  _  4c'  +  2fc*  +  2a.^      cos  a  cos  0  _¥  —  a^        .       _  ''^  . 
sin^  a  rii^  '  sin  a.  2cni   '     "  2c ' 

or,  as  these  may  also  be  written, 

sin  a  =  —  ,     cos^  a  +  cos'^  0  =  — -- —  ,     2  cos  a  cos  /?=  -  ;r— — ; 
whence 

(cos  a  +  cos  Sy  =  — — ,     (cos  a  —  cos  8Y  =   -■—  ,     sin  a  =  -r- ; 

so  that  m  being  put  equal  to  unity,  or  otherwise  assumed  at  pleasure,  a,  b,  c  arc 
given  functions  of  a,  /3.  Or  conversely,  if  a,  h,  C  are  assumed  at  pleasure,  then  a,  0,  m 
are  given  functions  of  these  quantities. 

5.  It  is  to  be  remarked  that  (a,  0)  being  real,  a  and  b  will  be  imaginary,  and 
consequently  the  points  S,  H  of  Professor  Sylvester's  theorem  are  imaginary(');  if,  how- 
ever,  we  write  —a?,  -t'  in  place  of  a?,  b^  respectively,  then  the  radicals  ^/Ko  +  x'f  —  a^}, 
•JKc  —  xy  —  b^]  have  a  real  geometrical  interpretation.  The  system  of  relations  between 
(a,  0,  a,  b,  c,  m)  becomes 

(cos  a  +  cos  0y=~,    (cos  n  -  cos  /3)=  =  - ,     sin  a  =  —  ; 
and  considering  (a,  b,  c)  as  given,  we  may  write 

a  +  b  ^     a-b  ,r,  o     ,        7wi 

cos  a  =  — ^~  ,     cos  /3  =  -^-  ,     m  =  v(4c-  -  (a  +  oy\, 

viz.  we  have  either  this  system  or  the  similar  system  obtained  by  writing  —  6  in 
place  of  b. 

6  Consider  tv\o  circles  with  the  ladii  '  i  an  i  having  the  listance  of  then 
centres  =2c   and   to   fix   the   ideas   assume    that   2c>a  +  &    thit   i&    that   the   aifles  aie 

'  Prof  Sylvester  remarks  that  aceordinc  aa  j9  a  Ilss  or  greater  tl  an  a  we  may  lind  real  valies  of 
S  ip  equal  to  one  anotliei  in  the  one  oaoe  and  suppleme  itar j  in  the  other  Henca  e  must  in  any  case 
be  able  to  make  r—O  and  -0  ind  ffprently  whi  h  hows  i  r  that  the  line  being  siipohed  leal  each 
poinl  S  H  nrn^t  be  imie  n  r  bit  m  that  1  e  -irjiaicd  distance  of  either  fr  m  the  1  ip  lUst  he  a  al 
ntgat    e  jui  lit i    conformabb  to  Pr  f    Ciyley  s  iiiortait  obseivatioi  m  the  te\t      W    T    M 
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exterior  to  each  other.  The  foregoing  equations  signify  that  90"  —  a,  90°  -  ^  are  the 
inclinations  to  the  line  of  centres  of  the  inverse  and  the  direct  common  tangents 
respectively,  and  that  in  is  the  length  of  the  inverse  common  tangent.  And  the 
theorem   is,   that   considering   two   circles  as   above,   and    taking   M  a   variable   point    in 


the  line  of  centres,  if  r,  s  denote  the  tangential  distances  of  M  from  the  two  circles 
respectively,  and  if  m  be  the  length  of  the  inverse  common  tangent  of  the  two 
circles,  then  the  angles  d,  0  determined  by  the  equations 

m  sin  S  =  r  +  s,     m.  sin  <^  =  r~s, 

are  connected  by  the  relation 

cos  /3  =  cos  6  ciy&  ^  +  sin  9  sin  0  cos  a, 

{a,  ^)  being  constant  angles,  determined  as  above. 

7.  It  is  to  be  remarked  that,  assuming 

sin  «_V[V-(a  + 6)^1 
sin^      V{4c' -(«-&)=}  ■ 

that  is,  i  =  inverse  common  tangent  -h  direct  common  tangent,  then  we  have 

cos«  =  V(l-/-"sin=^)  =  A^, 

or  the  equation  in  d,  <^  becomes 

cos  ^  =  cos  ^  cos  i^  +  sin  ^  sin  0  A^, 

which  is  the  algebraical  equation  connecting  the  amplitudes  of  the  elliptic  functions 
in  the  relation  F{0)  + F  (•}>)  =  F(0), 

8.  It  is  very  noticeable  that  the  above  figure  leads  to  another  relation  in  elliptic 
functions,  viz.  it  is  the  very  figure  employed  for  that  purpose  by  Jacobi ;  in  fact, 
considering  therein  YM  as  a  variable  tangent  meeting  the  circle  A  in  the  two  points 
X  and  X',  then  if  Sif-,  2\f''  denote  the  angles  GAX,  GAX'  respectively,  it  is  easy  to 
see  geometrically  that  we  have  d'^  :  d'^'  =  YX  :    YX' ;   where 

{YXy=^(BXr-b-\   =4c^  +  «'^  +  4accos2V'-6',    ={2c  +  ay-b'-8acsm'ir, 

milarly   (YXJ^ 
differential  equation  is 


and    similarly   (YX'f  -  (2g  +  af  -  ly' -  Sac  sin^  ^jf' ,    that    is,   writing    /^=,n     ,     \2_f3' 


dilr  d-\}r' 

V(l  —  l^  sin=  i|r)      ^/(l  —  l^  sin^  i|r') 
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correspoii<iing  to  an  integral  equation 

the  modulus  of  the  elliptic  functions  being 

In  the  problem  above  considered  the  modulus  is 

_Vl4c' -(«»  +  &)'] 
''■  -V(4c=-(<i-6)V 

and  it  is  not  very  easy  to  see  the  connexion  between  the  two  results, 


[Vol.  VI.  p.  81.] 

Theorem:   by  Pbofessoe  Catley. 

If  {A,  A'),  (B,  B")  are  four  points  (two  real  and  the  other  two  imaginary)  related 
to  each  other  as  foci  and  antifoci  (that  is,  if  the  lines  AA'.  BB'  intersect  at  right 
angles  in  a  point  0  in  such  wise  that  OA  =  OA' =  i.OB  =  i.OB'),  then  the  product 
of  the  distances  of  any  point  P  from  the  points  A,  A'  is  equal  to  the  product  of 
the  distances  of  the  same  point  P  from  the  points  B,  B'. 

In  fact,  the  coordinates  of  A,  A'  may  be  taken  to  be  (a,  0),  {~a,  0),  and  those 
of  B,  B'  to  be  (0,  ai),  (0,  -  fxi) ;   whence,  if  (ir.,  y)  are  the  coordinates  of  P,  we  have 

(APy^{x'-<if-\-y'  =  {x-<i-^  iy)  {x-a-  iy), 
(A-Py  =  (x  +  ay  +  f  =  (x+a  +  iy)(x-ha-  iy), 
(BP  y  =  a^  +  {y- iay  =  {x  +  iy  +  'i)(x-iy-  a), 
(B'Pf  =  a^  +  (y+iay  =  {x  +  {y-a)(x-iy+a), 
from  which  the  theorem  is  at  once  seen  to  be  true. 

An  important  application  of  the  theorem  consists  in  the  means  which  it  affords 
of  passing  from  the  ibci  {A,  B,  C,  D)  of  a  bicirculsir  quartic,  to  the  antifoci  (A,  B)  and 
(G,  B);  viz.  if  these  are  (A',  B\  C,  ZX),  then  the  equation  l^/(A)  +  m-^(B)  +  ii  ^(C)  =  0 
must  be  transformable  into  l'\/(A')  +  m't/(B')+n' i/{G')'=  0.  Writing  these  respectively 
under  the  forms 

I'A  +  iri-B  -  Ti'G  +  2lm  ^/{AB)  =  0,     l''A'  +  m''B'  -  n'^G'  +  n'm'  -^{A'S')  =  0, 

the  two  radicals  •J{AB),  \f(A'B')  are  identical;  aod  the  remaining  terms  in  the  two 
equations  respectively  are  rational  functions,  which  when  the  ratios  I'  :  m'  :  n'  are 
properly  determined  will  be  to  each  other  in  the  ratio  Im  :  I'm';  the  two  equations 
being  thus  identical. 
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[Vol.  VI.  p.  99.] 

1970.  (Proposed  by  Professor  Catley.) — Find  the  conditions  in  oixler  that  the 
conies 

U={a,  b,  cf,  s.  *$■».  y.  «)'  =  l).     ir'=(«'.  b:  c',/',  g',  t'la,.  y.  2)'=0, 

may  have  double  contact. 

Sohition  by  ike  Pkoposer. 

The  coefficients  of  the  two  conies  must  be  so  related  that  for  a  properly  deter- 
mined value  of  6  we  shall  have  identically  U —6X1' =  {Xx  + fty  +  vz)';  but  when  this 
is  so,  the  inverse  coefficients  of  the  (juadric  function  JJ—QJI'  are  each  =0;  that  is, 
writing 

(A,  B,  a ,  F ,  G,  H)  =  {bc-~f\  ca-f.  ab-h?,  gh  -of,  hf-hg.  frj-ch) 
{A',  E',  C,  r.  G\  H-)  =  {b-d  -/■■', . .  gh'  -  a'f, . .) 

(31,  ©,  (S,  3  ,  ®,  .t.)  =  (6e'+fe'e-2//',..  gh'  +g'h^af -a /,.:). 

then  we  have  the  six  equations  A  —  6^-\- 6^A'  —  0,  &c. 
Or,  eliminating  0,  the  required  conditions  are 

A.    B,    C,    F,    G,    H     =0, 
A',    B',    C,    F',    G',    H' 

21,   33,   e,  S ,   ®,   ^ 

equivalent  to  three  relations  between  the  two  sets  of  coefficients. 


[Vol.  VII.,  January  to  July,  1867,  pp.  17—19.] 

2110.  (Proposed  by  Professor  Catley.) — Prove  that  the  locus  of  the  foci  of  the 
parabolas  which  pass  through  three  given  points  is  a  uuieursal  quintic  curve  passing 
through  the  two  circular  points  at  infinity. 


Solution  by  the  Proposee. 

More  generally  it  may  be  shown  that  for  the  conies  which  pass  through  three  given 
points  and  touch  a  given  line,  the  locus  of  the  intersection  of  the  tangents  drawn 
from  two  fixed  points  Q,  Q  on  this  line  to  each  conic  of  the  series  is  a  unieursal 
quintic  passing  through  the  two  points  Q  and  Q'. 

Taking  the  three  given  points  to  be  the  angles  of  the  triangle  {x  —  0,  y  =  0,  s  =  0), 
and  the  points  Q,  Q  to  be  the  points  (a,  yS,  7)  and  («',  ^,  7')  respectively,  the  equation 
of  a  conic  through  the  three  points  is 

fyz  4-  gzx  +  hary  =  0, 
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which  conic  will  touch  the  liue  through  the  points  (a,  j9,  '/){«',  ^,  fy),  if 

■JVW  -  Pl)\  +  Vfs  (.1'!  -  y«))  +  Vll  («/3'  -  «'/3))  =  0. 

The  equation  of  the  pair  of  tangents  from  (a,  /9,  7)  to  the  conic  is 

(/\  9\  h\  ~gh,  ~kf,  -hg\yy-^z,  az-'^x,  ^x-ayy  =  0, 
that   is 

«?  (J7  +  t^)-  +  y  ( Ja  +/f)'  +  2"  W  +  (,»)' 

+  2,»  (2jt.'  -  (ha  *fy){fl3  +  m)] 
+  ia  [ihgH-  -  (//3  +  ja )  (,7  +  lifl)] 
+  ^  Wsf  -  (97  +  hfi)  (ia  +/7  )1  -  0, 

but  one  of  the  tangents  through  (a,  /3,  7)  being 

"  W  -  /S-t)  +  J (7«'  -  7'«)  +  « (a;3'  -  a/3)  =  0, 

it  follows  that  the  other  tangent  is 

(31  +_hffl         (h^+Jjl        (//3  +  ga)-  _ 
ffi-'ffy    ^•'  7<,'-7'a    ^     «/3'~a'0 

Hence,  writing  for  shortness 

A-gi+he,    B-htx+fy.     C-ffi+ga, 
A'-gi'  +  hff',     B'-hd+fri',     C'^fff+gi, 

the  equations  of  the  tangents  from  Q,  Q  respectively  are 

A'  _f 4-;*.    J- 


^'^;^-^=». 


_?__ 


0, 
and  for  the  coordinates  of  the  intersection   of  these  tangents,  we  have 

BC-  -B'G=  f  1-/(^7-  --  ^V)  +  9  (7"'  -  7'«)  +  h  (a^'  -  «'^)j 

To  satisfy  the  equation 

V  I/Wt'  -  /37)1  +  V  {!7  (7«'  -  7'")!  +  V  1'.  W  -  ««i, 
write 

^_        iJ^-  _    _J'^_  ,_ (? 

■'      0y'  -  y3'7  '         ^  "  7a' -  7a'  '  ~  a/iJ'  -a'^  ' 

and  therefore  a  +  &  +  o  =  0 ;   wo  then  have 

-fW  -  &'y}  +  9  {7a'  -  7'q)  +  ^''  (a^'  -  ^^),  =-a'  +  h'  +  c\  =  -  26c ; 
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and  thence 

/|-/(W  -  /3V) + 9  (■»"■  -  y«)  +  i  {"«'  ~  «'«1  =  fs/lfj..!  (-  a'* 

and  the  equations  become 

X  -.y  :  s=a(BO'  +  B'G)  :  b(GA'  +  C'A)  :  c(AB-  +  A'B), 

■where   BC'  +  B'G,    GA'+C'A,   AB'  +  A'B,    substituting    therein    for  f,  g,   k    the    vahies 

-^-! — s,-  ,   — -, i   ,    -^, r^ ,  are  respectively  functions  of  the  fourth  tlegree  in  a,  b,  c: 

Pi  -  P  7      70!  -  7  a     ap  —  a/3  '^  ''  ° 

hence  (a,  b,  c)  being  connected  by  the  relation  a  +  b  +  c=0,  x,  y,  s  are  proportional 
to  quiutic  functions  of  (a,  b,  c),  or  what  ia  the  same  thing,  writing  a,  b,  c=l,  0,-1  —  8, 
then  X,  y,  z  are  proportional  to  quiutic  functions  of  0,  that  is,  the  locus  is  a  unicursal 
■qaintic  curve. 

That  the   curve   passes   through  the  points  (a',  0,  j)  and  (a,  ^,  7)  appears  by  con- 
sidering the  conies /yz+gsii>  +  ha:y  =  0,  which  pass  through  these  points  respectively. 

For  the  first  of  these  conies  we  h&ve  f:  g  :  h^ai^y'—^y)  :  0(ya'-ya)  :  a(By'—^''y); 
the  equation 

/37— P7  ya  —ya.  a.p  —  a  p 

reduces  itself  to  x{0y' —  B'y)  +  y{y3' —y'a)  +  e(a^' —  a'^)  —  0,  and  as  the  other  equation 


is   that    of   a    line    through    (a',  /3',  7')    the    two   lines    meet    of    coarse     in    the     point 
{a',  0',  y').    And  the  like  for  the  conic 

f  -.g  -.  h^a'(By--^y)  :  ji' {ya' -y'a)  :  y' {a^' -  cl' jB). 

If  the  triangle  is  equilateral,  and  {x,  y,  z)  are  respectively  proportional  to  the 
perpendicular  distances  from  the  three  sides,  then  we  have  for  the  circular  points  at 
infinity 

(a,  ft  7)-(l.  ».  »■),     («',  /3',  7')-(l.  »',  »), 

where  to  is  an  imaginary  cube  root  of  unity.     These  values  give 
^57'  —  ^y  =  ya!  —  ya.  =  a/3'  —  a'^  =  (o=  —  w 
aa'  =  0ff  =  77'  =  1,     0y'  +  B'y  =  7a'  +  7'a  =  a/3'  +  a',3  =  -  1 ; 
and  the  expressions  for  (x,  y,  z)  take  the  form 

X  :  y   :  E  =  a\Wc^- a^{a^^\i' A- &)] 
:  b  |2c=a^  -  6=  (a=  +  i'  +  <f)] 
:  c  {•IfjJ'b' -  c' (0^  +  b^  +  c'^)], 
or,  what  is  the  same  thing,  reducing  by  means  of  the  relation  a  +  b  +  c  =  0, 

X  :  y  :  z  =  a{a*-  2a?bc  -  2W)  :  b(¥~  2¥ca  - 2cW)  :  c (c*  - 2c=a6  ~  2a?(f), 
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and   the   equation  of  the  curve  ia  obtained  by  eliminating  (a,  b,  c)  from  these  equations 
and  the  before  mentioned  equation  a  4-  6  +  c  =  0. 

N,B.  The  above  is  a  particular  case  of  the  following  general  theorem  of  M,  Chasles: 
If  the  conies  of  a  system  (fi,  v)  all  of  them  touch  the  line  QQ',  the  locus  of  the 
intersection  of  the  tangents  through  Q,  Q'  to  each  conic  of  the  series  is  a  curve  of 
the  order  ^fj.+  v,  having  a  (J^)-tiiple  point  at  the  points  Q,  Q'  respectively. 


[Vol.  VII.  pp.  26,  27.] 


2250.     (Proposed   by   Professor   Cayley.) — Prom   the  focal   equation  of  +y^  =  (liv  +  nf 
of  a  conic,  deduce  the  remaining  three  focal  equations. 


Solvtion  by  the  Proposer. 
We  are  to  find  a,  /3,  L,  M,  N  such  that  the  equation 

{x  -  af  +  (y-  0f  =  {Lx  +  %  +  Nf 

may  be  identical  with  the  given  equation.  It  is  at  once  seen  that  we  must  have 
M  =  0  or  else  L  =  0;  the  first  supposition  gives  two  solutions,  one  of  which  is  the 
given  equation  itself,  the  other  is 

The  second  supposition,  L  =  0,  gives  two  solutions,  which  only  differ  by  the  sign  of 
i  (=V  — 1),  viz.  these  arc 

-  (ly  ±nif 


I  In  \-      I    _    Ini  \=     -  (ly  +  n%f 


There    is,    of  course,  no    difficulty    in    verifying    the    identity  of  each    of  the    three    forms 
with  the  given  form  a?  +  y"  ~  (Ix  +  n)'. 


[Vol.  VII.  pp.  33,  34,] 
1991.     (Proposed   by    Professor    Cayley.) — Given    a    point    and    throe    lines ;    it    is 
required   to   draw   through    the   point   a  plane    meeting   the   three   lines   in   three   points 
equidistant  from  the  given  point. 

Solvtion  by  the  Proposer. 

Let    0   be   the   given   point,    OA'^a,    OB' =  b,    OG'^c   the    perpendiculars    let    fall 
from   0   on   the  given  lines  respectively.     Take  8  an   arbitrary  line,  and  from  the  points 

72—2 
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A',  B',  C  measure  oif  on  the  three  lines  respectively  the  distances  A'J.  =  +  \/(^  —  a.^), 
B'B  =  ±-J{&'  —  ¥),  C'C=  ±  ^(8^—c"),  or,  considering  each  radical  as  containing  implicitly 
the  sign  ±,  what  is  the  same  thing,  the  distances  A'A^^^B'-a^  B'B  =  t/(8^  —  b'), 
G'0—lj{6'^  —  tf),  then  we  have  OA  —  OB  =  OC{=d)\  and  consequently  the  problem  is 
to  determine  6  in  such  wise  that  the  plane  ABC  may  pass  through  the  given  point 
0 :  for  we  shall  then  have  through  0  a  plane  meeting  the  three  given  lines  in  the 
points  A,  B,  C  equidistant  from  0. 

The  coordinates  of  A,  B,  G  are  linear  functions  of  the  radicals  'Ji&'  —  n''),  ■J(6'—h% 
V{^  — cO  respectively.  Taking  0  as  origin,  the  condition  in  order  that  the  plane  ABO 
may  pass  through  0   is 

a',,     J„     1  1  =  0. 

':,.    y,.    1 


and   substituting   for    the   coordinates   their   values   in   terms   of    $,   this   is   an    equation 
linear  in  each  of  the   three  radicals,  or  say,  an  equation  of  the  form 

(V(^-a=),  l)(V(^-6').  1)  (V(^-c^),  I)  =  0- 
But  we  may  represent  any  one  of  the  three  radicals,  say  'J(&'  —  c:')  by  a  single  letter  s ; 
and  this  being  so,  we  have  V(^  —  «0  =  V{s^  +  c'  -  a^)  =  V-P  suppose,  and  ^/{d^  -  b") 
= '^(^  +  c^ —b^)  —  t/Q  siippoae;  and  it  is  to  be  observed  that  there  is  no  loss  of  generality 
in  assuming  that  the  distance  C'c  =  s  is  measured  off  from  G'  in  a  determinate  sense, 
for  as  s  passes  from  — »  to  +  oc ,  we  thus  obtain  for  c  every  position  whatever  on  the 
line  in  question ;  whereas  the  other  two  distances  A'A,  B'B,  represented  by  the  radicals 
VP  and  VQ  respectively,  remain  each  of  them  with  the  double  sense  ±.  The  equation 
in  s  is  of  the  form 

(s,  1)WP,  l)WQ.  l)-0, 

or,  what  is  the  same  thing,  it  is  of  the  form 

a  V(PQ)  +  ^  VP  +  7  \/Q  +  S  =  0, 

where  (a,  0,  y,  S)  are  respectively  linear  functions  of  s. 

Proceeding  to  rationalise  the  equation,  we   have  first 

a^PQ  +  2aS  ^(PQ)  +  B'  =  jB'-P  +  f  Q  +  Wl  V(^Q), 
and  then  finally 

(o:=Pg  -  ^P  -  y'^Q  +  B-'Y  =  4  (^7  -  r^^y  PQ. 

which,  observing  that   P,  Q  are  each  of  them  of  the   second   order   in  s,  is  an  equation 
of  the  twelfth  order  in  s;   that  is,  the  number  of  solutions  is  =12. 

The  solution  of  the  problem  is  greatly  simplified  when  a^h^c,  that  is,  when 
the  three  given  lines  are  tangents  to  a  sphere  having  its  centre  at  the  given  point. 
We  have  in  this  case  ^/P=±s,  VQ  =  +  s,  or  the  equation  in  s  is 

(s,r)(±s.  l)(±s,  1)  =  0; 
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that  is,  the  equation  of  the  twelfth  order  hreaka  up  into  four  equations  each  of  the 
third  order.  The  geometrical  theory  may  also  be  further  developed.  In  fact,  assuming 
on  each  of  the  three  lines  respectively  a  certain  sense  as  positive  (and  thus  isolating 
a  set  of  three  solutions)  the  construction  is,  on  the  three  lines,  from  the  points  A',  B',  0' 
respectively,  measure  off  the  distances  A'A=^B'B  =  C'G  =  s.  Then  the  points  A,  B,  0 
form  on  the  three  lines  respectively  three  homographic  series;  that  is,  the  lines 
BG,  OA,  AB  are  respectively  generating  lines  of  three  hyperboloids,  viz.  hyperboloids 
which  pass  respectively  through  the  second  and  third  lines,  the  third  and  first  lines, 
and  the  first  and  second  lines.  Taking  the  given  point  0  as  the  centre  of  projection, 
and  projecting  the  whole  figure  on  any  plane  whatever,  the  projections  of  the  lines 
BC  are  the  tangents  of  a  conic  v/hich  is  the  projection  of  the  visible  contour  of  the 
hyperboloid  generated  by  the  lines  BC;  and  the  like  for  the  lines  CA  and  AB. 
Hence  in  the  projection,  or  plane  figure,  we  have  a  triangle  whereof  the  sides  A',  B",  C 
are  the  projections  of  the  three  given  lines  respectively ;  inscribed  in  this  triangle  we 
have  a  variable  triangle  ABC,  such  that  the  side 

BC  envelopes  a  conic,  say  (A),  which  touches  B'  and  C, 
GA  envelopes  a  conic,  say  (B),  which  touches  C  and  A', 
AB  envelopes  a  conic,  say  (C),  which  touches  A'  and  B'. 
The  conies  {A){B){C)  have  three  common   tangents,  say  L,  M,  N;   the  conies 
(S)  and  {C)  having  besides  the  common  tangent  A', 
{C)  and  (A)  having  besides  the  common  tangent  B', 
(A)  and  (B)  having  besides  the  common  tangent  C, 

so  that  the  common  tangents  of  the  conies  (B)  aud  (G),  (G)  and  (-.4),  (-.4)  and  (B)  are 
the  lines  A',  B',  G'  each  once,  and  the  lines  Z,  M,  N  each  three  times.  In  the  entire 
series  of  triangles  ABC  there  are  three  triangles  which  degenerate  into  the  lines  L,  M,  N 
respectively,  these  being  in  fact  the  projections  of  the  tiiaugles  ABG  of  the  solid 
figure  which  lie  in  a  plane  with  0.  Or,  what  is  the  same  thing,  the  planes  of  the 
required  triangles  ABC  of  the  solid  figure  are  the  planes  through  0  and  the  three 
lines  L,  M,  and  N,  respectively. 


[Vol.  vii.  pp.  34—36.] 
1993.     (Proposed   by   T.   Cotterill,    M,A.) — If  P   is   a   point   on   a   circle,  in   which 
A    and  B  are   fixed   points   on   a   diameter  at  equal  distances  from  its  centre,  the  curve 
envelope   of  lines    cutting    harmonically  the    two    circles   whose    centres  are  A    and  B  and 
radii  AP,  BP  respectively,  is  independent  of  the  position  of  P  on  the  circle. 


Solution  hy  Professor  Oayley. 
1.     More   generally,  the   problem   may  be   thus   stated:   If  two   conies  touch  at  /,  J 
the   lines  01,    OJ  respectively ;   if  P   be   a   variable   point  on   the   first   conic,  and    OAB 
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a  fixed  line  through  0  meeting  the  second  conic  in  the  points  A  and  B;  then  con- 
sidering the  conic  which  passes  through  P  and  touches  at  /,  J  the  lines  AI,  AJ 
respectively,  and  also  the  conic  which  passes  through  P  and  touches  at  /,  J  the  lines 
BI,  BJ  respectively;  the  envelope  of  the  lines  which  cut  harmonically  the  last-mentioned 
two  conies  is  a  conic  independent  of  the  position  of  P. 

2.     Taking   x  =  0,   y  =  0,   s  =  0    for    the    equations    of   the    lines    01,   JI,   and    O.T 
respectively,  the  equations  of  the  two  given  conies  are 

ivz  —  y^  =  0,     hxz  —  1/^=0; 

hence  the  coordinates  of  P  may  be  taken  to  be 

X  :  y  •  z  =  \  :  e  :  d\ 

and  the  coordinates  of  the  points  A  and  B  may  be  taken  to  be 

X  :  y  :  z  =  \   :  ka.  :  ka!-,    and    w  :  p  :  s  =  1  :  —  ka  :  ka?. 

The  equations  of  the  lines  AI,  AJ  are 

kax  -^  =  0,     z  —  cty=0; 

hence  the  equation  of  the  conic  touching  these  lines  at  the  points  I,  J  respectively, 
and  also  passing  through  the  point  P,  is 

(kax-y)(s-ai/)_f 
(ka  -6)  {6-  a)        e  ' 

and  similarly  the  equations  of  the  lines  BI,  BJ  being 

kax  +  y  =  0,     s  +  ay  =  0, 

the  equation  of  the  conic  touching  these  lines  at  the  points  I,  J  respectively,  and 
also  passing  through  the  point  P,  is 

(kax  +  y)(z  +  ay}_f 
'ik<4  +  0y{8  +  a)        8' 

or   multiplying  out  and  reducing,  if  the  equations  of  the  two  conies  are  represented  by 

(»,  t,  c,  /,  g.  *fe  y.  z)'  =  0.     («',  h',  e,  /',  <,',  K^^x,  y.  zf  -  0, 

respectively,  thcD  the  values  of  the  coefficients  are 

(i-O,  n'=0, 


t  =  2{to+«>-fa9), 

!.'.2(-fa= 

c-0, 

c'=0, 

/=-*. 

/'-«. 
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Now  the  tangential  equation  of  the  envelope  of  the  line  which  cuts  harmonically  the 
last-mentioned  two  conies,  is 

(W  +  h'c-2fr, .  .  .  gh'  +  !/h-af  -0.%  .  .  .-^l  ,,  t;)>; 

or  substituting  fur  a  iSec.  a'  &c,,  their  values,  it  is  found  that  the  coefficientH  of  this 
equation  have  ail  of  them  the  common  factor  2^-',  and  that  omitting  this  factor  the 
equation  is  independent  of  6,  viz.  the  tangential  equation  of  the  envelope  in   question  is 

(1,  -k^a\  1i?a.\  0,  k{2k~l)a.\  Ojf,  ^,  O'-O. 

which  proves  the  theorem. 

3.     In  particular,  if  k=\,  that  is   if  the   points   A,  B  lie  on  the  conic  xz  ~y-=Q, 
then  the  tangential  equation  of  the  envelope  is 

(1,  -a\  a\  0,  2^  OJf,  jj,  ^)^  =  0, 
that  is 

or,  what  is  the  same  thing,  the  equation  is 

and  thus  the  envelope  breaks  up  into  tho  two  points 

that  is,  the  points  (1,  —a,  a^)  and  (1,  a,  a-),  which  are  the  points  A  and  B  respectively. 
That  is,  in  the  problem  in  its  original  form,  if  the  points  A  and  ii  are  the 
extremities  of  a  diameter  of  a  given  circle,  then  the  two  constructed  circles  are  a 
pair  of  orthotomic  circles  with  the  centres  A  and  B  respectively ;  and  the  theorem  is 
the  very  obvious  one,  that  any  line  through  the  centre  of  either  circle  cuts  the  two 
circles  harmonically. 


[Vol.  Vii.  pp.  52,  53,] 


2270.  {Proposed  by  Professor  Cayley.) — To  reduce  the  equation  of  a  bicircular 
quartic  into  the  form  8S'—/ifL  =  0,  where  8=0,  S'^0  are  the  equations  of  two  circles, 
L  =  0  the  equation  of  a  line.     (See  Salmon's  Higher  Plane  Curves,  p.  128.) 


Solution  hy  the  Proposer. 

The  equation  of  a  bicircular  (fuartic  may  be  taken  to  be 

{ai'  +  ty  +  {ii,  +  ii,){'^'  +  y-')  +  V,  +  v,  +  v,  =  G, 

where,  and   in  what  follows,  the  subscript  numbers  denote  the  degrees  in  the  coordinates 
{x,  y)  of  the  several  functions  to  which  they  are  attached. 
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Introducing  an  arbitraiy  constant  d^,  and  putting  the  equation  under  the  form 

(a?  +  y-J  +  (w,  +  Mo  -  S«)  (a:*  +  y^)  +  ^o  («*  +  y')  +  z",  +  Wi  +  ii,  =  0, 
this  may  be  identified  with 

{a?  +  y-'  +  ]h+pMx''  +  y'  +  q,  +  q<,)  +  r,  +  r,^Q  ; 
viz.  the  conditions  in  order  to  this  identity  are 


that  is 


Hence 


Pi  +i>o  4-  ?i  +  So  =  Wi  +  «(,  -  6a, 

Pi  +  2,  =  «j-    p^  +  qa  =  u^-B„ 
p,q,=e,{x-'  +  y^)  +  %,     piqo+p,qi  +  r,  =  v„     p,q,- 


where  the  right-hand  side  is  a  quadric  function  (x,  yY,  which,  when  the  discriminant 
thereof  is  put  =  0,  (that  is,  when  ^j  is  determined  as  the  root  of  a  quadric  equation,) 
is  a  perfect  square,  p^  —  q,  is  then  a  known  linear  function,  and  Pi  +  qi  being  equal  to 
the  linear  function  ti,,  wc  have  pi  and  q^  as  linear  functions  of  {x,  y).  We  may  take 
for  the  constants  p^  and  go  ^.ny  values  satisfying  the  equation  po  + So='«o  — ^o;  and  we 
then   have 

ri  =  v,  —piqa  —poqi,     fn  —  Va—poqa, 

which  completes  the  determination ;   the  form 

(af  +  y^+ih  +Po)  ia^  +  y''  +  q,  +  q,)  +  n  +  n  =  0 
is  of  course  the  same  as  the  proposed  form  SS'  —  l^L  =  0, 

Cor.  a  somewhat  more  convenient  form  is  UU'  —  k"V=0,  where  U=0.  U'  =  0 
are  the  equations  of  two  evanescent  circles  (pairs  of  imaginary  lines),  F=0  the  equation 
of  a  circle  ;  in  fact  the  original  form  88'  —  I^L  =  0  may  be  written  (8  —  a)  (8'  —  a.') 
+  (aS' +  a'8—aa! —  k'L)  =  0,'wh.mh,  when  a,  a'  are  so  determined  that  S  — a  =  0,  jS'  — a'=0 
may  be  evanescent  circles,  is  of  the  required  form  UV  —  fifV^O.  The  equation  UU'^O 
is  that  of  the  two  pairs  of  tangents  to  the  curve  at  the  circular  points  at  infinity 
respectively;  in  fact,  writing  U^pq,  U' -p'q,  each  of  the  lines  p  =  0,  5  =  0,  p'  =  0,  q'  =  0 
meets  the  circle  V=0  in  one  or  other  of  the  circular  points  at  infinity,  and  therefore 
only  in  a  single  point  not  at  infinity;  hence  each  of  these  lines  meets  the  curve 
UU'  —  k'V^O  three  times  in  one  of  the  circular  points  at  infinity,  that  is,  the  line 
in  question  is  a  tangent  to  one  of  the  two  branches  through  the  circular  point  at 
infinity. 


[Vol.  vii.  pp.  S7,  88.] 

2309.     (Proposed  by  Professor  Cayley.) — Show  that  for  n  things 

1  —  (no.  of  partitions  into  i  parts)  +  1.2  (no.  of  partitions  into  -S  parts) .... 

+  1 .  2  .  3  . .  (h  —  1)  (no.  of  partitions   into  n  parts)  =  0. 


Hosted  by 


Google 


485]  PROBLEMS  AND  SOLUTIONS.  577 

For   infitance,  n  =  4 ;    partitions   of  (a,  b,  c,  d)  into   two  parts  are   {a,  bed),  {b,  cda), 

(c,  dab),  {d,  ahc),  (ab,  cd),  {ac,  db),  {ad,  be) ;   no.   is  =  7.     Partitions   into  three   parts   are 

(ab,  c,  d),  (ttc,  b,  d).  (ad,  b,  c),  (be,  «,  d),  (b,  d,  ac),  (cd,  a,  b) ;   no.   is  =  6.     Partition   into- 
4  parts  is  (a,  b,  c,  d);   no.  is  =  1.     And  we  have 

1-1.7  +  2.6-6.1  =  13-13  =  0. 


Solution  by  the  Proposer. 

Write  K  =  tta  + 6yS  +  C7+ ... ,  where  a,  ft  7...  are  positive  integers  all  of  them 
different,  ami  a,  y3,  7...  are  positive  integers;  and  consider  the  partitions  wherein  we 
have  <i  parts  each  of  a  things,  b  parts  each  of  ^  things,  &c.  Writing  as  usual 
n  (ji)=l .  2.3 ...  11,   the   number   of  partitions   of  the   form   in   question   is 

_  Un 

~Ila.Ub...{naf{1llif...' 

whence,  putting  for  shortness  a  +  /S+..,=p,  the  theorem  may  be  written 
.,    y-,  U(p-l)Un       __ 

^  '^    n(t.n&...(n«)''(n/3)^..     ' 

the  summation  extending  to  all  the  partitions  n=  aa  +  b0  + ... ,  as  explained  above. 

Now  if  the  n  quantities  ib,  y,  z,...  are  the  Jith  roots  of  unity,  we  have  te  +  y  +  z ...  =0, 
and  therefore  also  (x  +  y  +z...)^=0,  and  the  general   term  of  the  left-hand  is 

— _-  [a"  8''    1 

where  [(("yS''...]  denotes  the  symmetrical  function  2a;'y°...(n  factors)  u^v^ ...  (b  factors)... 
of  the  roots  x,  y,  z,  u,  y. ..of  the  equation  ^  —  1  =  0;  where,  as  above,  m=  (t«  +  i/3+ ... . 
Now  by  a  formula  not,  I  believe,  generally  known,  but  which  is  given  on  p.  175  of 
the  translation  of  Hirsch's  Algebra  (Hirsch's  Collection  of  iJxamples  £c.  07i  tlie  Literal 
Calculus   and  Algebra,   translated   by   the   Rev.  J.  A.  Ross,  London,  1827),   the   value    of 

the   sum   in   question   is   =  {—f~'  w     r,) —  '^'   ^^^^^'^   p  =  a-\-b+  ... ,    (the   sign    +,   given 

in  the  formula  as  quoted,  is  at  once  seen  to  be  (—)''"') ;  whence,  substituting  and 
omitting  the  factor  )(,  we  have 

^^    '       Ua.nb...{llaf{U^f...      "' 
which  is  the  required  theorem. 

Observation,  In  Cauchy's  Exercices  d' Analyse  &c.,  t.  in.,  p.  173,  is  given  a 
formula  relating  to  the  same  mode  of  partition  of  the  number  n,  viz.  this  is 

s ^ =  n,. 

na.n()...«-,3*... 
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I  have  somewhere  made  the  remark  that,  on  the  left-hand  side,  the  terms  which 
belong  to  the  odd  and  the  even  values  of  a  +  b+  ...(=p)  are  equal,  and  that  we  have 
therefore 

^<->'"ffl.n".".-y  ...=''■ 

which  is  a  theorem  haviug  a  curious  analogy  with  that  demonstrated  above. 


[Vol.  VII.  pp.  99—102.] 

2286.  (Proposed  by  W.  H.  LavertY.) — If  we  have  (n  -  2)  sets  of  n  quantities 
each,  (0|,  a..  ...  0,1),  (;3i,  A  ...  ;§„),  ...  (/V-i,  Xj  ...  \t),  comiected  with  the  u  quantities 
(Tj,  r^...rn)  by  ^n{n  —  V)  equations  of  which  the  type  form  is 

(fli  -  aiy  +  i^t  -  BiT  +  ■ .  ■  (Xj  -  Xi)'  =  n'  +  n^ ; 

then  show  that 

11  1  P       P  P 

±  +  -^+..,  +  A  =  0   and   -^  +  --  +  ...-^=0, 

where  P  is  any  one  of  the  quantities  a,  ^,  j  ...X. 


Solution  hy  Professor  Cayley. 

Consider  the  case  «.  =  *;  we  have  between  {a^,  ct,,  a^,  a^),  (y3i,  ^.,,  ^3,  &,),...  {i\,  r.^,  r,,  r,) 
six  equations,  such  as  the  equation 

(»,-,,)■  + (A- A)' =  n' +  >■■';  (12) 

and  it  is  in  effect  required  to  show  that  these  equations  give 


.   «3,     ySa,      1    . 

viz.  considering  (Oj,  y3i),  (a^,  ^1),  (03,  /3a),  (Oj,  A)  as  the  rectangular  coordinates  of  four 
points  in  a  plane,  then  (123)  is  the  area  (taken  with  a  proper  sign)  of  the  triangle 
formed  by  the  points   1,  2,  3 ;   and  the  like   for  (234)  &c. 

Combining  the  equations  as  follows, 

(12)  +  (34)-(13)-(24), 

the  r's  disappear,  and  we  have  an  equation 

(a,  -  a,)  (a,  -0,)  +  (A  -  A)  (A  -  A)  =  0, 
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which  shows  that  the  lines  14  and  23  intersect  at  right  angles;  similarly  the  lines  12 
and  34,  and  also  the  lines  13  and  24,  intersect  at  right  angles ;  or  starting  from  the 
given  points  1,  2,  3,  the  point  4  is  the  intersection  of  the  perpendiculars  let  fall  from 
the  angles  1,  2,  3  of  the  triangle  123  on  the  opposite  sides  respectively. 

Again  combining  the  equations  as  follows, 

(12) +  (13) -(23), 
we  obtain 

r,'  =  («.,  -  .,)  (.,  -  «.)  +  (A  -  A)  iff,  -  A). 

The  entire  system  of  equations  will  remain  unaltered  if  we  pass  from  the  original  axes 
to  any  other  system  of  i-ectangulai'  axes;  hence  taking  the  axes  of  ic  in  the  sense 
from  1  to  2  along  the  line  12,  0i  —  0^  becomes  =0,  and  we  have 

a,-a.  =  12,     03-01=1(12,  34); 

viz.  ^a- Oi  is  the  distance  12  of  the  points  1  and  2,  a^  —  cti  is  the  distance  1(12,  34) 
of  the  point  1  from  the  point  (12,  34)  which  is  the  intersection  of  the  lines  12  and 
34 ;   we  have  therefore 

n^=12.1(12,  34). 
But  similarly 

jV  =  21.2(12,  34),  =12.(12,  34)2, 

(since  21  =  -12  and  2(12,  34)  =  - (12,  34)2).     And  we  have  therefore 

r-'  :  r,=  =  l(12,  34)  ;  (12,  34)2,   or   \  :  -^  =  (12,  34)2  :  1(12,  34). 

Write 

^      (12,  34)2                  1(12,  34) 
X_  -j2— ,         M -jg— 

where  1  (12,  34)  and  (12,  34)  2  are   as   above  the  distances  from  1   to  (12,  34)  and  from 

(12,  34)   to   2;  and,   in   the   denominators,    12   is   the   distance   from    1   to   2 ;    we  have 

\+fi  =  l;  the  coordinates  of  (12,  34)  are  X.ai+/i&,  \0i  +  fi3i3  and  the  values  of  \,  /* 
are  obtained  by  writing  \ai  + fj.a.,,  Xft  +  ^jS^,  X  + fi  for  w,  y,  1  in  the  equations 

r-  "■  'r' 

-.,    A,    1 


of  the  line  34.     Making  this  substitution,  we  find 

X(134)  +  /t(234)  =  0. 

where  as  above 

(134)  =  I  a,,     A. 
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we   have  therefore 

X  ;  ^=(:i34)  ;  -  (134)  =  (234)  :  -(341), 

or,  what  is  the  same  thing, 

(12,  34)2  :  1(12,  34)=(234)  :  -(341); 
and  consequently 

1  :    -,  =(234)  :  -(341); 

or  completing  the   system   by  symmetry 

i    :  i   :  JL  ..  1^(234)  :  -(341)  :  (412)  :  -  (123), 
which  is  the  required  result. 

In  the  case  n=  o,  we  have  between 
(a„  a,,  a,.  a„  «,),     (A.  A-  A.  0^'  A),     (7i.  7^-  7^-  74.  7.0-     (n,  r„  n,  r„   r,) 
ten  equations  such  as  the  equation 

(a,  -  a,Y  +  (/9:  -  A)^  +  (7,  -  rd'  =  r\'  +  n'-  (1 2) 

We  obtain  as  before  the   equation 

(a.  -  a.)  («,-«.)  +  (A  -  A)  (A  -  A)  +  (y,  -  7.)  (7.  -  7.)  -  «. 

which,  considering  (a,,  /3i,  71)  &c.  as  the  rectangular  coordinates  of  five  points  1,  2,  3,  4,  5 
in  space,  signifies  that  the  line  14  is  at  right  angles  to  the  line  23;  the  five  points 
are  therefore  such  that  the  line  joining  any  two  of  them  is  at  right  angles  to  the 
line  joining  any  other  two  of  them,  whence  also  the  line  joining  any  two  is  at  right 
angles  to  the  plane  through  the  remaining  three  points.  (The  points  1,  2,  3,  4  form 
a  tetrahedron  such  that  that  12  and  34,  also  13  and  42,  also  14  and  23  are  at  right 
angles  to  each  other,  two  of  these  conditions  imply  the  third ;  and  this  being  so,  if 
a  further  condition  be  satisfied,  the  perpendiculars  from  1,  2,  3,  and  4  on  the  opposite 
faces  respectively,  will  meet  in  a  point  5,  and  we  shall  have  the  system  of  points 
1,  2,  3,  4,  5  related  as  above.) 

We  further  obtain  as  before 

rf  -  {«.  -  «,)  (<,,-.,)  +  (A  -  A)  (A  -  A)  +  (7,  -  7.)  (7.  -  7.). 

or  taking  the  axis  of  x  in  the  sense  from  1  to  2  along  the  line  12,  we  have 
A  — A  =  0,  71-75  =  0,  and  the  equation  becomes 


and  similarly 
whence 


ri=  =  12.1(12,  345), 
r,=  =  12.(12,  345)2; 

\  :  -^,  =  (12,  345)2  :  (12,  34-5)1. 
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WHting   them   X  =  ^lii^^,   ^=^^?^   (and   therefore   \+/t  =  l)   we   find   (\  /*) 
by  substituting  Xsi  +  ^naa,  \0^  +  fi^^,  Xyi  +  f^y2,  X  +  t^  f^  ^.  y,  «,  1   '»i  tl»e  equation 


1  i=0 


I  «„     ^.,     7..     1   1 
of  the  plane   345  ;   we  have  thus 

X  (1345) +  /i  (2345)  =  0, 

\  :  M=(2345)  :  -  (1345)  =  (2345)  :  (3451), 

(12,345)2  :  1(12,  345)  =  (2345)  :  (3451), 


that  is 
whence 
that   is 


^:  — ^  =(2345)  :  (3451), 

or  completing  by  symmetry 

\--\--  \-  -,■■  A  =  (2345)  :  (3451)  :  (4512)  :  (5123)  :  (1234;, 

which  is  the  theorem  for  the  case  n=  o.  The  general  case  depends,  it  is  cleai',  upon 
similar  reasoning  in  a  {n~  2)dimeDsional  geometry ;  leading  to  the  conception  in  this 
geometry  of  a  figure  of  (n  —  1)  points  such  that  the  lino  joining  any  two  of  them  is 
at  right  angles  to  the  line  joining  any  other  two  of  them. 


[Vol.  vii.  p.  106.] 


2331.  (Proposed  by  Professor  Cayley.) — Show  that  it  is  possible  to  find  (X,  Y,  Z) 
linear  functions  of  the  trilinear  coordinates  {x,y,z)  such  that  the  equations  ceX  =  yY=zZ 
may  determine  four  given  points. 


[Vol.  viiL,  July  to  December,  1867,  p.  26.] 

2321,     (Proposed   by   Professor   Cayley.) — Given   a  conic,   to   find   four    points    such 
that  all  the  conies  through  tho  four  points  may  have  their  centres  in  the  given  conic. 


[Vol.  VIII.  p.  36.] 

2371.  (Proposed  by  Professor  Cayley.) — (4).  If  P,  Q  be  two  points  taken  at 
random  within  the  triangle  ABC,  what  is  the  chance  that  the  points  A,  B,  P,  Q  may 
form  a  convex  quadrangle  ? 
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[Vol.  VIII.  pp.  51,  52.] 

Note  on  Question  1990.     By  Professor  Cayley. 

The  theorem  of  paragraph  i  {Reprint,  vol.  vi.  p.  88),  (ascribed  by  Professor 
Sylvester  to  Mr  Crofton),  that  "  if  a  circle  and  a  straight  line  be  cut  by  any  transversal 
in  three  points,  these  will  be  the  foci  of  a  system  of  Cartesian  ovals  having  double 
contact  with  one  another  at  two  6xed  points,"  may  be  enunciated  under  a  more 
complete  form,  as  follows : 

If  in  a  given  circle  the  chords  PP|,  BC  meet  in  A,  then  each  of  the  two 
Cartesians,  foci  A,  B,  C,  which  pass  through  P,  will  also  pass  through  P, ;  and  more- 
over, if  a,  a'  be  the  diametrals  of  the  chord  PP^  (that  is,  the  extremities  of  the 
diameter  at  right  angles  to  PP-^)  then  the  tangents  at  P,  P,  to  one  of  the  Cartesians 
will  be  aP,  aPj  respectively,  and  to  the  other  of  them  a'P,  a'P,  respectively,  these 
tangents  being  thus  independent  of  the  position  of  the    chord  BC;  and  thence  also  thus; 


!  through 


then  (the  points  of  the  several  pairs  being  properly  selected)  the  points  (a,  ^,  7)  and 
the  points  (p{,  ^',  7')  will  each  lie  in  a  line  through  P,  viz.  the  lines  Pa0y  and 
Pa'y3'7'  will  be  the  tangents  at  P  to  the  two  Cartesians  respectively. 

The  two  Cartesians  meet  in  the  points  P,  Pi,  Pj,  P3,  and  in  the  symmetrically 
situated  points  in  regard  to  the  axis  ABO;  the  theorem  contains  as  part  of  itself 
the  well-known  property  that  the  two  Cartesians  cut  at  right  angles  at  each  of  their 
points  of  intersection ;  it  gives  moreover  the  construction  of  the  following  problem : — 
given  the  foci  A,  B,  0,  and  one  intersection  P  of  a  pair  of  triconfocal  Cartesians,  to 
find  the  remaining  intersections,  and  the  tangents  at  each  of  the  intersections. 


Given  the  points  A,  B.  G 

in  lined,  ai 

id  the 

point 

P; 

through  P.  B,  G  draw  a  circk 

■-(A)> 

md  let  FA  meet  this  in  P„ 

P,  G,  A 

„ 

(B) 

PB 

P,. 

P,  A,  B 

„ 

(0) 

„ 

PC 

P.. 

then  each 

of  the  Cartesians,  foci  A,  B,  0 

',  which  pass 

through 

P    wi 

W  also  p 

Pi, 

P.,  P. 

;   and  if 

a,  a'   are 

the  diametrals  of  PP, 

in  circle 

(A). 

A^' 

PP, 

(-B), 

7.  7' 

PP. 

(C). 

[Vol  VIII.  pp.  70—72.] 
1911.  (Proposed  by  Professor  Caylby.) — Given  four  points,  and  also  the  "  conic  of 
centres"^viz.  the  conic  which  is  the  locus  of  the  centres  of  the  several  conies  which 
pass  through  the  four  given  points ;  then  if  a  conic  through  the  four  given  points 
has  for  its  centre  a  given  point  on  the  conic  of  centres,  it  is  required  to  find  a 
construction  for  the  asymptotes  of  this  conic. 
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Solution  by  the  Proposer. 

1.  Consider  four  given  points,  and  in  connection  therewith  a  given  line  IJ\  the 
locus  of  the  poles  of  IJ,  in  regard  to  the  several  conies  -which  pass  through  the  four 
points,  is  a  conic,  the  "conic  of  poles."  Consider  a  particular  conic  0,  through  the 
four  points ;  the  pole  of  IJ  in  regard  to  the  conic  *5>  is  a  point  G  on  the  conic  of 
poles,  and  the  tangents  from  C  to  the  conic  ©  meet  the  conic  of  poles  in  two  points 
H,  K;  the  chord  of  intersection  HK  passes  through  the  point  II  which  is  the  pole 
of  IJ  in  regard  to  the  conic  of  poles.  Moreover,  the  polars  of  a  point  C,  in  regard 
to  the  several  conies  through  the  four  points,  meet  in  a  point  11',  the  "  common 
pole "  of  C,  and  in  particular  if  C  be  the  point  G  on  the  conic  of  poles,  then  the 
common  pole  is  a  point  li  on  the  line  //;  this  being  so,  the  line  HK  passes  (as 
already  mentioned)  through  11,  and  the  lines  HK  and  fin  are  hai-monics  in  regai'd 
to  the  conic  of  poles. 

2.  Assuming  the  foregoing  properties,  then,  given  the  four  points,  the  line  IJ, 
the  conic  of  poles,  and  the  point  C  on  this  conic ;  we  may  construct  11  the  pole  of 
IJ  in  regard  to  the  conic  of  poles;  and  also  II  the  common  pole  of  C;  the  line  HK 
is  then  given  as  a  line  passing  through  11,  and  harmonic  to  Ilfl  in  regsird  to  the 
conic  of  poles;  this  line  meets  the  conic  of  poles  in  the  points  H,  K;  and  then 
GH,  GK  are  the  tangents  from  C  to  a  conic  ©  which  passes  through  the  four  points. 

3.  In  particular  if  IJ  be  the  line  infinity,  then  the  conic  of  poles  is  the  conic 
of  centres;  IT  is  the  centre  of  this  conic;  il  is  as  before  the  common  pole  of  G; 
HK  is  given  as  the  diameter  of  the  conic  of  centres,  conjugate  to  Ilil;  H,  K  are 
the  extremities  of  this  diameter ;  and  then  GH,  CK  are  the  asymptotes  of  the  conic 
through  the  four  points,  which  has  the  point  G  for  its  centre ;  and  the  asymptotes 
are  therefore  constructed  as  required.  If  the  points  H,  K  are  imaginary,  the  asymptotes 
will  be  also  imaginary ;   the  conic  ®  is  in  this  case  an  ellipse. 

4.  It  is  hardly  necessary  to  remark,  in  regard  to  the  construction  of  the  point  fl, 
that  we  have  among  the  conies  through  the  four  points,  three  pairs  of  lines  meeting 
in  points  P,  Q,  R  respectively  (it  is  clear  that  the  conic  of  poles  passes  through  these 
three  points);  the  harmonics  of  CP,  CQ,  GR  in  regard  to  the  three  pairs  of  lines 
respectively  meet  in  a  point,  which  is  the  required  point  H.  In  the  particular  case 
where  the  point  G  is  on  the  conic  of  centres,  the  three  harmonics  are  parallel ;  it 
is  therefore  sufficient  to  construct  one  of  them ;  and  the  line  HK  is  then  the  diameter 
of  the  conic  of  poles,  conjugate  to  the  harmonic  so  constructed. 

5.  It  remains  to  prove  the  properties  assumed  in  (1).  We  may  take  3  =  0  for 
the  equation  of  the  line  //,  jc  =  0,  j/  =  0  for  the  equations  of  the  tangents  to  the 
conic  0  at  its  intersections  with  the  line  I  J,  so  that  we  have  (a:  =  0,  y=0)  for  the 
coordinates  of  the  point  G;  the  equation  of  the  conic  ©  will  be  of  the  form  :^~!cy  =  0, 
and  the  four  points  may  then  be  taken  to  be  the  intersections  of  the  conic  s''~xy  =  0, 
and  the  arbiti'ary  conic 

(a,  h.  c,  f,  g,  h\x,  y,  zf  =  0, 
The  equation  of  the  conic  of  centres  is  found  to  be 

X  {ax  +  ky  +  gs)  —  y  (hx  +  by  +fs)  =  0,  or  ax-  —  by^  +  <jzx  —  hxy  =  0  ; 
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or,  as  it  may  also  be  written, 

(2a,  -2b,  0,  -/,  S-,  05^,  ^,3)^  =  0; 

and  it  is  convenient  to  remark  tliat  the  equation  in  line  coordinates  (or  condition  that 
this  conic  may  be  touched  by  the  line  ^x  +  'i]y+^z  =  0)  is 

The  line  x  =  0  meets  the  conic  of  poles  in  the  point  «  =  0,  hy+fz^O,  and  the  line 
y  =  0  meets  the  same  conic  in  the  point  y  =  0,  ax-^gz  =  Q\  hence  the  lino  HK,  which 
is  the  line  joining  these  two  points,  has  for  its  equation 

afx  +  hgy^-fgz^O; 

and  it  only  remains  to  be  shown  that  this  line  passes  through  the  point  11,  and  is 
the  harmonic  of  the  line  Ilfl  in  regard  to  the  conic  of  centres.  The  point  11  is 
the  pole  of  the  line  s  =  0  in  regard  to  the  conic  of  centres,  its  coordinates  are  at 
once  found  to  be 

x  :  y  :  s  =  bg  :  af  :  —  2ab ; 

and  we  thence  see  that  11  is  a  point  on  the  line  HK.  The  point  U  is  given  as  the  inter- 
section of  the  polars  of  0  in  regard  to  the  conies  :^-xy=^^,  and  (ra,  b,  c,f,  g,  K^x,  y,  zf  =  0 
respectively;  that  is,  as  the  intersection  of  the  lines  3  =  0,  and  gx  +fy +  cz  =  0;  its 
coordinates  therefore  are 

X  :  y  :  s=-f  :  g  :  0. 

Hence  the  equation  of  the   line   IIIl  is 

Ubg  X  +  2ahfy  +  (ap  +  hf)  z  =  0. 

Now,  in  general,  if  we  have  a  conic  the  line-equation  whereof  is  {A,B,  G,F,  G,S'^^,v,Cy  =  0, 
then  the  condition  in  order  that,  in  regard  thereto,  the  lines  'Xje  +  fiy  +  vs  =  0  and 
Wx  +  i^'y  +  v'z  =  0  may  be  hannonics,  is 

(A.  B,  G,  F,  G.  ffJX,  M.  "W'  f^''  "')  =  <'; 
that  is 

AW  +  B/j.fj,'  +  Cvv'  +  F  (fip  +  fi'p)  +  G  (vX'  +  v'X)  +  H  (\fi  +  ?t»  =  0, 

Hence,  in  order  that  the  two  lines  HK  and  UH  may  be  harmonics  in  regard  to  the 
conic  of  centres,  we  should  have 

{~f\  -9\  -4«i.  2a/;  2%,  -fgjcff,  bg,  fg\2abg,  2abf,  ap  +  bg'^)=0. 
But    developing,    and    omitting    the    common    factor    abfg,    which     enters    into    all    the 
terms,  this  equation  is 

-  (2a/=;  -  (2&/)  -  4  {ap  +  V)  +  iW  +  2  {ap  +  bg%  +  [46^^  +  2  {ap  +  bg')]  -  2  {ap  +  bf)  =  0, 

which  is  identically  true ;  and  the  lines  HK  and  Ilfl  are  therefore  harmonics  in 
regard  to  the  conic  of  centres. 
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[Yol  viii.  p.  74.] 

2371.  (Proposed  by  Professor  Cayley.) — If  P,  Q  be  two  points  taken  at  random 
within  the  triangle  ABC,  what  is  the  chance  that  the  points  A,  B.  P,  Q  may  form 
a  convex  quadrangle  ? 


[Vol.  VIII.  pp.  86.  87.} 


2466.  (Proposed  by  H.  Murphy.) — If  four  points  A,  B,  G,  D  be  either  in  the 
same  plane  or  not,  and  if  the  three  rectangles  AB.CD,  AG.DB,  AD.BG  be  taken; 
the  sum  of  any  two  of  them  is  greater  than  the  third,  except  when  the  points  lie  on 
the  circumference  of  a  circle. 


Solution  by  Pkofessor  Cayley. 

Write  for  shortness  BC=f,  CA=g,  AB  =  h;  AD=a.  BD  =  h,  CfJ  =  c;  then,  Lemma, 
if  r  be  the  radius  of  the  sphere  circumscribed  about  the  tetrahedron  ABGD,  we  have 

where  the  left-hand  side  is  —  .t76FV,  if  V  be  the  volume  of  the  tetrahedron. 

Suppose  first  that  the  points  are  not  in  the  same  plane,  then  the  left-hand  side 
(=576T''V)  is  positive;  therefore  the  right-hand  side  is  also  positive,  or  putting  for 
shortness  af=a,  hg  =  $,  oh  =  'f,  we  have 

2^y+27=a=-|-2a=^^-a'-/3*-y  =  -l-,  that  is,  4,3y  -  (tf^  -  ^— 7^)^  = -|-, 

and  thence  a</3-|-7;  for  if  a  were  equal  to  or  greater  than  ^  +  'y,  say  a  =  0  +  y  +  ic, 
the  left-hand  side  would  be  4!0"-y^  ~  {2S'y  +  2  (^  +  y) x  +  w^W  which  vanishes  if  x  =  0, 
and  is  negative  for  x  positive.  Similarly  ^<y  +  a,  'y<a  +  0;  and  the  theorem  is  thus 
proved  for  the  case  where  the  four  points  are  not  in  a  plane. 

Starting  from  this  general  case,  if  we  imagine  the  point  D  continually  to  approach 
and  ultimately  to  coincide  with  the  plane  ABC,  but  so  as  not  to  be  in  the  circle 
ABC,  then  the  expression  2^y^  +  2'fa^  +  2a^0!'-' a.^  —  ^'-'/,  which  does  not  vanish  in  the 
limit,  is  throughout  equal  to  the  positive  quantity  576  FV  (in  the  limit  F  is  =  0 
and  r  —x ,  but  Vr  is  finite,  and  of  course  V^r^  is  positive),  that  is.  the  expression  in 
question  is  =-|-,  and  the  theorem  follows  as  before.  Of  course  when  the  four  points 
are  in  a  circle,  then  the  expression  is  =  0,  and  consequently  one  of  the  quantities 
a,  iS,  7  is  equal  to  the  sum  of  the  other  two. 

C.  VII.  74 
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The  lemma  is  at  once  proved  by  means  of  my  theorem  for  the  relation  between 
the  distances  of  five  points  in  space,  [Caniiridge  Mathematical  Journal,  vol.  ii,  (1841), 
p.  260,  [1],]  viz.  if  the  point  1  is  the  centre  of  the  circumscribed  sphere,  and  the  points 
2,  3,  4,  5  are  the  points  A,  B,  0,  D  respectively,  then  the  relation  in  question,  viz. 

=  0 


0 

,     (12)'. 

(13)' 

(")■. 

(isy,  1 

(21) 

0  , 

(23)' 

(2*)-, 

(25) 

,     1 

(31) 

,     (32)', 

0 

(34)'. 

(35) 

,     1 

(41) 

,     («)', 

(13). 

0  , 

(45) 

',     1 

(51) 

.   (say, 

(Dif 

(»*)', 

0 

,     I 

1 

1  , 

1 

1   , 

1 

,     0 

0,     ?■' 

r\ 

j^,     r' 

=  0. 

t",    0 

h; 

g;    «.' 

)<■,  h' 

0  , 

f.    V 

<'.  If 

/", 

0,     c- 

r^,    ft' 

f, 

e,   0 

1,     1 

1, 

1 ,    1 

0 

Multiplying  the  last  line  by  -r'  and  adding  it  to  the  first  line,  this  is 
-r",     0,     0,     0,     0,     1     =0, 

'r',    0,    h"-,     ff,     a\ 

r",     h\     0,    f\    If, 

r\    9%    p,     0,     &, 

r\    a\    6=,     (f,     0, 

1,     1,     1,     1  ,     1, 
and  then  proceeding  in  the  same  way  with  the  first  and  last  columns  the  equation  is 


21", 

0, 

0, 

0, 

0, 

0   , 

0, 

h; 

s'. 

»", 

0   , 

i", 

0, 

A 

f, 

0   , 

f. 

/-. 

0, 

c\ 

0   , 

"'. 

K 

c\ 

0, 

1    , 

1, 

1, 

1, 

I, 

0 

which  is  in  fact  the  equation  of  the  Lemma.  See  my  papers  in  the  Quarterly 
Journal  of  Mailismatics,  vol.  HI.  (1859),  pp,  275—277,  [286],  and  vol.  v,  (1861), 
pp.  381—384,  [297]. 
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CoK. — It   appears   by  the   demonstration   that   for  any  four   points   not   in   the   same 
plane,  the  expression 

+  {a^p  +  6V)  (g'-  +  A=  -/'}  +  {b^g"  +  <?o?)  (A=  +/=  -  g^)  +  {o%'  +  a^b^)  (/=  +  g^-  k^} 
is  always  positive. 


[Vol.  viii.  pp.  105,  106.] 


2472.     {Proposed   by  Professor   Cayley.)— Through   four  points   on   a   circle  to   draw 
a  conic  such  that  an  axis  may  pass  through  the  centre  of  the  circle. 


Solutioii  by  tlie  Pkoposer, 

Let  the  equation  of  the  conic  be  {a,  b,  c,  f,  g,  h'^x,  y,  1)=  =  0,  then  if  as  usual 
the  inverse  coefficients  are  represented  by  (A,  B,  C,  F,  G,  H),  the  equation  of  the  two 
axes  is 

(a  -  b)  (Cw  -  G)  (Gy  -F)  +  h  [(Cx  ~  Gf  -  (Cy  -  Ff]  =  0, 

whence  if  an  axis  pass  through   the  origin 

(a-b)FG  +  h(G''-F')  =  0. 

Consider  now  the  circle  0^+1/^  —  1=0  and  on  it  the  four  points  in  which  it  is  inter- 
sected by  the  conic  {a,  b,  c, /,  g,  K^x,  y,  1)^  =  0;  then  for  any  conies  through  the  four 
points  we  have 

{a,  b,  c,f,  g,  h^c,  y,  iy  +  \(a?  +  f~l)  =  0; 

so  that,  taking  this  for  the  equation  of  the  required  conic,  and  representing  it  by 

(a',b',c',f',g',  h'\x,y,  lf  =  0, 
the  values  of  the  coefficients  are 

«.'  =  o  +  X.,     b' ^h  +  \,    c'  =  c  +  X.,    /'  =/     g'  =g,     hf  =  h, 
and  we  thence  have 

F'  =  F-Xf,     G-  =  G-Xg,     a--b'  =  a-b,     h'  =  h. 
The  required  relation  is 

{a'  -  V)  F'G'  +  h'  (G"  -  F')  =  0, 
that  is 

(a-b){F-\/)(G-\g)  +  k{iG-Xgy-(F-Xfr}  =  0, 

a  quadric  equation  in  X;  and  substituting  for  X  ea«h  of  its  two  values,  we  have  the 
two  required  conies 

(a,  b,  C.f,  g,  h^cc,  y,  l)^  +  X(a-  +  2^- 1)  =  0, 
for  each  of  which  an  axis  passes  through  the  centre  of  the  circle. 

~~  "        ~  74—2 
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[Vol.  IX.,  January  to  June,  1868,  pp.  20,  21.] 

Hfote   on    Question    2471.     By    Professor    Caylbv. 

In  the  singularly  beautiful  solution  which  Mr  Woolhouse  has  given  of  this 
question  (see  Reprint,  vol.  viii.  p,  100),  it  is  important  to  note  what  is  the  analytical 
problem  solved,  and  how  the  solution  is  obtained.  Considering  a  plane  area  bounded 
by  any  closed  convex  curve,  and  in  it  three  points  P,  P',  P",  Mr  Woolhouse  investi- 
gates the  average  area  of  the  triangle  PP'P",  viz.  this  depends  on  the  sextuple  integral 

I  ±  {"^'y"  —  ^'y'  +  '■'^"y  —  '^y"  +  ^y'  —  ^y\  dx  dy  dx'  dy  dx"  dy", 

where  the  sign  +  has  to  be  taken  so  that  +  {  j  shall  be  positive,  and  where  the 
integration  in  respect  to  each  set  of  cooi^dinates  extends  over  the  entire  closed  area ; 
the  difficulty  is  as  to  the  mode  of  dealing  with  the  discontinuous  sign.  It  is  remarked 
that  the  integral  is 

=  6  l±  [x'y"  —  x"y'  +  cc"y  —  ^;y"  +  xy'  —  x'y\dxdydie'  di/ dx" dy"  ; 

the  variables  in  this  last  expression  being  restricted  in  such  wise  that  x,  x",  x'  are  in 
the  order  of  increasing  magnitude;  the  term  +{  }  is  of  the  form  ±{x' —  x){^' —  jS), 
where  ^  is  independent  of  y,  and  where  (as  is  easily  seen)  if  v",  u"  be  the  upper 
and  lower  ordinate  corresponding  to  the  abscissa  x",  then  ^  lies  between  the  values 
m"  and  v".  But  a;'— ic  is  positive,  hence  the  sign  +  must  be  so  taken  that  ±{y"~IS) 
shall  be  positive,  that  is,  from  y"  =  u"  to  y"  =  ^  the  sign  is  — ,  and  from  y"  =  (3  to 
y"  =  v"  the  sign  is  +. 

Hence  for  the  integration  in  regard  of  y"  we  have 

J±  (y"  -  0)  dy"  =  f^  +  iy"  -  ^)  dy"  +  j'^  -  (y"  -  0)  dy",  =  ^  (v"  -^f  +  i(^-  u"y ; 

and  the  discontinuous  sign  +  is  thus  got  rid  of  The  remaining  integrations  are  then 
effected  in  the  order  x",  y',  y,  x',  x,  the  limits  being  for  x"  from  x  to  x',  for  y'  from 
u'  to  v',  and  for  y  from  w  to  u  (if  the  upper  and  lower  ordinates  corresponding  to 
the  abscissa  x  and  x'  are  v,  u  and  v',  u'  respectively)  and  finally  for  x'  from  x  to  the 
maximum  abscissa,  and  for  x  from  the  minimum  to  the  maximum  abscissa.  The  tinal 
result    involves    only   single    definite    integrals    between    the    extreme    values    of   x,   the 


functions    under    the    integral    si 
arbitrary  inferior   limit,   say  x 
by   taking  the  axes   to   be   prinei 
however   somewhat   complicated ; 
the   value   is   invariantive,   that 


ign  containing  indefinite  integrations  from  the  same 
the  form  of  the  result  (previous  to  its  simplification 
,1   axes   through  the  centre  of  gravity  of  the  area)  is 

and  it  would  not  be  easy  to  show  a  posteriori,  that 
independent   of  the   position    of  the   axes :    that  this 


i  of  course  apparent  from  the  original  form  of  the  integral. 
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[Vol.  IX.  pp.  38,  39.J 
2530.     (Proposed  by  Professor  Cayley.) — Trace  the  curve 
l_        _J. 1         ^^ 

where  the  coordinates  «,  y,  2  are  the  perpendicular  distances  of  the  current  point  P 
from  the  sides  of  an  equilateral  triangle,  the  coordinates  being  positive  for  a  point 
within  the  triangle. 


Solution  by  the  Proposer. 

The  form  of  the  equation  shows  that  the  curve  is  a  tricuspidal  quartic,  having  a 
real  cusp  at  the  point  (x  =  Q,y=  0),  and  two  imaginary  cusps  at  the  points  (3  =  0,  x  +  ty  =  0) 
and  {z  =  Q,  tc  —  iy^  0),     The  rationalised  form  of  the  equation  is 

(a^  +  y^y  —  izx  (a^  +  y'^)  -  iz^  =  0. 

=  0,   the   point    G  twice,  and   two   other  real  points  a,  a   on 


a:  =  0   gives   f-(f-- 
the  line  BC. 


y=0 
line   CA. 


'?{x  —  4-z)  =  0,   the   point   G   three    times,   and    a 


It   is   easy  to   find   that   there   is   a  double   tangent   s+2a;  =  0,  viz.   z+2a:=0  gives 
(Sx'  —  y^y  =  0,    two    points    t,  t    (each  twice)  on  the  line  in  question. 

Laying  down  these  points,  it  appears  that  the  curve  must  have  two  real  asymptotes, 
and  that  the  form  is  as  shown  in  the  figure. 


[Vol  IX.  pp.  55,  56.] 


2553.     (Proposed  by  Professor  Cayley.) — Show  that  the  surface  yV+s^^+a^j/^— 2,^^3=0 
meets   the  sphere   x'  +  y^  +  z-  =1    in   four   circles ;   and    explain   in   a  general  manner  the 
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form  of  the  curve  ol  intersectioo  of  the  sui'face  by  aoy  other  sphere  having  the  same 
centre,  and  thence  the  form  of  the  surface  itself  (being  a  particular  case  of  Steiner's 
surface,  and  which  by  the  homographic  transformations  w'^,  vr'-y,  vr^z  for  x,  y,  z 
gives  y''z^ +  z^i)?  +  x^'^—'i'wxyz  =  0,  the  general  eqiiation  of  Steiner's  surface). 


Solution  by  the  Pkoposer. 

Take  X,  X',  Y,  ¥',  Z,  Z'  the  intersections  of  the  sphere  «=  + 1/^  +  z'^  =  1  by  the 
three  axes  respectively;  then  we  have  x^ -^-y'^-Vz^^X,  a;  +  j/+£  =  — 1,  the  equations  of 
the  circle  through  the  points  X',  Y' ,  Z' ;  and  from  these  two  equations  we  deduce 
yz  +  zx  +  xy  =  0,  and  thence 

3/'^  +  z^fl!*  +  ^y''  +  2xyz  (x  +  y  +  e)=i), 
that  is 

y''z'' -\- Z''a?  +  a?y' —  2icyz  =  Q  ; 

so  that  the  circle  lies  on  the  quartic  surface ;  and  by  changing  successively  the  signs 
of  each  two  of  the  three  coordinates,  we  have  three  other  circles  lying  on  the  sphere 
and  also  on  the  quartic  surface ;  viz.  we  have  in  all  four  circles,  the  above-mentioned 
circle  through  {X',  Y',  Z'),  and  three  other  circles  through  {X',  Y,  Z),  {X,  Y',  Z), 
{X,  Y,  Z')  respectively,  malting  together  a  curve  of  the  order  8,  the  complete  inter- 
section of  the  quartic  surface  by  the  sphere. 

The   quartic   surface   lies   entirely  in  the  four  octants  of  space  xyz,  xy'^,  x'yz',  x'y'z; 

and   as   to   the   portion   of   the   surface   which    lies    in    the    octant    xyz,   this    meets    the 

sphere   ai' +  ■f  +  z'' ^^  \    in   portions   of   the   three   circles  {X',   Y,  Z)(X,   ¥',  Z)(X,  Y,  Z') 

constituting  a   tricuspidal   form   lying  within   the   octant   XYZ  as   shown   in   the   figure. 

The   intersection  by  a   sphere,   radius   <  1,  projected   on   the   octant   XYZ,  is  a   trinodal 

form,  lying   outside   the   tricuspidal    one,  as   shown   by   a   dotted   line   in  the  figure ;   the 

intersection   by   a   sphere   radius    >  1,   projected   in   the   same   way,   is  a    trigonoid    form 

lying   inside   the   tricuspidal   one,  as  also   shown  by  a  dotted  line  in  the   figure ;  as  the 

2 
radius    approaches    to    and    ultimately    becomes    =  -^ ,    this    diminishes,    and    becomes 

ultimately  a  mere  point,  and  when  the  radius  is  greater  than  this  value  the  intersection 
is  imf^inary. 


Imagine    on    the    solid    sphere,    radius    =  1,   the    four    tricuspidal    forms    lying    in 
alternate    octants   as   above ;    cut   away   down   to   the   centre   the   portions   lying   without 
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these    tricuspidal    forms ;    and    build    up    on    the   tricuapidal    forms,    until    the    greatest 

distance   from   the   centre   becomes   =  70 ;   we   have  a  solid  figure  with  four  prominences 

situate  as  the  summits  of  a  tetrahedron,  the  bounding  surface  whereof  is  the  surface 
in  question  :  it  is  to  be  added  that  the  axes  are  nodal  lines  on  the  surface,  viz.  the 
portions  which  lie  within  the  solid  figure  are  the  intersections  of  two  real  sheets  of 
the  surface,  the  portions  which  He  without  the  solid  figure  are  isolated,  or  acnodal,  lines 
on  the  surface. 


[Vol.  IX.  pp.  73,  74.] 

2673.  (Proposed  by  Professor  Cayley.) — The  envelope  of  a  variable  circle  having 
for  its  diameter  the  double  ordinate  of  a  rectangular  cubic  is  a  Cartesian. 

(Definition.  The  expression  "a  rectangular  cubic"  is  used  to  express  a  cubic  with 
three  real  asymptotes,  having  a  diameter  at  right  angles  to  one  of  the  asymptotes  and 
at  an  angle  of  45"  to  each  of  the  other  two  asymptotes,  viz,  the  equation  of  such  a 
cubic  is  x^f  =  a^  +  6a!^  +  ca;  +  rf.j 

Solution  ly  the  Proposer. 
The  equation  of  the  variable  circle  may  be  taken  to  be 

{^^ef  +  f  =  0^-2me  +  a+  -^- , 

viz.  6  being  the  abscissa  of  the  rectangular  cubic,  the  squared  ordinate  is  taken  to 
be  = -7,{6^  —  itn^' +  ad  +  2A),  or,  what  is  the  same  thing,  the  equation  of  the  variable 
circle  is 

Hence,  taking  the  derived  equation  in  regai'd  to  8,  we  ha" 
x—m  —  -pr,  =  \), 


that  is,  the  equation  of  the  envelope  is 

which  is  a  known  form  of  the  equation  of  a  Cartesian. 
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[Vol.  IX.  pp.  82,  83.] 

2493.  (Proposed  by  Professor  Cayley.) — 1.  Given  the  conic  U  =  0  (but  observe 
that  the  function  U  contains  implicitly  an  arbitrary  constant  factor  which  is  not  given) 
and  also  the  conic  f"+l  =  0,  to  construct  the  conic  U+l  =  0,  where  ^  is  a  given 
constant. 

2.  Given  the  conies  (7  =  0,  U+1  =  0,  V=0,  F+1=0,  and  the  constants  0,  k,  to 
construct  the  conic  dU +  0-'V +2k  =  0. 

Solution  by  the  PROPOSER. 

1.  The  conies  (7  =  0,  (7+1  =  0,  U+l  =  0  are  obviously  concentric  similar  and 
similarly  situated  conies,  and  if  drawing  a  line  in  any  direction  from  the  centre,  the 
radius-vectors  for  the  three  conies  respectively  are  r,  r,  R,  then  it  is  easy  to  see  that 
we  have 

There  is  no  difficulty  in  constructing  geometrically  the  radius  R,  and  then  the  conic 
JJ+l—d  is  given  as  the  concentric  similar  and  similarly  situated  conic  passing  through 
the  extremity  of  this  radius. 

2.  To  construct  the  conic  6U  +8~'V -\''ik  =  0.  By  what-  precedes,  we  may  con- 
struct the  two  conies  dU  +k—Q,  6~'V  +k  =  0  ;  the  four  points  of  intersection  of  these 
lie  on  the  required  conic  8U +8~'y +'ik  =  0,  and  also  on  the  conic  6U  —  9~'-V=0; 
which  last  conic  is  consequently  given  as  a  conic  passing  through  the  tour  points  in 
question,  and  also  through  the  four  points  of  intersection  of  the  given  conies  (7=0,  F  =  0. 
But  the  conic  dJJ  —6~'-V—(i  being  constructed,  the  conic  6U+B~^V=0  can  also  be 
constructed;  viz.  the  tangents  of  these  two  conies  and  of  the  conies  (7=0,  V  —  0,  at 
each  of  the  four  intei'sections  (7=0,  V=0,  form  a  harmonic  pencil;  and  we  have  thus 
the  conic  0U ■\-0~^V=Q  a  conic  passing  through  four  given  points,  and  having  at  each 
of  these  a  given  tangent.  And  then  finally  the  required  conic  8TJ  +  0~'V  +2k  —  f}  is 
given  as  a  conic  concentric  similar  and  similarly  situated  with  the  conic  011  +B~''V  =0, 
and  passing  through  the  four  given  points 

0U+k  =  G.     0--'V+k  =  O. 

3.  Treating  A:  as  an  absolute  constant  but  ^  as  a  variable  parameter,  the  envelope 
of  the  conic  0TI +  0-'V  +  2k=(]  is  the  quai-tic  curve  (77-^  =  0.  This  is  a  curve 
used  by  Pliickcr  (in  the  Theorie  der  algebraisch&n  Curven)  for  the  purpose  of  showing 
that  the  28  double  tangents  of  a  quartic  curve  may  be  ali  of  them  real.  In  fact,  if 
(7=0,  V=0  be  ellipses  intersecting  in  four  real  points;  and  if,  moreover,  the  implicit 
constants  be  such  that  U  is  positive  for  points  vnthotd  the  first  ellipse,  V  positive 
for  points  within  the  second  ellipse,  then  since  UV,  =  k?,  is  positive  for  all  points  of  the 
curve  in  question,  the  curve  must  be  wholly  situate  in  the  four  closed  spaces  which 
lie  outside  the  one  and  inside  the  other  of  the  two  ellipses;  consisting  therefore  of 
four  detached  portions.  And  when  k  is  sufficiently  small,  then  the  figure  of  each 
portion  is  that  of  a  concavo-convex  lens  with  its  angles  rounded  off:  viz.  each  such 
portion  has  a  real  double  tangent  of  its  own.  Any  two  portions  have  obviously  four  real 
double  tangents,  and  hence  the  total  number  of  real  double  tangents  is  4-1-6x4,  =28. 


Hosted  by 


Google 


485]  PROBLEMS   AND    SOLUTIONS.  593 

4.  A  construction  has  been  given  by  Aronhold  {Berl.  Monatsber.,  July,  1864)  by 
which,  taking  any  7  given  lines  as  double  tangents  of  a  quartie  curve,  the  remaining 
21  double  tangents  can  be  constructed,  and  which,  when  the  seven  given  lines  are  real, 
leads  to  a  system  of  28  real  double  tangents ;  biit  wishing  to  construct  the  figure  of 
the  28  real  double  tangents,  it  occurred  to  me  that  the  easier  manner  might  be  to 
construct  Pliicker's  curve  UV—if~0,  as  the  envelope  of  the  conic  SU+  8~'V+2k  =  0, 
and  then  to  draw  the  tangents  of  this  curve :  the  construction  is,  however,  practically 
one  of  coi^iderabie  difficulty,  and  I  have  not  yet  accomplished  it. 


[Vol.  IX.  p.  87.] 

24S1.  (Proposed  by  Professor  Cayley.) — If  A,  B,  G,  I)  are  the  intersections  of  a 
conic  by  a  circle,  then  the  antipoints  of  A,  B,  and  the  antipoints  of  G,  I>,  lie  on  a 
confocal  conic 

N.B.  If  AB,  A'S  intersect  at  right  angles  in  a  point  0  in  such  wise  that 
OA' =  0B' =  i.OA=i.OB  {where  i  =  >^(—l)  as  usual},  then  A',  B'  are  the  antipoints  of 
A,  B,  and   conversely. 


[Vol.  IX.  pp.   101—103.] 


2590.  (Proposed  by  Professor  Cayley.) — It  is  required  to  verify  Professor  Kummer's 
theorem  that  "if  a  quai^tic  surface  is  such  that  every  section  by  a  plane  through  a 
certain  fixed  point  is  a  pair  of  conies,  the  surface  is  a  pair  of  quadric  surfiices  (except 
only  in  the  case  where  it  is  a  quartie  cone  having  its  vertex  at  the  iixed  point)." 


Solution  by  the  Proposer. 
The  theorem  may  be  mure  generally  stated  as  follows;  if  a  surface  is  such  that 
every  section  through  a  certain  iixed  point  (is  or)  includes  a  proper  conic,  then  the 
surfoce  (is  or)  includes  a  proper  quadric  surface.  In  order  to  the  demonstration,  I 
premise  the  following  Lemma:  If  a  surface  is  such  that  every  section  through  a 
certain  fixed  line  includes  a  conic,  then  the  line  meets  each  of  these  conies  in  the  same 
two  points. 

In  fact,  if  the  line  meet  the  surfece  in  any  n  points,  then  it  is  clear  that  each 
of  the  conies  will  meet  the  line  in  some  two  of  these  n  points ;  and  as  the  plane  of 
the  section  passes  continuously  from  any  one  to  any  other  position,  the  two  points  of 
intersection  with  the  conic  cannot  pass  abruptly  from  being  some  two  to  being  some 
other  two  of  the  n  points,  that  is,  they  are  always  the  same  two  points. 

Consider  now  a  surface  which  is  such  that  every  section  through  a  fixed  point 
0  includes  a  conic ;  and  consider  three  lines  xx,  yy',  zz  meeting  in  the  point  0.  Let 
the   conies  in   the   planes   yz,    za:,   xy   be   A,    B,    G  respectively ;   then   since   the    conies 
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through  the  line  tax  all  pass  through  the  same  two  points,  and  since  B,  G  are  two 
of  these  conies,  B  and  G  meet  xx'  in  the  same  two  points  X,  X' ;  similarly  G  and 
A  meet  yy'  in  the  same  two  points  Y,  Y' \  and  A,  B  meet  zz'  in  the  same  two 
points  Z,  Z ;  that  is,  we  have  the  conies  A,  B,  G  intersecting 

B,  G  in  the  two  points  X,  X', 
0,  A         „  „  Y,    Y', 

A,  B  „  „  Z,    Z'; 

hence  taking  on  the  conies  A,  B,  G  the  points  a,  ^,  y  respectively,  and  drawing  a 
quadric  surface  2  through  the  nine  points  X,  X',  Y,  Y',  Z,  Z',  a,  jS,  7,  this  meets  the 
conic  A  in  the  five  points  Y,  Y',  Z,  Z',  a ;  that  is,  it  passes  through  the  conic  A, 
and  similarly  it  passes  through  the  conic  B,  and  through  the  conic  C. 

Consider  how  any  plane  whatever  through  0  intersecting  the  conies  A,  B,  G  in  the 
points  L  and  L',  M  and  M',  N  and  N'  respectively;  the  section  of  the  quadric  surface 
S  by  the  plane  in  question  is  a  conic  through  the  six  points  L,  L',  M,  M',  N,  N'. 
But  the  section  of  the  surface  includes  a  conic  through  these  same  six  points,  and  which 
is  consequently  the  same  conic;  in  fact,  the  section  of  the  surface  hy  the  plane  in 
question  includes  a  conic,  and  since  every  section  through  the  line  LL'  includes  a 
conic  through  the  same  two  points,  and  one  of  these  conies  is  the  conic  A  which 
passes  through  the  points  L  and  L',  the  conic  in  question  passes  through  the  points 
L  and  L' ;  and  similarly  it  passes  through  the  points  M  and  Jf ',  and  through  the 
points  N  and  N'.  That  is,  for  any  plane  whatever  through  0,  the  section  of  the 
surface  includes  the  conic  which  is  the  section  of  the  quadric  surface  S,  and  the 
surfece  thus  includes  as  part  of  itself  the  quartic  surface  S. 

The  foregoing  demonstration  ceases,  however,  to  be  applicable  if  0  is  a  point  on 
the  surface,  and  the  conic  included  in  the  section  through  0  is  always  a  conic  passing 
through  the  point  0.  In  the  case  where  0  is  a  non-singular  point  of  the  surface 
(that  is,  where  there  is  at  0  a  unique  tangent  plane)  a  like  demonstration  applies. 
Take  through  0  a  section,  and  let  this  include  the  conic  A;  o-a.  A  take  any  point 
0'  and  through  00'  a  section  including  the  conic  B ;  we  have  thus  the  conies  A,  B 
intersecting  in  the  points  0,  0'.  Take  through  0  any  plane  meeting  the  conies  A,  B 
in  the  points  X,  Y  respectively — the  section  by  this  plane  includes  a  conic  C  passing 
through  the  points  0.  X,  Y;  and  each  of  the  conies  A,  B,  C  touches  at  0  the  same 
plane,  viz.  the  tangent  plane  of  the  surface.  Hence,  taking  on  the  conic  A  the  point  a, 
consecutive  to  0,  and  any  other  point  a' ;  on  the  conic  B  the  point  0,  consecutive 
to  0,  and  any  other  point  0' ;  and  on  the  conic  G  a  point  y  ;  we  may,  through  the 
nine  points  0,  a,  0,  0',  a,  ^',  X,  Y,  y  describe  a  quadric  surface  2;  this  will  touch 
at  0  the  tangent  plane  of  the  surface,  that  is,  it  will  touch  the  conic  G,  or  (what 
is  the  same  thing)  pass  through  a  point  y  of  this  conic  consecutive  to  0.  Hence  the 
quadric  surface  meets  the  conic  A  in  the  five  points  0,  0',  a,  a',  X,  that  is,  it  entirely 
contains  the  conic  A  ;  similarly  it  meets  the  conic  B  in  five  points  0,  0\  B,  B',  Y, 
that  is,  it  entirely  contains  the  conic  B;  and  it  meets  the  conic  G  in  the  five  points 
0,  7,  X,  Y,  7',  that   is,  it   entirely  contains   this   conic.     And  it   may  then   he  shown  as 
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before   that   the   surface    will   include   the   quadrie    surface   2.      But    there    still 

for   consideration   the   case    where    0   is   a   conical   point    on    the   surface,   and   I   do   not 

at  present  see  how  this  is  to  be  treated. 

I  remark  that,  taking  three  lines  xx ,  y-if,  zz'  which  meet  in  a  point  0,  then  if 
a  surface  be  such  that  every  section  through  x^  includes  a  conic,  every  section  through 
yy'  includes  a  conic,  and  every  section  through  zz'  includes  a  conic;  and  if  besides 
the  two  points,  say  X,  X',  on  the  conies  through  the  line  xx'  are  ordinary  points  on 
the  surfece,  then  the  surface  will  include  a  quadrie  surface.  In  fact,  if  the  surface 
has  at  each  of  the  points  X,  X'  an  ordinary  tangent  plane,  then  the  conies  through 
xaf,  and  (as  conies  of  the  aeries)  the  two  conies  B,  C  all  of  them  touch  the  two 
tangent  planes ;  hence,  constructing  as  before  the  quadrie  surface  S,  this  also  touches 
the  two  tangent  planes:  and  taking  through  xa>'  a  plane  meeting  the  conic  A  in  the 
points  L,  U,  the  section  of  the  surface  includes  a  conic  which  touches  the  section  of 
the  quadrie  surface  S  at  the  points  X,  X',  and  besides  meets  it  in  the  points  L,  L' ; 
such  conic  coincides  therefore  with  the  section  of  the  cjuadric  surface  2;  that  is,  every 
section  of  the  surface  through  the  line  xx'  includes  the  conic  which  is  the  section  of 
the  quadrie  surface  £;  and  the  surface  thus  includes  as  pai't  of  itself  the  quadrie  sur- 
face  2. 


[Vol.  X.,  July  to  December,  1868,  pp.  17—19.] 

2609.  (Proposed  by  Professor  Cayley.) — Given  three  conies  passing  through  the 
same  four  points;  and  on  the  first  a  point  A,  on  the  second  a  point  B,  and  on  the 
third  a  point  C.  It  is  required  to  find,  on  the  first  a  point  A',  on  the  second  a 
point  B",  and  on  the  third  a  point  C,  such  that  the  intersections  of  the  lines 

A'B'  and  AG,  A'C  and  AB,  lie  on  the  first  conic; 
B'O'  and  BA,  BA'  and  BO,  lie  on  the  second  conic; 
C'A'  and  GB,  G'B'  and  GA,  lie  on  the  third  conic. 


Soiation  by  the  PROPOSER. 

Let  the  six  intersections  in  question  be  called  a,  a' ;  ^,  ^ ;  7,  y',  respectively ; 
then  BG  intersects  second  conic  in  yS',  third  conic  in  -y;  CA  intersects  third  conic  in  7', 
first  conic  in  a ;   AB  intei'sects  first  conic  in  a',  second  conic  in  Q ;   and  we  have 

A'  the  intersection  of  a^,  ya', 
B'  the  intersection  of  ^Sy',  ajB', 
C  the  intersection  of  7a',  ^-y' ; 

and   it   has   to   be   shown  that   the   points  A',  B',  G'   so   determined   lie — A'  on  the  first 
conic,  B  on  the  second  conic,  C  on  the  third  conic. 

75—2 
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Taking  ic  =  0,  ^  =  0,  s  =  0  for  the  equations  of  the  sides  of  the  triangle  ABG,  the 
equations  of  the  three  conies  may  be  taken  to  be  U=(3,  V=0,  W=0,  where  the 
functions    V,  V,  W  are   such   that   identically   JJ+V+W  =  <i;   and   then   observing   that 


0),  {x=0,  y  =  0),  respectively, 


-K* 

4,-0. 

at 

onee  found  to  be 

(b 

2i„ 

0) 

(  0 

c  , 

2/.) 

(2ft 

0, 

0); 

the  eonics  pass  through  the  points  (j/  =  0,  z  =  0),  (, 

we  see  that  the  equations  may  be  taken  to  be 

(  0,  -6,  c,  /„  J,,  *,J«,  y,  £f  =  0, 
{  »,  0,  -c,  U  s..  Kt".  y.  'f=0. 
(-»,         b,         0,    /.,<,.,  *.5«.,y,^)-  =  0, 

where 

/.+/.+/.  =  o,   j.+s,+s.. 

The  coordinates  of  the  points  a,  /3,  7,  a',  ; 

•■,(»,  0,     -2j,) 

0.    (-ill,,  a,         0   ) 

7.     (       0,-2/,,         6    ) 

and  hence  the  equations  of  ^7',  7a',  a^  are 

^7' ;  ((j^  4-  2Asj/  -  2^3^  =  0, 

ya' ;         -  2A,a^  +     by  +  2/>  =  0, 

Hence  for  the  point  A',  which  is  the  intersection  of  7a',  a/3',  coordinates  are 

fec  +  4/;/a,     4f,g,  +  2ck„     4/«,/,  -  26</i ; 
and  j4'  will  be  on  the  first  conic  if  only 

(0,  -  b,  c,  /„  g,,  ft,$&c  +  4/,/,,     4/^,  +  2clh,     ih,/,  -  Hhg^f  =  0, 
viz.  this  equation  is 

-  *  (    16/,W      +  W.sJv  +  «.W) 

+    c  (     16V/.'      -  W-sJhh  +  *g,V) 

+  2/,(    WgA/.f,-  »g;fj>    +m,-/,c-i!,Xhc) 

+  2jf,  (+  let./,'/.    -    ^sJ.J'.b  +  44/,fc  -  ig.D'o  ) 

+  2*,(+16y/,/,=    +  8;i./,/,<!+4i,,/.fc  +  2J,6c>).0, 
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viz.  this  is  easily  found  to  be 

8  (ig.f,  *  d,)  (24,/,  -  hg.)  (/.  +/,  +/,)  =  0, 

which  is  satisfied  in  virtue  of /i +/a +/3  =  0 ;  that  is.  A'  is  on  the  first  conic;  and 
similarly,  in  virtue  of  ^i  +  ^a  +  Jg  =  0,  B'  is  on  the  second  eonic ;  and  in  virtue  of 
^1  +  Ay  +  Aa  =  0,  C  is  on  the  third  conic.  But  the  same  thing  appears  at  once  by  the 
remark  that  the  equations  of  the  three  conies  are 


-y(- 


aw  +  2^2)/  —  2g^)  +  y{~ 


i-2fig+     cz).f), 
•!+     bg  +  2fy)~0. 


It  may  be  added  that,  taking  (a^,  g^,  z^.  (a^,  g^,  z^,  («3,  y,,  z^),  {«,,  y,.  z^)  as  the 
coordinates  of  the  four  points  of  intersection  of  the  three  conies,  the  first  conic  is 
given  by  means  of  these  four  points  and  the  fifth  point  (y  =  0,  2  =  0);  and  similarly 
for  the  other  two  conies ;  whence,  denoting  the  determinants  formed  with  any  four 
columns  out  of  the  matrix 


'r^.    yi. 


gA, 

z,x„ 

Vi 

yA, 

2^2, 

«*. 

yA, 

z^^ 

»* 

find   the   equations   of  the   three   conies,  via.   these   may 


by   1234,    1235,   &c.,   we   ' 
be  written 

1456  (  0  , 
2356  (-  3456, 
3456  (     2456, 

the   exterior  factors    1456,  2356,  3456   being   introduced  in   order   to  bring  the  equations 
into  the  above-mentioned  form,  wherein  the  sum  of  the  quadric  functions  is  =0. 


z^-      , 

S2  . 

zx     , 

!cy 

2436. 

+  2356, 

+  2364, 

+  2345)  =  0, 

1456, 

+  3156, 

+  3164. 

+  3145)  =0, 

0   , 

+  1256, 

+  1264, 

+  1245)  =  0, 

[Vol,  X.  pp,  88,  89.] 


by  M.   Jenkins,  M.A.) — Show  that   if  jj   be   a   prime   number  and 
and   n  any  positive   integers,  the   highest   power   of  p   contained   in   ^~ ~ 


be  obtained  by  expressing  m  +  n  and  eithei 
times  that  it  would  be  necessary  to  boiro 
former  being  the  index  of  the  power  of  p  ri 


TO  or  M  in  the  scale  of  p ;  the  number  of 
in  subtracting  the  latter  number  from  the 
uired. 
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Solution  by  Profeshor  Oayley. 

1,  In  adding  any  two  numbers,  we  carry  a  certain  number  of  times;  and  it  is 
easy  to  see  that  the  sum  of  the  digits  of  the  two  components,  less  the  sum  of  the 
digits  of  the  sum,  is  equal  to  nine  times  the  number  of  carryings ;  moreover,  that  the 
number  of  carryings  is  equal  to  the  number  of  borrowings,  if  either  of  the  components 
be  subtracted  fi'om  the  sum. 

2.  The  same  thing  is  true  in  any  scale  of  notation,  only,  instead  of  nine,  we 
have  the  radix  of  the  scale,  less  unity:   say  the  theorem  is 

8{m)^S{n)~S{m  +  n)  =  {p-\)co. 

8,  If  J)  be  a  prime  number,  the  number  of  times  that  the  factor  p  occurs  in 
n(m)ii, 

*©+*^©+^(?)+*"=- 

where   -SI— ]  denotes   the   integer   part   of    --,  and  similarly  E{—j  &c.   the  integer  part 

of  --;,  &c. ;   the  series  is,  of  course,  finite. 
P' 

Hence  the  number  of  times  that  the  factor  p  occurs  in  =y-,-  -r-^r  ■,-■,  is 

4.     Hence,  expressing  m,  n,  m  +  n  in  the  scale  to  the  radix  p,  suppose 

m  =  a  +  bp  +  cp-  +  dp',    n—af+-  h'p  +  c'p'  +  d'p^     m  +  n  =  a-\-  ^p-\-'yp'  +  8jj», 


E  ^- j  +  E  i^\  +  &c.  =  i  +  cp  +  rfp-  +  e  +  ofp  +  rf  =  rf  (p-  +  p  +  1 )  +  c  (p  +  1)  +  ?. ; 

and  similarly  for  EV-\  +  &.c.,  E  (— — -j+^c....; 

whence 

ip-l)N=     h(p'-l)  +  j{f-l)  +  0(p-r) 

~d(p'~l)~c(p'-l)-b(p-l) 

-d'(f-l)-c'{p^-l)-b'{p-l) 

=  {r>i  +  n-S  (m  +  n)l  -{m-S  (m)}  -{n-S  (n)\ 

=  S  (m)  +  S  (n)  -  S  (m  +  n),  ={p-l)  x. 
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if  X  be  the  numlDer  of  times  of  carrying  for  the  sum  m+n,  or  of  borrowing  for  the 
difference  (m  +  w)  — m  or  (m  +  n)  —  n;  that  is,  A''=a:,  the  required  theorem,  I  remark 
that  although  the  foregoing  expression  of  the  number  i\r  is  a  veiy  elegant  and 
ingenious  one,  yet  the  original  form  of  N,  as  given  at  the  end  of  (3),  is  the  natural 
and  proper  expression  of  the  number  of  times  that  the  factor  p  occurs  in  the 
n(m+n) 


binomial  coefficient 


n(m)n(n)- 


[Vol.  X.  p.  98.] 

2756.  (Proposed  by  J.  Griffiths,  M.A.) — Show  that  an  infinite  number  of  triangles 
can  be  described  such  that  each  has  the  same  circumscribing,  nine-point,  and  self- 
conjugate  circles  as  a  given  triangle. 


Solution  by  Professor  Cayley. 

It  is  a  known  theorem  that  if  two  triads  of  points,  say  A,  B,  C  and  A',  B',  C, 
are  self- conjugate  in  regard  to  a  conic  S,  they  lie  in  a  conic  2-  Take  the  conic  S 
and  the  points  A,  B,  G  as  given;  then  S  will  be  a  conic  passing  through  A,  B,  C; 
and  if  on  this  conic  we  take  any  point  A',  and  then  take  B'  to  be  either  of  the 
intersections  of  the  conic  S  by  the  polar  of  A  in  regard  to  S,  and  finally  construct 
C  as  the  pole  of  A'B  in  regard  to  S,  then,  by  what  precedes,  C  will  be  on  a  conic 
through  A,  B,  G,  A',  B',  that  is,  on  the  conic  S.  Or  given  the  conic  S,  the  triangle 
ABG,  and  the  conic  2  through  A,  B,  G,  we  obtain  an  infinity  of  triangles  A'B'G', 
self-conjugate  in  regard  to  S  and  insci-ibed  in  S.  That  is,  if  S,  2  are  circles,  we 
have  an  infinity  of  triangles  self-conjugate  in  regard  to  the  circle  S  and  inscribed  in 
the  circle  2  i  and  inasmuch  as  the  nine-points  circle  can  be  constructed  by  means  of 
the  two  circles  S.  2  alone,  the  triangles  have  all  of  them  the  same  nine-points  circle. 


[Vol.  X.  p.  108.] 

2737.  (Proposed  by  Professor  Cayley.) — Find  in  solido  the  locus  of  a  point  P, 
such  that  from  it  two  given  points  A,  G,  and  two  given  points  B,  D,  subtend  equal 
angles. 
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[Vol.  XI.,  January  to  June,  1869,  pp.  33—38.] 

2718.     (Proposed   by    Professor   CayLey.) — Find    in  piano   the   locus    of   a    point   P, 
such   that   from   it   two   given   points   A,  G,  and   two   given   points   B,  D,  subtend   equal 


2757.     (Proposed  by  Professor  Cayley.)— If 
^■t  +  y^  —  li         iind         j  X 


(1) 

(2) 

represents  the  right  line  i  =  0  and  a  cubic  curve. 

1819.  (Proposed  by  C.  Taylok,  JVl.A.) — From  two  fixed  points  on  a  given  conic 
pairs  of  tangents  are  drawn  to  a  variable  confocal  conic,  and  with  the  fixed  points 
as  foci  a  conic  is  described  passing  through  any  one  of  the  four  points  of  intersection. 
Show  that  its  tangent  or  normal  at  that  point  passes  through  a  fixed  point. 


show  that  each  of  the  equations 

o"  (a; -«.)"+'■(»-. v.)' 

oHr--x,f  +  l'(y-y,r 

{^.-,.■!lr-{'-^.r-^n- 

J.)-     (i!/, -«!,!/)■-(«! -«,)■-(?-</.)' 

Solution  of  the  ahove  Problems  hi/  Professor  Cayi.ey. 

1,     It   is   easy  to   see   that   drawing  through  the   points  A,  C  a,  circle,  and  through 

B,  D  &   circle,  such   that   the   radii   of  the   two   circles   are   proportional    to  the  lengths 

AC,  BD,  then   that   the    required   locus   is   that  of  the   intersections  of  the   two  variable 
circles. 

Take   AC='il,  MO   perpendicular   to   it   at  its   middle   point   M,  and   =p;   a,  6  the 
coordinates  of  M,  and  \  the  inclination  of  p  to  the  axis  of  x\   then 

coordinates  of  0  are         (*  +  p  cos  X.,     h  +  p  sin  \, 
coordinates  of  A,  C  are  a  ±1  sinX,     b  +  I  cosX, 
and  hence  the  equation  of  a  circle,  centre  0  and  passing  through  A,  G,  is 

{cc  —  a  —p  cos  \f  -i-ly-b  —p  sin  \y  =  l'^  +  p'' ; 
or,  what  is  the  same  thing, 

{x-af  +  (y-by-P=2p[(x-a)cos\  +  (y-b)mi\]. 
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If  2wi,  q,  c,  d,  fj.  refer  in  like  manner  to  the  points  B,  D,  then  the  equation  of  a 
circle,  centre  say  Q,  and  passing  through  B,  D,  is 

(x-cy  +  {i/-dy~'m?=2q[(x-c)eosiJ.+  (y--d)sinf^]; 

and  the  condition  as  to  the  radii  is  I'+p'  :  m^  +  q^  =  l^  :  m=,  that  is,  p°-  :  q^  ^  I-  :  in% 
OT  p  :  q=  ±1  r  m.     And  we  thus  have  for  the  equation  of  the  required  locus 

(a;  —  a)  cos  \  +  (i/  —  6)  sin  X      -  m  (x  —  c)  cos  ju,  +  (^  —  d)  sin  /i ' 

viz.  the  locus  is  composed  of  two  cubics,  which  are  at  once  seen  to  be  circular  cubics. 
One  of  these  will  however  belong  (at  least  for  some  positions  of  the  four  points)  to 
the  case  of  the  subtended  angles  being  equal,  the  other  to  that  of  the  subtended 
angles  being  supplermntary ;  and  we  may  say  that  the  required  locus  is  a  circular 
cubic. 

2.     If   two    of    the    points    coincide,   suppose    C,   D   at    T;    then,   taking   T  as    the 
origin,  we  may  write 

a—     f   sin  A,     b  =  —  I   cos  \, 
c  =  —  m  sin  fj.,     d=      m  cos  /j., 


and  the  e<iuation  becomes 

a^  +  y^+2l  (.X  sin  X  -  w  cos  X)  _       /    aP  +  j/'^  +  2m  (x  shi  p.  -  y  cos /i) 
ic  cos  X.  +  i/  sin  X  ~  m  x  cos  /i  +  ysin/i 

viz.  this  is 
(aP  +  y^)  [m {x  cos ^  +  y  sin /*)  +  i (ic  cos  X  +  i/  sin X)]  —  2^m  \{x smX  —  y  cos X) {x  cos  ^  +  y sin ij.) 

±  (x  sin  /i  —  J/  cos  fi)  (x  cos  X  +  y  sin  X)}  —  0. 
Taking  the  lower  signs,  the  term  in  |    }   is   (a^  +  y=)sin(X  — /a),  and  the  equation  is 
(of  +  y")  [m  (x  cos  ft  +  y  sin  jj,)  + 1  (x  cos  X  +  ?/  sin  X)  —  2lm  sin  (X  —  ft)]  =  0, 

viz.  this  is  aP  +  y^  =  (i,  and  a  line  which  is  readily  seen  to  be  the  line  AB ;  and  in 
fact  from  any  point  whatever  of  this  line  the  points  A,  T  and  the  points  B,  T 
subtend 

c.  vn. 
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Taking  the  upper  signs,  the  equation  is 

(fl^  +  ^)  [m  (x  cos  fi  +  y  sin  fj.)  —  I  {w  cos  A,  +  j/  sin  X)] 

—  2lm  {{x^  —  y^}  sin  (\  +  /t)  -  xy  cos  (X  +  /i)}  =  0, 

which   is   the   locus   for   equal  angles,  a  circular   cubic  as  in  the  case  of  the  four  distinct 
points. 

3.  The  question  is  connected  with  Question  1819,  which  is  given  above.  In  fact, 
taking  A,  B  for  the  fixed  points  on  the  given  conic,  and  P  for  the  intersection  of 
any  two  of  the  tangents,  if  in  the  conic  (foci  A,  B)  which  passes  through  P,  the 
tangent  or  normal  at  P  passes  through  a  fixed  point  T,  then  it  is  clear  that  at  P 
the  points  A,  T  and  B,  T  Bubtend  equal  angles,  and  consequently  the  locus  of  P 
should  be  a  circular  cubic  as  above.  The  theorem  will  therefore  be  proved  if  it  be 
shown  that  the  locus  of  P  considered  as  the  intersection  of  tangents  from  A,  B  to 
the  variable  confocal  conic  is  in  fact  the  foregoing  circular  cubic.  I  remark  that  the 
fixed  point  T  is  in  fact  the  intersection  of  the  tangents  AT,  BT  to  the  given  conic 
at  the  points  A,  B  respectively. 

4.  Consider  the  points  A,  B,  (which  we  may  in  the  first  instance  take  to  be 
arbitrary  points,   but    we    shall    afterwards    suppose    them    to    be   situate    oti    the    conic 

—  +  ^  =  1,)    and    from    each    of   them    draw   a   pair   of    tangents    to    the    confocal    conic 

-^-7-7  +  ^^1  =  1.     Take   («j,  y„)   for   the   coordinates   of  J,  and   (aji,  j/J  for   those   of  B; 
then  the  equation  of  the  pair  of  tangents  from  A  is 

W  +  /'     6M=T        iW  +  lih^  +  h      V      U^  +  A  +  &=  +  h      V  "   ' 

or,  what  is  the  same  thing, 

ixy,-ie,yf     _{x  -  x^f  _  (y  -  y,y  ^ 
{a'  +  h)(b^  +  h)       a'  +  h         b'  +  h         ' 
that  is 

(a,).  -x.yy^{V  +  h)  {X  -  »■.)■  -  <„.  +  4)  (y  -  y,y  =  0, 

or  as  this  may  also  be  written 

{xy„  ~  x^f  -¥{x-  x„f  ~a^{y~  y„y  =  h[(x~  x„y  +  (y-  y.y] ; 
and  similarly  for  the  taugents  from  B  we  have 

(xy,-x,yy-b'{x-x,y-a''{y~'y,y  =  hlix-x,y  +  (y~y,y]; 
in  which  equations  the  points  (ii-v,  yo),  (it^i,  ^i)  are  in  fact  any  two  points  whatever. 

5.  Eliminating  k,  we  have  as  the  lueus  of  the  intersection  of  the  tangents 

(xy, - x^yy -b'jx- x,y -a'iy- y,y  ^  (xy^ -  x^yy -bHx-  ig,)^ -aHy- y,y 
{ai-x„y  +  {y~y„y  dr.  -  x,y  +  (y  -  y,y 
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which  is  appaj-ently  a  quartic  curve ;  but  it  is  obvious  a  priori  that  the  locus  includes 
as  part  of  itself  the  line  AB  which  joins  the  two  given  points.  In  fact,  there  is  in 
the  series  of  confocal  conies  one  conic  which  touches  the  line  in  question,  and  since 
for  this  conic  one  of  the  tangents  from  A  and  also  one  of  the  tangents  from  B  is 
the  line  AB.  we  see  that  every  point  of  the  line  AB  belongs  to  the  required  locus. 
The  locus  is  thus  made  up  of  the  line  in  question  and  of  the  cubic  curve. 

6.  To  effect  the  reduction  it  will  be  convenient  to  write  ax,  by  in  the  place  of 
x,  y,  {a(c„,  bi/o,  (w^,  %,  in  place  of  a-v.  yo<  "'k  ^i.)  and  thus  consider  the  equation  under 
the  form 

(a^.  -  ^„yy  -(w-a!,y-(y-  y,f     {xy,  -  x,yf  -(x-  x,y  -{y-  y,f  ' 

it  is  to  be  shovm  that  this  equation  represents  the  line  i  =  0,  and  a  cubic  curve. 

Writing  for  a  moment  Wo  —  x+^a,  y^  —  y  +  rj^,  and  Xi  —  x+^^,  y^  —  y  +  ^^,  the  equation 
becomes 

(a^o  -  i/^«T  -  ?«^  -  Vf?    (^1  -  y^iT  -  f i'  -  '^1° ' 

and  hence,  multiplying  out,  the  equation  is  at  once  seen  to  contain  the  factor 
f„)7i  — ^]7j„  (which  is  in  fact  the  determinant  just  mentioned),  and  when  divested  of 
tliis  factor  the  equation  is 

«=  [{^  -  1)  (?o^.  +  f.^o)  -  2xy^S]  -  &'  [(f  ~  1)  (5^L  +  ^iVo)  -  ^xyr,,v,l 

Writing  herein  for  ^a,  Vo'  In  Vi  their  values,  and  consequently 

IdI.  =x''  —  x(xo  +  X,)  +  avci, 

'jo'ji  =  f~y{y<,  +  yi)  +  Mi, 

^oVi  +  Iflo  =  2xy~ceiy„  +  y^)  -y{x,  +  «,)  +  a:,y,  +  x^y„ 
and  arranging  the  terms,  the  equation  is  found  to  be 
((tV  +  6y)  {-  m  {y,  +y,)-y  (x,  +  x,)]  +  (dW  +  6y)  (x„y,  +  x,y,}  -2xy[aHl+  x^,)  -¥{l-\-  y,y,)] 

+  (a'  -  b')  [x  {y,  +  y,)  +  y{x,+  x,}  -  (x,y,  +  x^,)]  =  0, 
which  is  the  required  cubic  curve. 

7.  Restoring  the  original  coordinates,  or  writing  -,  ^,  -,  &c.  in  place  of  x,  y,  x^,  &c., 
we  have 

(x''  +  y')  [-  X  (y,  +  y,)  +  y  (x,  +  x,)]  +  {x'  ~  f)  (x^y,  +  x,y„)  -  2xy  (a^  -b^  +  x,x,  -  y^,) 

+  (a'  -  6^)  [x  {y^  +  y,)+y  (x,  +  x,}  -  {x,y,  +  x,y,)]  =  0, 
which   is   a    circular    cubic    the    locus    of    the   intersections    of   the    tangents    from    the 
arbitrary  points   {x„,  y^,  (x^,  y^)   to   the   series   of  confocal   conies     ,,+,^,=1;   the 
origin  of  the  coordinates  is  at  the  centre  of  the  conies, 
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we   have   consequently   -^  +  tj  =  1.   ^  +  ^"1^   ^^^   equations   of  the   tangents   at   these 
points    respectively    are        a°  +  ^  =  1.    ~r  +   £'  ^  1  i    ^"^    hence,    writing    for    shortness 

a  =  i/i,  — i/i,  ^  —  Xi~x„,  7  =  i(-'ui/i  —  JBii/ii,  we    find    x  =  —    -     ,  y  — as    the    coordinates    of 

the   point   of   intersection   T,  of  the   two   tangents ;    and   in   orcier   to   transform   to   this 

point  as   origin,  we   must   in   place   of  x,  y  write   (c ,  y respectively.     Or  what 

7  7 

is   more   convenient,  we   may  in   the   equation   at  the   end   of  (6),  in   which   it   is  to   he 


the  original   coordinates   by  writinsr  -,   ^,   — ,   &;c.,   for  x,   y,   x„,   &c.,   and    t,   -,    ^   for 

a.,  /3,  7,  these  quantities  throughout  signifying  CL  =  y„  —  y-y,  ^  —  x^  —  Xg,  'i  =  x^-^  —  Xiy„. 
I  however  obtained  the  equation  referred  to  the  point  T  as  origin  by  a  different 
process,  as  follows: 

9.     Starting    from    the    equation    at    the    commencement   of   (5),   I    found   that   the 

points   (a;,,  i/a),  (^i,  y,)  being  on  the   conic   ~^  +  ^  =  l.  the  equation   could  be  transformed 


/^_l_j/yc_jY  /xx 


>-^     3W . 


(a:  -  x„f  +  {y-  i/o)=     («  -  x,f  +  (y-  y^f  ' 
an   equation   which  (not,  as   the   original   one,  for   all    values   of  (x„,  y^,  (a^,  y,),  but)  for 
values  of  {x^,  ya),  (a^i,  yi)  such  that  -^  +  ^  =  1,  -^  +  ^  =  1,  breaks   up  into  the  line  AB 
and  a  cubic  curve. 

10.  To  simplify  the  transformation,  write  as  before  ax,  by,  axg,  &c.,  for  x,  y,  «„,  &e. 
We  have  thus  to  consider  the  equation 

a?{x~x,f+h'{y-y,f  ^  w'  (x  ~  x,y  +  b^y  -  y.f 
(ot„  +  yy^  -ly  {xx,  +  yy,-lf 

where    Xa-\-y^  =  l,  x^  +  yi^  —  1,  and  which    equation,  I  say,  breaks   np  into  the  line  L  —  d, 
and  into  a  cubic. 

Write  for  shortness  a  =  yn  —  yi,  &  =  Xi~x„,  '^  =  x^y,  —  a^y^,  so  that  the  equation  of 
the  last-mentioned  line  is  ilc  +  ^y  +  7  =  0.  Then  it  may  bo  verified  that,  in  virtue  of 
the  relations  between  (iC„,  y^,  {x,,  y^,  we  have  identically 

{x-x:){xx,  +  yy,-l)  +  {x-x,){xx,  +  yy„-l)  =  {«^  +  ^y  +  rjf"'^^{r^x  +  al 

(x-x,)(xa:,  +  yy,-l)-ix-x,)(m.  +  yy,-l)  =  0x'-ax,j-ryy-0: 
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and,  similarly, 

{y  -  y«)  (^'«i + yyi  - 1)  -  (3'  - 1/>)  ('^ + yy«-'^)  =  ^^y  -ay^+^^  +  a. 

11.  The  equation  in  question  may  be  written  a?P  +  lfQ  =  (i,  where 

P  =  {x-  x„f  {XX,  +  yy,-  ly  ~{x-  x,r  {X3:,  +  yy,  -  If, 

Q  ={y-  y«T  (a^Ti  +  yy,  -  ly  -(y~  yif  (ccx«  +  yy<>-  ^y, 

values   which   are   given   by   means   of   the   formula  just   obtained;    there   is   a   common 
fiictor    ax+0y  +  y    which    is    to    be    throivn    out;    and    we    have    also,   as    is    at    once 

verified,    "°     "'  =  — ,   so   that    these    equal    factors    may   be    thrown    out.     We    thus 

obtain  the  cubic  equation 

a^  (yx  +  a)  (ffa^  -  axy  -yy  -  0)+b''  (yy  +  ^)  (Bxy  -  ay""  +  yx  +  a)=0. 
This  is  simplified  by  writing  x —  for  x,  y —  for  y.     It  thus  becomes 

a'x  [{yx  -  a)  (0x  -  ay)  -  y^y]  +  b^y  [(jy  -  0)  (^x  -  ay)  +  y'x]  =  0  ; 
or,  what  is  the  same  thing, 

a'x  [yx  i^x  -  ay)  -  affx  +  (a'  -y')y]  +  H'y  [yy  i0x  -  ay)  -(0-'-y')x+  affy]  =  0  ; 
that  is 

7  (a^af  +  l/y')  (0x  -  ay)  +  a«  [-  a^a^  +  (a=  -  -f)  xy]  +  P  [-  (^  -  7=)  xy  +  al3y']  =  0. 

12.  Restoring    -,    — ,    —    for    x,    x^,    x,,    and     ",    -,   —    for    y,    y^,    y,',     writing 

consequently  r,  -.  -y   in  place  of  a,  j3,  y,  if  a,  ^,  y  are  still  used  to  denote  a.=  y„—y^, 
^=x,~x„,  7  =  a^o^i  —  «i^o,  the  equation  becomes 

7  (^  +  ^)  [b-'^x  -  a'ay]  +  a'  [-  6'^a/3a;^  +  (aV  -  7=)  xy'\  +  b"-  [-  {b''^-  -y')xy  +  a'afff]  =  0, 

where   now.  as   oriErinallv,  —  +  ^=1,  — +  Tr=l;   viz.    this   is   the  equation,  referred  to 
'  "        ■"   a^      b^  a^      b^  ^ 

the    point    T   as    origin,    of   the    locus '  of   the   point   P   considered   as    the   intersection 

of    tangents    from    A,  B   to    the   variable    coufocal    conic;    and    it    is    consequently   the 

equation   which   would   be   obtained   as   indicated   in   (8).     The   locus   is    thus   a   circular 

cubic ;    the   equation  is   identical   in   form   with   that   obtained   (2)  for   the   locus   of  the 

point   at   which   A,    T  and   B,    T  subtend   equal   angles,  and  the  complete  identification 

of  the  two  equations  may  be  effected  without  difficulty. 

13.  I  may  remark  that  M.  Ohasles  has  given  (Oomptes  Rendus,  torn.  58,  February, 
1S64)  the  theorem  that  the  locus  of  the  intersections  of  the  tangents  drawn  from  a 
fixed   conic   to   the   conies  of  a  system  {ji,  v)  is   a  curve   of  the   order   Zv.     The  confocal 
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conies,  qud  conies  touching  four  fixed  lines,  are  a  system  (0,  1);  hence,  taking  for  the 
fixed  conic  the  two  points  A,  B,  we  have,  as  a  very  particular  case,  the  foregoing 
theorem,  that  the  locus  of  the  intersections  of  the  tangents  drawn  from  two  fixed 
points  to  a  variable  confocal  conic  is  a  cubic  curve. 


[Vol.  XI.  p.  49.] 

Note  on  Questimi  2740.     By  Peufessok  Cayley, 

The  envelope  of  the  curve 

A  cos  2fl  +  S sin  2^  +  (7  cos  ^  +  i)  sin  ^  +  £•  =  0, 

(where  A,  B,  0,  D,  E  are  any  functions  of  the  coordinates,  and  ^  is  a  variable 
parameter,)  is  obtained  in  the  particular  case  ^  =  0  (Salmon's  Higher  Plane  Curves, 
p.  116),  and  the  same  process  is  applicable  in  the  general  ease  where  E  is  not  =0. 
From  the  great  variety  of  the  problems  which  depend  upon  the  determination  of  sueh 
an  envelope,  the  result  is  an  important  one,  and  ought  to  he  familiarly  Jmoivn  to 
students  of  analytical  geometry.  We  have  only  to  write  z  =  cos  8  +  i  sin  9,  the  trigo- 
nometrical functions  are  then  given  as  rational  functions  of  2,  and  the  equation  is 
converted  into  a  quai'tic  equation  in  z ;  the  result  is  therefore  obtained  by  equating 
to  zero  the  discriminant  of  a  quartic  function.     The  equation,  in  fact,  becomes 

that  is 

A(s*  +  l)~Bi{s'-l)+G(^  +  z)-Di(s:'-z)+^Ez'^Oi 

or,  multiplying  by  12  to  avoid  fractions,  this  is 

(a,  b,  c,  d.  e$s,  l)*-0, 
where 

a  =  12  (A  -  Bi),     6  =  3  (C  -  Di),     c  =  iE, 
e  =  12  (A  +  Bi),    d  =  ^(C  +  Di) ; 
and  substituting  in 

(ere  -  ^bd  +  3c^)'  -  27  {me  -  ad-  -  b'e  +  2bcd  -  (ff  =  0, 
the  equation  divides  by  1728,  and  the  final  result  is 
(12  {A^  +  B')-S{C  +  D°-)  +  4£^]' 

-  {27^  (t>  -  D')  +  oiBCD  -  [72  (A'  +  B')  +  9{C'  +  B')]  E  +  %E'Y  =  0. 

It   is   to   be  noticed,   that   in   developing  the   equation   a<«ording    to    the   powers   of  E, 

the   terms   in   jB",  E*   each  disappear,   so  that   tbe   highest   power   is   1^;   the   degree  in 

the  coordinates,  or  order  of  the  cui"ve,  is  on  this  account  sometimes  lower  than  it 
would   otherwise  have  been. 


Hosted  by 


Google 


485] 


PROBLEMS   AND   SOLUTIONS. 


[Vol.  XIL,  July  to  December,  1869,  p.  69.] 

2920.  (Proposed  by  Professor  Cayley.) — Imagine  a  tetrahedron  BECC  in  which 
the  opposite  sides  BB',  GC  are  at  right  angles  to  each  other  and  to  the  line  joining 
their  middle  points  M,  N;  and  in  which  moreover  GN^+ NM^  + MB^=0,  (or,  what  is 
the  same  thing,  the  sides  CB,  OB',  C'B,  C'B"  are  each  =0;  the  tetrahedron  is  of 
course  imaginary ;  viz.  the  lines  CC,  BB'  and  points  M,  N  may  be  real ;  but  the 
distances  MB  =  MB'  and  NG=RO'  may  be  one  real  and  the  other  imaginary,  or 
both  imaginary,  but  they  cannot  be  both  real)  the  points  B,  5"  and  C,  G'  are  said  to  be 
"  skew  antipoints."     Then  it  is  required  to  prove  that 

1.  A  given  system  of  skew  antipoints  may  be  taken  to  be  the  nodes  (conical 
points)  of  a  tetranodal  cubic  surface,  passing  throiigh  the  circle  at  infinity,  and  which 
is  in  feet  a  Parabolic  Cyclide, 

2.  The  equation  of  the  surface  may  be  expressed  in  the  form 

3.  The  section  through  either  of  the  lines  (^  =  0,  ir+7  =  0)  and  (3  =  0,  a;+|S  =  0) 
is  made  up  of  this  line  and  a  circle ;  the  two  systems  of  circles  being  the  curves  of 
curvature  of  the  surface;  it  is  required  to  verify  this  A  posteriori;  viz.  by  means  of 
the  equation  of  the  surface  to  transform  the  differential  equation  of  the  curves  of 
curvature  in  such  manner  that  the  transformed  equation  shall  have  the  integrals 


i-0(^.  +  y). 


=  C'(^  +  /3). 


In    the    following  Contents,    the    Problems    are    referred    to    each    by    its    No.    and    the 

ame,    and  the   Subject   is   briefly   indicated.      An    asterisk    shows    that    no    solution 

I  given.     A  line  shows  that  there  is  no  No. 

*1791     Cayley  Quartic  and  three  Cubica 54G 

„  Conic  defined  by  five  Conditions  .  ib. 

*I857  „  Ternary  Cubic  Form .^48 

*1730  „  Eelation  between  roots  of  Cubic  Equation  ....  ib. 

1834         „  Points  on  Cubic  Curve 549 

„  Conic  defined  by  five  Conditions ......  550 

1876     Ball  Roote  o£  Quartic  Equation B.'il 

Cayley  Conic  defined  by  five  Conditions  .....  552 

1890         „  Conic  through  three  Points  and  with  double  Contact  .  5.54 

*1554  „  Ellipse  and  Circles  of  maximum  and  minimum  Curvature.  55.5 

1931  „  Nodal  Cubic ib. 

1990     Sylvester  Cartesian  Curves  and  Cubic  Curve       .....  556 

1949     Cayley  Cuspidal  Cubic ,'i61 
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